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2023 lattice conference

No way I can do justice to
the field in 2hrs!
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Hadronic/nuclear physics

¢ QCD Spectroscopy
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¢ Hadron structure




The nature of hadrons

Stable states Electroweak unstable QCD unstable states

but QCD-stable states

proton

& nuclei, and that’s it!
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The nature of hadrons

Stable states Electroweak unstable
but QCD-stable states

f
proton 7o ®

neutron

& nuclei, and that’s it!

~dozens of such states

~15min

O(1073s)

O(10~10)

QCD unstable states

[the Roper]

—(9—e{

Strongly coupled system

involving few-body states...!

~99% of states fall under this category



The particle zoo ,
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https://arxiv.org/abs/2206.15233
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Tetraquarks?
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https://inspirehep.net/literature/1915457

Pentaquarks?
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https://arxiv.org/abs/1904.03947

Pentaquarks?

9 JIy No smoking gun of pentaquarks at JLab
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https://arxiv.org/pdf/2304.03845

Key questions to answer

[[] Which enhancements in cross sections are actual QCD state?
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https://inspirehep.net/literature/1821564

Key questions to answer

[[] Which enhancements in cross sections are actual QCD state?

1
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[] Given structural information, can we say anything
about the nature?

[[] Can we deduce general principles from the QCD spectrum?


https://inspirehep.net/literature/1821564

Need for lattice QCD

{

If we want to claim understanding of a given
theory, we must first understand its spectrum.

{

requires a method that treats all non-
perturbative aspects of QCD exactly. ..
including coupling to large number of states

]

QCD unstable states

[the Roper]

O(107s)

(o ~+

Strongly coupled system

imvolving few-body states...!

~99% of states fall under this category



Outline
Lattice QCD in a nutshell [today & tomorrow]

[7] Does lattice work?
[[] why does lattice QCD work?
[J what can it be used for?

[] what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]

[] hadron structure, fundamental symmetry;,
[] scattering processes,
] ....other stuff, I won’t get to @

[] finite-temperature, weak decays, BSM searches, ....,



lattice QCD works!

BMW Collaboration (2015)
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Back to the basics

0.5

9 v Tdecays (N3LO

04 | a DIS jets (NLO)

| 0 Heavy Quarkonia (NLO)
O
°o

e'e jets & shapes (res. NNLO)
Z. pole fit (N3LO)

| pp —> jets (NLO)

03+

0.1




Back to the basics

0.5

g v T decays (N°LO)

a DIS jets (NLO) No hierarchy at low-energies
0 Heavy Quarkonia (NLO)

@)

®

e'e jets & shapes (res. NNLO) f& 5
Z pole fit (N3LO) QQQ ~ C E))%"“O
pp — jets (NLO) g
/}’D’D’D'-db'bb\
non-perturbative....

04 |

03+

02} — B
| ¢ confinement - why are there no free quarks?
¢ origin of mass - where does mass really come from?
0.1} ¢ formation of matter - how are quarks/gluons arranged?
1 10 100 -

o A Desperate for a Nobel Prize?

J




Path integral in QM

¢ Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xjtp) 1s:

iHty —iHt; iH (tf—t;)

(wr ty|xs, ts) = (xgle T;) = (Tyle Ti)




Path integral in QM

¢ Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xjtp) 1s:

. . A Ly
thfe—thi i H(tr—t;) ZCZ> _ Dr ezS[x(t)]

(@f, Lplei, ti) = (zgle xi) = (wgle

{
where: S[x(H)] = [ dtL(x,%)
i

classical path: minimizes the action



Path integral in QM

¢ Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xjtp) 1s:

tf
T;) = Dz ezl
t;
"'sum” over all paths  weighted by a phase
set by the action

iHty —iHt; iH (tf—t;)

(@f, Lplei, ti) = (zgle xi) = (wgle



Path integral in QM

¢ Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xjtp) 1s:

- P A Ly |
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remember, this is how
you derive the path
integral representation
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Path integral in QM

¢ Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xjtp) 1s:

P A Ly
(g tples,ti) = <$f“‘3ZHtfe ) = (xrle Ti) = Dx 57 1)]
ti
m .
— hm dﬁlfi_|_1 dgjf_l GZS[{x},at]
at—>0
— {'CU} at, a'aj]
altlgo alxlglo da Z -G Z
Lg+41 If—1

can evaluate this numerically by
introducing a mesh in spacetime




Path integral in QFT

go to one dimension for simplicity of illustration

scalar field configurations
p()1

but there are an infinite number
of possible configurations ...




Path integral in QFT

discretize the space

/Dw(w)ZH/d%Z/dsol/dw/dgos---

an integral over all the
values the field can take
at xz

scalar field configurations
p()

v



Path integral in QFT

discretize the space

/Dw(w)ZH/d%Z/dwl/dwz/dgo:g---

an integral over all the
values the field can take
at x3

scalar field configurations
p()

v



Path integral in lattice QFT

approach generally is to use a (hyper)cubic grid

space-time grid

[Pt - Il [de. o

v

CtL non-zero lattice spacing




Fuclidean QFT

even with the grid, still not practical:

 _ /W(x) JiS[p()

a phase is not ideal for averaging

make a variable transform t — —1t then 1S = Z/dBQE‘ dt L —

euclidean path integral

a bounded real number
~ a probability ?

/d%; dt L. = —S

4



Wick rotation [details]

¢ consider a 2D scalar field theory

Ly = ((5’1590)2 — ((%90)2 — m(Z)sz) — V]p|

1
2

& Wick rotate: ¢t — —1t

eiSM[SD] — exp /I:/da:‘ dt»CM[SO] = exp z’/dx dt — ((&590)2 — (3:1390)2 — 771(2)902 — QV[SO])

— exp |1

—exp |—

€ Fuclidean correlation function:

_ [ Dp(x) e=7=lPlO(+)OT(0)

<@(t)@T(O)>E f Dy(z) e=SE ]

= Z;l /Dgp(x) e_SE[SO]O(t)OT(O)



MC Sampling

euclidean path integral

T = /Dgp(m) e~ SElp(T)]

probability for a field configuration p()

= importance sampled Monte Carlo generation of field configurations

obtain an ensemble of configurations { SOCE } 1—=1...N



Sampling of fields

generate some field:

calculate: SElpo| = asa Z Lglpo(x,1)
x,t

—SE|[vo]

probability to accept: Plypg| = e

generate new field: add to ensemble: {gpl, D2, OFy ..., gpN}




Observables

for some observable (vacuum matrix element)

/Dng:

(0[O

A\

»] |0

| €

—SE[p /ZE

can now be estimated as an average over the ensemble

(0| O

plus get an uncertainty estimate
from the variance ¢(O)

A\

¥

0) = O =

1 -
— O['

\/N(N 1) Zz 1( P - 0)2

ensemble mean and error

(0] Olg] |0

%6:

:O‘(O)



QCD isn’t a scalar field theory,
how do you handle fermions and gauge fields ?



Gauge invariance

in the continuum theory,

consider a quark field pair separated by some distance

the combination Ej(y) §;; 9% (x) is not gauge-invariant

a gauge-invariant combination is

we can perform different
local gauge transformations
at locations x and y

7 (y) Lig I dZ“A“(Z)} ' ()

Jt

a ‘Wilson line’
transports the color

qq_pair

qa pair with Wilson line
W (x)



Gauge links

on a lattice, make hops to neighboring sites
space-time grid

qq pair with Wilson line
W (x)

() (_(_(J_J

shortest path between neighboring sites = a ‘link’ > {eigamw}

71

iga AM (z) SU(3) matrix on each

UM (ZC) — € link of the lattice



Discretizing the action

can construct a gauge-invariant finite-difference — approximation to a derivative ?
(@) Y0 Up(@) Pl + fra) — (x) 7, Ul (@ — fia) ¢ (x — fia)

a—(

c.f. %(f(era) —f(gj—a)> 2% % +O(CL2)

> 2017, (0, +igAL) v+ ...

and using constructions like these we can build discretized actions

Dirac matrix

o /d%@(%DMerW P MU i

matrix in
color, spin, spacetime

N.B. large matrix, but sparse

e.g. for a most of the
243x128 lattice, elements
~ 21Mx21M are zero

(100 Pb !11)



Integrating out quarks

a gauge-field ‘configuration’ is simple — it’s an SU(3) matrix on each link
but what about a quark-field configuration? fermion fields anticommute = Grassmann variables

actually we can do the quark field integration exactly in the path integral:

/D@DD@DU e~ Seld, U] /DU e~ SelU] /pwp@e—@M[UW

= det M |U]

— /DU det M |U| e SElU]

interpret as the probability
for configuration

U, ()



Quark propagators

(0 s %ﬂ 0) = / Dy DY DU '™ @/3 o~ SE[Y,9,U]

correlation between
quark at x, color i, spin a
and

quark at y, color j, spin B _ /DU €_S§[U] /pra w;aajyﬂ e—EM[U]?P

1o, 3 o
_ /DU )] det M{U] S5

c.f. Wick’s theorem

L,y
probability
_ 1,98 compute
:Ej[M 1[U]} o -
- quark propagator
{U} on each

configuration



Correlation functions & contractions
pion correlation function
O] Y (@r59) 1, (975%)5,0]0)
= =3 > (MUY gy 25 (M U]] 0

U}
point — all propagator
M _
_— [M[ngjt’,ft Xgt = 5@’,6 515',0
sparse matrix point source
V5 Y5
_ —1
N~ Xzt = [M [U]]ft,GO
t M —1 O point-all propagator

solving a sparse linear system: A - x=b

e.g. for a
243x128 lattice,
~ 21Mx12

( few Gb )




Lattice spacing & quark masses

Parameter of QCD: m,, mg, ms, mc, mp, My, g

€

¢ Dimensional transmutation: m,/Aocp, ma4/Aocp, ms/Aocp, ..., mi/Aocp

¢ QCD does not have an inherent mass scale

"€

QCD can predict masses of hadron in units of Agcp

"€

Phenomenologically, we fix Agcp

"€

Lattice QCD: am,, amga, ams, am., amy , am;

€

Tuning: my,, ma ms me

TS

T KT )L/ i )i




| attice workflow

select a discretization

‘tune’ the parameters

generate 100s of serious parallel
gauge-field configurations supercomputing
compute quark serious computing
propagators GPUs very useful
‘contract’ into j ;
capacity computing
correlation functions ‘bookkeeping’ / memory management
®
°
®

PHYSICS ?
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[ Does lattice work?

[M why does lattice QCD work?
[J what can it be used for?

[] what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]

[] hadron structure, fundamental symmetry;,
[] scattering processes,
] ....other stuff, I won’t get to @

[] finite-temperature, weak decays, BSM searches, ....,



[attice spacing / UV cutoft
1

¢ actsasa UV cutoff A ~ —
a

¢ because the theory is perturbative in the UV region:
€ errors can [in principle] be corrected via PT

\/

¢ renomarlization dependent quantities can be matched via PT 05

April 2012

¢ renormalization-independent quantities, will suffer from N, = 2 v tdecays Loy

a DIS jets (NLO)

0 Heavy Quarkonia (NLO)

o e'¢ jets & shapes (res. NNLO)
e 7/ pole fit (N3LO)

B pp — jets (NLO)

discretization errors...which vanish in the continuum limit 04|
discretization errors X (a) = X(0) + ad X1 + ...

03 |
extrapolate ¢ — () |

0.2 +

011

PT = perturbation theory 10 Q.[G.e.V.]. 100



Time evolution in Euclidean spacetime

¢ The time-dependence of: <O(t)OT(O)> = <Q|O(t)OT<O)‘Q>

‘Q> : QCD vacuum [assumed to have zero energy]

¢ Heisenberg picture in Minkowski spacetime

OM (t) _ eitﬁO(O)e—itﬁ
¢ Wick rotation onto Euclidean spacetime: t — —t
Op(t) = 6tﬁ(’)(0)6_tﬁ

€ FEuclidean correlation functions:

(QO(HOT(0)|Q) = Qe O(0)e O (0)|0)



Time evolution in Euclidean spacetime [cont.]

§ We would like to introduce eigenstates of the Hamiltonian
suchthat...  O(t) = (Qet? O(0)e O (0)|Q)
= ) P2 (Q|O(0)[n) (n|OT(0)]2)

=) e [(Q0(0)|n) [

except, the spectrum is continuous! Im[s]|  |boundstate

Should we be integrating...? I N A A s
Re[s]

threshold




Time evolutioni/n\EucIidean spacetime [cont.]

finlte
¢ Remember, we have placed the theory in a finite-volume

Finite-volume spectrum

2
*
2
\ 2
\ 2
\ 2
‘0
\ 2

;‘IIIIIII-IIIIIIIIIII-“‘ : Im[S]

bound state

“only a discrete number of modes
can exist in a finite volume”

consequently, we can rigorously write

C(t) = ) _e B [(Q|0(0)[n)[?

n



Ground state masses

¢ In principle, each correlation function has access to infinite number of states

¢ Asimple limit

lim C(t) = lim S e 2 [(Q|O(0)|n)]|?

mn

= P |(QI0(0)[0)]? 4 O(eHFF)

& This motivates

C(t)
meff(t) — 1Og C(t 1 1)
—tEg
— log - = loge®™ = E,

o— (t+1) B



Toy data without errors

C'(t) MefF (i)
|




| attice data with errors

e ot O(t)

O 5 o .
"Onopg, l [ generally statistical noise
D D D E ° o hd hd
LR XS % % % % % %“ % i increases with increasing t

5 10 15 20 25 30 35 ensemble distn



One particle in finite volume

¢ Stable hadron size ~ O(1/m._)

SUHL>m_ I finite-volume errors are suppressed

| mp(L) = mp(oc0) + (9(«9_”'”7“L)w




th e ]-[ i n a b O X \ ................ . .
L

0.0705 ¢ Xz/NdOf _ 09

0.07 |

0.0695 -

a;rm (L)

T

0.069 | 'i]

0.0685 |-

aym(00) = 0.06906(13)

15 20 25 30 L/a,

Dudek, Edwards & Thomas (2012) g N 012 fm — mT"L ~ 38, 47, 56



'stable” hadron spectrum
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a perrect match: QCD and lattice QCD

¢ Being perturbative in the UV, assures lattice artifacts are small

¢ Having dynamical mass geration, assures there is a mass gap!

can non-pertubatively study QCD properties
of some time-independent properties of some QCD
state.



Outline
Lattice QCD in a nutshell [today & tomorrow]

[ Does lattice work?

[M why does lattice QCD work?
[M what can it be used for?

[] what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]

[] hadron structure, fundamental symmetry;,
[] scattering processes,
] ....other stuff, I won’t get to @

[] finite-temperature, weak decays, BSM searches, ....,



limitations?

¢ This is less clear...
¢ Many things that are naively impossible, have been done!

¢ In general, this requires new novel ideas that find
correspondance between

finite, discretize Infinite, continuous
Euclidean spacetime Minkowski spacetime
observables observables
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Flectroweak form factors

Electroweak probes can be studied perturbatively by evaluating matrix elements of currents,

*

~

e.g. the pion electromagnetic form-factor

() |y (0) | 7(p)) = (p + p'V F (O

access through a three-point correlation function

(O wysy(Ar) wy"w (@) wysw(0) | 0)

annihilate vector Create
pion g.n. current pion g.n.

= (0| @ysy | m(p")) e EPYA=D ( (B | grytyr | m(B)) e “EXP (m(B) | sy | 0) + ..

desired matrix element
[ 7‘ f
]\4/_1@\1

Y5 V5




Extracting matrix elements

(O |wysw(AD wyty(t) wysw(0) | 0)

= (0| @ysy | 2(p")) e EPYA=D ( (B | gyt | (D)) e EP (n(p) | Fysw| 0) + ...

I Pedededeiediediededeies 3 3
nnnnn % ] ¢ Rl
§§ nnn { .
o

O 2 4 6 8 10 12 0 2 4 6 § 10 12 14 16 0O 2 4 6 § 10 12 14 16 18 20 22 24 26 28 t/a
t



Form factors

(O wysw(Ar) wy'w (@) wysw(0) | 0)
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-2
g ;

are there beyond the standard model particles in /@\?

need to precisely determine the standard model

contribution & this includes QCD

e.g. the “vacuum polarization”

hadronic contribution:
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Lattice QCD in a nutshell [today & tomorrow]

[ Does lattice work?

[M why does lattice QCD work?
[M what can it be used for?

[M what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]

[ hadron structure, fundamental symmetry,
[] scattering processes,
] ....other stuff, I won’t get to @

[] finite-temperature, weak decays, BSM searches, ....,



2 minimum requirements

Two “musts” for few-body systems:

[ GEVP with large basic is necessary ]

M Generalized eigenvalue problem (GEVP),

but not sufficient to trust spectrum!

M large basis of ops,
Oy qub(bﬂ-ﬂ-vKF)'“? atBem r
™ “diagonalization”, - -
, 020F = = —
C2P% (¢, P) = (0|0 (t, P)O! (0, P)]0) = ZZM O __ O =——

T

T T T

0.15F
™ Finite-volume formalisms.

0.10F

=
-

C()H™ (t,t0) = An(t, to)C(to) 7™ (¢, to) F
=
3
-

I3

YT KK




Two-hadron systems

finite-volume infinite-volume bound state and
spectroscopy scattering amplitudes resonance poles



Two-hadron systems

infinite-volume bound state and
scattering amplitudes resonance poles



Two-hadron scattering

iM=

Goal: isolated ALL kinematic singularities of amplitudes in a kinematic region.

Observation: kinematic singularities are due to intermediate particles goin on-shell.

IR limit of QCD, only interested in |
hadronic d.o.f.




Two-hadron scattering

iM=

Im|[s]

= 3K

Re[s]

(2m)* (2m’)? (3m)?



Two-hadron scattering

The sum over all two-to-two connected diagrams...

ORCCn



Two- hadron scattering

The sum over all two-to-two cted diagrams..

.,

T{ XA A O e K



Two-hadron scattering

The sum over all two-to-two connected diagrams...

RN

/ M(P, k)
27T4k2 m2—|—26 P —k)? —m? + e




Two-hadron scattering

The sum over all two-to-two connected diagrams...

o XK

>C></

M(P, k)

27T4k2 m2—|—26 P —k)? —m? + e

d3k B(k,P) M

M(P, k)

mo(E — 2w) + “PV integral”

Zwk)




Two-hadron scattering

The sum over all two-to-two connected diagrams...

o XK

>C></

M(P, k)
27T4k2 m2—|—26( — k)% —m? + 1€
dSk B(k,P) M
ME, )775(E — 2w ) + “PV integral”
(Zwk)

— [ZBoff,on] [ZMon,off]

+ “PV integral”

p

P =

STE

N\/S_Sth




Two- hadron scattering

The sum over all two-to-two cted diagrams..

o
- >0<+ +
x

1 OO

K



Two-hadron scattering

The sum over all two-to-two connected diagrams...




Unitarity check

Diagrammatic result: M =

=1 —1p
...satisfies the optical theorem: Im M = M™ p M

From unitarity.... § = €20 =1+ 21 p M

Lweget: 1 — 0 cot )

now we just need to constrain the phase-shift
ot, equivalently, the K matrix...from lattice QCD



Going to higher energies

Im|s]

Cmy*  @m)

there be dragons!

XX

(2m')*

done!

(3m)2

workmg on it!

iS4

Re[s]




Two-hadron systems

finite-volume infinite-volume
spectroscopy scattering amplitudes



One particle in finite volume

¢ Stable hadron size ~ O(1/m._)

SUHL>m_ I finite-volume errors are suppressed

| mp(L) = mp(oc0) + (9(«9_”'”7“L)w




Two particle in finite volume

-

Goal: find the condition that the finite-volume spectrum must satisfy.

Observation #1: the finite-volume states are real-valued poles of correlation functions

Observation #2: power-law finite-volume effects are due to intermediate particles goin on-shell.

Im|[s]

XK

9:0.0:0-0-0'0.0-0 0002 "N
(2m')’ (3m)




Two particle in ﬁnite volume

Similar story as befor cept momen te k = 27ii/L

My = X ):(+>Q>(

T{ XA A O e K




Two particle in ﬁnite v0|ume

Similar story as befor cept momen te k = 27ii/L

My = X >D<+><E>(

OO
><:>(+




Two particle in finite volume

Similar story as before...except momenta are discrete k = 2zn/L

Foo.00 Foo:11 Foo:1o
Fi1.00 Fi1:11 Fiiiio
F10.00 Fio11 Fio:10
F =
non-diagonal matrix over partial waves...

because angular momentum is not a good
quantum number



Two particle in ﬁnite volume

Similar story as befor cept momen te k = 27ii/L

My = X ):(+>Q>(
Cxx
o

v




Two particle in ﬁnite volume

Similar story as befor cept momenta a crete k = 2zii/L

My = X ):(+>Q>(
Cxx
o

v

. 1 o B
— M det[F~' + M] =0




Some comments
det[F~*(P,L) + M(P*)] =0

M exact up to O(e gLy

[ Mapping, not an extrapolationg,
ENOt one-to-one [no asymptotic states & angular momentum is not a good quantum number]|,
[ For moderate energies, low partial waves saturate the amplitude,

[ We know F arbitrary boost, so we can further constraint the amplitude by considered

=8
/‘ imaginary

60 mlL

boosted systems.

—601 1




Going to higher energies

Im|s]

KX

AO——OO—O—— OO O-OOOO~-OO~O-O— Rels]

(2m)° (2m')* (3m)°

working on it!

there also be dragons! done!



Outline

M Formalism

det[FF~' + M] =0 \ M=Kt —ip

] Lattice QCD calculations
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17 Scatterin

(I=2 channel, m_~ 390 MeV
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rirT scatterin

(I=2 channel, m_~ 390 MeV)g

idet [F~H(P,L) + M(P)] = oj
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rIrT scattering

(I=1 channel)

180

150 |

500 600

700 800 900 1000 £, /MeV

( )
resonance pole

/<f el

SQ — mR — ZPR/Q)

—T,=2-Im(E,)/MeV

— 50t
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—150¢

800 900
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Jo m, =236 MeV

m, =140 MeV, Lattice QCD + UxPT

m, =140 MeV, Roy Equation

m, =700 MeV




The vacuum channel

f0(1500)

~ f0(980)

( KK molecule? ]

f0(500) /o

( is it real? ]




The vacuum channel




The vacuum channel

e



The vacuum channel




The vacuum channel in a finite volume

(I=0 channel, m_ ~ 390 MeV)
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The vacuum channel in a finite volume .z

(I=0 channel, m_ ~ 390 MeV)

2mz ~ 782 MeV
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/01hea vacuum channel in a finite volume

(I=0 channel, m_ ~ 390 MeV)
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Coupled 7z, KK and the fy's

[ Above KK-threshold, spectrum satisfies:

[ No one-to-one correspondence,

[ Parameterize amplitude and perform global fit.
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Many other calculations
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The few-body frontier

[4 two-nucleon systems,

[ three-particle systems,

[ few-body systems with electroweak probes.
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The three-body frontier

(37 channel, m_ ~ 390 MeV
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Outline
Lattice QCD in a nutshell [today & tomorrow]

[ Does lattice work?
[ why does lattice QCD work?
[ what can it be used for?

[ what are its limitations?

What is the cutting edge of lattice QCD? [tomorrow]

[ hadron structure, fundamental symmetry,
[/ scattering processes,
] ....other stuff, I won’t get to @

[] finite-temperature, weak decays, BSM searches, ....,
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