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What are Exotic Hadrons?

Tetraquarks and Pentaquarks are the prime examples. They cannot be described by conventional
structure of mesons and baryons.

* Tetraquarks

Tetraquarks are “Exotic Mesons™ consists of a pair
of quarks and antiquarks.

Tetraquarks are Bosons (Integral spin).

In 2003, a particle temporarily called X(3872),
by the Belle experiment in Japan is identified.

Recently, in 2022, LHCb announced the discovery
of two singly heavy tetraquark structures named as
T~ (2900)** having quark content c"u and T,
(2900)% with quark contentc™ —

Other experimentally detected states are :

7(4430), Y(4660), Y(4140), X(4274), X(4500)
and X(4700), X(6900) etc.

* Pentaquarks

Pentaquarks are “Exotic Baryons” consists of four
quarks and an anti-quark.

Total baryon number is 1.
Pentaquarks are Fermions (half integral spin).

The first claim of pentaquark discovery was
recorded at LEPS 1n Japan in 2003.

Recently, in 2022, the LHCDb collaboration
announced the discovery of the hidden-charm
PA,(4338)° pentaquark state with quark content
of uudc™.

Other experimentally detected states are :
P.*(4380), P.*(4450) and P(4312)"




Classification scheme

To classify the exotic hadrons like tetraquarks and pentaquarks, we make use of the special unitary
representations and Young tableau Techniques:
1) SU(3) Flavor representation:

Each quark is assigned by fundamental ‘3’ representation and an anti-quark by ‘3¢ representation. For example,
fully light pentaquarks with configuration gqqq— can be classified as:

31 [3]® [3]® [3]® [3]=[35]® 3[27]® 2[10]e 4[10]® 8[8]® 3[1],
Similarly, for fully light pentaquarks with configurations ¢ ¢~ can be classified as:
[Ble [3]e [3]® [3]=[1]® [8]® [I]e [8]® [27]® [8]® [8]® [l10]® [10]

2) SU(2) Spin representation:
Each quark as well as an anti-quark is assigned by a fundamental ‘2’ representation. For example, a tetraquark
state with quark content ¢ ¢~ can be classified as:

2]® [2]® [2]® [2]=[1]® [3]® [1]® [3]® [3]® [5]
Similarly , for fully light pentaquarks,

[2]® [2]® [2]® [2]® [2]=[6]® 4[4]® 5[2]




Young Tableau Techniques

We can define spin-flavor wave functions of exotic hadrons using Young tableau techniques. For a
particular SU(n), we denotes a quark by a box representation and an anti-quark by n-1 boxes in vertical
manner.

SU4(6) D SU:(3) ® SUL(2)

quark [1] > (1] & [
(1 > U e

antiquark [11111] > [11] &  [1]

> o L

By using these classification schemes for spin and flavor of exotic hadrons, we studied the masses and
magnetic moments of exotic hadrons such as tetraquarks and pentaquarks. For such purpose, we used the
folowing methodologies:




Methodologies

* An extension of Gursey-Radicati mass formula

To calculate the mass spectra of exotic hadrons such as tetraquarks and pentaquarks. We have studied the
mass spectra of tetraquarks states from singly heavy to fully heavy configurations. Further, pentaquarks
states with configurations like singl heavy pentaquarks, hidden-charm pentaquarks, triply heavy pentaquarks
are also examined using the same technique.

o Effective mass Scheme

The effective mass scheme is a theoretical framework that simplifies the calculation of magnetic moments
for multi-quark systems, such as pentaquarks, by introducing effective masses for the constituent quarks. It
is used to calculate the masses as well as magnetic moments of pentaquarks with configurations like singly
heavy pentaquarks, hidden-charm pentaquarks, triply heavy pentaquarks.

* Screened Charge scheme

The screened charge scheme is an advanced computational method used to evaluate the magnetic moments
of multi-quark systems. It is used to calculate the magnetic moments of pentaquarks with configurations like
singly heavy pentaquarks, hidden-charm pentaquarks, triply heavy pentaquarks.




The Gursey-Radicati mass Formula

* The original mass formula interms of Casimir operator 1s given by :
M =M, + C G,[SUs(2)] + D C,[Uy (1)] + E[C,[SU; (2)] =1/4(C,[Uy (1)])°]
Where,C,[SUg(2)] and C,[SU; (2)] are the SU(2) Casimir operators for spin and isospin, respectively and
C,[Uy (1)] 1s the Casimir for the U(1) subgroup generated by the hypercharge Y.

In the framework of the CQM, the underlying symmetry is provided by SU(6), therefore the most general
formula that can be written on the basis of a broken SU(6) symmetry :
M =M, +A C[SUgk (6)] + B C,[SUE (3)] + C C,[SUs(2)] + D C,[Uy (1] + E (C[SUK(2)] ~1/4 (C,[Uy (1)])?)
By putting the eigenvalues of the Casimir operator into the mass formula,

<C,[SU; 2)]> =1+ 1), <C,[Uy (D]> =Y, <C,[SUs(2)]> =S(S + 1)
Mass Formula is given by :

Mgr =M, +As(stl) + DY+ G C,(SU3)) + E [I(I+1) - Y4 Y2]

Initially, this was given to calculate baryon masses. M, is the scale parameter. A, D, E, G are constants. S, Y, I
and C,(SU(3)) are spin, hypercharge, isospin and Casimir operator respectively. The extended form of the mass
formula parmeters are:




M, 1s the scale parameter. A, D, E, G are constants. S, Y, I and C,(SU(3)) are spin, hypercharge, isospin and
Casimir operator respectively. The extended form of the mass formula parmeters are:

M =M, + A s(s+1) + DY+ G Co(SU(3)) + E [I(I+1) - %4 Y2] + F N,

Here, N, acts as the counter term for the number of charm quarks into the exotic hadrons. Furthermore,
mass formula was further modified to include the contribution of bottom quarks and therefore modfications
are done to the counter term as follows:

M = EM, + A s(s+1) + DY+ G Co(SU(3)) + E [I(I+1) - % Y2] + £ F; N,

€ acts as the correction factor to the scale parameter and F, acts as the counter term for number of charm and
bottom quarks.

M, A D E F G
Values|MeV] 940.0 | 23.0 | -158.3 | 32.0 | 1354.6 | 52.5
Uncertainties [MeV] | 1.5 | 1.2 | 1.3 | 1.3 | 182 | 1.3

Values of parameters in the GR mass formula with corresponding uncertainties




Effective mass scheme

Total mass of a pentaquark can be defined as:

5 5
Mp = Z mf’ff = Z My Z b,‘j;‘i‘,‘..’ij.
i—1 =1 P

Here, s; and s; represent the spin operator for the ith and jth quarks (antiquark) and m;
represents the effective mass for each of the quark (antiquark) and b;; 1s defined as:

by — 167

(Wl $3(F) W), (12)

9m,-mj

where W, is the ground state pentaquark wavefunction. For different quarks inside the
pentaquark, effective masses equations are:

m = my + abiy + bz + Yb1a + nbis (13)

miT = my, + abyy + B'baz + Y'bas + 17'bas (14)

m$™ = my + Bbis + B'bas + ¥'bss + 1"bss (15)

m§" = my + Yb1a + 'y + Y"b3s + 1”bys (16)
eff

ms" = ms + nbis + 1'bay + n"b3y + 1"bys. (17)




Screened charge scheme

The charge of a quark within an exotic hadron may undergo modification analogous to the alterations observed
in 1ts mass due to the surrounding environment.

The effective charge of quark 'a’ in the pentaquark (a, f, x, y, z) can be expressed as:

7. , , , , /
By — CgiF Qg fEF + Qgp€y + XayCy + Qgz€z (4:0)

Similarly, effective charge equations for other quarks (antiquarks) are defined as:

F? = @f + OfaCn -t Qraly +Qpyty + Oifses, (41)
fji;D = €x + Qgg€a + Qg fEf T OgyCy + Opz€z, (42)
z—“f — &y + Qu€s + Oy rer + Qs + Oy, (43)
Ff — € + Qay + Qzfef + Qugey + ey (44)

where the quark charges are denoted by eq, ef, e, €y, and e,. When we take the isospin

symmetry into account, we obtain several relations:

Aagf — Ofa, Xgr — Xgpa, Kagy — Aya, Agz — Qzq (“LO)




Thus,
My — Ayd — Xdd — A1
e o
Qys = Ogs = P
[
Xgg — .-"-32
For the bottom sector,
i _— ; —_— |f ) —— 1l
Qyup = Qgp = 33, Qgp = Q2

Qep = B4, Qpp = 3

(46)

(47)

Further, the reduction of these parameters can be achieved by applying SU(3) symmetry.

a1 = 581 = B

Using the Ansatz formalism, we can calculate the screening parameter «;; as:

—'ﬁ?,j | X5

3
. m; + m;

(48)

(19




Results

Decuplet states

Effective mass scheme

PC—|——|—(O)
PC+(O)
PCO (0)

P—(U)

C
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Table showing expression for JP = 5/2- hidden-charm pentaquarks magnetic moments using

the effective mass scheme in decuplet representation.



Pentaquark States Masses [MeV] Effective Mass Scheme [MeV]  Ref. [36] [MeV]
gl e R el i) AT72.54 4+ 38.99 4615.64 A743
pH pis) D) 4881.84 4 38.79 ATT72.42 1850
poE pEl 4991.14 4+ 38.73 1931.88 5008
e 5100.44 + 38.81 5094.02 5140
Quark Screened Effective mass +
State content Effective mass charge Screened charge
PO uuuce 4.78 6.34 5.93
PO uudcc 2.39 3.17 2.97
PO uddcc 0 0 0
PO dddcé —2.39 —3.17 —2.96
Py uusce 2.66 3.59 3.37
P udscc 0.246 0.14 0.12
P ddscc 217 —3.30 —3.14
PoE) UsScc 0.50 0.74 0.68
Pr® dsscé —1.94 —2.98 —2.87
PG ssscC —1.69 —2.20 —2.15




TABLE V. Magnetic moments assignments of hidden-bottom octet of pentaquarks with J© = 3/2 utilising the effective mass

scheme, screened charge scheme, and combining the effective mass and screened charge schemes.

State Quark Content Effective mass Screened Charge Eff. mass + Screen. Charge Ref. [23)
P uudbb 2.00 2.28 2.04 2.78
PYO) uddbb -0.09 -0.09 -0.09 -0.04
pHh wushb 2.26 2.62 2.39 2.60
pi) plo udsbb 0.12 0 -0.02 0.10
P ddsbb -2.01 -2.62 -2.43 -2.41
P usshb 0.36 0.50 0.45 0.51
p9 dssbb -1.81 -2.36 -2.24 -2.43

TABLE VI. Table for masses of predicted hidden-bottom Pentaquark Decuplet using the extended form of the Gursey-Radicati
mass formula and the effective mass scheme. The nomenclature for pentaquark states is identical to that seen in the figure.2.

All masses are measured in MeV.

Pentaquark States

G-R Formula

Eff. Mass Scheme Ref. [9] Ref. [6] Ref. [23]

pHO prO pi0 p=9 11676.60 + 70.20 11314.1 11052 11246.5 11235
P P pm e 11786.90 + 70.09 11462.2 - 114299 11524
p)® pr) 11897.20 + 70.06 11614.4 11141 11575.7 11669

B 12007.50 + 70.10  11771.2 : - 11673




TABLE Il. Pentagquark masses for N. = 1 for all possible configurations. Masses are in the units of MeV.

Luark Content

o Y SU S}y CalSUE) ) N Dur prediction| MeV ) Helerence

wnndie, uwudiie, wddite  1/2 0 2/3  [d]4s 16/3 | 3109.424 1957
dddiic, undde 1/2 1 2/3 [hs 16,3 I 3173424 19.72
uddde, wuiude 1/2 2 2/3 [dhs 16/3 | 3301.424 21.01

uusic, udsic, ddsfe  3/2 0 2/3  [4lis 16,3 1 3178424 20.06

3/2 1 2/ 415 16/ | 3242 42+ 221
3/2 2 2/3 [ds 16/3 | 370424 21.47
5/2 0 2/3 [4hs 16,3 I 3203.424 22.19
5/2 1 2/3 (4w 16,3 | 3357.42+ 22.32
5/2 2 2/3 [d]s 16,3 I 348542+ 23.47
uuuse, widic L/2 1/2 5/3  [d]4s 16/3 | 205645+ 1067
uddsc, dddsc 1/23/2 5/3  [4]hs 16/3 1 3062.45+ 20.07
1/25/2 5/3 [4]s 16,3 I 321245+ 22.28
3/21/2 5/3 (4] 16,3 I 303545+ 20.16
3/23/2 5/3 (41 16,3 I 3121.45+ 20.54
3/25/2 5/3 [4)s 16,3 1 328145+ 22.71
5/21/2 5/3 |4 16,3 1 3140.45+ 2228
5/23/2 5/3  [4]1s 16,3 I 3236.45+ 22.63
5/25/2 5/3  [4hs 16,3 I 3396.45+ 24.62

unsiic, wssic, dssse  1/21/2-1/3  [4]is 16/3 | 3294394 1958
ddsiic, ddsdc 1/23/2-1/3 [4hs 16,3 I 3390.39+ 20.14
ks, wdsiie 1/25/2-1/3 [dhs 16/3 | A550.3%+F 22.60

3/2 1/2-1/3 [4]s 16,3 I 3363.39+ 20.07

3/23/2-1/3 |45 16/3 | 3459.294 262

3/25/2-1/3 [ds 16,3 I 3619.39+ 23.03

5/21/2-1/3 [4]hs 16,3 I 3478.39+ 22.20

5/23/2-1/3 s 16/3 | AnT4.394 22.70

5/25/2-1/3 [4)s 16,3 I 3734.39+ 24.91

wasiie, wssde 1/2 0 -4/3 s 16/3 | H1535+ 1963
dssde 1/2 1 -4/3 [4hs 16,3 1 3479.35+ 19.73
3/2 0 -4/3 |4hs 16/3 L 384 554 2012

/2 1 -4/3 |45 L6/3 | 354835+ 20.22

/2 0 -4/3 |45 16/3 | 3509354+ 22.52

5/2 1 -4/3 [4)s 16,3 I 3663.35+ 22.33

sssile, sssde 1/21/2-7/3 [4]as 16,3 I 3568.324+ 19.80
3/23/2-7/3 [4]s 16,3 I 3637.324 20.28

5/25/2 7/3 [ 16/3 1  3752.32+ 22.39

Quark Spin I Masses
content

Per. P, 1/2 2 473 3195.64.420.91
R?ﬂ: PJ‘]:' P(:__

3/2 2 4/33264.64:421.37

5/2 2 4/3 3379.64 + 23.38
By P, Ph, 102 8/3 1/3 329522 490 14
S

342 B2 1/3 3364.22 -1 20.62
5/2 3/2 1/3 3479.22 4927
P, Py Ps 1/2 1 2/3 3303.32 4 18.72
3/2 1 -2/33462.32 4 20.12
52 1 <2/3 387732+ 2232
FZPO e 1/2 1/2 -5/3 3493.06 + 19.67
3/2 172 .-5/373562.06 +20.15
5/2 1/2 <5/3 3677.06 1 22 38
P 1/2 0 -8/3 3592.80 + 19.98
3/2 0 -8/3 3661.80 + 20.46
5/2 0 -8/3 3776.80 * 22.56

TABLE I: Masses of singly charm pentaquark
states arranged in 15-plet of SU(3) representation.
Each state is labeled as P7., where s stands for

the number of strange quarks in the system and g
stands for the electric charge.
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