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Lecture1
1. What is the 3D structure ?

What ?
"

2. Why the 3D structure is interesting ?

Why?
"

3. Where can we study the 3D structure ?

Where ?
"

1)

We have a group of theorists and experimentalists
and I will try to give something important and
interesting to all
I will give you arguments and some will be
more hand wasring , others more engorous ,

Do not be too convinced by them
it is physics and the mathematical egor is not
always a guarates of correctness:

Experimental tests are the key'



Questions for the discussion :

1
. What is the advantage of the lepton
scattering ?
2. What are the advantages and disadvantage
of a collider withexpect to a fixed target
experiment ?

3. What is the role of inclusivity" in
the 3D structure measurements ? Consider

pdfs or TMDs .

4. Consider parton model . Could you
motivate the physical picture that the
scattering happens on almost ourshell
particles ?

5. Consider parton model. Motivate
the usage of coherent I & us incoherent

ScatteringI eaea!



Let us start with "What ?"

We choose language of Quantum Mechames (QMI
and gamerically divide the "world" in two

categories : system we study , and the observer
: defactor

system detector mcroscopic

D
↑

⑳ 8microscopic D
The system is then described by a wave function

↑ it evelves according to Shrodinger equationO

smooth and continuous
.

Once the measurement
is performed , we switch to Born endes and
probabilities 1412
Compared to classical systems we can ask

approximately a holf questions about the system .



For the proton QM is not enough ; we
use the language of Quantum Field Theory
and use field operators ↑ acting on the

state Vectors (P). (Divac , Feynman, etc)

The number of constituents is not constant
,
it is

changing .

&

The measurement is performed by a detector,

T·itatwo
I

a you see
in George Sterman's lecture S looks

differently -> we square
it

"
141

"

C 'el
& -&>* -&
-xO OF *



When we perform manipulations , insert
E

A muty" operator S&PS/X> <X1 = E

apply the ·ptical theorem and devive an

amplitude &
&
↑- A ~ TX ↑

I

7= I
-* '

One separates , leptonic" and ,

hedronic" part
el

V- MJ 7--
2 I

- 3 7y

-> -

X 9 ↓ L
>

& S Mr
W

P L=>
Then one performs an approximation S

separation of time scales ,

known as factorisation

↑ = (e-e/p plays and importat role

Q = - 92 , Qn
1 + resolution
+ D -> parton nature



Such a separation is possible in the Infitte
-

Momentum Frames an example is the Breit fromS

p = k+a S + 9)2)

93 ↓ 603 I
2

K-factnsation-if
-

This example here is only the parton modes
& CD radiation must be dect with and

the consequence will
be a scale dependence of

+

↑, X
,M) ,

the variable k/ 1=1* = p

1 variable => 1 dimensiones structure 1D

How can 3D structure be studied ?

Consider Semi Inclusive Deep Inelestic

Scattering (SIDIS)



x↳ S
x=

q = e- l

En 7

In 2. 9S-- S
⑥ PS- Bjorken variableC
-

Y& Fragmentation <parton momentumK

j fraction (Y&
y = Posi

Distribution

Inelasticity
Q = -quesxy

< energy transfen)

-- z =1Pu
an important constraint P. 9-

fraction of the partonfor the experiment momentum carred

(Home work : desire it ! ( by the observed
madion

3 = (e + P) = 2 P .

e



Pn = zp
Fragmentation

↑aU

,- =z
j= O

P # - I- Y-- X
& Ka K

-> E# -> & -k+ - /+-/S
X

Recoil offalow energy is interesting as
it is sensitive to the intrinsic transverse

motion
,
Ex

,
+

-

QCD madiation is important , see the next lecture .

for a refined treatment .

Now our distributions will depend on x and +

& ( -> f, CX , [x) - Transverse Momentum Dependent
distributions (TMDs)

+ 1 a 2 rector and thus 3D structure
-

k
+I I ↓

I 2



Factorisation is proven for--

SIDIS e7
e-

3

M -Pu-

O
># -X Common featuresI

Drell-Yan x 2 hadrons

eX
P X- ~ A recoil with a

O low momentum
,
9 +

IP2 -/ * sufficiently
inclusive

etc- into hadron pains
* 1 electromagnetic

& system with largeOPE J

- => Pe virtuality Q
L = X

* 9+ Q



Why ?

Experiment - more things to measure ,
(un) polarised cross sections , a symmetrics

Theory+ more rectors to construct

distributions
,
allows to study correlations

of
, for instance , the intrinsic momentism and the

spin. These should have the imprintof the
confinement mechanism .

↳. = <,5 : 0) /P,>O - b
J

if

a matrix to be projected on umpolarised
quanks Ot

, longitudinally polarised
quarks 885

,
transversely polarised

quarks i 6+

85 Spin projectors
N .

B. G
MV
= ECUM,Y

F Ij
I -
[

D **>S

·



We can define the following

projections of the condator ESP.R) in the
case when transverse motion is not ignored,

Parity ,
time-reverses

,
and change

conjugation lead to :

&(x , k+ ij =3 be it

<P((b) 40(1P) (b+= 0↑

(5) d- 1Tr[N]

Tz(r + b) = fz - Sefer
> Y

Tz(u +(b) = Sig
.
+ g

Telis +

+ P) = 5
= h

,
+ Sc hin + shit

+ he
,

when Kime(kib-Eksin
fi
= =

- + ij
,
f012) = + 1



·

I
- (SIDIS)



All measurements are performed in the
momentum space, however

it is more convenient

to study functions in the configuration
space.
How do we perform F. T.?>
F(b + ) = Sdk+ e

-

i5+ +

f(k+

Phdhdye-i b+
k+ cost

fck+)

I

= 2n (k+ dk+ yo(k +
b+ fck+)

f(k+ 1 = (b+ e
+ ib= + jcb+

(2π)2

=
b + db + 3 . (b+

k+ 1 ch+



We will also need bi derivatives :

(n (b+ 1 = n ! ) -
y b +

=b
+

) I (b+

= ked(bkft

Why so ? UsingbmJu(=mes(l
--

m ! for integrm

hm( (b) = n (k+ dk +( f(k+
b + to

These are called moments

of TMDs i
,j = [1 ,2]
-

We need F
.
T

. of the form 1 ...Cl+)

Sdrk+ kf ... kf f(k+ e
-

:E+ 5+
-

= + i bi) ... ( ==S ~

2n k+ dk + Jo(k + bi) f(k+



An example :

(d2k+ b) e
-

i 5 + 5 +
f(x + ) =

= i
-

25 (h+ dk+ Jo(k+ b + ) f(k+ ) =

= i 2= (k+ dk+ ( - 1 = (k+
b + ))k+ f(k+

=(i) b = 25 (k+ dk+( J (k+ b) f(kn

= (i)b = M
= f(7)(b+

and thus

5
+
7
= f

,
(x
,
k+ ) - SkistfiCX It de

↓

(
+
t
= I,(x , b+) + i == b= 5=1x1

Homework+ perform the other cases



Physics Lecture2

fa/p+ (x ,
k+

,
S+ ) = fa/p(x , k+ + Xi
-

unpolonised
Severs function

If one applies P and T anraziance

f a(p+
(x , k+ ,

S+) = fa/p+ (x , k+ ,

- Si)

and
felp(xikt) esmain flik vanishes

-

A famous, mistake" thattook 10 years to resolve

One needs to account for initial on fine state
radiation and introduce the gange link

K- if2 p l
,

e -

a

D >
(p - 27 = - 2p . l +e = - 2p -e

E Z -
- --7

↓! = - 2 p-e
+

A
theeikonal approximation

-

y +

-=iie = 2 =+ ie
(p -a)+ 2 =



It was found instead that
SIDI

fa/px(x ,
k+

,
st ) = fa (X ,

+
,
- st)

↓ ↓ ↑
↑

-...b
+ I

O <
-·- -> -

SIDISand thus
falp (i) = fix ,

n+

-

Unpolcused are the same

I SIDIS

I-
1+

2x
,

k
+ ) = - fel

* *
ex

,
k+

-

Sivers function changes sign !

Comp GGS

geneaX

A project : Estimate if
the EIC will

proove the sign change.



SIDIS cross section has a very rick
structure if the polarisation is available in
the experiment,

Structure functions :

C[wfD] = J6-k+ <p+ 8" (Pn+ - 25
+
-p+ )

w(k
,p, ) f(x , k+ D(z ,p+

-hadron
plan

-- Pn
e Ps

-

- /- //-/X +-... 7- I Put -Y- ---- - P-C , · -

ep to
,

- jor--- Iplan I ->--- --

-
z

Experimentally , Sc , St , Pn , Ps are

the tools to disentangle structure functions .



Now convolutions in the momentum
space

- by space

2 (wfD] = e(dikdip+ S(Ont-E-pu

e (k+ b+ > f(x ,k+ ) D(z ,pi) I t
We wate 81 (Put-EET-FT) =

= f() - z+ -

z5+ -p+ ) = 8'(q + +2++

= En e-i(
+E + P+A) E

Fun = C (1 f , Di = esse-it
· Jack+ e- =

5
+
E
,

f , x, k+ )

·is dept e
-
its+ p+/= Desz , PF) =

· [esSitt g, ,b D( ,b
9

= ei
db
%(b+9+ F, (x, biB , Cz,

by

Let us call [T]=Ze FD



A more complicated example , Sirers asymmetry
↑F-P =Cl-fid ↳

= editdipt S(Pu- EET- p+ ) (-)
-

· f
,
=(x ,

k
+

7

D
,
(z

, PF ) - cos(y -P

= coce-Pla

e

-it+ b+
f= (x, k+ d+ = =

:p+ 5+/
p , (t,p+

P
,
(z
,

by

we have
+
5 = bt CO2 (4 - 46.

Stablecose-bul =eethete

Stebcos-Pube-i
br+ Roscus-Pul y=

= 22 &g (b+ 9t)



So that

F
(Pu-en

= -I beg , (bt

& k+ , (b fix ,
KE) 1 ,

by

FI* (x ,by) = k+d+ J
, Ch+bf,

Thus

F
<Pu-P

= C-M)Iea
+

b+ (b
-

⑪
· F ,
I
,

"
(x , b+ 5, (z , b+Y b+ J 1 (b+ 95)⑪

F (Pu-P = - MB CFB]

Generaldefinition

-Sbeen st
ene

Jus 2

See TMD book for other examples .
The main advantage of by space : TMDs

always come in product , not a complicated-

convolution as in k space



The consequence of factorisation theorems are

evolution equations. For TMDs these are
Collins-Soper equation and two renom
group equations
-

F(x ,
b+ ) + F(x, b + im ,3)

M-Ultra Violet CUV) saale, MV divergence
3 - Collins - Soper parameter , expitity
divergenes
Sequation

(1)F(x, b+;M ,3) = #(b+,M)
> In -

CS Kerne

RGequations
(b,M = - Wk(M)
-

(2)
dep Cusp anomalous dimension

hF(x,
b+;M , j) = 8= (y , 7/y))(3)

deng -
anomalous dimension

of TMD

UF
,
Or

,
and (b+) at small bi can

be expanded in Ls.



Differentiate (1)

(T,M,)= b
,p =-US 2 b 5

thus

x b+,M ,) -UC ↓ hy
-

WF (M ,
>/MY)

Thus

UF (M , 30/2) - UF (M , 3/m2) = -Uplo +Ul

If 30 =Mr , then

,(f) = v= (; =) - Eryh7/



Letus (2)

(b+,M = - Ur(y)
↓ kuyu

M

S dk(b+,y =-
(b

+, ) =
-

,

Fetaso i
, exp[, E

Letus solve (3) (1 , 1)

F(x
,
b
+,y ,

3) = F(x , bt,po , 3)exp[Ci
(3 .
1)



CSS organisation--
We start from low bi , and expend our
operator in terms of collinear operators

#(x , b+,p , 3) =2Ein f;,M
--
Coeff . function colleman

at the lowest order pdf

-

C; H
= 8 j + 3(7 -7)

Next step -> combine pertumbative and now
perturbative .

E(b+ 1
,
FCbi) are non

pentambative at large by bt
Introduce by

my
by N

- .......buncy I -

~
-> be



Rewrite

(b+,j) =
((bx

,p) + 25 (b+,y) -
E(bx

,M)]
- gx(b + )
fr independent !

This prove it using er. eg.
↑

k(b
+,M) =

R (by
,Mol- Uncl-gut

related to properties of
QCD vacuum:~ Wilson lines

gp(b+) is a non perturbative function
~ gub"

,
gzhu(b+/bx)

,
92b+ bx ?

Usually one uses no v //bx , namely
-VE

Mo
=
22

UE Ele gammaBa
-

also known as Mbx ,
2

VE
= C

,
= .

12



Now letas write the following

F(x ,
b+, , 3) = E(x, bx ,M, ) b s

~

= F(x
,
b+
,↑ , 3) exp(E(bx,) lns]X, b+,M, Q

#(x ,bx ,M ,Q)
Q. here is some reference -
scale 1-2 Gev d expl - g(x , b+ 1]

- gx(b+7 does not depend ony !

n.p .
intrins function
--

2

* expla. (R(b+,M) - E(bx ,M))
= F(x, b+ ,y, 3) exp[enP. (bx ,M

3
x expl - g(x, b+) - luT gu (b+]/ 2Q30

M

= F(x , bx ,po , 3) exp)UFC ,-EU
exp[l (h,po)-
exp( - g(x , b + ) - lu /3

.
gm > b +)]⑳



Combine alltogether :

F(x
,
b
+,M ,
j) = F(x, bx ,po, 30) exp(sorchy,po)

M

exp [UE, - en/Um(N]
I

Sudakow F . F.

exp( -g(x ,
b+ ) - en(/= gm (b +)] ]ricture
-
E

Now we will use Mo =Mbx = by 1

30 = M3 x ,
J = 02

, p
=Ma

= Q

andewaite

#(x , b+,M ,
3) = F(x, bx ,Mbx ,Mbx)

Es ,Mb -Eache

e
- g(x , b+ exp[(UFC ,

) -en0i)]

=> This is CSS solution of TMD

evolution equations



Someremarks about physics:
-

g(x, bi) to be extracted from the data3
9x(b+ )

gu(bt) - a universal function
releted to

the properties of the wocuum of
QCD

q(x,bt) - depends on the hadron, but
parametrises the nonperturbative
entrinsic structure

d he IUk ~ Lsl :
Ma

I MI - Mbx
-Mbx
M

famous double logsdlup'
In the Sudakov form
factor

In the momentum space Ls hi /Q
9+70 I-9T/o can be very large andI

spoil perturbature convergence , thus must
beessumned". /exponentiated) to all orders
that is why ISS formalism is also called resummation



Backupnotes



During lacture1 we speak of a certain

process. Let us look into its kinematic

Deep Inclastic Scattering (DIS)
el

- 1) Show that qo~ (0
------

C

- e = (E
,
0
,
0
,
E)

-

-

-- e= CE' , Es A, 0,Eco,0

Thusa
=
= (e -e') = -2ee'= - 2 (EE'- EECO)

=- 2EE'(1 - cos0) 10 .

It is customary to introduce qu= -Q
when Q20



Now let us explore other kinematical variables

x =Q - Bjozken-x , y = -inclastranty
20-9

These vanables are constructedoff scale products
which are forentz invanants and when for we
can use any frame to estimate them .

Letas

choose target rest frame

= M, I
a

9 =(U , 5) , v = E -Es

2 .

q = 2 MV + > Brocken hunt

q = - Q2 ,Q" 0
,
020 =

Ox= 10

W is the energy of
P

z
W C Cx w = +q = e +2 p . 9 - Qu

= M2 +2 - 9, -Q2
in case the proton
is intact-electic scattering

=> 21 .qkQ" =
x = 09 E②1



Inlastraty g
=

9 M(E-El
EYE= - = 1 -

P . l ME

E- [0
,
E] thus y + [0 , 17

x [0
,
1]

3 we can estimate theeach

y = [0 ,
1] of experiments

s = (P + c) v = M2 + 2P . e = 2 P. C

= ]

x =0 = . :
Therefore

②Q-E syx
& SxYmex Qin 1 (GeV4 to

ensure DIS regime

y
-> [ymin , Ywex]·SXYm experimental
-

Qin resolution

->
O I X



Why do we need XBj ?

Let us consider form factors -> elects

Scattering

E s(4)(p + q -B')

pXX-' = q,
= I - p

9 = - Q
=

= ( -P)= I" + P = - 2 P ! P =

= 2 M2 - 2 ! P -2 !. P

1 . q = &(P- P) = RP' - Mr - P- P !

therefore

x = + 1 not an independent

variable f(4)(B +q,
- Px)

+-
=)Ex We integrate over ExEE

X
9 = -Q + 1 y independently
2 .q + 8

XBj = 50
,
1]

.



Experiments : fixed target us collider

s = ( + 2)"Im energy

Fixed target

e = (Peab
,
0
,
0
,

- Peadl

p = (Mp
,
0
,
0

,
a

s = (P + 2) = 1 + 2 . C + e= 2 MpPecbO

Collide

e = (Ee
,
0
,
0

,
- Eel

E (Ep
,

0
,
0

,
Ep) Ineglect the mass)

s = (p + 2) - (Ec + Ep)"- (Ep -Ee)" = 4 pEe

The energy increased early in collide



Theelements of Quantum Field Theory
The wave function ↑ EX) is a coordinate

projection of the state rector in the His best

space (4)

(d3x14(XIP c >
The scolor product

(410) = (dx43x, (x)
We will use IP;S) to denote the proton
with momentum 1 and spin rector :



Unitority of $ matrix and optical theorem

& Taylon , Scattering theory")
The probability of one state going to the
other is described by ,

5'matrix

w(y= b) = 1 <X/S16 > 12

One can write
interaction
↓

Sab = Sab + i (2)
"
8*CPa-Pb)Tab

<S ↑
no interaction momentum conservation

Probability is conserved

5 St = 5 S = 1 Until of Smatrix
J

One can use it to write all possible states
-

Im <XIT(P) = EZ <XIT(X) <XIT+I(257YSYPp -Px)

Diagramatically

2In + + = I -ExxE- -

X

Import



Sst = (1 + i(n)) (((Pp - Px(T)(1 - i(n)"S (Pp -Py)T
+

) = 1

1) - i(a((+
+

- π)8' (Pp - Px) + 25)8 ++
+

84 (PD - PylAC
T = RT + ilmT

,
T = ReT-iImT

↑

T -
T =

- zi/mT

2(N)" (mT = (5) + T
+

(((Pp - Px)

&
Letas insert B = 2(X) <XI

and sandwich this "expression with <X1 ... 16)

(m <XIT 10) = EEXITIX)<XITY (5) S(PO - Px

-ar

- i - -E=E2 . 0 -
C

Im
Ifb = X then ,

for instance pp > pp

JPL i xp
=E =x)2

·
+
0
+

+

I C



We are interested in photon-proton interactions

2Im a
9

x,
Experimentally one measures cross-sections

60 + p = 7 Ap +plc
-

Flux oft Phase
space of 4



We want to calculate cross-section

of this process

JOt
e

e)
2 + p +e=x

-

- - XX

q2 = (e -e'p P - X

↑ -
Deep Inelastic Scattering

We use one photon approximation
S
l

R 7

S
-

6 = =Mids-

X↳7 ↑ = 25 = 2( +P) flux

d=
(2π)2E

&)ptomstence
s

-X X
--

IMP = = 1
L

v
Wan:O

Px Px
hedcomc

tenson

*~ 3 . 5 product of photon

propagations



Before we calculate Lyu and WMV lat as

recapitulate some basics of QFT .

Cousdes the Lagrangian of a spin- particle
with the mass mi

2 = F(i (+2 - m)4

24-gamma matrices

c = =xm ,

4(x)
,
F(x) = 4xr- fields

Globce gaage transformations

↑ (x) = ei24(x)

F'(x) = F(xie -
i

SI-J' current J"(x) = F(x14(X)S

Local gange transformations

↑ (x) = ei2(x)y(x)
EF(x) = F(x) e -2x)

2
,
4(x) = e

- i2(x)(0p - i0p((x) Y(x)
Thu
2 = F(x)(iT(0f - in 2(x)) -m)Y(x



We can restore gange
invonance if we use

(2 + ieA(x)) Y(x)
-
id(x
(2
,(2 + ieAp(x))4(x) = e
n
+ jeAxi)H'x

where

Af(x) = Af(x) - E02(x)
Op + ieAp() + coranant denrative Dr

I = F(x)(i8+ (2p + ieA() -m) Y(x
On

I = F(x)(i U+ Dy - m) 4(x)
is invanout also under the local gaage transform.

We also have introduced interactions !

1 = 2. +1 ,
where

= -egAy when I =FY(x



Remember
(My + ry= 20, ry = 2gh

⑳
° (utv = um

,
= (%= 00

,
(8)= - -k

Independent fields4(1 & F(X1 = ↑ Ex180

Enler-Lagrange equations (for 2 = Jo)

E-
- = 0

-W
· = (i Umfy - m)4 ,
I = 0
22T

2]
- = - m↑, cY = ifjM24

-

= (2852p - m)Y(x) = 0E it
,
F(x)2M +mπ(x) = 0

4 solutions
,
2 with poo , 2 with poo



Let us counder only positive energy

Y(x) = u(p,s)a
-

+
8 ·x

,. pr= m2 , poso

(i22x - m)(x) = 0

=> (pp - m(u(p) = 0 , UPp =0

<P - m (p) =0, usp) is called spiron

u <p > <p- m) = 0

el
e

>
X q = e - el
--

3
Current conservation Up = 0

( = u(e)(2n(e)e
-ice -el . x

(pf(x) = - iqnf" = 0==



Let usCalculateLMV :

e esja(el- && ↑ u-el
-S ↑
->n(e)

X -

- iM ↑ C

u(e)
3 E

+ jev

= -ge,stiera sess, Hierecnn
25 + 1 s'

Spin products [ Mle,simale=L +me
↑e(e,5) as

,
)=+(s+2+$)] ba

where
uj = + iyyyyyys

,
85t

= 25
,
(2)==

,
905 ,Y =0

e +m( =empa2 bd

trace

neglect m and we have

(M= Tv (UM'(Y)



Traces
Tv (odd#U) = 0

Tv (b) = 4 a ,
b

↑v (4(44) = 4((a-b)(c d) - (a ( c)(b - d) + (c -d) b)&

Tv(89ypy(d) = 4 (gagad -gagbd+gadgabl
Thus

( = 2e2(eMe + even - gmv(e .e)



Now letas consider the hadrone tenson

j 9

E
=!I

P -

bogdiagram
why do we not consider ?

, -f L 91 equ-
-P X * suppressed by (*)

as at least one
of the propagators is hand

= Imple = 58(PY

9 2mXt + 61(9 + m -p) = p = k+



Why partons are almost on mass shels ?

Y
aSchulzpa ~P ↑ Virtual

,
but

- -

disp
The contribution from
this integral is mex then

p =0 well !



v

&e Letas call this metrix (p,P)
P -L
* X

I

W I STEU/ESPERSPEGIP
↑

Letas parametrize p = x
1
,
x = (-0

,
-)

f((p +q(z) = S(- 0 +2x0: 9) =
p.,
f(x) -x)

quake are probed at x = X B) !



What s 0?

to, ((p + Px -P

=, -J/
Px
-
P

S"(p) = Se - ip3

I =S = OCE

E = s* (p + Px - P (CPI(0)(X)(XIP(O)IP

= Se-i3 (p +PI (0> XI(0/P>

=

-iP
<PleGet
-
-

is -i.
< Ple

&

- #(0)e )
-

#(3) -Shiftofthee
--



Thus

p, )= e PF(((XP
now we use

/> X1 = I completeness
X

of states and obtain

(p ,
b) = Se-i(P((IPCOUP

Let us introduce light conronables At A
A . B = A

+

B + A-B
+
- + . BT

,

A+ = (AT,Al

P = (P+, F , 0) (Pt , 0 , 0.

p=
xp = (p+ , 0 , Pl

-important for TMDs

p . 3 -> p
+
3- j + =3 += p +3
-

Smell

=3E(0 ,
3- , 0



Letas see how distributions are introduced

in .

mor
T -- -- S

WY
= - (gMv + (1 +(++

I only WMV = WY 9/
WMV =0

Remember B . 9 =N

One usually uses F1X,&Y = W . CX, 01E
Fz(X,R) =U Wz(x ,Q)

F = Ez - 2x10

p
↑
= (P

,
o
,
oP) p2 = n =0-

-

nu =(, 0, 0,-pl pin = 1

q = 9
*

+ +
UUM

qu = - q2 = -0



Then

nTn"Wyv = Wa = F

U

a Y >
not
w = e[ TV (UM(+P(NP)T

↑

p -

- · S(<p + g) Y
&JY & -

p = x
P - S(X -xB))

2v

= Wyv = CaSTCY)Sx-x
+up

zxTv(yb)
we can define

f(x) =S Tv (/P(p,P1)S(x-xi)
-
Parton distributions

= F(x ,Q)= x fx
-a = U

+

Bjorken scaling !
-



The field, are separated by some distance 3

In
"direction !

t "Final-A F

- I proton
T

struck
quales

Z!The process- - r+p -X
However

<P((q(0) IP)
initial proton interpreted= as the photom
·

at
- J

,
then

at of the

qual field y

Oh ↑ P shefted to 3

& and then&O 3
-

- > theproton- -
T P

contenues to +-



Analogously to DIS we can define the following

projections of the condator ESP ,P) in the
case when transverse motion is not ignored,

It is customary to call the parton's momentunk
So

&(x , k+ ij =3 is
its

<P(
;
(3) 4

.
(0(1P) (g + = 0

& Te(t
+ b) = fa - fr

Tz(u +(b) = Sig
.
+ g

Telis +

+ P) = 5
= h

,
+ Sc hin + shit

+ he
,

when Kime(kib-Eksin
fi
= =

- + ij
,
f012) = + 1



Let us work out convolutions for SIDI

((w +D) = [ e) dik + dip +8 - -P

co(k+
,
+ 1 f(x ,

k+ ) D(z , P +)

e
-In
P

-

p ==
In order to study evolution we need

toeewate the convolution in the configuration

space .

We will see that TRDevolution equations
one to be solved in configuration space

T
↑E

---

a zk+

x Pn+ = =2+ + p+a

--k+1 /OT I"I P



Let us write the cut amplitude :

Pr

-&-
J

K

L
*

-~- Starting from here
V

-- M <

↑
- i

A

-

-

AP !- - ' we ed "the

& diagram simler toP
* - others in conteclockwire

↓

WH = IesTr(82)
Scu - p -q)

① and D contain TMDs

&Tr (8
+p] = f, - psf

ETr(U b) = De

6 nLyW
*
~ Go (Fun + ...

I

structure functions :

Fun = C (1 feD1] etc

Asymmetrics a catios of polarised over unpolarised
structure function

sin(ten-Ps)
=

Eston-
Aut

Fun
e+e



Definitions : of Fouzien - Bessel transform

f(x, ) = Saab eite
5
Ix , bl:-

= SoCh+
bFCX

,
b

NB Sdye
ik+ b + cos4

= 25 To(k + 1+ )

1

= <x , bil = Jdk+ c-iE+
5
fix, ) =

= 25 Sl d+ to (k+ + f(x , ,

Using Mathematic② these relation
,
andprove

prove
that if

+ (x , k= 1 = f ,
(x)=m

+
xe

-

k+y (k
+Y

then

F(x
,

b
+2)= f , (x)e

<k+2> b+/4

Notice that

Jd2kif(x, k + ) = f, x) * The basis
of the Generalized Parton Model (yumen76'



In TMD phenomenology the following
moments are used
-

Sdk+ f(x , b +) = f()(x
the first moment

Sdik+ f(x , (7) = f()(x
the second moment

In configuration spoes we have

I"(x , b+ ) =-Skidl ,CLEN,

I((x
,
b+ 1 = Skidk Sub+ fix,

Prove thatO
fM(

,
0 = f↑jx

I((x
,
x) = f()(x)



For fragmentation functions
D(z

,p+ ) =Se Act
, e

= St J (Pb) D( ,b)
and
(7

,
b+ ) = 5 pte-iPD,Pl

= 25 ( J (DCA,PE

Test functions (check with Mathematical

D(z
, p+ ) = D+ (z)

+
e

- P+/<p=)
a<pu b

D(z
,
by ) = = D= (H)e



Moments are also important for FFS

((t
,
b+7= (DCP

D(,+) = Sbidh (DCA

hi 5()(z , b+ ) = E D*(z) prot !
b+ + 0

where

D((z) = (d -p+ ( D(z
,P+Y

Test with Mathematica

D(a , p+ ) = De(t)=> e
- P+ p+)

Prove
-> 5(

,
b)= D ,

(z) e-

Da ,
by = H +"(Me-Pp

prove

-> B((z
,
b+7) = H + " (7) e-



Now convolutions in the momentum
space

- by space

2 (wfD] = e(dikdip+ S(Ont-E-pu

e (k+ b+ > f(x ,k+ ) D(z ,pi) I t
We wate 81 (Put-EET-FT) =

= f() - z+ -

z5+ -p+ ) = 8'(q + +2++

= En e-i(
+E + P+A) E

Fun = C (1 f , Di = esse-it
· Jack+ e- =

5
+
E
,

f , x, k+ )

·is dept e
-
its+ p+/= Desz , PF) =

· [esSitt g, ,b D( ,b
9

= ei
db
%(b+9+ F, (x, biB , Cz,

by

Let us call B(, , ) =Zea +D



A more complicated example , Sirers asymmetry
↑F-P =Cl-fid ↳

= editdipt S(Pu- EET- p+ ) (-)
-

· f
,
=(x ,

k
+

7

D
,
(z

, PF ) - cos(y -P

= coce-Pla

e

-it+ b+
f= (x, k+ d+ = =

:p+ 5+/
p , (t,p+

P
,
(z
,

by

we have
+
5 = bt CO2 (4 - 46.

Stablecose-bul =eethete
Stebcos-Pube-i

br+ Roscus-Puly=
= 22 &g (b+ 9t)



So that

F
(Pu-en

= -I beg , (bt

& k+ , (b fix ,
KE) 1 ,

by

FI* (x ,by) = k+d+ J
, Ch+bf,

Thus

F
<Pu-P

= C-M)Iea
+

b+ (b
-

⑪
· F ,
I
,

"
(x , b+ 5, (z , b+Y b+ J 1 (b+ 95)⑪

F (Pu-P = - MB CFB]

Generaldefinition

⑪=J
+ b St

2F(n)(x , b+) f(m) (z
,
b= )



Collins asymmetry

ESCPutPs 2 (Wh ,H

↳ Ep
zMn

Fi
( +Ps

= Mu BCFH
↑

let as use (0) moment

as well for completeness

Proveit!



EvolutionofIDs

The evolution is customarily studied for 5MDI
in the coordinate space be

6 x -i f(x
,
b
,
R
,
SDGb+, Q,

Q correspondes to the UV divergence , the
same as for colliner dennities

I Is a new scale that correspond to a
new type of divergens epidity" divergence
of TMDs

Let us define momentum
region

1) Hard region-momentum with lege virtualities

~ Q
,

k Q(1
,
1
,
1)

+

↑ 44
- T

2) Colliner region-momentum close to some

beautyet directions K ~ Q (1
,
2 , X) forpa

2) Central softlagon -Q ("
,

2, X") so

x 1



+ collea

:
For each region approximations are applies

and then double counting is subtracted

Result
-

Soft (+ Glaube)

O particles-"ormo S 3-↑ YT
zu

-

↳

↳OH &
S E H-
SE

D- - =
-

some work is
still needed to fully

factors .

Wand , dentifies are used to stripe
collenca polarized gluon from hard part
and organise them into Wilson lines

Simple
->

p+-b
= (p -ki = - 2 pike thi= -upk
- eikonal

-

approxima tion



TMD factorization describes processes differentice
in transverse momentum ↓ G

-

dq=

+NacQ : small ke of partons

play an important role at small 9+ => TMP factmnation

with +MDsFCx
,
k
+ 1

Generalized Porton Model

F(x ,
k+

↓ QCD

F(x
,
h
+,M , 3) -> uniquely defined

dest with all divergencies
obey evolution equations



QCD evolution is governed by the so-called

Collins-Soper equation two Renonclization

Group equations
equation-

by space
L
-

Ci &
F(x , b+,M , j) = k(b+

,M)
Gla ↑

CS Kernel

RGequations

(2)M = -Fu(gyll - Cup anomenhe
dimention Of K

Very universal in QCD ., On depend only ony

(3)
daF(x,

b+
,M ,5)

= U= (g(7) , 5/m))
Hluy ↑

anomalous dimention

of F,



Cbr, )= bill

(ii) = -UCM

U= (y , 3/nz)

U+ (M ,3 (2)- UF (M , Y/m)) = - Up (y) In Fo +Volu

If 30 =M2 then

=Cr ,4/(z)
= U+ ( , 1)

:

- En(y)h3/y-



Solutions

M = -Umspl e1)

↑ M

d[(b+, p ) = - Umain& So
Yp

LCbyM = - On + Echt
,ne

2) F(x ,
b+,M , z) =

F(x
,
b + /M ,20) explcbi,Mie]

F(x , bt ,po ,5) = F(x , b=, po ,3)exp(UF; E



Implementingevolutionbt
F(x , b+, , 3) =I f,+ -

-
collner

coefficient
functions pffs

at

thelowestoneaits - 7

Next step : combine perturbative & now

pertumbative - by
Problem : F(b +)

,
F(bt) are now pentanbative

at large by
We want : write functions such that they

are portinbatively calculable with nonperturb.
connections

by (+) ==beca



(b
+
,p) = k(by ,y) +[x(b+,7) - E(b + ,↑)]

gx(b+ )
non pet , function

R (b+
/) =

5(by
,Mo- Um -guct

-

Studyin Mathematica

&
= Gabi , gx = gob+bx , gu = a hb+bx

Entergammodifferentgroups &

2e-VE
We can choose now /b , No

=
- 1)

ba

the standard choice



#(x
,
b+
,y , 3) = F(x , by ,M ,3)
=+1,3)] =[ F(x

, bx ,M ,3)

= F(x , bx ,y , 30) exp([(bx,>]+,Mi
F(X

,
b x

,↑,b
-

expl-g(x , b+)]

x exp[bE(R(b+,M) - E(bx ,H)]

= F(x, b+ /M , 30) exp (E (b, explgbil-tugu
M

= FX ,booexp (UE(Ill-M12
-

explet- Un()

expl- g( , b+) - l gncbst]



= F(x
, bx ,po ,

10) exp (by,No

-Uh
x exp( - g(x , b+) - hygu b)

at swell by and large :

E (b+,p) = - (l(ybt)-h4 +2E
-

the reason why

jube-i chosen
F(b-x ,Mb) = 0

30 a scele 1-2 (GeV)
.



Generalized porton model usually is.

~F(X ,
b+ 1 - F(x) exp( - g(x ,

b+)]
.



Lectun3
-

Elements of evolution of TMDs

We have studied so far how structure

function can be written in terms of TMDs.

For instance

Fun =C[1f, De]

In the Generalized Porton Model one often
uses

f, (x, k+ ) = f, (x)
*/L

C

D= (t,p+) = D= () πpe
- PT/cp=

Of course this Goussion dependence can be
a good approximation of intrinses he dependence
but what happensof we take into account
gluon esdiction ?

mu
?

Ku



Counder 1 gluon

-o S- > fatorzationK

9
-

↑+<1J -

m of regiouset I
T

P en Q(1
,
32
,
a)

> -
- -I O &-
- (2) ellke Q(x2,

1
,
1)

(3) of e - (x , 1 ,x)

(4) had en Q (1
,
1
,
11

- ↑E-
-2

+

- E
-

m- y
+

are Wilson-

O He# ③ lines
- He C I will not talk

↳
E

here
--3

about them

-

6 (d<+ d <p+ dee+ H(Q) f(x ,k+ DA,+)
· S(e+) f(PuT -z-pT -E

glon reduction



or F ( /F(, b+D,
b+ S(b+

--

See next lecture for the proof

The additional fuctos S(D is absocked

into F & 5
.

It leads to cancelation

of divergensian and self consistent definition

F(x
,
b+,, 3) + F(x,b +) (b+

5(z
,
b+

S

a
, 5) + D(z , bt) 55 bil
/ ↑

UUscele
4

repidity scale effectof reduction

~HiQ , , 5 ,b)
-

exactly like in
Generesed parton model !

We would like to wate

F(xibT
,
0
,51 starting from some

initial scales Qo
,
30



QCD evolution of TMDs is governed by 3 equations
④ Collem-Soper equation (CS)

F(xib,M ,
5)
= (b

,Msent

# is the so-called Collins-Soper Kerner
it can be calculated perturbatively for
small by & large or (so that 6 </) i swell

[L(b+(p) = - 8 .2+ en (E) +OSL
& = 0 .

57 Eale constant

Theproblem :

We need to St +S b+ db

butb will become longe fo bt o

it conresponds to non-perturbative regime
of K+ + 0 ·

Solution later



② Renomalisation group equation

,M = -Un bl e

Up is Casp anomalous dimention .

It is present
in
many areas of physics

Un(() = ri 8) +Oh
③ StuF(x,

b
+,M , 5)

= U= (2,<) , 3/y))
↓ lup

UF Is the anomcloss dimention of f

= (s(7 , 1)= =G+O



Let us write the solutions :

F(x, b+,M ,
3)

= U=< , 3/yz)

M
denyu M

↓ b F(x , b+
,p ,
5) = U=Cy,/)s S

40

ech



② xbXS = #(b, e

-b
+,y ,
3) = f(x ,

b+
,M,d) exp(π(+,M2E))

·



Letas also combine 2 equation

-( (x, b +, ,3)= (b = -Only
d lug this

*

those commute /

&
- CF(x,

b
+,M , 31) = - 2n()

e la Es ↓ ly-
UF CM , 5/yr)

=> UF( , 3/pr) - U= (y , 10/) = -Um(y)h/so
If we use 30 =M2 then

/)= U= ( ,7) - x()hP/nt



Implementing the evolution
1) Operator Product Expection (OPE)
at low bt :

ff(x ,
b
+,y , 3)

= = F;C+O
continuou

Coefficient pdfs
functions for unpolif

(((f = Sj+ s(E - 1) + Ochs

2) Combine perturbativea non perturbative
Isolution to problem of TC(b) rospect& Longebot

b xbx =

=bbinex =
If brox is small (n 1 Gev) then

b is always perturbative for be



Start from CS kennel

T (b+
,M)
= (b+ ,y) +

E (b
+,y)

- E(by
,M

gu (b+ )
universal non pert , function !
--

Gr does not depend on J, in fact

E (b,
- Esb x

,p]= m(y) - Om(y) = 0

next

(b) = > Mo- SEC - gre

For convergence ,
remember

,

= - 8 .= en(
Mo

= EMb but at large by + >
bJ

Mb = 0
=2s(0) -> 1 pole

because the function is mon per turbative ,

22-VE 2
- &E

-
->

Toavoided >Q



Studyin Mathematica
M

↑ (b+, ) = Esbx ,b) -S rai-gul
for a reclutic gr <b) = g ..l (b/bx)



Theorgan of
Wilson lines :

p-k
T P-

P
-> >

-> -

-

B -

- K

Eikona approximation
(p -h) E - 2 p :

k +1 = - 2pok = - 25
-

k +

: =
e

- 2p
-k+ + it

p should be 20 ,
this is true as itgoes

through the fines state cut

< PI(3)101/P) gange trenf :

#(3) + 5(2)
+

,y) ,
4(01 + ↑(0) (0)

=> P(Fu+( U(0) IPC
Wilson line

W(3 , 07 = Pexpigd .A(H]

W (7
,
07 => 1(3) WC ,

OCHCO

=> FC W(S
,
01 107 = FUWG ,

OCTOSY (0)
-

genge in I A



Now let us wate f(x ,
b
+,↑ , 31 in terms of

f(x , b+, po , 30) :

F(x , b +, , 3) = F(x ,b,,3) A-
= f(x ,

bx
,y , 3dexp[(b,/bri
-

·exp[- (b,]xb+
gx(b+ up befor of RD

= F(x
, by , po ,

ol explCi-EU
↳

· exp(l (by,d-e)
·

exp ( - g(x ,
b+ ) -hgr(+)]

= x , b , po ,3expLCUI-
· expl - g(x , b+ ) -hGm(b+]



2e
-VE

Letas use Mo =Mb = -by

3 . = Q. ~ 1 - 2(6eV4

Then :, J = Q (the scals)

Asene

· exp( - g(x , b + 1] ↓ Sadakorfonfactor

exp[S]
↑

Contain result of

gluon reduction

,+ , Q, = F(x,bx ,Mb ,Q5)e
g(x , b+eis

almost the GPM !

= f(x , (b)
- q(x , b+)es

[f,
b Lete

Studyin Mathematica
.



We will us Mathematics to study how it
deffers from GPR at higher scales .


