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Definition of TMDs

The starting point for our discussion of TMDs is the correlator of the general form:
1 —
oz, kr; P, S;...) = [dk (f o )4 ST

_ f d2bT f d(b P) ezx(b-P)—'ibT-k:T %(P,Sl q(0)T" U[Cp] q(b) |P,S) (1)
(2m?J (2mP+ S(—b2;..) b+ —0 |

The above correlator can be decomposed into TMDs

o (@, ki P,S,..) = fi — [eﬂksa flLT] .
mn

odd
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Parametrization in position space

ot

unsubtr.

(b, P, S, ¢, 1) = % (P,S| q(0)T U[0,nv, v +b,b] q(b) |P,S) 3)

For the I'-structures at the leading twist, the correlator can be written in the form?!

1 N[’Y+

ﬁ unsubtr. — A2B + ZTnNE’LJb S A12B (4)

(Decompositions analogous to work by A. Metz et al.? in momentum space)

!Musch, B. U., Hagler, P., Engelhardt, M., Negele, J. W., & Schiifer, A.Phys. Rev. D 85(2012), 094510
2Phys. Lett. B618 (2005) 90-96.
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Link geometry

Staple-shaped gauge connection:

Uie™) = ulo, v, v + b, b, (5)
1
nu+b
O——— = = 7—00
b ;2 -------- >
= = v
0 n

Figure 1: The four vectors v and P give the direction of the staple and the momentum, while b defines the separation
between the quark operators. (arXiv:1111.4249v2 [hep-lat])

The Lorentz-invariant quantity characterizing the direction of v is the Collins-Soper type parameter

v-P

CEC/QmN = W

The light-like direction v = n can be approached in the limit { — co.
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Lattice Setup 3

nucleon nucleon
source sink
fixed position) (fixed momentum)
I I R MR

’d
1 =l
l Euclidean
7 ‘l:' t tlm;

snk

o Evaluate directly ) (b, P,S,{, ) = L (P,S| q(0)T U[0, v, v + b,b] q(b) |P,S)
o Fuclidean time: Place the entire operator at one time slice, i.e., b, nv purely spatial.

e Extrapolate n — oo, ¢ — oo numerically.

3Figure Credits: Dr. Engelhardt (NMSU)
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Extension to include the dependence on z = Ilﬁ,—:

1 ~ ~
5 (P51 a(0) v* UlCy] q(b) |P,S) =2P" (Azs +imweijbiSjAuB) (7)

D (35 C,. .. qu-P)

ORGP = e Y
_ o LA PYEOD i (0P, (0 P)R <§ )mie, <1 mx )% P
[d(b- P)ei=®P) Ay (b2, b-P, (b-P)R(C?) /m2;, —1/ (mnC)2, no-P)
v2=o [d’krk, (2 kr, P, S;...) 10)
fkoT (I)['Yﬂ(l',kT,P,S;...) S = (1,0)

o The range of accessible b - P is limited:

Lb_bpl_\/1+672 : v- P

where, ¢ =

. 2
v-P mi
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Extension to include the dependence on = = -kg

v-b bpl—\/1+é_2

Example Parameters of Lattice QCD calculations for | — 5
v-P m¥

b/a n/a P-aL/(27)
(3.12,-2,0) | =n - (1,1,0) | (=1,0,0)
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Extension to include the dependence on x

On the lattice:

[a]
S
=
H
o
]
&=
7]
o
o
o
=
o
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Extension to include the dependence on x = Ilﬁ,—:

Lattice calculation from off-axis staple link: (low statistics)

b =1(0,3.12, —2,0)a; v#=(0,1,1,0)a; é=0.225; b-P=0.613%0; P!'== —339.3MeV
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Extension to include the dependence on = =

In most cases:

haril729@nmsu.edu

P+
b/a nv/a P-alL/(2m)
(bl,bz,O) :I:n/ . (1)1,0,’1)3) (—1,0,0)

-5
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Extension to include the dependence on x = £

Extract b;-even component

of imaginary part of 4 correlator
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Figure 2: 4 [% (P, S|

q(0) v U[Cy] q(b) |P,S) =2PT (KQB +imyei;b;S; ngB)]

4PDFLattice 2019: M. Engelhardt
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. . +
Extension to include the dependence on z = £+

PT
0.05————————— . — S
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Figure 3: Nucleon SIDIS d-quark generalized Sivers shift as a function of momentum fraction =, multiplied by x 56

S"TMD Handbook." arXiv:2304.03302 [hep-ph].
SM. Engelhardt, J. R. Green, S. Krieg, S. Meinel, J. Negele, A. Pochinsky et al., to be published
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Conclusions

o [t is feasible to obtain the xz-dependence of TMD ratios: Sivers shift

R(%)
m%

o In spite of constraints % =b-P , it is possible to improve the analysis
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TMDs in Fourier space and z-integrations (Mellin moments)

f(z,b%;...) E/dszeibT'kT fz, kY. .) (11)
“(n 2 no
™ (z,b%...) =n! <-m7va,,gr) flx,b3;...) (12)
In the limit |br| — 0, one recovers conventional kr-moments of TMDs:
N k2 n
F™ (2,0;..) = /deT (%) fla k3. ) = ™) . (13)
2myy

In our studies so far, we only considered the first z-moments (accessible at b- P = 0) rather
than scanning range of b- P

AR

/ de f(z, k%;...) . (14)

-1

— Kt
where, z = £+
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TMDs in Fourier space and invariant amplitudes
Ai(02,0-P, (b P)R(C?) /m3;, =1/ (mxC)*, o-P)

o z-integrated TMDs in Fourier space <= A, evaluated at
AR, o-P) = 2 Ao (=63,0,0, =1/ (ma Q) o P) [S(B;..),

FO @3¢, pu-P) = =2 A1ap(—b%3,0,0, —1/(mnC)?, qu-P) /S (V%)
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Generalized Sivers shifts from amplitudes

All other renormalization and soft factor-related dependencies cancel out in the ratio.

o (ky)5vers = (k,)\py is T-odd, it describes a feature of the transverse momentum distribution of

(unpolarized) quarks in a transversely polarized proton.

A"V @3¢, P
AOW3;¢, . m-P)
N {123(—1;%, 0,0, —1/(mN§)2, nv-P)
Asp(=b%,0,0,—1/(mnC()2, nv-P)
vi=o [dz [ d®krk, 0 (z, ke, P, S;. )

(ky)Tu (b7, nu-P) = my

Jdz [d*kr  ®0Y)(z,kr,P,S;...)
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Numerical Results

(GeV)

(GeV)

Figure 4: Extraction of the generalized Sivers shift on the lattice with mr = 518MeV  (arXiv:1111.4249v2 [hep-lat])
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Numerical Results

Results: Sivers

Dependence of SIDIS limit on |by|
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Figure 5: Generalized Sivers shift as a function of the quark separation |br| for the SIDIS case (|nv| = o).
arXiv:2301.06118 [hep-lat]
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Numerical Results

Results: Sivers shift

Dependence of SIDIS limit on é
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we show the (f—dependence of the generalized Sivers shift, depicting both the full result and the result
with just Ai2 in the numerator. arXiw:2301.06118 [hep-lat]
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Few More Numerical Results

o M. Engelhardt, et al., PoS LATTICE2022, 103 (2023), [arXiv:2301.06118 [hep-lat]|.

e B. Yoon, M. Engelhardt, R. Gupta, T. Bhattacharya, J. R. Green, B. U. Musch, J. W. Negele,
A. V. Pochinsky, A. Schifer and S. N. Syritsyn, Phys. Rev. D 96, no.9, 094508 (2017),
[arXiv:1706.03406 [hep-lat]].

o M. Engelhardt, B. Musch, T. Bhattacharya, J. R. Green, R. Gupta, P. Hagler, S. Krieg, J. Negele,
A. Pochinsky and A. Schéfer, et al., EPJ Web Conf. 112, 01008 (2016)

o M. Engelhardt, B. Musch, T. Bhattacharya, J. R. Green, R. Gupta, P. Haegler, J. Negele,
A. Pochinsky, A. Schafer and S. Syritsyn, et al., PoS QCDEV2015, 018 (2015)

o M. Engelhardt, B. Musch, T. Bhattacharya, R. Gupta, P. Hégler, S. Krieg, J. Negele, A. Pochinsky,
S. Syritsyn and B. Yoon, PoS LATTICE2015, 117 (2016)
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