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No way I can do justice to 
the field in 2hrs!
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Strongly coupled system 
involving few-body states…!
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The particle zoo the remake 

60+ hadron candidates @ LHCb

Numerous other experimental searches…

https://arxiv.org/abs/2206.15233
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Tetraquarks? 
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No smoking gun of pentaquarks at JLab

https://arxiv.org/pdf/2304.03845


Key questions to answer
Which enhancements in cross sections are actual QCD state?

vs.⇠ log(s� st)
<latexit sha1_base64="rM2GvACDrjlUcqCcXrBfXmgr5RQ=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUgyURQY9FLx4r2A9oQtlsN+3S3WzYnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzolRwA5737aytb2xubZd2yrt7+weH7tFxy6hMU9akSijdiYhhgiesCRwE66SaERkJ1o5G9zO/PWbacJU8wSRloSSDhMecErBSz3UDwyUOhBpUzaXpwUXPrXg1bw68SvyCVFCBRs/9CvqKZpIlQAUxput7KYQ50cCpYNNykBmWEjoiA9a1NCGSmTCfXz7F51bp41hpWwngufp7IifSmImMbKckMDTL3kz8z+tmEN+GOU/SDFhCF4viTGBQeBYD7nPNKIiJJYRqbm/FdEg0oWDDKtsQ/OWXV0nrquZ7Nf/xulK/K+IooVN0hqrIRzeojh5QAzURRWP0jF7Rm5M7L86787FoXXOKmRP0B87nD3wCkuU=</latexit><latexit sha1_base64="rM2GvACDrjlUcqCcXrBfXmgr5RQ=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUgyURQY9FLx4r2A9oQtlsN+3S3WzYnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzolRwA5737aytb2xubZd2yrt7+weH7tFxy6hMU9akSijdiYhhgiesCRwE66SaERkJ1o5G9zO/PWbacJU8wSRloSSDhMecErBSz3UDwyUOhBpUzaXpwUXPrXg1bw68SvyCVFCBRs/9CvqKZpIlQAUxput7KYQ50cCpYNNykBmWEjoiA9a1NCGSmTCfXz7F51bp41hpWwngufp7IifSmImMbKckMDTL3kz8z+tmEN+GOU/SDFhCF4viTGBQeBYD7nPNKIiJJYRqbm/FdEg0oWDDKtsQ/OWXV0nrquZ7Nf/xulK/K+IooVN0hqrIRzeojh5QAzURRWP0jF7Rm5M7L86787FoXXOKmRP0B87nD3wCkuU=</latexit><latexit sha1_base64="rM2GvACDrjlUcqCcXrBfXmgr5RQ=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUgyURQY9FLx4r2A9oQtlsN+3S3WzYnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzolRwA5737aytb2xubZd2yrt7+weH7tFxy6hMU9akSijdiYhhgiesCRwE66SaERkJ1o5G9zO/PWbacJU8wSRloSSDhMecErBSz3UDwyUOhBpUzaXpwUXPrXg1bw68SvyCVFCBRs/9CvqKZpIlQAUxput7KYQ50cCpYNNykBmWEjoiA9a1NCGSmTCfXz7F51bp41hpWwngufp7IifSmImMbKckMDTL3kz8z+tmEN+GOU/SDFhCF4viTGBQeBYD7nPNKIiJJYRqbm/FdEg0oWDDKtsQ/OWXV0nrquZ7Nf/xulK/K+IooVN0hqrIRzeojh5QAzURRWP0jF7Rm5M7L86787FoXXOKmRP0B87nD3wCkuU=</latexit><latexit sha1_base64="rM2GvACDrjlUcqCcXrBfXmgr5RQ=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUgyURQY9FLx4r2A9oQtlsN+3S3WzYnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzolRwA5737aytb2xubZd2yrt7+weH7tFxy6hMU9akSijdiYhhgiesCRwE66SaERkJ1o5G9zO/PWbacJU8wSRloSSDhMecErBSz3UDwyUOhBpUzaXpwUXPrXg1bw68SvyCVFCBRs/9CvqKZpIlQAUxput7KYQ50cCpYNNykBmWEjoiA9a1NCGSmTCfXz7F51bp41hpWwngufp7IifSmImMbKckMDTL3kz8z+tmEN+GOU/SDFhCF4viTGBQeBYD7nPNKIiJJYRqbm/FdEg0oWDDKtsQ/OWXV0nrquZ7Nf/xulK/K+IooVN0hqrIRzeojh5QAzURRWP0jF7Rm5M7L86787FoXXOKmRP0B87nD3wCkuU=</latexit>

⇠ 1

s� (mR � i
2�)

2
<latexit sha1_base64="KYZ0i6AdAD2N2kGrsiLH8kW1zJo=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoQktSBF0WXeiyin1AE8NkOmmHziRhZiKUkH9w46+4caGIWzfu/BunbRbaeuDCmXPuZe49fsyoVJb1bRSWlldW14rrpY3Nre0dc3evLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDnxOw9ESBqFd2ocE5ejQUgDipHSkmeeOJJy6AQC4dTOUlmtcO+2OnvTLK1nzhXiHB3f1zPPLFs1awq4SOyclEGOpmd+Of0IJ5yECjMkZc+2YuWmSCiKGclKTiJJjPAIDUhP0xBxIt10elMGj7TSh0EkdIUKTtXfEyniUo65rzs5UkM5703E/7xeooJzN6VhnCgS4tlHQcKgiuAkINingmDFxpogLKjeFeIh0nkoHWNJh2DPn7xI2vWabdXsm9Ny4yKPowgOwCGoABucgQa4Bk3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4AObeduw==</latexit><latexit sha1_base64="KYZ0i6AdAD2N2kGrsiLH8kW1zJo=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoQktSBF0WXeiyin1AE8NkOmmHziRhZiKUkH9w46+4caGIWzfu/BunbRbaeuDCmXPuZe49fsyoVJb1bRSWlldW14rrpY3Nre0dc3evLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDnxOw9ESBqFd2ocE5ejQUgDipHSkmeeOJJy6AQC4dTOUlmtcO+2OnvTLK1nzhXiHB3f1zPPLFs1awq4SOyclEGOpmd+Of0IJ5yECjMkZc+2YuWmSCiKGclKTiJJjPAIDUhP0xBxIt10elMGj7TSh0EkdIUKTtXfEyniUo65rzs5UkM5703E/7xeooJzN6VhnCgS4tlHQcKgiuAkINingmDFxpogLKjeFeIh0nkoHWNJh2DPn7xI2vWabdXsm9Ny4yKPowgOwCGoABucgQa4Bk3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4AObeduw==</latexit><latexit sha1_base64="KYZ0i6AdAD2N2kGrsiLH8kW1zJo=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoQktSBF0WXeiyin1AE8NkOmmHziRhZiKUkH9w46+4caGIWzfu/BunbRbaeuDCmXPuZe49fsyoVJb1bRSWlldW14rrpY3Nre0dc3evLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDnxOw9ESBqFd2ocE5ejQUgDipHSkmeeOJJy6AQC4dTOUlmtcO+2OnvTLK1nzhXiHB3f1zPPLFs1awq4SOyclEGOpmd+Of0IJ5yECjMkZc+2YuWmSCiKGclKTiJJjPAIDUhP0xBxIt10elMGj7TSh0EkdIUKTtXfEyniUo65rzs5UkM5703E/7xeooJzN6VhnCgS4tlHQcKgiuAkINingmDFxpogLKjeFeIh0nkoHWNJh2DPn7xI2vWabdXsm9Ny4yKPowgOwCGoABucgQa4Bk3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4AObeduw==</latexit><latexit sha1_base64="KYZ0i6AdAD2N2kGrsiLH8kW1zJo=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoQktSBF0WXeiyin1AE8NkOmmHziRhZiKUkH9w46+4caGIWzfu/BunbRbaeuDCmXPuZe49fsyoVJb1bRSWlldW14rrpY3Nre0dc3evLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDnxOw9ESBqFd2ocE5ejQUgDipHSkmeeOJJy6AQC4dTOUlmtcO+2OnvTLK1nzhXiHB3f1zPPLFs1awq4SOyclEGOpmd+Of0IJ5yECjMkZc+2YuWmSCiKGclKTiJJjPAIDUhP0xBxIt10elMGj7TSh0EkdIUKTtXfEyniUo65rzs5UkM5703E/7xeooJzN6VhnCgS4tlHQcKgiuAkINingmDFxpogLKjeFeIh0nkoHWNJh2DPn7xI2vWabdXsm9Ny4yKPowgOwCGoABucgQa4Bk3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4AObeduw==</latexit>

“the real deal”“just a poser”

s
<latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit>

s = E2
cm

<latexit sha1_base64="zZpIsVKS2K4T8s1GlkAGTWUiDhA=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7JbBL0IRRE8VrAf0K5LNk3b0CS7JFmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTsrq2vrG5uFreL2zu5eyd0/aOo4VYQ2SMxj1Y6wppxJ2jDMcNpOFMUi4rQVja6nfuuRKs1ieW/GCQ0EHkjWZwQbK4VuSV/ehFlXCUQEmjxUQ7fsVbwZ0DLxc1KGHPXQ/er2YpIKKg3hWOuO7yUmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstnhE3RilR7qx8qWNGim/p7IsNB6LCLbKbAZ6kVvKv7ndVLTvwgyJpPUUEnmi/opRyZG0xRQjylKDB9bgoli9lZEhlhhYmxWRRuCv/jyMmlWK75X8e/OyrWrPI4CHMExnIIP51CDW6hDAwik8Ayv8OY8OS/Ou/Mxb11x8plD+APn8weiUpJo</latexit><latexit sha1_base64="zZpIsVKS2K4T8s1GlkAGTWUiDhA=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7JbBL0IRRE8VrAf0K5LNk3b0CS7JFmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTsrq2vrG5uFreL2zu5eyd0/aOo4VYQ2SMxj1Y6wppxJ2jDMcNpOFMUi4rQVja6nfuuRKs1ieW/GCQ0EHkjWZwQbK4VuSV/ehFlXCUQEmjxUQ7fsVbwZ0DLxc1KGHPXQ/er2YpIKKg3hWOuO7yUmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstnhE3RilR7qx8qWNGim/p7IsNB6LCLbKbAZ6kVvKv7ndVLTvwgyJpPUUEnmi/opRyZG0xRQjylKDB9bgoli9lZEhlhhYmxWRRuCv/jyMmlWK75X8e/OyrWrPI4CHMExnIIP51CDW6hDAwik8Ayv8OY8OS/Ou/Mxb11x8plD+APn8weiUpJo</latexit><latexit sha1_base64="zZpIsVKS2K4T8s1GlkAGTWUiDhA=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7JbBL0IRRE8VrAf0K5LNk3b0CS7JFmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTsrq2vrG5uFreL2zu5eyd0/aOo4VYQ2SMxj1Y6wppxJ2jDMcNpOFMUi4rQVja6nfuuRKs1ieW/GCQ0EHkjWZwQbK4VuSV/ehFlXCUQEmjxUQ7fsVbwZ0DLxc1KGHPXQ/er2YpIKKg3hWOuO7yUmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstnhE3RilR7qx8qWNGim/p7IsNB6LCLbKbAZ6kVvKv7ndVLTvwgyJpPUUEnmi/opRyZG0xRQjylKDB9bgoli9lZEhlhhYmxWRRuCv/jyMmlWK75X8e/OyrWrPI4CHMExnIIP51CDW6hDAwik8Ayv8OY8OS/Ou/Mxb11x8plD+APn8weiUpJo</latexit><latexit sha1_base64="zZpIsVKS2K4T8s1GlkAGTWUiDhA=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7JbBL0IRRE8VrAf0K5LNk3b0CS7JFmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTsrq2vrG5uFreL2zu5eyd0/aOo4VYQ2SMxj1Y6wppxJ2jDMcNpOFMUi4rQVja6nfuuRKs1ieW/GCQ0EHkjWZwQbK4VuSV/ehFlXCUQEmjxUQ7fsVbwZ0DLxc1KGHPXQ/er2YpIKKg3hWOuO7yUmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstnhE3RilR7qx8qWNGim/p7IsNB6LCLbKbAZ6kVvKv7ndVLTvwgyJpPUUEnmi/opRyZG0xRQjylKDB9bgoli9lZEhlhhYmxWRRuCv/jyMmlWK75X8e/OyrWrPI4CHMExnIIP51CDW6hDAwik8Ayv8OY8OS/Ou/Mxb11x8plD+APn8weiUpJo</latexit>

Im[s]
<latexit sha1_base64="whAh94qG6BMm6i9i2uPHPa9kEug=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdGBvKmaQtyyyn3VRTLGJOO/H4duZ3nqg2TMlHO0lpJPBQsoQRbJ0U5j0t0L2YhibqV2t+3Z8DrZKgIDUo0OxXv3oDRTJBpSUcGxMGfmqjHGvLCKfTSi8zNMVkjIc0dFRiQU2Uz0+eojOnDFCitCtp0Vz9PZFjYcxExK5TYDsyy95M/M8LM5tcRzmTaWapJItFScaRVWj2PxowTYnlE0cw0czdisgIa0ysS6niQgiWX14l7Yt64NeDh8ta46aIowwncArnEMAVNOAOmtACAgqe4RXePOu9eO/ex6K15BUzx/AH3ucPFfmRHA==</latexit><latexit sha1_base64="whAh94qG6BMm6i9i2uPHPa9kEug=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdGBvKmaQtyyyn3VRTLGJOO/H4duZ3nqg2TMlHO0lpJPBQsoQRbJ0U5j0t0L2YhibqV2t+3Z8DrZKgIDUo0OxXv3oDRTJBpSUcGxMGfmqjHGvLCKfTSi8zNMVkjIc0dFRiQU2Uz0+eojOnDFCitCtp0Vz9PZFjYcxExK5TYDsyy95M/M8LM5tcRzmTaWapJItFScaRVWj2PxowTYnlE0cw0czdisgIa0ysS6niQgiWX14l7Yt64NeDh8ta46aIowwncArnEMAVNOAOmtACAgqe4RXePOu9eO/ex6K15BUzx/AH3ucPFfmRHA==</latexit><latexit sha1_base64="whAh94qG6BMm6i9i2uPHPa9kEug=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdGBvKmaQtyyyn3VRTLGJOO/H4duZ3nqg2TMlHO0lpJPBQsoQRbJ0U5j0t0L2YhibqV2t+3Z8DrZKgIDUo0OxXv3oDRTJBpSUcGxMGfmqjHGvLCKfTSi8zNMVkjIc0dFRiQU2Uz0+eojOnDFCitCtp0Vz9PZFjYcxExK5TYDsyy95M/M8LM5tcRzmTaWapJItFScaRVWj2PxowTYnlE0cw0czdisgIa0ysS6niQgiWX14l7Yt64NeDh8ta46aIowwncArnEMAVNOAOmtACAgqe4RXePOu9eO/ex6K15BUzx/AH3ucPFfmRHA==</latexit><latexit sha1_base64="whAh94qG6BMm6i9i2uPHPa9kEug=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccyMyuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdGBvKmaQtyyyn3VRTLGJOO/H4duZ3nqg2TMlHO0lpJPBQsoQRbJ0U5j0t0L2YhibqV2t+3Z8DrZKgIDUo0OxXv3oDRTJBpSUcGxMGfmqjHGvLCKfTSi8zNMVkjIc0dFRiQU2Uz0+eojOnDFCitCtp0Vz9PZFjYcxExK5TYDsyy95M/M8LM5tcRzmTaWapJItFScaRVWj2PxowTYnlE0cw0czdisgIa0ysS6niQgiWX14l7Yt64NeDh8ta46aIowwncArnEMAVNOAOmtACAgqe4RXePOu9eO/ex6K15BUzx/AH3ucPFfmRHA==</latexit>

Re[s]
<latexit sha1_base64="32UzVJltruxRWD9J53IYiQaEor4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF49RzAM2S5id9CZD5rHMzAphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNoUUVV7obEwOcSWhZZjl0Uw1ExBw68fh25neeQBum5KOdpBAJMpQsYZRYJ4V5Twv8ANPQRP1qza/7c+BVEhSkhgo0+9Wv3kDRTIC0lBNjwsBPbZQTbRnlMK30MgMpoWMyhNBRSQSYKJ+fPMVnThngRGlX0uK5+nsiJ8KYiYhdpyB2ZJa9mfifF2Y2uY5yJtPMgqSLRUnGsVV49j8eMA3U8okjhGrmbsV0RDSh1qVUcSEEyy+vkvZFPfDrwf1lrXFTxFFGJ+gUnaMAXaEGukNN1EIUKfSMXtGbZ70X7937WLSWvGLmGP2B9/kDF4qRHQ==</latexit><latexit sha1_base64="32UzVJltruxRWD9J53IYiQaEor4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF49RzAM2S5id9CZD5rHMzAphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNoUUVV7obEwOcSWhZZjl0Uw1ExBw68fh25neeQBum5KOdpBAJMpQsYZRYJ4V5Twv8ANPQRP1qza/7c+BVEhSkhgo0+9Wv3kDRTIC0lBNjwsBPbZQTbRnlMK30MgMpoWMyhNBRSQSYKJ+fPMVnThngRGlX0uK5+nsiJ8KYiYhdpyB2ZJa9mfifF2Y2uY5yJtPMgqSLRUnGsVV49j8eMA3U8okjhGrmbsV0RDSh1qVUcSEEyy+vkvZFPfDrwf1lrXFTxFFGJ+gUnaMAXaEGukNN1EIUKfSMXtGbZ70X7937WLSWvGLmGP2B9/kDF4qRHQ==</latexit><latexit sha1_base64="32UzVJltruxRWD9J53IYiQaEor4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF49RzAM2S5id9CZD5rHMzAphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNoUUVV7obEwOcSWhZZjl0Uw1ExBw68fh25neeQBum5KOdpBAJMpQsYZRYJ4V5Twv8ANPQRP1qza/7c+BVEhSkhgo0+9Wv3kDRTIC0lBNjwsBPbZQTbRnlMK30MgMpoWMyhNBRSQSYKJ+fPMVnThngRGlX0uK5+nsiJ8KYiYhdpyB2ZJa9mfifF2Y2uY5yJtPMgqSLRUnGsVV49j8eMA3U8okjhGrmbsV0RDSh1qVUcSEEyy+vkvZFPfDrwf1lrXFTxFFGJ+gUnaMAXaEGukNN1EIUKfSMXtGbZ70X7937WLSWvGLmGP2B9/kDF4qRHQ==</latexit><latexit sha1_base64="32UzVJltruxRWD9J53IYiQaEor4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF49RzAM2S5id9CZD5rHMzAphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNoUUVV7obEwOcSWhZZjl0Uw1ExBw68fh25neeQBum5KOdpBAJMpQsYZRYJ4V5Twv8ANPQRP1qza/7c+BVEhSkhgo0+9Wv3kDRTIC0lBNjwsBPbZQTbRnlMK30MgMpoWMyhNBRSQSYKJ+fPMVnThngRGlX0uK5+nsiJ8KYiYhdpyB2ZJa9mfifF2Y2uY5yJtPMgqSLRUnGsVV49j8eMA3U8okjhGrmbsV0RDSh1qVUcSEEyy+vkvZFPfDrwf1lrXFTxFFGJ+gUnaMAXaEGukNN1EIUKfSMXtGbZ70X7937WLSWvGLmGP2B9/kDF4qRHQ==</latexit>

(mR � i�/2)2
<latexit sha1_base64="TomDGWpfo8w+iC6ZdJJ8zCHNGcU=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhVSOVCSCgmOFRzgWBB9SG2IHNdprdpOZDugKvRTuHAAIa58CTf+BrfNAVpGWmk0s6vdnSBmVGnH+bZyS8srq2v59cLG5tb2jl3cbaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDC8nfuuBSEUjcadHMfE46gsaUoy0kXy7WOb+7THtXiHO0Un16L7q2yWn4kwBF4mbkRLIUPftr24vwgknQmOGlOq4Tqy9FElNMSPjQjdRJEZ4iPqkY6hAnCgvnZ4+hodG6cEwkqaEhlP190SKuFIjHphOjvRAzXsT8T+vk+jw3EupiBNNBJ4tChMGdQQnOcAelQRrNjIEYUnNrRAPkERYm7QKJgR3/uVF0qxWXKfi3pyWahdZHHmwDw5AGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MWvNWdnMHvgD6/MHB+KSig==</latexit><latexit sha1_base64="TomDGWpfo8w+iC6ZdJJ8zCHNGcU=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhVSOVCSCgmOFRzgWBB9SG2IHNdprdpOZDugKvRTuHAAIa58CTf+BrfNAVpGWmk0s6vdnSBmVGnH+bZyS8srq2v59cLG5tb2jl3cbaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDC8nfuuBSEUjcadHMfE46gsaUoy0kXy7WOb+7THtXiHO0Un16L7q2yWn4kwBF4mbkRLIUPftr24vwgknQmOGlOq4Tqy9FElNMSPjQjdRJEZ4iPqkY6hAnCgvnZ4+hodG6cEwkqaEhlP190SKuFIjHphOjvRAzXsT8T+vk+jw3EupiBNNBJ4tChMGdQQnOcAelQRrNjIEYUnNrRAPkERYm7QKJgR3/uVF0qxWXKfi3pyWahdZHHmwDw5AGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MWvNWdnMHvgD6/MHB+KSig==</latexit><latexit sha1_base64="TomDGWpfo8w+iC6ZdJJ8zCHNGcU=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhVSOVCSCgmOFRzgWBB9SG2IHNdprdpOZDugKvRTuHAAIa58CTf+BrfNAVpGWmk0s6vdnSBmVGnH+bZyS8srq2v59cLG5tb2jl3cbaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDC8nfuuBSEUjcadHMfE46gsaUoy0kXy7WOb+7THtXiHO0Un16L7q2yWn4kwBF4mbkRLIUPftr24vwgknQmOGlOq4Tqy9FElNMSPjQjdRJEZ4iPqkY6hAnCgvnZ4+hodG6cEwkqaEhlP190SKuFIjHphOjvRAzXsT8T+vk+jw3EupiBNNBJ4tChMGdQQnOcAelQRrNjIEYUnNrRAPkERYm7QKJgR3/uVF0qxWXKfi3pyWahdZHHmwDw5AGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MWvNWdnMHvgD6/MHB+KSig==</latexit><latexit sha1_base64="TomDGWpfo8w+iC6ZdJJ8zCHNGcU=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhVSOVCSCgmOFRzgWBB9SG2IHNdprdpOZDugKvRTuHAAIa58CTf+BrfNAVpGWmk0s6vdnSBmVGnH+bZyS8srq2v59cLG5tb2jl3cbaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDC8nfuuBSEUjcadHMfE46gsaUoy0kXy7WOb+7THtXiHO0Un16L7q2yWn4kwBF4mbkRLIUPftr24vwgknQmOGlOq4Tqy9FElNMSPjQjdRJEZ4iPqkY6hAnCgvnZ4+hodG6cEwkqaEhlP190SKuFIjHphOjvRAzXsT8T+vk+jw3EupiBNNBJ4tChMGdQQnOcAelQRrNjIEYUnNrRAPkERYm7QKJgR3/uVF0qxWXKfi3pyWahdZHHmwDw5AGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MWvNWdnMHvgD6/MHB+KSig==</latexit>



If a real state, what is its inner structure?

Which enhancements in cross sections are actual QCD state?

vs.⇠ log(s� st)
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“just a poser”

X(2370)

radii? 

PDFs?

Key questions to answer

“the real deal”

https://inspirehep.net/literature/1821564


If a real state, what is its inner structure?

Given structural information, can we say anything 
about the nature?

Which enhancements in cross sections are actual QCD state?

vs.⇠ log(s� st)
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PDFs?

Key questions to answer

“the real deal”

https://inspirehep.net/literature/1821564


Need for lattice QCD
QCD unstable states

~99% of states fall under this category 

c

Nππ ~ 25–50 %

“𝜎”

the Roper

Nπ

𝒪
(1

0−
23

s)

Strongly coupled system 
involving few-body states…!

If we want to claim understanding of a given 
theory, we must first understand its spectrum. { }

requires a method that treats all non-
perturbative aspects of QCD exactly…
including coupling to large number of states{ }



Lattice QCD in a nutshell [today & tomorrow]
Does lattice work?
why does lattice QCD work?
what can it be used for?
what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]
hadron structure, fundamental symmetry,
scattering processes,
….other stuff, I won’t get to 🤓

 finite-temperature, weak decays, BSM searches, …. , 

Outline



Figure 43: Lattice results and FLAG averages for the isovector axial charge gu�d
A for Nf = 2,

2 + 1 and 2 + 1 + 1 flavour calculations. Also shown is the experimental result as quoted in
the PDG [165].

axial charge by the interval 1.218  gu�d

A
 1.274, where the lower bound is identified

with the result of PNDME 18, while the upper bound is the weighted average plus the
scaled 1� uncertainty. Hence, for Nf = 2+1+1 we quote gu�d

A
= 1.246(28) as the FLAG

estimate, where the central value marks the mid-point of the interval, and half the width
is taken to be the error.

For QCD with Nf = 2 + 1 dynamical quarks, the calculations of �QCD 18 [101],
Mainz 19 [102] and NME 21 [965] are free of red tags, while the calculation by PACS 18A
[843] and LHPC 19 [845] do not o↵er enough control over lattice artefacts according to
the FLAG criteria. Since the result by NME 21 was published only as a preprint by the
FLAG deadline, it does not qualify for being included in a global average. Hence, for
Nf = 2 + 1 we compute a weighted average from �QCD 18 [101] and Mainz 19 [102],
assuming no correlations between the two calculations. This yields gu�d

A
= 1.248(23) with

�2/dof = 0.07.
Due to the modified criteria for excited-state contamination, none of the results ob-

tained in two-flavour QCD qualify for a global average. Nonetheless, we find it instructive
to show the results for Nf = 2 together with the calculations with Nf = 2+1 and 2+1+1
and the respective FLAG estimates in Fig. 43.

To summarize, the FLAG averages for the axial charge read

Nf = 2 + 1 + 1 : gu�d

A
= 1.246(28) Refs. [98–100], (430)

Nf = 2 + 1 : gu�d

A
= 1.248(23) Ref. [101, 102], (431)

Within errors, these averages are compatible with the result of gu�d

A
= 1.2724(23) quoted

by the PDG. While the most recent lattice calculations reproduce the axial charge at the
level of a few percent or even better, the experimental result is more precise by an order
of magnitude.
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What is the cutting edge of lattice QCD? [tomorrow]
hadron structure, fundamental symmetry,
scattering processes,
….other stuff, I won’t get to 🤓

 finite-temperature, weak decays, BSM searches, …. , 

Outline



LQCD

some people’s idea of lattice QCD….?

Lattice QCD in a nut shell
Essentials



gluons

quarks

⇠ g

9. Quantum chromodynamics 31

Notwithstanding these open issues, a rather stable and well defined world average
value emerges from the compilation of current determinations of αs:

αs(M
2
Z) = 0.1184 ± 0.0007 .

The results also provide a clear signature and proof of the energy dependence of αs, in
full agreement with the QCD prediction of Asymptotic Freedom. This is demonstrated in
Fig. 9.4, where results of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized and plotted.

Figure 9.4: Summary of measurements of αs as a function of the respective energy
scale Q. The respective degree of QCD perturbation theory used in the extraction
of αs is indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to
leading order; res. NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).

July 9, 2012 19:53

↵s =
g2

4⇡

⇠ g ⇠ g2

Back to the basics

 ℒQCD = ∑
q

ψq (iγμDμ − mq) ψq −
1
4

Tr[GμνGμν]
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No hierarchy at low-energies

non-perturbative….

confinement - why are there no free quarks? 
origin of mass - where does mass really come from?
formation of matter - how are quarks/gluons arranged?
…

Desperate for a Nobel Prize?

 ℒQCD = ∑
q

ψq (iγμDμ − mq) ψq −
1
4

Tr[GμνGμν]

Back to the basics
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I measured a quark at (xi,ti), the probability of finding it at (xf,tf) is:

t
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Path integral in QM
Imagine a world where quarks are free to propagate
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where: 

classical path: minimizes the action

Path integral in QM
I measured a quark at (xi,ti), the probability of finding it at (xf,tf) is:
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Path integral in QM

"sum" over all paths weighted by a phase

set by the action
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Z

tf

ti

Dx eiS[x(t)]

= lim
at!0

Z 1

�1
dxi+1 . . . dxf�1 eiS[{x},at]

= lim
at!0

lim
ax!0

ax
X

xi+1

. . . ax
X

xf�1

eiS[{x},at,ax]

t
x
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you derive the path 
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can evaluate this numerically by 
introducing a mesh in spacetime

Path integral in QM
I measured a quark at (xi,ti), the probability of finding it at (xf,tf) is:

Imagine a world where quarks are free to propagate



go to one dimension for simplicity of illustration

Path integral in QFT

but there are an infinite number

of possible configurations ...

'(x)
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discretize the space

'(x)
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an integral over all the 

values the field can take 

at x2

Path integral in QFT

s c a l a r  f i e l d  c on f i g u r a t i o n s



discretize the space

'(x)
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an integral over all the 

values the field can take 

at x3

Path integral in QFT

s c a l a r  f i e l d  c on f i g u r a t i o n s



Path integral in lattice QFT
approach generally is to use a (hyper)cubic grid
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non-zero lattice spacing

L
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hiding it here, 

but boundary conditions 

are important



even with the grid, still not practical:

a phase is not ideal for averaging

make a variable transform t ! �it

<latexit sha1_base64="eE0Vwp0k2eYW8UdGDd0ARRtuhSY=">AAAB8nicbVC7SgNBFL0bXzG+opY2g0GwMexKRAuLgI1lBPOAzRJmJ7PJkNmdZeauEEI+w8ZCEVu/xs6/cZJsoYkHBg7n3Mvcc8JUCoOu++0U1tY3NreK26Wd3b39g/LhUcuoTDPeZEoq3Qmp4VIkvIkCJe+kmtM4lLwdju5mfvuJayNU8ojjlAcxHSQiEoyilXwkXVTkggiCvXLFrbpzkFXi5aQCORq98le3r1gW8wSZpMb4nptiMKEaBZN8WupmhqeUjeiA+5YmNOYmmMxPnpIzq/RJpLR9CZK5+ntjQmNjxnFoJ2OKQ7PszcT/PD/D6CaYiCTNkCds8VGUSWJjzvKTvtCcoRxbQpkW9lbChlRThralki3BW468SlqXVa9WvXqoVeq3eR1FOIFTOAcPrqEO99CAJjBQ8Ayv8Oag8+K8Ox+L0YKT7xzDHzifP5wnkCc=</latexit>

then

euc l i d ean  pa t h  i n t e g r a l

ZE =

Z
D'(x) e�SE['(x)]

<latexit sha1_base64="sh/yyfDkAfyNQtJcMJwqFlmsYDg="></latexit>

a bounded real number 

↝ a probability ?

Euclidean QFT

Z =

Z
D'(x) eiS['(x)]

<latexit sha1_base64="aBOAPboUGJXkZ9t7JnPvP0EMuCo="></latexit><latexit sha1_base64="aBOAPboUGJXkZ9t7JnPvP0EMuCo="></latexit><latexit sha1_base64="aBOAPboUGJXkZ9t7JnPvP0EMuCo="></latexit><latexit sha1_base64="aBOAPboUGJXkZ9t7JnPvP0EMuCo="></latexit>
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<latexit sha1_base64="znA7rvJJQcOgMt/djtxL8CXZmEk="></latexit><latexit sha1_base64="znA7rvJJQcOgMt/djtxL8CXZmEk="></latexit><latexit sha1_base64="znA7rvJJQcOgMt/djtxL8CXZmEk="></latexit><latexit sha1_base64="znA7rvJJQcOgMt/djtxL8CXZmEk="></latexit>



consider a 2D scalar field theory

t ! �it
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Wick rotate:

Euclidean correlation function:
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Wick rotation [details]



euc l i d ean  pa t h  i n t e g r a l

ZE =

Z
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<latexit sha1_base64="sh/yyfDkAfyNQtJcMJwqFlmsYDg="></latexit>

probability for a field configuration '(x)

<latexit sha1_base64="Rf1NKcsrnyvV9XHz6jIjjnmYx6s=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0Wom5C0iW3BRcGNywr2gW0ok+mkHTqZhJlJsYT+hRsXirj1b9z5N04fgooeuHA4517uvcePGZXKsj6MzNr6xuZWdju3s7u3f5A/PGrJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x9fzf32hAhJI36rpjHxQjTkNKAYKS3d9SZIxCNavD/v5wuWaTu1csmClulYFxXH1aRcq7puCdqmtUABrNDo5997gwgnIeEKMyRl17Zi5aVIKIoZmeV6iSQxwmM0JF1NOQqJ9NLFxTN4ppUBDCKhiyu4UL9PpCiUchr6ujNEaiR/e3PxL6+bqKDqpZTHiSIcLxcFCYMqgvP34YAKghWbaoKwoPpWiEdIIKx0SDkdwten8H/SKumgTPfGKdQvV3FkwQk4BUVggwqog2vQAE2AAQcP4Ak8G9J4NF6M12VrxljNHIMfMN4+AZQrkNw=</latexit>

⇒ importance sampled Monte Carlo generation of field configurations

obtain an ensemble of configurations

�
'x

 
i=1...N
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[ value of the field 

    at each point on the grid ]

MC Sampling



calculate:

probability to accept: P ['0] = e�SE ['0]

SE ['0] = asat
X

x,t

LE ['0(x, t)]

add to ensemble:         {'1,'2,'3, . . . ,'N}

accept

reject

generate some field:

generate new field:

Sampling of fields



for some observable (vacuum matrix element)

can now be estimated as an average over the ensemble

⌦
0
��O

⇥
'̂
⇤ ��0

↵
⇡ O =

1

N

NX

i=1

O
⇥
'
(i)
⇤

<latexit sha1_base64="fJNnp5hJDGzB+eK+l2wKQdNtF3o="></latexit>

plus get an uncertainty estimate 

from the variance

en semb le  mean  and  e r r o r

⌦
0
��O

⇥
'̂
⇤ ��0

↵
⇡ O ± �(O)

<latexit sha1_base64="RAHpRAONjTBE7DUDDvByItpXaz4="></latexit>

�(O) =

r
1

N(N�1)

XN

i=1

⇣
O['(i)]�O

⌘2

<latexit sha1_base64="LbJ2kFxVJhDlqMcX2ZR/buIqRuQ="></latexit>

Observables
⌦
0
��O

⇥
'̂
⇤ ��0

↵
=

Z
D'O

⇥
'
⇤
e
�SE[']

/ZE
<latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit><latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit><latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="uDCb/4+1wgcRhMbwwF11jDh8H7g="></latexit><latexit sha1_base64="uDCb/4+1wgcRhMbwwF11jDh8H7g="></latexit><latexit sha1_base64="WLJn6nRJIMxjn0KONonRs+AEKNM="></latexit><latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit><latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit><latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit><latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit><latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit><latexit sha1_base64="jXa6F7w8DF7fALMSZRSap9BUZS4="></latexit>



QCD isn’t a scalar field theory,

how do you handle fermions and gauge fields ?



in the continuum theory, 

consider a quark field pair separated by some distance

 i(x)

<latexit sha1_base64="ujPPkdR0dY9CLcMjg00tu3BQvgQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9SpVkk78wkpr7AQ8lCRrCx0n0v1uyBlZ/O+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHjVSu22WqpXszjycAKnUAYPLqEON9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBFd5AG</latexit>

 
j
(y)

<latexit sha1_base64="Xa0rB955Yh5Kc8qG8DKMblcBlqs=">AAACA3icbVDLSsNAFJ34rPUVdaeb0SJUkJJIRZcFNy4r2Ac0sUymk3bsJBNmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHu4c48XMSqVZX0bC4tLyyurpbXy+sbm1ra5s9uWPBaYtDBnXHQ9JAmjIWkpqhjpRoKgwGOk442vcr/zQISkPLxVSUTcAA1D6lOMlJb65r7DtZ2nUyeSNLtLndP7zDmsJid9s2LVrAngPLELUgEFmn3zyxlwHAckVJghKXu2FSk3RUJRzEhWdmJJIoTHaEh6moYoINJNJzdk8FgrA+hzoV+o4ET9nUhRIGUSeHoyQGokZ71c/M/rxcq/dFMaRrEiIZ4u8mMGFYd5IXBABcGKJZogLKj+K8QjJBBWurayLsGePXmetM9qdr12flOvNOpFHSVwAI5AFdjgAjTANWiCFsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MH2V6XmA==</latexit>

qq  pa i r
_

the combination  
j
(y) �ji  

i(x)

<latexit sha1_base64="8VlDmCLwufoSbWMQREQgsEwifuQ=">AAACH3icbVBLTwIxGOziC/G16tFLlZhAQsiuwceRxItHTOSRsEC6pUCh2920XSPZ7D/x4l/x4kFjjDf+jV3Yg4KTNJnOfJP2GzdgVCrLmhmZtfWNza3sdm5nd2//wDw8akg/FJjUsc980XKRJIxyUldUMdIKBEGey0jTndwmfvORCEl9/qCmAel4aMjpgGKktNQzrxxf20k6cgJJ427klMaxc1qYFqFTgk6fMIV60ZjG+gaTkS4tPBV7Zt4qW3PAVWKnJA9S1Hrmt9P3cegRrjBDUrZtK1CdCAlFMSNxzgklCRCeoCFpa8qRR2Qnmu8Xw3Ot9OHAF/pwBefq70SEPCmnnqsnPaRGctlLxP+8dqgGN52I8iBUhOPFQ4OQQeXDpCzYp4JgxaaaICyo/ivEIyQQVrrSnC7BXl55lTQuynalfHlfyVcraR1ZcALOQAHY4BpUwR2ogTrA4Bm8gnfwYbwYb8an8bUYzRhp5hj8gTH7Aarfogg=</latexit>

is not gauge-invariant
we can perform different

local gauge transformations

at locations x and y

a gauge-invariant combination is  
j
(y)

h
eig

R y
x dzµA

µ(z)
i

ji
 i(x)

<latexit sha1_base64="60pW5TVybhSHzl9ZFVJg0miNKWc="></latexit>

a ‘Wilson line’

transports the color

qq  pa i r  w i t h  W i l s on  l i n e
_

 i(x)

<latexit sha1_base64="ujPPkdR0dY9CLcMjg00tu3BQvgQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9SpVkk78wkpr7AQ8lCRrCx0n0v1uyBlZ/O+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHjVSu22WqpXszjycAKnUAYPLqEON9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBFd5AG</latexit>

 
j
(y)

<latexit sha1_base64="Xa0rB955Yh5Kc8qG8DKMblcBlqs=">AAACA3icbVDLSsNAFJ34rPUVdaeb0SJUkJJIRZcFNy4r2Ac0sUymk3bsJBNmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHu4c48XMSqVZX0bC4tLyyurpbXy+sbm1ra5s9uWPBaYtDBnXHQ9JAmjIWkpqhjpRoKgwGOk442vcr/zQISkPLxVSUTcAA1D6lOMlJb65r7DtZ2nUyeSNLtLndP7zDmsJid9s2LVrAngPLELUgEFmn3zyxlwHAckVJghKXu2FSk3RUJRzEhWdmJJIoTHaEh6moYoINJNJzdk8FgrA+hzoV+o4ET9nUhRIGUSeHoyQGokZ71c/M/rxcq/dFMaRrEiIZ4u8mMGFYd5IXBABcGKJZogLKj+K8QjJBBWurayLsGePXmetM9qdr12flOvNOpFHSVwAI5AFdjgAjTANWiCFsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MH2V6XmA==</latexit>

Gauge invariance



s pa ce - t ime  g r i d
on a lattice, make hops to neighboring sites

qq  pa i r  w i t h  W i l s on  l i n e
 i(x)

<latexit sha1_base64="ujPPkdR0dY9CLcMjg00tu3BQvgQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9SpVkk78wkpr7AQ8lCRrCx0n0v1uyBlZ/O+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHjVSu22WqpXszjycAKnUAYPLqEON9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBFd5AG</latexit>

 
j
(y)

<latexit sha1_base64="Xa0rB955Yh5Kc8qG8DKMblcBlqs=">AAACA3icbVDLSsNAFJ34rPUVdaeb0SJUkJJIRZcFNy4r2Ac0sUymk3bsJBNmJkIIATf+ihsXirj1J9z5N07aLLT1wMDhnHu4c48XMSqVZX0bC4tLyyurpbXy+sbm1ra5s9uWPBaYtDBnXHQ9JAmjIWkpqhjpRoKgwGOk442vcr/zQISkPLxVSUTcAA1D6lOMlJb65r7DtZ2nUyeSNLtLndP7zDmsJid9s2LVrAngPLELUgEFmn3zyxlwHAckVJghKXu2FSk3RUJRzEhWdmJJIoTHaEh6moYoINJNJzdk8FgrA+hzoV+o4ET9nUhRIGUSeHoyQGokZ71c/M/rxcq/dFMaRrEiIZ4u8mMGFYd5IXBABcGKJZogLKj+K8QjJBBWurayLsGePXmetM9qdr12flOvNOpFHSVwAI5AFdjgAjTANWiCFsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MH2V6XmA==</latexit>

shortest path between neighboring sites = a ‘link’
h
eigaA

µ(x)
i

ji

<latexit sha1_base64="8z87vQIYDO5CYhJh32UD3uhtXnI=">AAACEnicbVDJSgNBEO2JW4xb1KOXxiAklzAjET1GvHiMYBbITEJPpyZp07PQXSOGId/gxV/x4kERr568+TdOloMmPih4vFdFVT03kkKjaX4bmZXVtfWN7GZua3tndy+/f9DQYaw41HkoQ9VymQYpAqijQAmtSAHzXQlNd3g18Zv3oLQIg1scReD4rB8IT3CGqdTNl3K2BA/bFDqJoH3K6GXH9uPiQ4mOqa1Ef4BON7kT41w3XzDL5hR0mVhzUiBz1Lr5L7sX8tiHALlkWrctM0InYQoFlzDO2bGGiPEh60M7pQHzQTvJ9KUxPUmVHvVClVaAdKr+nkiYr/XId9NOn+FAL3oT8T+vHaN34SQiiGKEgM8WebGkGNJJPrQnFHCUo5QwrkR6K+UDphjHNMVJCNbiy8ukcVq2KuWzm0qhWpnHkSVH5JgUiUXOSZVckxqpE04eyTN5JW/Gk/FivBsfs9aMMZ85JH9gfP4AZNGcCA==</latexit>

x

<latexit sha1_base64="BTimkV2V4yrcRT6lzdzSAK4UkI0=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0mkoseCF49V7Ae0oWy2m3bpZhN2J2Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnHb3dnd2z8oHR41TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wjm5nfeuTaiEQ94DjlQUwHSkSCUbTSvfvUK5W9ijcHWSV+TsqQo94rfXX7CctirpBJakzH91IMJlSjYJJP3W5meErZiA54x1JFY26CyfzSKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMye5v0heYM5dgSyrSwtxI2pJoytOG4NgR/+eVV0ryo+NXK5V21XKvmcRThBE7hHHy4ghrcQh0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxjAjQo=</latexit>

!

<latexit sha1_base64="dDcoT5ETEZmEoCCPj5Zsmve0K1M=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV2J6DHgxWNE84BkCbOTSTJkdmaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoRJwkPYzpUYiAYRSc9dFH3SmW/4s9BVkmQkzLkqPdKX92+ZmnMFTJJre0EfoJhRg0KJvm02E0tTygb0yHvOKpozG2YzU+dknOn9MlAG1cKyVz9PZHR2NpJHLnOmOLILnsz8T+vk+LgJsyESlLkii0WDVJJUJPZ36QvDGcoJ45QZoS7lbARNZShS6foQgiWX14lzctKUK1c3VfLtWoeRwFO4QwuIIBrqMEd1KEBDIbwDK/w5knvxXv3Phata14+cwJ/4H3+AF1LjdE=</latexit>

Uµ(x) = eigaA
µ(x)

<latexit sha1_base64="0RaTePatT23ypiMQSaOVHlzJe3Y=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBahXkoiFT0oVLx4rGDaQpuGzXbTLt3dhN2NWEKvXvwrXjwo4tV/4M1/Y9LmoK0PBh7vzTAzz48YVdqyvo3C0vLK6lpxvbSxubW9Y+7uNVUYS0wcHLJQtn2kCKOCOJpqRtqRJIj7jLT80XXmt+6JVDQUd3ocEZejgaABxUinkmdCx+vyuPJwDC8hJL2EwgFE8KqXi5OSZ5atqjUFXCR2TsogR8Mzv7r9EMecCI0ZUqpjW5F2EyQ1xYxMSt1YkQjhERqQTkoF4kS5yfSTCTxKlT4MQpmW0HCq/p5IEFdqzP20kyM9VPNeJv7ndWIdnLsJFVGsicCzRUHMoA5hFgvsU0mwZuOUICxpeivEQyQR1ml4WQj2/MuLpHlStWvV09tauX6Rx1EEB+AQVIANzkAd3IAGcAAGj+AZvII348l4Md6Nj1lrwchn9sEfGJ8/ElCXYQ==</latexit>

SU(3) matrix on each

link of the lattice

µ̂

<latexit sha1_base64="s9O5aiIk2xJRHXIhUEGGVOlT7og=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lUQqeix48VjBfkgTyma7aZfubsLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMyLUsENet63s7a+sbm1Xdop7+7tHxxWjo7bJsk0ZS2aiER3I2KY4Iq1kKNg3VQzIiPBOtH4duZ3npg2PFEPOElZKMlQ8ZhTglZ6DEYE80Bm036l6tW8OdxV4hekCgWa/cpXMEhoJplCKogxPd9LMcyJRk4Fm5aDzLCU0DEZsp6likhmwnx+8NQ9t8rAjRNtS6E7V39P5EQaM5GR7ZQER2bZm4n/eb0M45sw5yrNkCm6WBRnwsXEnX3vDrhmFMXEEkI1t7e6dEQ0oWgzKtsQ/OWXV0n7subXa1f39WqjXsRRglM4gwvw4RoacAdNaAEFCc/wCm+Odl6cd+dj0brmFDMn8AfO5w8qyZCd</latexit>

Gauge links



can construct a gauge-invariant finite-difference — approximation to a derivative ?

 (x) �µ Uµ(x) (x+ µ̂a)�  (x) �µ U
†
µ(x� µ̂a) (x� µ̂a)

<latexit sha1_base64="whct4S27p27GLOJthdlCTyew0UU="></latexit>

1
2a

�
f(x+ a)� f(x� a)

� a!0���! df

dx
+O(a2)

<latexit sha1_base64="VNXTsjuFUGyAEE1T3pc8+vaOwBw="></latexit>

c.f.

a!0���! 2a �µ
�
@µ + igAµ

�
 + . . .

<latexit sha1_base64="d2z6SyKxxtL/U7EFx5VeOFHc46c="></latexit>

and using constructions like these we can build discretized actions

e.g.

Z
d4x 

�
�µDµ +m

�
 

<latexit sha1_base64="ejfljdVRk416O9MFf/DcRfU+iDc="></latexit>

 
i↵
x M i↵,j�

x,y [U ] j�
y

<latexit sha1_base64="HW859DDF6gTvKxLUyAlWv1MFcP4="></latexit>

 

<latexit sha1_base64="HohVvnEephlLrLO9j1a4T5BwX6E=">AAAB+XicbVA9SwNBEN2LXzF+nVraLAbBKtxJRAuLgI1lBPMByRH2NnvJkr3dc3cuEo78ExsLRWz9J3b+GzfJFZr4YODx3gwz88JEcAOe9+0U1tY3NreK26Wd3b39A/fwqGlUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo9uZ3xozbbiSDzBJWBCTgeQRpwSs1HPdruaDIZjHlA+I1uqp55a9ijcHXiV+TsooR73nfnX7iqYxk0AFMabjewkEGdHAqWDTUjc1LCF0RAasY6kkMTNBNr98is+s0seR0rYk4Ln6eyIjsTGTOLSdMYGhWfZm4n9eJ4XoOsi4TFJgki4WRanAoPAsBtznmlEQE0sI1dzeiumQaELBhlWyIfjLL6+S5kXFr1Yu76vl2k0eRxGdoFN0jnx0hWroDtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8AVlWUGw==</latexit>

matrix in 

color, spin, spacetime

Dirac matrix

N.B. large matrix, but sparse

e.g. for a 

243×128 lattice, 

~ 21M×21M

most of the 

elements 

are zero

( 100 Pb !!! )

Discretizing the action



a gauge-field ‘configuration’ is simple — it’s an SU(3) matrix on each link
but what about a quark-field configuration?     fermion fields anticommute ⇒ Grassmann variables

actually we can do the quark field integration exactly in the path integral:

= detM [U ]

<latexit sha1_base64="++DtXsbE3MMrtc52l12JZozaty0=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZKSkhYUCm7cCBXsA9JQJpNpO3TyYOZGKKGf4caFIm79Gnf+jdOHoKIHLhzOuZd77wlSwRVY1odRWFvf2Nwqbpd2dvf2D8qHRx2VZJKyNk1EInsBUUzwmLWBg2C9VDISBYJ1g8nV3O/eM6l4Et/BNGV+REYxH3JKQEveJe6HDPCN1/YH5YplujWnXm9gy7Rr1arrzInrNiwH26a1QAWt0BqU3/thQrOIxUAFUcqzrRT8nEjgVLBZqZ8plhI6ISPmaRqTiCk/X5w8w2daCfEwkbpiwAv1+0ROIqWmUaA7IwJj9dubi395XgbDup/zOM2AxXS5aJgJDAme/49DLhkFMdWEUMn1rZiOiSQUdEolHcLXp/h/0qmatmPWbp1K82IVRxGdoFN0jmzkoia6Ri3URhQl6AE9oWcDjEfjxXhdthaM1cwx+gHj7RNrYpC0</latexit>

Z
D D DU e�SE[ , ,U ] =

Z
DU e�Sg

E[U ]

Z
D D e� M [U ] 

<latexit sha1_base64="WImK3H5eJUWu3ARiR+i4/f4GJx8="></latexit>

=

Z
DU detM [U ] e�Sg

E[U ]

<latexit sha1_base64="NEQ7rxdjwYxxaQaZKkI0uvACT2U="></latexit>

interpret as the probability 

for configuration Uµ(x)

<latexit sha1_base64="twlfF5vNJscfiBdEFx0qzXMSKxU=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBahXkJSU0zBQ8GLxwqmLbShbLabduluEnc3Ygn9E148KOLVv+PNf+OmraCiDwYe780wMy9IGJXKsj6Mwsrq2vpGcbO0tb2zu1feP2jLOBWYeDhmsegGSBJGI+IpqhjpJoIgHjDSCSaXud+5I0LSOLpR04T4HI0iGlKMlJa63qDP0+r96aBcscxG3XVrdWiZZ1bDaeTEqrmuY0PbtOaogCVag/J7fxjjlJNIYYak7NlWovwMCUUxI7NSP5UkQXiCRqSnaYQ4kX42v3cGT7QyhGEsdEUKztXvExniUk55oDs5UmP528vFv7xeqkLXz2iUpIpEeLEoTBlUMcyfh0MqCFZsqgnCgupbIR4jgbDSEZV0CF+fwv9Ju2bajlm/dirNi2UcRXAEjkEV2OAcNMEVaAEPYMDAA3gCz8at8Wi8GK+L1oKxnDkEP2C8fQLkLI/h</latexit>

Integrating out quarks



⌦
0
�� ̂i↵

x  ̂j�
y

��0
↵
=

Z
D D DU  i↵

x  j�
y e�SE[ , ,U ]
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correlation between

quark at x, color i, spin α
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c.f. Wick’s theorem

probability
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compute 

‘quark propagator’ 

on each

configuration 

actually, don’t do this 

because it will average to zero 

Quark propagators
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point-all propagator

solving a sparse linear system: A・x = b

e.g. for a 

243×128 lattice, 

~ 21M×12

( few Gb )

Correlation functions & contractions
pion correlation function



Parameter of QCD: mu, md, ms, mc, mb, mt, g
Dimensional transmutation: mu/ΛQCD, md/ΛQCD, ms/ΛQCD, … , mt/ΛQCD

QCD does not have an inherent mass scale
QCD can predict masses of hadron in units of ΛQCD

Phenomenologically, we fix ΛQCD 

Lattice QCD: amu, amd, ams, amc, amb , amt

Tuning: mu, md    ms    mc    mb      a

K+⇡+⇡0 J/ 

u s̄d̄ū c̄ b̄c b s
s

s
u u

⌥ ⌦

Lattice spacing & quark masses



select a discretization

‘tune’ the parameters

generate 100s of 

gauge-field configurations

serious parallel

supercomputing 

compute quark 

propagators

serious computing 

GPUs very useful

‘contract’ into

correlation functions

capacity computing 

‘bookkeeping’ / memory management...
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PHYSICS ?

Lattice workflow



Lattice QCD in a nutshell [today & tomorrow]
Does lattice work?
why does lattice QCD work?
what can it be used for?
what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]
hadron structure, fundamental symmetry,
scattering processes,
….other stuff, I won’t get to 🤓

 finite-temperature, weak decays, BSM searches, …. , 

Outline



lattice spacing / UV cutoff 
acts as a UV cutoff

because the theory is perturbative in the UV region: 
 errors can [in principle] be corrected via PT
 renomarlization dependent quantities can be matched via PT
renormalization-independent quantities, will suffer from 
discretization errors…which vanish in the continuum limit

⇤ ⇠ 1

a

<latexit sha1_base64="XVbwMg2fxXBxl2PR5o0G0GwB2j4=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyWRii5cFNy4cFHBPqAJZTKdtEMnkzAzEUqIG3/FjQtF3PoX7vwbp20W2npg4HDOudy5J0g4U9pxvq2l5ZXVtfXSRnlza3tn197bb6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF1P/PYDlYrF4l6PE+pHeCBYyAjWRurZh96tCfcx8hSLkBdKTDI3z3DesytO1ZkCLRK3IBUo0OjZX14/JmlEhSYcK9V1nUT7GZaaEU7zspcqmmAywgPaNVTgiCo/m16QoxOj9FEYS/OERlP190SGI6XGUWCSEdZDNe9NxP+8bqrDSz9jIkk1FWS2KEw50jGa1IH6TFKi+dgQTCQzf0VkiE0L2pRWNiW48ycvktZZ1a1Vz+9qlfpVUUcJjuAYTsGFC6jDDTSgCQQe4Rle4c16sl6sd+tjFl2yipkD+APr8wf+h5aZ</latexit>

discretization errors X(a) = X(0) + a �X1 + . . .
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extrapolate a ! 0
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9. Quantum chromodynamics 31

Notwithstanding these open issues, a rather stable and well defined world average
value emerges from the compilation of current determinations of αs:

αs(M
2
Z) = 0.1184 ± 0.0007 .

The results also provide a clear signature and proof of the energy dependence of αs, in
full agreement with the QCD prediction of Asymptotic Freedom. This is demonstrated in
Fig. 9.4, where results of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized and plotted.

Figure 9.4: Summary of measurements of αs as a function of the respective energy
scale Q. The respective degree of QCD perturbation theory used in the extraction
of αs is indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to
leading order; res. NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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↵s =
g2

4⇡

PT = perturbation theory



The time-dependence of: hO(t)O†(0)i ⌘ h⌦|O(t)O†(0)|⌦i

|⌦i :  QCD vacuum [assumed to have zero energy]

Heisenberg picture in Minkowski spacetime

OM (t) = eitĤO(0)e�itĤ

Wick rotation onto Euclidean spacetime: t ! �it

OE(t) = etĤO(0)e�tĤ

h⌦|O(t)O†(0)|⌦i = h⌦|etĤO(0)e�tĤ
O

†(0)|⌦i

Euclidean correlation functions:

Time evolution in Euclidean spacetime



We would like to introduce eigenstates of the Hamiltonian

Time evolution in Euclidean spacetime [cont.]

Ĥ|ni = |niEn

such that… C(t) = h⌦|etĤO(0)e�tĤ
O

†(0)|⌦i

=
X

n

etE⌦e�tEnh⌦|O(0)|nihn|O†(0)|⌦i

=
X

n

e�tEn |h⌦|O(0)|ni|2

bound stateIm[s]

Re[s]

except, the spectrum is continuous!

Should we be integrating…?

threshold



Remember, we have placed the theory in a finite-volume

Time evolution in Euclidean spacetime [cont.]
finite

bound state
Im[s]

s = E2
cm

“only a discrete number of modes 
can exist in a finite volume”

C(t) =
X

n

e�tEn |h⌦|O(0)|ni|2

Finite-volume spectrum

consequently, we can rigorously write  



In principle, each correlation function has access to infinite number of states
A simple limit

This motivates

Ground state masses

lim
t!1

C(t) = lim
t!1

X

n

e�tEn |h⌦|O(0)|ni|2

= e�tE0 |h⌦|O(0)|0i|2 +O(e�t(E1�E0))

me↵(t) = log
C(t)

C(t+ 1)

! log
e�tE0

e�(t+1)E0
= log eE0 = E0



C(t)
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Lattice data with errors
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 Stable hadron size ~ 

 If , finite-volume errors are suppressed 
𝒪(1/mπ)

L ≫ m−1
π

p
pion cloud

L

mh(L) = mh(1) +O(e�m⇡L)
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One particle in finite volume
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Dudek, Edwards & Thomas (2012)
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‘stable’ hadron spectrum



 Being perturbative in the UV, assures lattice artifacts are small
 Having dynamical mass geration, assures there is a mass gap! 

a perfect match: QCD and lattice QCD

can non-pertubatively study QCD properties 
of some time-independent properties of some QCD
state.



Lattice QCD in a nutshell [today & tomorrow]
Does lattice work?
why does lattice QCD work?
what can it be used for?
what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]
hadron structure, fundamental symmetry,
scattering processes,
….other stuff, I won’t get to 🤓

 finite-temperature, weak decays, BSM searches, …. , 

Outline



 This is less clear…
 Many things that are naïvely impossible, have been done!
 In general, this requires new novel ideas that find 
correspondance between 

limitations? 

finite, discretize
Euclidean spacetime 
observables 

infinite, continuous
Minkowski spacetime 
observables 

formalism



Lattice QCD in a nutshell [today & tomorrow]
Does lattice work?
why does lattice QCD work?
what can it be used for?
what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]
hadron structure, fundamental symmetry,
scattering processes,
….other stuff, I won’t get to 🤓

 finite-temperature, weak decays, BSM searches, …. , 

Outline



e.g. the pion electromagnetic form-factor

⟨π+( ⃗p′￼) |ψγμψ(0) |π+( ⃗p)⟩ = (p + p′￼)μ Fπ(Q2)

access through a three-point correlation function

⟨0 |ψγ5ψ(Δt) ψγμψ(t) ψγ5ψ(0) |0⟩
create

pion q.n.

annihilate

pion q.n.

vector

current

= ⟨0 |ψγ5ψ |π( ⃗p′￼)⟩ e−Eπ( ⃗p′￼)(Δt−t) ⟨π( ⃗p′￼) |ψγμψ |π( ⃗p)⟩ e−Eπ( ⃗p)t ⟨π( ⃗p) |ψγ5ψ |0⟩ + …
desired matrix element

�5
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Electroweak form factors
Electroweak probes can be studied perturbatively by evaluating matrix elements of currents,

⇡+
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⟨0 |ψγ5ψ(Δt) ψγμψ(t) ψγ5ψ(0) |0⟩

= ⟨0 |ψγ5ψ |π( ⃗p′￼)⟩ e−Eπ( ⃗p′￼)(Δt−t) ⟨π( ⃗p′￼) |ψγμψ |π( ⃗p)⟩ e−Eπ( ⃗p)t ⟨π( ⃗p) |ψγ5ψ |0⟩ + …

t

Extracting matrix elements



⃗p =
2π
L

[nx, ny, nz]

⟨0 |ψγ5ψ(Δt) ψγμψ(t) ψγ5ψ(0) |0⟩

= ⟨0 |ψγ5ψ |π( ⃗p′￼)⟩ e−Eπ( ⃗p′￼)(Δt−t) ⟨π( ⃗p′￼) |ψγμψ |π( ⃗p)⟩ e−Eπ( ⃗p)t ⟨π( ⃗p) |ψγ5ψ |0⟩ + …

Form factors



are there beyond the standard model particles in          ? 

need to precisely determine the standard model 

contribution & this includes QCD

e.g. the “vacuum polarization”

aμ = ( α
π )

2

∫
∞

0
dt K̃(t) G(t)

G(t) =
1
3

3

∑
k=1

∫d3x ⟨0 |Jk(x, t) Jk(0,0) |0⟩

m−1
μ K̃(t) G(t)

hadronic contribution:

g-2 



Lattice QCD in a nutshell [today & tomorrow]
Does lattice work?
why does lattice QCD work?
what can it be used for?
what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]
hadron structure, fundamental symmetry,
scattering processes,
….other stuff, I won’t get to 🤓

 finite-temperature, weak decays, BSM searches, …. , 

Outline



Wilson, RB, Dudek, Edwards, & Thomas (2015)

0.10

0.15

0.20

Two “musts” for few-body systems:
Generalized eigenvalue problem (GEVP), 

large basis of ops,

“diagonalization”, 

Finite-volume formalisms.

C2pt.
ab (t,P) ⌘ h0|Ob(t,P)O†

a(0,P)|0i =
X

n

Zb,nZ
⇤
a,ne

�Ent

2 minimum requirements
GEVP with large basic is necessary

but not sufficient to trust spectrum!

Ob ⇠ q̄ �b q,⇡⇡,KK, . . . ,
<latexit sha1_base64="74jjpUfZTXAZ8ZuH6q72IFNqv4M="></latexit><latexit sha1_base64="74jjpUfZTXAZ8ZuH6q72IFNqv4M="></latexit><latexit sha1_base64="74jjpUfZTXAZ8ZuH6q72IFNqv4M="></latexit><latexit sha1_base64="74jjpUfZTXAZ8ZuH6q72IFNqv4M="></latexit>

C(t)~v(n)(t, t0) = �n(t, t0)C(t0)~v
(n)(t, t0)
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finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Two-hadron systems

bound state and
resonance poles



finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Two-hadron systems

bound state and
resonance poles



IR limit of QCD, only interested in 
hadronic d.o.f.

Two-hadron scattering

iM =
Goal: isolated ALL kinematic singularities of amplitudes in a kinematic region.

Observation: kinematic singularities are due to intermediate particles goin on-shell. 
 



Two-hadron scattering

iM =

(2m)2 (2m′￼)2
Re[s]

Im[s]

(3m)2



+

The sum over all two-to-two connected diagrams…

Two-hadron scattering
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the off-shell amplitude satisfies a self-consistent 
integral equation [Schwinger-Dyson] }{
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+ + · · ·+ + · · ·++

non-perturbative kernel including all diagrams 
not shown [2-PI s-channel diagrams] }{



+

The sum over all two-to-two connected diagrams…

Two-hadron scattering

iM = =<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

=

Z
d4k

(2⇡)4
B(k, P )

k2 �m2 + i✏

M(P, k)

(P � k)2 �m2 + i✏

= �
Z

d3k

(2⇡)3
B(k, P )M(P, k)

(2!k)2
⇡�(E � 2!k) + “PV integral”

= [iBo↵,on]⇢ [iMon,o↵ ] + “PV integral”
<latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit>



+

The sum over all two-to-two connected diagrams…

Two-hadron scattering

iM = =<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

=

Z
d4k

(2⇡)4
B(k, P )

k2 �m2 + i✏

M(P, k)

(P � k)2 �m2 + i✏

= �
Z

d3k

(2⇡)3
B(k, P )M(P, k)

(2!k)2
⇡�(E � 2!k) + “PV integral”

= [iBo↵,on]⇢ [iMon,o↵ ] + “PV integral”
<latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit>



+

The sum over all two-to-two connected diagrams…

Two-hadron scattering

iM = =<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

1

+ PV=

=

Z
d4k

(2⇡)4
B(k, P )

k2 �m2 + i✏

M(P, k)

(P � k)2 �m2 + i✏

= �
Z

d3k

(2⇡)3
B(k, P )M(P, k)

(2!k)2
⇡�(E � 2!k) + “PV integral”

= [iBo↵,on]⇢ [iMon,o↵ ] + “PV integral”
<latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit><latexit sha1_base64="VDgLLdWD6O9V+zsXqLTcOE/IXXw="></latexit>

⇢ ⌘ p

8⇡E
⇠

p
s� sth square root singularity }{



+

The sum over all two-to-two connected diagrams…

Two-hadron scattering

iM = =<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> + PV

= +
1

real in the kinematic region of interest…
generally unknown }{, “the K matrix”K

<latexit sha1_base64="2LPsGlm2R4ba5tEYc6y/CXWbOJo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gmba2seu6EZwU8E+YDqUTJppQzPJkGSEMvQz3LhQxK1f486/MdNWUNEDgcM595JzTxAzqrTjfFi5tfWNza38dmFnd2//oHh41FUikZh0sGBC9gOkCKOcdDTVjPRjSVAUMNILpleZ37snUlHB7/QsJn6ExpyGFCNtJG8QIT3BiKU382Gx5NiN5kWlWoWOXa41axU3I/VKwylD13YWKIEV2sPi+2AkcBIRrjFDSnmuE2s/RVJTzMi8MEgUiRGeojHxDOUoIspPF5Hn8MwoIxgKaR7XcKF+30hRpNQsCsxkFlH99jLxL89LdNjwU8rjRBOOlx+FCYNawOx+OKKSYM1mhiAsqckK8QRJhLVpqWBK+LoU/k+6Zdt1bPe2WmpdrurIgxNwCs6BC+qgBa5BG3QABgI8gCfwbGnr0XqxXpejOWu1cwx+wHr7BPazkbM=</latexit><latexit sha1_base64="2LPsGlm2R4ba5tEYc6y/CXWbOJo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gmba2seu6EZwU8E+YDqUTJppQzPJkGSEMvQz3LhQxK1f486/MdNWUNEDgcM595JzTxAzqrTjfFi5tfWNza38dmFnd2//oHh41FUikZh0sGBC9gOkCKOcdDTVjPRjSVAUMNILpleZ37snUlHB7/QsJn6ExpyGFCNtJG8QIT3BiKU382Gx5NiN5kWlWoWOXa41axU3I/VKwylD13YWKIEV2sPi+2AkcBIRrjFDSnmuE2s/RVJTzMi8MEgUiRGeojHxDOUoIspPF5Hn8MwoIxgKaR7XcKF+30hRpNQsCsxkFlH99jLxL89LdNjwU8rjRBOOlx+FCYNawOx+OKKSYM1mhiAsqckK8QRJhLVpqWBK+LoU/k+6Zdt1bPe2WmpdrurIgxNwCs6BC+qgBa5BG3QABgI8gCfwbGnr0XqxXpejOWu1cwx+wHr7BPazkbM=</latexit><latexit sha1_base64="2LPsGlm2R4ba5tEYc6y/CXWbOJo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gmba2seu6EZwU8E+YDqUTJppQzPJkGSEMvQz3LhQxK1f486/MdNWUNEDgcM595JzTxAzqrTjfFi5tfWNza38dmFnd2//oHh41FUikZh0sGBC9gOkCKOcdDTVjPRjSVAUMNILpleZ37snUlHB7/QsJn6ExpyGFCNtJG8QIT3BiKU382Gx5NiN5kWlWoWOXa41axU3I/VKwylD13YWKIEV2sPi+2AkcBIRrjFDSnmuE2s/RVJTzMi8MEgUiRGeojHxDOUoIspPF5Hn8MwoIxgKaR7XcKF+30hRpNQsCsxkFlH99jLxL89LdNjwU8rjRBOOlx+FCYNawOx+OKKSYM1mhiAsqckK8QRJhLVpqWBK+LoU/k+6Zdt1bPe2WmpdrurIgxNwCs6BC+qgBa5BG3QABgI8gCfwbGnr0XqxXpejOWu1cwx+wHr7BPazkbM=</latexit><latexit sha1_base64="2LPsGlm2R4ba5tEYc6y/CXWbOJo=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gmba2seu6EZwU8E+YDqUTJppQzPJkGSEMvQz3LhQxK1f486/MdNWUNEDgcM595JzTxAzqrTjfFi5tfWNza38dmFnd2//oHh41FUikZh0sGBC9gOkCKOcdDTVjPRjSVAUMNILpleZ37snUlHB7/QsJn6ExpyGFCNtJG8QIT3BiKU382Gx5NiN5kWlWoWOXa41axU3I/VKwylD13YWKIEV2sPi+2AkcBIRrjFDSnmuE2s/RVJTzMi8MEgUiRGeojHxDOUoIspPF5Hn8MwoIxgKaR7XcKF+30hRpNQsCsxkFlH99jLxL89LdNjwU8rjRBOOlx+FCYNawOx+OKKSYM1mhiAsqckK8QRJhLVpqWBK+LoU/k+6Zdt1bPe2WmpdrurIgxNwCs6BC+qgBa5BG3QABgI8gCfwbGnr0XqxXpejOWu1cwx+wHr7BPazkbM=</latexit>



+

The sum over all two-to-two connected diagrams…

Two-hadron scattering

iM = =<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> + PV

= +
1

placing all legs on-shell 
& partial-wave projecting i

K�1 � i⇢
<latexit sha1_base64="AewTCxPfJhWSCcbdvlau2kj9bbw=">AAACCXicbVDLSgMxFM34rPU16tJNsAhuWmZE0GXRjeCmgn1Ap5ZMmmlDM8mQZIQSZuvGX3HjQhG3/oE7/8ZMOwttPXDhcM693HtPmDCqtOd9O0vLK6tr66WN8ubW9s6uu7ffUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g7HV7nffiBSUcHv9CQhvRgNOY0oRtpKfRcGkUTY0MwEMdIjjJi5ye5N1c+qNJAjkfXdilfzpoCLxC9IBRRo9N2vYCBwGhOuMUNKdX0v0T2DpKaYkawcpIokCI/RkHQt5Sgmqmemn2Tw2CoDGAlpi2s4VX9PGBQrNYlD25mfq+a9XPzP66Y6uugZypNUE45ni6KUQS1gHgscUEmwZhNLEJbU3grxCNlotA2vbEPw519eJK3Tmu/V/NuzSv2yiKMEDsEROAE+OAd1cA0aoAkweATP4BW8OU/Oi/PufMxal5xi5gD8gfP5Azf+mqQ=</latexit><latexit sha1_base64="AewTCxPfJhWSCcbdvlau2kj9bbw=">AAACCXicbVDLSgMxFM34rPU16tJNsAhuWmZE0GXRjeCmgn1Ap5ZMmmlDM8mQZIQSZuvGX3HjQhG3/oE7/8ZMOwttPXDhcM693HtPmDCqtOd9O0vLK6tr66WN8ubW9s6uu7ffUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g7HV7nffiBSUcHv9CQhvRgNOY0oRtpKfRcGkUTY0MwEMdIjjJi5ye5N1c+qNJAjkfXdilfzpoCLxC9IBRRo9N2vYCBwGhOuMUNKdX0v0T2DpKaYkawcpIokCI/RkHQt5Sgmqmemn2Tw2CoDGAlpi2s4VX9PGBQrNYlD25mfq+a9XPzP66Y6uugZypNUE45ni6KUQS1gHgscUEmwZhNLEJbU3grxCNlotA2vbEPw519eJK3Tmu/V/NuzSv2yiKMEDsEROAE+OAd1cA0aoAkweATP4BW8OU/Oi/PufMxal5xi5gD8gfP5Azf+mqQ=</latexit><latexit sha1_base64="AewTCxPfJhWSCcbdvlau2kj9bbw=">AAACCXicbVDLSgMxFM34rPU16tJNsAhuWmZE0GXRjeCmgn1Ap5ZMmmlDM8mQZIQSZuvGX3HjQhG3/oE7/8ZMOwttPXDhcM693HtPmDCqtOd9O0vLK6tr66WN8ubW9s6uu7ffUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g7HV7nffiBSUcHv9CQhvRgNOY0oRtpKfRcGkUTY0MwEMdIjjJi5ye5N1c+qNJAjkfXdilfzpoCLxC9IBRRo9N2vYCBwGhOuMUNKdX0v0T2DpKaYkawcpIokCI/RkHQt5Sgmqmemn2Tw2CoDGAlpi2s4VX9PGBQrNYlD25mfq+a9XPzP66Y6uugZypNUE45ni6KUQS1gHgscUEmwZhNLEJbU3grxCNlotA2vbEPw519eJK3Tmu/V/NuzSv2yiKMEDsEROAE+OAd1cA0aoAkweATP4BW8OU/Oi/PufMxal5xi5gD8gfP5Azf+mqQ=</latexit><latexit sha1_base64="AewTCxPfJhWSCcbdvlau2kj9bbw=">AAACCXicbVDLSgMxFM34rPU16tJNsAhuWmZE0GXRjeCmgn1Ap5ZMmmlDM8mQZIQSZuvGX3HjQhG3/oE7/8ZMOwttPXDhcM693HtPmDCqtOd9O0vLK6tr66WN8ubW9s6uu7ffUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g7HV7nffiBSUcHv9CQhvRgNOY0oRtpKfRcGkUTY0MwEMdIjjJi5ye5N1c+qNJAjkfXdilfzpoCLxC9IBRRo9N2vYCBwGhOuMUNKdX0v0T2DpKaYkawcpIokCI/RkHQt5Sgmqmemn2Tw2CoDGAlpi2s4VX9PGBQrNYlD25mfq+a9XPzP66Y6uugZypNUE45ni6KUQS1gHgscUEmwZhNLEJbU3grxCNlotA2vbEPw519eJK3Tmu/V/NuzSv2yiKMEDsEROAE+OAd1cA0aoAkweATP4BW8OU/Oi/PufMxal5xi5gD8gfP5Azf+mqQ=</latexit>

diagonal matrix over partial 
waves…

=

0

BBBBB@

M0

M1

M1

M1

. . .

1

CCCCCA

<latexit sha1_base64="KHu+ZsfLgvw6wRUMZaKlam/iNV0="></latexit><latexit sha1_base64="KHu+ZsfLgvw6wRUMZaKlam/iNV0="></latexit><latexit sha1_base64="KHu+ZsfLgvw6wRUMZaKlam/iNV0="></latexit><latexit sha1_base64="KHu+ZsfLgvw6wRUMZaKlam/iNV0="></latexit>



Unitarity check
Diagrammatic result: M =

1

K�1 � i⇢
<latexit sha1_base64="6n/AUjSaY5b6hsxmf93XtrpOuSA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgubElE0I1QdCOIUME+oKllMp20QyczYWYilJCfcOOvuHGhiFvBnX/jpA2irQcuHM65l3vv8SNGlXacL2tufmFxabmwUlxdW9/YtLe2G0rEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+8CLzm/dEKir4rR5FpBOiPqcBxUgbqWsfeiHSA4xYcp2eeYFEOHHT5Ee8Su+SspuWqScHIu3aJafijAFniZuTEshR69qfXk/gOCRcY4aUartOpDsJkppiRtKiFysSITxEfdI2lKOQqE4y/iqF+0bpwUBIU1zDsfp7IkGhUqPQN53ZuWray8T/vHasg9NOQnkUa8LxZFEQM6gFzCKCPSoJ1mxkCMKSmlshHiATjTZBFk0I7vTLs6RxVHGdintzXKqe53EUwC7YAwfABSegCi5BDdQBBg/gCbyAV+vRerberPdJ65yVz+yAP7A+vgF2I5+c</latexit><latexit sha1_base64="6n/AUjSaY5b6hsxmf93XtrpOuSA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgubElE0I1QdCOIUME+oKllMp20QyczYWYilJCfcOOvuHGhiFvBnX/jpA2irQcuHM65l3vv8SNGlXacL2tufmFxabmwUlxdW9/YtLe2G0rEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+8CLzm/dEKir4rR5FpBOiPqcBxUgbqWsfeiHSA4xYcp2eeYFEOHHT5Ee8Su+SspuWqScHIu3aJafijAFniZuTEshR69qfXk/gOCRcY4aUartOpDsJkppiRtKiFysSITxEfdI2lKOQqE4y/iqF+0bpwUBIU1zDsfp7IkGhUqPQN53ZuWray8T/vHasg9NOQnkUa8LxZFEQM6gFzCKCPSoJ1mxkCMKSmlshHiATjTZBFk0I7vTLs6RxVHGdintzXKqe53EUwC7YAwfABSegCi5BDdQBBg/gCbyAV+vRerberPdJ65yVz+yAP7A+vgF2I5+c</latexit><latexit sha1_base64="6n/AUjSaY5b6hsxmf93XtrpOuSA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgubElE0I1QdCOIUME+oKllMp20QyczYWYilJCfcOOvuHGhiFvBnX/jpA2irQcuHM65l3vv8SNGlXacL2tufmFxabmwUlxdW9/YtLe2G0rEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+8CLzm/dEKir4rR5FpBOiPqcBxUgbqWsfeiHSA4xYcp2eeYFEOHHT5Ee8Su+SspuWqScHIu3aJafijAFniZuTEshR69qfXk/gOCRcY4aUartOpDsJkppiRtKiFysSITxEfdI2lKOQqE4y/iqF+0bpwUBIU1zDsfp7IkGhUqPQN53ZuWray8T/vHasg9NOQnkUa8LxZFEQM6gFzCKCPSoJ1mxkCMKSmlshHiATjTZBFk0I7vTLs6RxVHGdintzXKqe53EUwC7YAwfABSegCi5BDdQBBg/gCbyAV+vRerberPdJ65yVz+yAP7A+vgF2I5+c</latexit><latexit sha1_base64="6n/AUjSaY5b6hsxmf93XtrpOuSA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgubElE0I1QdCOIUME+oKllMp20QyczYWYilJCfcOOvuHGhiFvBnX/jpA2irQcuHM65l3vv8SNGlXacL2tufmFxabmwUlxdW9/YtLe2G0rEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+8CLzm/dEKir4rR5FpBOiPqcBxUgbqWsfeiHSA4xYcp2eeYFEOHHT5Ee8Su+SspuWqScHIu3aJafijAFniZuTEshR69qfXk/gOCRcY4aUartOpDsJkppiRtKiFysSITxEfdI2lKOQqE4y/iqF+0bpwUBIU1zDsfp7IkGhUqPQN53ZuWray8T/vHasg9NOQnkUa8LxZFEQM6gFzCKCPSoJ1mxkCMKSmlshHiATjTZBFk0I7vTLs6RxVHGdintzXKqe53EUwC7YAwfABSegCi5BDdQBBg/gCbyAV+vRerberPdJ65yVz+yAP7A+vgF2I5+c</latexit>

…satisfies the optical theorem: ImM = M⇤ ⇢M
<latexit sha1_base64="I+CRLlG6LViswFNLmHMZkt2urpk=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARREpJRLAboehGF0IFe4Emlsl00g6dScLMRCghr+LGV3HjQpHuxJdx0mZRWw8MfPz/Ocw5vxcxKpVlfRuFldW19Y3iZmlre2d3z9w/aMkwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG91kfvuZCEnD4FGNI+JyNAioTzFSWuqZtcQRHN7x1Kk4HKkhRiy5T6/m+OkMak8MQ6cC5+SeWbaq1rTgMtg5lEFejZ45cfohjjkJFGZIyq5tRcpNkFAUM5KWnFiSCOERGpCuxgBxIt1kemEKT7TSh34o9AsUnKrzEwniUo65pzuzFeWil4n/ed1Y+TU3oUEUKxLg2Ud+zKAKYRYX7FNBsGJjDQgLqneFeIgEwkqHWtIh2IsnL0PrvGpbVfvholy/zuMogiNwDE6BDS5BHdyCBmgCDF7AG/gAn8ar8W58GZNZa8HIZw7BnzJ+fgFR3KOX</latexit><latexit sha1_base64="I+CRLlG6LViswFNLmHMZkt2urpk=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARREpJRLAboehGF0IFe4Emlsl00g6dScLMRCghr+LGV3HjQpHuxJdx0mZRWw8MfPz/Ocw5vxcxKpVlfRuFldW19Y3iZmlre2d3z9w/aMkwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG91kfvuZCEnD4FGNI+JyNAioTzFSWuqZtcQRHN7x1Kk4HKkhRiy5T6/m+OkMak8MQ6cC5+SeWbaq1rTgMtg5lEFejZ45cfohjjkJFGZIyq5tRcpNkFAUM5KWnFiSCOERGpCuxgBxIt1kemEKT7TSh34o9AsUnKrzEwniUo65pzuzFeWil4n/ed1Y+TU3oUEUKxLg2Ud+zKAKYRYX7FNBsGJjDQgLqneFeIgEwkqHWtIh2IsnL0PrvGpbVfvholy/zuMogiNwDE6BDS5BHdyCBmgCDF7AG/gAn8ar8W58GZNZa8HIZw7BnzJ+fgFR3KOX</latexit><latexit sha1_base64="I+CRLlG6LViswFNLmHMZkt2urpk=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARREpJRLAboehGF0IFe4Emlsl00g6dScLMRCghr+LGV3HjQpHuxJdx0mZRWw8MfPz/Ocw5vxcxKpVlfRuFldW19Y3iZmlre2d3z9w/aMkwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG91kfvuZCEnD4FGNI+JyNAioTzFSWuqZtcQRHN7x1Kk4HKkhRiy5T6/m+OkMak8MQ6cC5+SeWbaq1rTgMtg5lEFejZ45cfohjjkJFGZIyq5tRcpNkFAUM5KWnFiSCOERGpCuxgBxIt1kemEKT7TSh34o9AsUnKrzEwniUo65pzuzFeWil4n/ed1Y+TU3oUEUKxLg2Ud+zKAKYRYX7FNBsGJjDQgLqneFeIgEwkqHWtIh2IsnL0PrvGpbVfvholy/zuMogiNwDE6BDS5BHdyCBmgCDF7AG/gAn8ar8W58GZNZa8HIZw7BnzJ+fgFR3KOX</latexit><latexit sha1_base64="I+CRLlG6LViswFNLmHMZkt2urpk=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARREpJRLAboehGF0IFe4Emlsl00g6dScLMRCghr+LGV3HjQpHuxJdx0mZRWw8MfPz/Ocw5vxcxKpVlfRuFldW19Y3iZmlre2d3z9w/aMkwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG91kfvuZCEnD4FGNI+JyNAioTzFSWuqZtcQRHN7x1Kk4HKkhRiy5T6/m+OkMak8MQ6cC5+SeWbaq1rTgMtg5lEFejZ45cfohjjkJFGZIyq5tRcpNkFAUM5KWnFiSCOERGpCuxgBxIt1kemEKT7TSh34o9AsUnKrzEwniUo65pzuzFeWil4n/ed1Y+TU3oUEUKxLg2Ud+zKAKYRYX7FNBsGJjDQgLqneFeIgEwkqHWtIh2IsnL0PrvGpbVfvholy/zuMogiNwDE6BDS5BHdyCBmgCDF7AG/gAn8ar8W58GZNZa8HIZw7BnzJ+fgFR3KOX</latexit>

From unitarity….

                       …we get:

S = e2i� = 1 + 2i⇢M
<latexit sha1_base64="5/tRGXr5QkqwxxSXfs1qt+TWL4s=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0FRhLAbBG0CQRsbIaJ5QDaG2clNMmT2wcysEJb9Bht/xcZCEVsrO//G2WQLTTwwcOace7n3HjfkTCrL+jZyC4tLyyv51cLa+sbmlrm905BBJCjUacAD0XKJBM58qCumOLRCAcRzOTTd0WXqNx9ASBb4d2ocQscjA5/1GSVKS13z+PawAvdxmTk94IrgBFewfaK/Yhg4HlFDSnh8nThOoWsWrZI1AZ4ndkaKKEOta345vYBGHviKciJl27ZC1YmJUIxySApOJCEkdEQG0NbUJx7ITjw5KcEHWunhfiD08xWeqL87YuJJOfZcXZluKWe9VPzPa0eqf96JmR9GCnw6HdSPOFYBTvPBPSaAKj7WhFDB9K6YDokgVOkU0xDs2ZPnSaNcsq2SfXNarF5kceTRHtpHR8hGZ6iKrlAN1RFFj+gZvaI348l4Md6Nj2lpzsh6dtEfGJ8/mIecLQ==</latexit><latexit sha1_base64="5/tRGXr5QkqwxxSXfs1qt+TWL4s=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0FRhLAbBG0CQRsbIaJ5QDaG2clNMmT2wcysEJb9Bht/xcZCEVsrO//G2WQLTTwwcOace7n3HjfkTCrL+jZyC4tLyyv51cLa+sbmlrm905BBJCjUacAD0XKJBM58qCumOLRCAcRzOTTd0WXqNx9ASBb4d2ocQscjA5/1GSVKS13z+PawAvdxmTk94IrgBFewfaK/Yhg4HlFDSnh8nThOoWsWrZI1AZ4ndkaKKEOta345vYBGHviKciJl27ZC1YmJUIxySApOJCEkdEQG0NbUJx7ITjw5KcEHWunhfiD08xWeqL87YuJJOfZcXZluKWe9VPzPa0eqf96JmR9GCnw6HdSPOFYBTvPBPSaAKj7WhFDB9K6YDokgVOkU0xDs2ZPnSaNcsq2SfXNarF5kceTRHtpHR8hGZ6iKrlAN1RFFj+gZvaI348l4Md6Nj2lpzsh6dtEfGJ8/mIecLQ==</latexit><latexit sha1_base64="5/tRGXr5QkqwxxSXfs1qt+TWL4s=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0FRhLAbBG0CQRsbIaJ5QDaG2clNMmT2wcysEJb9Bht/xcZCEVsrO//G2WQLTTwwcOace7n3HjfkTCrL+jZyC4tLyyv51cLa+sbmlrm905BBJCjUacAD0XKJBM58qCumOLRCAcRzOTTd0WXqNx9ASBb4d2ocQscjA5/1GSVKS13z+PawAvdxmTk94IrgBFewfaK/Yhg4HlFDSnh8nThOoWsWrZI1AZ4ndkaKKEOta345vYBGHviKciJl27ZC1YmJUIxySApOJCEkdEQG0NbUJx7ITjw5KcEHWunhfiD08xWeqL87YuJJOfZcXZluKWe9VPzPa0eqf96JmR9GCnw6HdSPOFYBTvPBPSaAKj7WhFDB9K6YDokgVOkU0xDs2ZPnSaNcsq2SfXNarF5kceTRHtpHR8hGZ6iKrlAN1RFFj+gZvaI348l4Md6Nj2lpzsh6dtEfGJ8/mIecLQ==</latexit><latexit sha1_base64="5/tRGXr5QkqwxxSXfs1qt+TWL4s=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0FRhLAbBG0CQRsbIaJ5QDaG2clNMmT2wcysEJb9Bht/xcZCEVsrO//G2WQLTTwwcOace7n3HjfkTCrL+jZyC4tLyyv51cLa+sbmlrm905BBJCjUacAD0XKJBM58qCumOLRCAcRzOTTd0WXqNx9ASBb4d2ocQscjA5/1GSVKS13z+PawAvdxmTk94IrgBFewfaK/Yhg4HlFDSnh8nThOoWsWrZI1AZ4ndkaKKEOta345vYBGHviKciJl27ZC1YmJUIxySApOJCEkdEQG0NbUJx7ITjw5KcEHWunhfiD08xWeqL87YuJJOfZcXZluKWe9VPzPa0eqf96JmR9GCnw6HdSPOFYBTvPBPSaAKj7WhFDB9K6YDokgVOkU0xDs2ZPnSaNcsq2SfXNarF5kceTRHtpHR8hGZ6iKrlAN1RFFj+gZvaI348l4Md6Nj2lpzsh6dtEfGJ8/mIecLQ==</latexit>

K�1 = ⇢ cot �

M =
sin �

⇢
ei�

<latexit sha1_base64="gJWSoGIGjgKIHKX/9kI12MG1+H4="></latexit><latexit sha1_base64="gJWSoGIGjgKIHKX/9kI12MG1+H4="></latexit><latexit sha1_base64="gJWSoGIGjgKIHKX/9kI12MG1+H4="></latexit><latexit sha1_base64="gJWSoGIGjgKIHKX/9kI12MG1+H4="></latexit>

now we just need to constrain the phase-shift 
or, equivalently, the K matrix…from lattice QCD}{



Going to higher energies

(2m)2 (2m′￼)2
Re[s]

Im[s]

(3m)2

working on it!

done!there be dragons!



finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Two-hadron systems

bound state and
resonance poles



pp

pp

p

p

p

p

 Stable hadron size ~ 

 If , finite-volume errors are suppressed 
𝒪(1/mπ)

L ≫ m−1
π

p
pion cloud

L

mh(L) = mh(1) +O(e�m⇡L)
<latexit sha1_base64="0C86fbIbbjrqJ6iuT0XN8ZvsxQQ=">AAACFXicbVDLSgMxFM3UV62vqks3wSK0qGVGBN0IRTcuClawD+jUIZNm2tAkMyQZoQz9CTf+ihsXirgV3Pk3ZtoutPVAyOGce7n3Hj9iVGnb/rYyC4tLyyvZ1dza+sbmVn57p6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7hK/eYDkYqG4k4PI9LhqCdoQDHSRvLyR9zrF6uli/RzqQj0sHTocqT7GLHkZlQk98kx99yIwuqo5OULdtkeA84TZ0oKYIqal/9yuyGOOREaM6RU27Ej3UmQ1BQzMsq5sSIRwgPUI21DBeJEdZLxVSN4YJQuDEJpntBwrP7uSBBXash9U5kurGa9VPzPa8c6OO8kVESxJgJPBgUxgzqEaUSwSyXBmg0NQVhSsyvEfSQR1ibInAnBmT15njROyo5ddm5PC5XLaRxZsAf2QRE44AxUwDWogTrA4BE8g1fwZj1ZL9a79TEpzVjTnl3wB9bnD4donco=</latexit><latexit sha1_base64="0C86fbIbbjrqJ6iuT0XN8ZvsxQQ=">AAACFXicbVDLSgMxFM3UV62vqks3wSK0qGVGBN0IRTcuClawD+jUIZNm2tAkMyQZoQz9CTf+ihsXirgV3Pk3ZtoutPVAyOGce7n3Hj9iVGnb/rYyC4tLyyvZ1dza+sbmVn57p6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7hK/eYDkYqG4k4PI9LhqCdoQDHSRvLyR9zrF6uli/RzqQj0sHTocqT7GLHkZlQk98kx99yIwuqo5OULdtkeA84TZ0oKYIqal/9yuyGOOREaM6RU27Ej3UmQ1BQzMsq5sSIRwgPUI21DBeJEdZLxVSN4YJQuDEJpntBwrP7uSBBXash9U5kurGa9VPzPa8c6OO8kVESxJgJPBgUxgzqEaUSwSyXBmg0NQVhSsyvEfSQR1ibInAnBmT15njROyo5ddm5PC5XLaRxZsAf2QRE44AxUwDWogTrA4BE8g1fwZj1ZL9a79TEpzVjTnl3wB9bnD4donco=</latexit><latexit sha1_base64="0C86fbIbbjrqJ6iuT0XN8ZvsxQQ=">AAACFXicbVDLSgMxFM3UV62vqks3wSK0qGVGBN0IRTcuClawD+jUIZNm2tAkMyQZoQz9CTf+ihsXirgV3Pk3ZtoutPVAyOGce7n3Hj9iVGnb/rYyC4tLyyvZ1dza+sbmVn57p6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7hK/eYDkYqG4k4PI9LhqCdoQDHSRvLyR9zrF6uli/RzqQj0sHTocqT7GLHkZlQk98kx99yIwuqo5OULdtkeA84TZ0oKYIqal/9yuyGOOREaM6RU27Ej3UmQ1BQzMsq5sSIRwgPUI21DBeJEdZLxVSN4YJQuDEJpntBwrP7uSBBXash9U5kurGa9VPzPa8c6OO8kVESxJgJPBgUxgzqEaUSwSyXBmg0NQVhSsyvEfSQR1ibInAnBmT15njROyo5ddm5PC5XLaRxZsAf2QRE44AxUwDWogTrA4BE8g1fwZj1ZL9a79TEpzVjTnl3wB9bnD4donco=</latexit><latexit sha1_base64="0C86fbIbbjrqJ6iuT0XN8ZvsxQQ=">AAACFXicbVDLSgMxFM3UV62vqks3wSK0qGVGBN0IRTcuClawD+jUIZNm2tAkMyQZoQz9CTf+ihsXirgV3Pk3ZtoutPVAyOGce7n3Hj9iVGnb/rYyC4tLyyvZ1dza+sbmVn57p6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7hK/eYDkYqG4k4PI9LhqCdoQDHSRvLyR9zrF6uli/RzqQj0sHTocqT7GLHkZlQk98kx99yIwuqo5OULdtkeA84TZ0oKYIqal/9yuyGOOREaM6RU27Ej3UmQ1BQzMsq5sSIRwgPUI21DBeJEdZLxVSN4YJQuDEJpntBwrP7uSBBXash9U5kurGa9VPzPa8c6OO8kVESxJgJPBgUxgzqEaUSwSyXBmg0NQVhSsyvEfSQR1ibInAnBmT15njROyo5ddm5PC5XLaRxZsAf2QRE44AxUwDWogTrA4BE8g1fwZj1ZL9a79TEpzVjTnl3wB9bnD4donco=</latexit>

One particle in finite volume



iML =
<latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit>

Two particle in finite volume
Goal: find the condition that the finite-volume spectrum must satisfy. 

Observation #1: the finite-volume states are real-valued poles of correlation functions

Observation #2: power-law finite-volume effects are due to intermediate particles goin on-shell.
 

(2m)2 (2m′￼)2
Re[s]

Im[s]

(3m)2



Similar story as before…except momenta are discrete  ⃗k = 2π ⃗n/L
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Two particle in finite volume

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> V

{ }
{

+ + · · ·+ + · · ·++

same as before up to 𝒪(e−mπL)}{



Similar story as before…except momenta are discrete  ⃗k = 2π ⃗n/L
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<latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit>

Two particle in finite volume
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V =<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> V+ }{ �<latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> +

V



Similar story as before…except momenta are discrete  ⃗k = 2π ⃗n/L

iML =
<latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit>

Two particle in finite volume

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> V
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⌘ [iB] iF [iB]
<latexit sha1_base64="g99TqqEtcOD03o26zE84vcsJzNE="></latexit><latexit sha1_base64="g99TqqEtcOD03o26zE84vcsJzNE="></latexit><latexit sha1_base64="g99TqqEtcOD03o26zE84vcsJzNE="></latexit><latexit sha1_base64="g99TqqEtcOD03o26zE84vcsJzNE="></latexit>

V

non-diagonal matrix over partial waves…
because angular momentum is not a good 
quantum number

F =

0

BBBBBB@

F00;00 F00;11 F00;10

F11;00 F11;11 F11;10

F10;00 F10;11 F10;10

. . .
. . .

1

CCCCCCA

<latexit sha1_base64="hpf2+kO5Vngzw6HGj7mgQcasN5Q="></latexit><latexit sha1_base64="hpf2+kO5Vngzw6HGj7mgQcasN5Q="></latexit><latexit sha1_base64="hpf2+kO5Vngzw6HGj7mgQcasN5Q="></latexit><latexit sha1_base64="hpf2+kO5Vngzw6HGj7mgQcasN5Q="></latexit>



Similar story as before…except momenta are discrete  ⃗k = 2π ⃗n/L

iML =
<latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit>

Two particle in finite volume

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> V

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> +

V

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

V



Similar story as before…except momenta are discrete  ⃗k = 2π ⃗n/L

iML =
<latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit>

Two particle in finite volume

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> V

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> +

V

+=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

V
placing all legs on-shell 
& partial-wave projecting

iM 1

1 + F M
<latexit sha1_base64="EXStK4C603F+20jzGtSwrAwTCDo=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUlJIRQZdFQdwIFewDmlAm00k7dDIJMxOhhHyCG3/FjQtF3Lp05984abOo1QMXDufcy733+DFnSjvOt1VaWFxaXimvVtbWNza37O2dlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90VXutx+oVCwS93ocUy/EA8ECRrA2Us8+ZG6I9ZBgnt5mbiAxSVGWouNr92TGgFnPrjo1ZwL4l6CCVEGBRs/+cvsRSUIqNOFYqS5yYu2lWGpGOM0qbqJojMkID2jXUIFDqrx08lAGD4zSh0EkTQkNJ+rsRIpDpcahbzrzI9W8l4v/ed1EBxdeykScaCrIdFGQcKgjmKcD+0xSovnYEEwkM7dCMsQmFW0yrJgQ0PzLf0nrtIacGro7q9YvizjKYA/sgyOAwDmogxvQAE1AwCN4Bq/gzXqyXqx362PaWrKKmV3wC9bnD6ggnPM=</latexit><latexit sha1_base64="EXStK4C603F+20jzGtSwrAwTCDo=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUlJIRQZdFQdwIFewDmlAm00k7dDIJMxOhhHyCG3/FjQtF3Lp05984abOo1QMXDufcy733+DFnSjvOt1VaWFxaXimvVtbWNza37O2dlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90VXutx+oVCwS93ocUy/EA8ECRrA2Us8+ZG6I9ZBgnt5mbiAxSVGWouNr92TGgFnPrjo1ZwL4l6CCVEGBRs/+cvsRSUIqNOFYqS5yYu2lWGpGOM0qbqJojMkID2jXUIFDqrx08lAGD4zSh0EkTQkNJ+rsRIpDpcahbzrzI9W8l4v/ed1EBxdeykScaCrIdFGQcKgjmKcD+0xSovnYEEwkM7dCMsQmFW0yrJgQ0PzLf0nrtIacGro7q9YvizjKYA/sgyOAwDmogxvQAE1AwCN4Bq/gzXqyXqx362PaWrKKmV3wC9bnD6ggnPM=</latexit><latexit sha1_base64="EXStK4C603F+20jzGtSwrAwTCDo=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUlJIRQZdFQdwIFewDmlAm00k7dDIJMxOhhHyCG3/FjQtF3Lp05984abOo1QMXDufcy733+DFnSjvOt1VaWFxaXimvVtbWNza37O2dlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90VXutx+oVCwS93ocUy/EA8ECRrA2Us8+ZG6I9ZBgnt5mbiAxSVGWouNr92TGgFnPrjo1ZwL4l6CCVEGBRs/+cvsRSUIqNOFYqS5yYu2lWGpGOM0qbqJojMkID2jXUIFDqrx08lAGD4zSh0EkTQkNJ+rsRIpDpcahbzrzI9W8l4v/ed1EBxdeykScaCrIdFGQcKgjmKcD+0xSovnYEEwkM7dCMsQmFW0yrJgQ0PzLf0nrtIacGro7q9YvizjKYA/sgyOAwDmogxvQAE1AwCN4Bq/gzXqyXqx362PaWrKKmV3wC9bnD6ggnPM=</latexit><latexit sha1_base64="EXStK4C603F+20jzGtSwrAwTCDo=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUlJIRQZdFQdwIFewDmlAm00k7dDIJMxOhhHyCG3/FjQtF3Lp05984abOo1QMXDufcy733+DFnSjvOt1VaWFxaXimvVtbWNza37O2dlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90VXutx+oVCwS93ocUy/EA8ECRrA2Us8+ZG6I9ZBgnt5mbiAxSVGWouNr92TGgFnPrjo1ZwL4l6CCVEGBRs/+cvsRSUIqNOFYqS5yYu2lWGpGOM0qbqJojMkID2jXUIFDqrx08lAGD4zSh0EkTQkNJ+rsRIpDpcahbzrzI9W8l4v/ed1EBxdeykScaCrIdFGQcKgjmKcD+0xSovnYEEwkM7dCMsQmFW0yrJgQ0PzLf0nrtIacGro7q9YvizjKYA/sgyOAwDmogxvQAE1AwCN4Bq/gzXqyXqx362PaWrKKmV3wC9bnD6ggnPM=</latexit>

det[F�1 +M] = 0
<latexit sha1_base64="1m/7ZcOgRed6bYdBur+HVRIG23Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEEsigm6EoiBuhAr2AUksk8mkHTqZhJmJUELAjb/ixoUibv0Jd/6N0zYLbT1w4XDOvdx7j58wKpVlfRulufmFxaXycmVldW19w9zcask4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH1yO/PYDEZLG/E4NE+JFqMdpSDFSWuqaO25AlHN1nx3Z+aEbIdXHiGU3uXdudc2qVbPGgLPELkgVFGh0zS83iHEaEa4wQ1I6tpUoL0NCUcxIXnFTSRKEB6hHHE05ioj0svEPOdzXSgDDWOjiCo7V3xMZiqQcRr7uHF0pp72R+J/npCo88zLKk1QRjieLwpRBFcNRIDCggmDFhpogLKi+FeI+EggrHVtFh2BPvzxLWsc126rZtyfV+kURRxnsgj1wAGxwCurgGjRAE2DwCJ7BK3gznowX4934mLSWjGJmG/yB8fkD76iXDQ==</latexit><latexit sha1_base64="1m/7ZcOgRed6bYdBur+HVRIG23Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEEsigm6EoiBuhAr2AUksk8mkHTqZhJmJUELAjb/ixoUibv0Jd/6N0zYLbT1w4XDOvdx7j58wKpVlfRulufmFxaXycmVldW19w9zcask4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH1yO/PYDEZLG/E4NE+JFqMdpSDFSWuqaO25AlHN1nx3Z+aEbIdXHiGU3uXdudc2qVbPGgLPELkgVFGh0zS83iHEaEa4wQ1I6tpUoL0NCUcxIXnFTSRKEB6hHHE05ioj0svEPOdzXSgDDWOjiCo7V3xMZiqQcRr7uHF0pp72R+J/npCo88zLKk1QRjieLwpRBFcNRIDCggmDFhpogLKi+FeI+EggrHVtFh2BPvzxLWsc126rZtyfV+kURRxnsgj1wAGxwCurgGjRAE2DwCJ7BK3gznowX4934mLSWjGJmG/yB8fkD76iXDQ==</latexit><latexit sha1_base64="1m/7ZcOgRed6bYdBur+HVRIG23Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEEsigm6EoiBuhAr2AUksk8mkHTqZhJmJUELAjb/ixoUibv0Jd/6N0zYLbT1w4XDOvdx7j58wKpVlfRulufmFxaXycmVldW19w9zcask4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH1yO/PYDEZLG/E4NE+JFqMdpSDFSWuqaO25AlHN1nx3Z+aEbIdXHiGU3uXdudc2qVbPGgLPELkgVFGh0zS83iHEaEa4wQ1I6tpUoL0NCUcxIXnFTSRKEB6hHHE05ioj0svEPOdzXSgDDWOjiCo7V3xMZiqQcRr7uHF0pp72R+J/npCo88zLKk1QRjieLwpRBFcNRIDCggmDFhpogLKi+FeI+EggrHVtFh2BPvzxLWsc126rZtyfV+kURRxnsgj1wAGxwCurgGjRAE2DwCJ7BK3gznowX4934mLSWjGJmG/yB8fkD76iXDQ==</latexit><latexit sha1_base64="1m/7ZcOgRed6bYdBur+HVRIG23Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEEsigm6EoiBuhAr2AUksk8mkHTqZhJmJUELAjb/ixoUibv0Jd/6N0zYLbT1w4XDOvdx7j58wKpVlfRulufmFxaXycmVldW19w9zcask4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH1yO/PYDEZLG/E4NE+JFqMdpSDFSWuqaO25AlHN1nx3Z+aEbIdXHiGU3uXdudc2qVbPGgLPELkgVFGh0zS83iHEaEa4wQ1I6tpUoL0NCUcxIXnFTSRKEB6hHHE05ioj0svEPOdzXSgDDWOjiCo7V3xMZiqQcRr7uHF0pp72R+J/npCo88zLKk1QRjieLwpRBFcNRIDCggmDFhpogLKi+FeI+EggrHVtFh2BPvzxLWsc126rZtyfV+kURRxnsgj1wAGxwCurgGjRAE2DwCJ7BK3gznowX4934mLSWjGJmG/yB8fkD76iXDQ==</latexit>

poles satisfy…



Some comments 
det[F�1(P,L) +M(P 2)] = 0

<latexit sha1_base64="RkEewZeU9DdCBISY6KuNoIEtV1I=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoUUtSBN0IRUFcKFSwtpCkZTKdtEMnD2YmQgn9ATf+ihsXirh1786/cdJmoa0HLhzOuZd773EjRoU0jG8tNze/sLiUXy6srK6tb+ibW/cijDkmDRyykLdcJAijAWlIKhlpRZwg32Wk6Q4uUr/5QLigYXAnhxFxfNQLqEcxkkrq6Ht2l0jrsp0cmaNS/fC6fGD7SPYxYsmNEtrVsnNmdPSiUTHGgLPEzEgRZKh39C+7G+LYJ4HEDAlhmUYknQRxSTEjo4IdCxIhPEA9YikaIJ8IJxl/M4L7SulCL+SqAgnH6u+JBPlCDH1XdaanimkvFf/zrFh6p05CgyiWJMCTRV7MoAxhGg3sUk6wZENFEOZU3QpxH3GEpQqwoEIwp1+eJffVimlUzNvjYu08iyMPdsAuKAETnIAauAJ10AAYPIJn8AretCftRXvXPiatOS2b2QZ/oH3+ADlZmbs=</latexit><latexit sha1_base64="RkEewZeU9DdCBISY6KuNoIEtV1I=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoUUtSBN0IRUFcKFSwtpCkZTKdtEMnD2YmQgn9ATf+ihsXirh1786/cdJmoa0HLhzOuZd773EjRoU0jG8tNze/sLiUXy6srK6tb+ibW/cijDkmDRyykLdcJAijAWlIKhlpRZwg32Wk6Q4uUr/5QLigYXAnhxFxfNQLqEcxkkrq6Ht2l0jrsp0cmaNS/fC6fGD7SPYxYsmNEtrVsnNmdPSiUTHGgLPEzEgRZKh39C+7G+LYJ4HEDAlhmUYknQRxSTEjo4IdCxIhPEA9YikaIJ8IJxl/M4L7SulCL+SqAgnH6u+JBPlCDH1XdaanimkvFf/zrFh6p05CgyiWJMCTRV7MoAxhGg3sUk6wZENFEOZU3QpxH3GEpQqwoEIwp1+eJffVimlUzNvjYu08iyMPdsAuKAETnIAauAJ10AAYPIJn8AretCftRXvXPiatOS2b2QZ/oH3+ADlZmbs=</latexit><latexit sha1_base64="RkEewZeU9DdCBISY6KuNoIEtV1I=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoUUtSBN0IRUFcKFSwtpCkZTKdtEMnD2YmQgn9ATf+ihsXirh1786/cdJmoa0HLhzOuZd773EjRoU0jG8tNze/sLiUXy6srK6tb+ibW/cijDkmDRyykLdcJAijAWlIKhlpRZwg32Wk6Q4uUr/5QLigYXAnhxFxfNQLqEcxkkrq6Ht2l0jrsp0cmaNS/fC6fGD7SPYxYsmNEtrVsnNmdPSiUTHGgLPEzEgRZKh39C+7G+LYJ4HEDAlhmUYknQRxSTEjo4IdCxIhPEA9YikaIJ8IJxl/M4L7SulCL+SqAgnH6u+JBPlCDH1XdaanimkvFf/zrFh6p05CgyiWJMCTRV7MoAxhGg3sUk6wZENFEOZU3QpxH3GEpQqwoEIwp1+eJffVimlUzNvjYu08iyMPdsAuKAETnIAauAJ10AAYPIJn8AretCftRXvXPiatOS2b2QZ/oH3+ADlZmbs=</latexit><latexit sha1_base64="RkEewZeU9DdCBISY6KuNoIEtV1I=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoUUtSBN0IRUFcKFSwtpCkZTKdtEMnD2YmQgn9ATf+ihsXirh1786/cdJmoa0HLhzOuZd773EjRoU0jG8tNze/sLiUXy6srK6tb+ibW/cijDkmDRyykLdcJAijAWlIKhlpRZwg32Wk6Q4uUr/5QLigYXAnhxFxfNQLqEcxkkrq6Ht2l0jrsp0cmaNS/fC6fGD7SPYxYsmNEtrVsnNmdPSiUTHGgLPEzEgRZKh39C+7G+LYJ4HEDAlhmUYknQRxSTEjo4IdCxIhPEA9YikaIJ8IJxl/M4L7SulCL+SqAgnH6u+JBPlCDH1XdaanimkvFf/zrFh6p05CgyiWJMCTRV7MoAxhGg3sUk6wZENFEOZU3QpxH3GEpQqwoEIwp1+eJffVimlUzNvjYu08iyMPdsAuKAETnIAauAJ10AAYPIJn8AretCftRXvXPiatOS2b2QZ/oH3+ADlZmbs=</latexit>

 exact up to  ,

 Mapping, not an extrapolationg,

Not one-to-one [no asymptotic states & angular momentum is not a good quantum number], 

 For moderate energies, low partial waves saturate the amplitude,

 We know  arbitrary boost, so we can further constraint the amplitude by considered 

boosted systems.   

𝒪(e−mπL)

F

2 2.5 3 3.5 4
E?/m

°60

0

60 mL = 8

imaginary



Going to higher energies

(2m)2 (2m′￼)2
Re[s]

Im[s]

(3m)2

working on it!

done!

(2m)2 (2m′￼)2 (3m)2

there also be dragons!



Formalism

Lattice QCD calculations
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M�1 = K�1 � i⇢
<latexit sha1_base64="ut1jDXRuTMzu7We2zxvh2UPG2oQ=">AAACEHicbZDLSgMxFIYzXmu9jbp0Eyyim5YZEXQjFN0IIlSwF+iMJZOmbWgmGZKMUIZ5BDe+ihsXirh16c63MdMOoq0/BH6+cw455w8iRpV2nC9rbn5hcWm5sFJcXVvf2LS3thtKxBKTOhZMyFaAFGGUk7qmmpFWJAkKA0aawfAiqzfviVRU8Fs9iogfoj6nPYqRNqhjH3gh0gOMWHKd3iVlNz37AVcTUKaeHIiOXXIqzlhw1ri5KYFctY796XUFjkPCNWZIqbbrRNpPkNQUM5IWvViRCOEh6pO2sRyFRPnJ+KAU7hvShT0hzeMajunviQSFSo3CwHRm26rpWgb/q7Vj3Tv1E8qjWBOOJx/1Yga1gFk6sEslwZqNjEFYUrMrxAMkEdYmw6IJwZ0+edY0jiquU3FvjkvV8zyOAtgFe+AQuOAEVMElqIE6wOABPIEX8Go9Ws/Wm/U+aZ2z8pkd8EfWxzfCeZ0F</latexit><latexit sha1_base64="ut1jDXRuTMzu7We2zxvh2UPG2oQ=">AAACEHicbZDLSgMxFIYzXmu9jbp0Eyyim5YZEXQjFN0IIlSwF+iMJZOmbWgmGZKMUIZ5BDe+ihsXirh16c63MdMOoq0/BH6+cw455w8iRpV2nC9rbn5hcWm5sFJcXVvf2LS3thtKxBKTOhZMyFaAFGGUk7qmmpFWJAkKA0aawfAiqzfviVRU8Fs9iogfoj6nPYqRNqhjH3gh0gOMWHKd3iVlNz37AVcTUKaeHIiOXXIqzlhw1ri5KYFctY796XUFjkPCNWZIqbbrRNpPkNQUM5IWvViRCOEh6pO2sRyFRPnJ+KAU7hvShT0hzeMajunviQSFSo3CwHRm26rpWgb/q7Vj3Tv1E8qjWBOOJx/1Yga1gFk6sEslwZqNjEFYUrMrxAMkEdYmw6IJwZ0+edY0jiquU3FvjkvV8zyOAtgFe+AQuOAEVMElqIE6wOABPIEX8Go9Ws/Wm/U+aZ2z8pkd8EfWxzfCeZ0F</latexit><latexit sha1_base64="ut1jDXRuTMzu7We2zxvh2UPG2oQ=">AAACEHicbZDLSgMxFIYzXmu9jbp0Eyyim5YZEXQjFN0IIlSwF+iMJZOmbWgmGZKMUIZ5BDe+ihsXirh16c63MdMOoq0/BH6+cw455w8iRpV2nC9rbn5hcWm5sFJcXVvf2LS3thtKxBKTOhZMyFaAFGGUk7qmmpFWJAkKA0aawfAiqzfviVRU8Fs9iogfoj6nPYqRNqhjH3gh0gOMWHKd3iVlNz37AVcTUKaeHIiOXXIqzlhw1ri5KYFctY796XUFjkPCNWZIqbbrRNpPkNQUM5IWvViRCOEh6pO2sRyFRPnJ+KAU7hvShT0hzeMajunviQSFSo3CwHRm26rpWgb/q7Vj3Tv1E8qjWBOOJx/1Yga1gFk6sEslwZqNjEFYUrMrxAMkEdYmw6IJwZ0+edY0jiquU3FvjkvV8zyOAtgFe+AQuOAEVMElqIE6wOABPIEX8Go9Ws/Wm/U+aZ2z8pkd8EfWxzfCeZ0F</latexit><latexit sha1_base64="ut1jDXRuTMzu7We2zxvh2UPG2oQ=">AAACEHicbZDLSgMxFIYzXmu9jbp0Eyyim5YZEXQjFN0IIlSwF+iMJZOmbWgmGZKMUIZ5BDe+ihsXirh16c63MdMOoq0/BH6+cw455w8iRpV2nC9rbn5hcWm5sFJcXVvf2LS3thtKxBKTOhZMyFaAFGGUk7qmmpFWJAkKA0aawfAiqzfviVRU8Fs9iogfoj6nPYqRNqhjH3gh0gOMWHKd3iVlNz37AVcTUKaeHIiOXXIqzlhw1ri5KYFctY796XUFjkPCNWZIqbbrRNpPkNQUM5IWvViRCOEh6pO2sRyFRPnJ+KAU7hvShT0hzeMajunviQSFSo3CwHRm26rpWgb/q7Vj3Tv1E8qjWBOOJx/1Yga1gFk6sEslwZqNjEFYUrMrxAMkEdYmw6IJwZ0+edY0jiquU3FvjkvV8zyOAtgFe+AQuOAEVMElqIE6wOABPIEX8Go9Ws/Wm/U+aZ2z8pkd8EfWxzfCeZ0F</latexit>
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ππ scattering 

(I=1 channel)

Dudek, Edwards, & Thomas (2012)

Wilson, RB, Dudek, Edwards, & Thomas (2015)
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The vacuum channel in a finite volume 

(I=0 channel, )mπ ∼ 390 MeV
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The vacuum channel in a finite volume 

(I=0 channel, )mπ ∼ 390 MeV
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No simple story…need to use quantization 
condition to constrain amplitudes 

The vacuum channel in a finite volume 

(I=0 channel, )mπ ∼ 390 MeV



Coupled  and the f0’sππ, KK
det


F�1
⇡⇡ +M⇡⇡,⇡⇡ M⇡⇡,KK

M⇡⇡,KK F�1
KK

+MKK,KK

�
= 0Above -threshold, spectrum satisfies:

 No one-to-one correspondence, 
 Parameterize amplitude and perform global fit. 

KK
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Many other calculations
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 & the  and the D⋆π D1 D2
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The few-body frontier
two-nucleon systems, 
 three-particle systems, 
 few-body systems with electroweak probes.

NPLQCD (2021)

NPLQCD (2017)

CALLAT (2017)

Hörz et al. (2021)

πγ⋆ → ππ
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RB, Dudek, Edwards, Schultz, Thomas, Wilson (2016)

mπ ~ 400 MeVNN mπ ~ 700 MeV
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Hansen, RB, Edwards, Thomas, & Wilson (2020)

The three-body frontier

(3  channel, )π+ mπ ∼ 390 MeV

103 energy levels described by 
three numbers:  mπ, aππ, 𝒦3,iso

m2
12
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Lattice QCD in a nutshell [today & tomorrow]
Does lattice work?
why does lattice QCD work?
what can it be used for?
what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]
hadron structure, fundamental symmetry,
scattering processes,
….other stuff, I won’t get to 🤓

 finite-temperature, weak decays, BSM searches, …. , 

Outline



EXOHAD
EXOTIC HADRONS TOPICAL COLLABORATION

Outreach & education 

JOIN OUR SUMMER 2024 PROGRAM:
JUNE 18 - JULY 26

Join the Remote Experience for Young Engineers 
and Scientists (REYES), a program designed to 
increase STEM-H literacy, inspire and train the next 
generation of scientists.

This unique virtual learning experience offers guest 
lectures in a variety of STEM-H subjects, activities, 
and mentoring through research-based projects. 

Registration is free and open to the public.

REGISTER TODAY: 
physics.berkeley.edu/reyes

Remote Experience for 
Young Engineers and Scientists

REYES

This is a six week course
START DATE: JUNE 18, 2024
Python4Physics is a class designed to give students the key tools to write 
simple code using a programming language called Python. In this class, 
you will learn some fun concepts in Physics, Math, statistics, and, of 
course, programming. You will do this by solving problems numerically. 
You will learn to solve equations, do data analysis, and model various 
systems. You do not need any background with programming, physics, 
or calculations. You will need to be familiar with algebra.
 
FOR MORE INFORMATION 
Go to our registration form using the qr code below, 
or visit: /physics.berkeley.edu/python4physics

Registration is free and open to the public.

REGISTER TODAY 

Python!physics

Summer school, 2025

https://www.exohad.org/

