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3D imaging of the proton
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NNPDF, EPJ C77 (2017)

W. Armstrong et al., arXiv: 1708.00888.
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Figure 5.11: Tomographic scan of the nucleon via the momentum space quark density function
⌧1;@ ⌘

"(G , Æ:) , Æ() , ⇠) defined in Eq. (5.27) at G = 0.1 and ⇠ = 2 GeV. Panels are for D and 3 quarks.
The variation of color in the plot is due to variation of replicas and illustrates the uncertainty of the
extraction. The nucleon polarization vector is along Ĥ-direction. The figures are from Ref. [371].

Figure 5.12: The density distribution ⌧0

?
" of an unpolarized quark with flavor 0 in a proton polarized

along the +H direction and moving towards the reader, as a function of (:G , :H) at &2 = 4 GeV2. The
figures are from Ref. [358].

Figure 5.13: The density distribution of an unpolarized up and down quarks using Sivers functions
from Ref. [18].

Cammarota, et al. (JAM), PRD 102 (2020).

Indeed, measurements at the EIC and
lattice calculations will have a high degree
of complementarity. For some quantities,
notably the x moments of unpolarized and
polarized quark distributions, a precise de-
termination will be possible both in experi-
ment and on the lattice. Using this to vali-
date the methods used in lattice calculations,
one will gain confidence in computing quan-
tities whose experimental determination is
very hard, such as generalized form factors.
Furthermore, one can gain insight into the
underlying dynamics by computing the same
quantities with values of the quark masses
that are not realized in nature, so as to reveal
the importance of these masses for specific
properties of the nucleon. On the other hand,
there are many aspects of hadron structure
beyond the reach of lattice computations, in
particular, the distribution and polarization
of quarks and gluons at small x, for which
collider measurements are our only source of
information.
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Figure 2.1: Schematic view of a parton with
longitudinal momentum fraction x and trans-
verse position bT in the proton.

Both impact parameter distributions
f(x, bT ) and transverse-momentum distri-
butions f(x,kT ) describe proton structure
in three dimensions, or more accurately in
2+ 1 dimensions (two transverse dimensions
in either configuration or momentum space,
along with one longitudinal dimension in mo-

mentum space). Note that in a fast-moving
proton, the transverse variables play very dif-
ferent roles than the longitudinal momen-
tum.

It is important to realize that f(x, bT )
and f(x,kT ) are not related to each other by
a Fourier transform (nevertheless it is com-
mon to denote both functions by the same
symbol f). Instead, f(x, bT ) and f(x,kT )
give complementary information about par-
tons, and both types of quantities can be
thought of as descendants of Wigner distri-
butions W (x, bT ,kT ) [8], which are used ex-
tensively in other branches of physics [9].
Although there is no known way to mea-
sure Wigner distributions for quarks and
gluons, they provide a unifying theoretical
framework for the di↵erent aspects of hadron
structure we have discussed. Figure 2.2
shows the connection between these di↵erent
aspects and the experimental possibilities to
explore them.

All parton distributions depend on a
scale which specifies the resolution at which
partons are resolved, and which in a given
scattering process is provided by a large mo-
mentum transfer. For many processes in
e+p collisions, the relevant hard scale is Q

2

(see the Sidebar on page 19). The evolution
equations that describe the scale dependence
of parton distributions provide an essential
tool, both for the validation of the theory
and for the extraction of parton distributions
from cross section data. They also allow one
to convert the distributions seen at high res-
olution to lower resolution scales, where con-
tact can be made with non-perturbative de-
scriptions of the proton.

An essential property of any particle is its
spin, and parton distributions can depend on
the polarization of both the parton and the
parent proton. The spin structure is particu-
larly rich for TMDs and GPDs because they
single out a direction in the transverse plane,
thus opening the way for studying correla-
tions between spin and kT or bT . Informa-
tion about transverse degrees of freedom is
essential to access orbital angular momen-
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W(x, ⃗kT, b⃗T)
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Figure 3.1: The NNPDF3.1 NNLO PDFs, evaluated at µ2 = 10 GeV2 (left) and µ
2 = 104 GeV2 (right).

3.3 Parton distributions

We now inspect the baseline NNPDF3.1 parton distributions, and compare them to NNPDF3.0
and to MMHT14 [7], CT14 [6] and ABMP16 [8]. The NNLO NNPDF3.1 PDFs are displayed
in Fig. 3.1. It can be seen that although charm is now independently parametrized, it is still
known more precisely than the strange PDF. The most precisely determined PDF over most of
the experimentally accessible range of x is now the gluon, as will be discussed in more detail
below.

In Fig. 3.2 we show the distance between the NNPDF3.1 and NNPDF3.0 PDFs. According
to the definition of the distance given in Ref. [98], d ' 1 corresponds to statistically equivalent
sets. Comparing two sets with Nrep = 100 replicas, a distance of d ' 10 corresponds to a
di↵erence of one-sigma in units of the corresponding variance, both for central values and for
PDF uncertainties. For clarity only the distance between the total strangeness distributions
s
+ = s + s̄ is shown, rather than the strange and antistrange separately. We find important
di↵erences both at the level of central values and of PDF errors for all flavors and in the entire
range of x. The largest distance is found for charm, which is independently parametrized in
NNPDF3.1, while it was not in NNPDF3.0. Aside from this, the most significant distances are
seen in light quark distributions at large x and strangeness at medium x.

In Fig. 3.3 we compare the full set of NNPDF3.1 NNLO PDFs with NNPDF3.0. The
NNPDF3.1 gluon is slightly larger than its NNPDF3.0 counterpart in the x

⇠
< 0.03 region, while

it becomes smaller at larger x, with significantly reduced PDF errors. The NNPDF3.1 light
quarks and strangeness are larger than 3.0 at intermediate x, with the largest deviation seen
for the strange and antidown PDFs, while at both small and large x there is good agreement
between the two PDF determinations. The best-fit charm PDF of NNPDF3.1 is significantly
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Simulating partons on the Euclidean lattice?
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v=0	

v=c	

z + ct = 0
z − ct ≠ 0

PDFs can be defined from light-cone correlations

t → iτ

Time-dependence makes it impossible to calculate the PDFs directly on the 
Euclidean lattice. 🙁

O(iτ) ?→ O(t)f(x) = ∫
dξ−

2π
e−ixλ⟨P | ψ̄(ξ−)γ+W(ξ−,0)ψ(0) |P⟩

ξ− = (t − z)/ 2 : Wilson line that ensures SU(3) gauge invarianceW(ξ−,0)
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Large-Momentum Effective Theory (LaMET)
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Revisit Feynman’s parton picture in the infinite momentum frame

v=c	

v=0	 Simulating  ?  ✘⟨P = ∞ |O(t = 0) |P = ∞⟩

P ≪
2π
a

!

Nevertheless, it is possible to simulate a proton at large P:

z

t
pn

z/2�z/2

� �zp
2

�zp
2

z + ct = 0, z − ct ≠ 0 t = 0, z ≠ 0X. Ji, PRL 110 (2013)
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Large-Momentum Effective Theory (LaMET)
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Systematic calculation of x-dependence:

• Hybrid renormalization, subtraction 
of linear divergence & renormalon; 

• Next-to-next-to-leading order 
(NNLO) accuracy 

• Resummation of small-x (DGLAP) 
logarithms  

• Resummation of large-x (threshold) 
logarithms  

αs ln μ/(2xPz)

αs ln(1 − x/y)/(1 − x/y)

• Chen, Zhu and Wang, PRL 126 (2021); 
• Li, Ma and Qiu, PRL 126 (2021).

• X. Gao, K. Lee, and YZ et al., PRD 103 (2021); 
• Y. Su, J. Holligan et al., NPB 991 (2023).

• X. Ji, YZ, et al., NPB 964 (2021).  
• Holligan, Ji, Lin, Su and Zhang, NPB 993 (2023); 
• Zhang, Ji, Holligan and Su, PLB 844 (2023).

• X. Gao, K. Lee, and YZ et al., PRD 103 (2021); 
• X. Ji, Y. Liu and Y. Su, arXiv:2305.04416; 
• Y. Su and X. Ji, in preparation.

f(x, μ) = ∫
∞

−∞

dy
|y |

C−1 ( x
y

,
μ

2xPz
,

μ̃
μ ) f̃(y, Pz, μ̃) + 𝒪 (

ΛQCD

xPz ) + 𝒪 (
Λ2

QCD

(xPz)2
,

Λ2
QCD

((1 − x)Pz)2 )
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Large-Momentum Effective Theory (LaMET)
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f(x, μ) = ∫
∞

−∞

dy
|y |

C−1 ( x
y

,
μ

2xPz
,

μ̃
μ ) f̃(y, Pz, μ̃) + 𝒪 (

ΛQCD

xPz ) + 𝒪 (
Λ2

QCD

(xPz)2
,

Λ2
QCD

((1 − x)Pz)2 )

See Qi Shi and Rui Zhang’s talks on improved lattice calculations of 
the pion valence GPD and distribution amplitude.
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• Beam function:

Transverse Momentum Distributions (TMDs)
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• Soft function :
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)

b⊥

t
z

tz

P

nbnb

Hadronic matrix element Vacuum matrix element

fi(x, bT, μ, ζ) = lim
ϵ→0

ZUV lim
τ→0

Bi

Sq

Collins-Soper scale: ζ = 2(xP+e−yn)2 Rapidity divergence regulator

n(2yn)

n2
b = 0

Rapidity : yB =
1
2

ln
n+

b

n−
b

= − ∞
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)

b⊥

t
z

tz

P

Rapidity divergences

nbnb

Hadronic matrix element Vacuum matrix element

fi(x, bT, μ, ζ) = lim
ϵ→0

ZUV lim
τ→0

Bi

Sq

Collins-Soper scale: ζ = 2(xP+e−yn)2 Rapidity divergence regulator

n(2yn)

n2
b = 0

Rapidity : yB =
1
2

ln
n+

b

n−
b
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• Beam function (in Collins scheme):

TMDs from LaMET
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)

b⊥

t
z

q

q

bz

L

nb
Lorentz boost and L → ∞

Equal-time Wilson lines, directly 
calculable on the lattice🙂

nμ
b (yB) = (n+

b , n−
b , 0⃗⊥) = (−e2yB,1,0⃗⊥)

Spacelike but close-to-lightcone 
( ) Wilson lines, not 

calculable on the lattice ☹
yB → − ∞

Lightcone direction

Ebert, Schindler, Stewart and YZ, JHEP 04 (2022). 
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Soft factor
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= ⟨π(−P) | j1(bT)j2(0) |π(P)⟩

Pz≫mN= Sr(bT, μ)∫ dxdx′ H(x, x′ , μ)

F(bT, Pz)

× Φ†(x, bT, Pz, μ)Φ(x′ , bT, Pz, μ)

• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• Ji and Liu, PRD 105 (2022); 
• Deng, Wang and Zeng, JHEP 09 (2022).

Light-meson form factor:

H

CC

H

P ′P

S

t

j1

j2

b⊥

t
z

tz
nb(2yB) n(2yn) yn−yB→∞

⟶ Sr(bT, μ) e−2(yn−yB)γζ(bT,μ)

: quasi-TMD wave functionΦ(x, bT, Pz, μ)

Reduced soft 
factor

Collins-Soper 
kernel
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Factorization formula for the quasi-TMDs
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× f [s]
i/p (x, bT, μ, ζ){1 + 𝒪[ 1

(xP̃zbT)2
,

Λ2
QCD

(xP̃z)2 ]}

f̃ naive[s]
i/p (x, bT, μ, P̃z)

Sr(bT, μ)
= C(μ, xP̃z) exp[ 1

2
γζ(μ, bT)ln

(2xP̃z)2

ζ ]

γζ(μ, bT) =
d

d ln P̃z
ln

f̃ naive[s]
i/p (x, bT, μ, P̃z)

C(μ, xP̃z)
• Ji, Sun, Xiong and Yuan, PRD91 (2015); 
• Ji, Jin, Yuan, Zhang and YZ, PRD99 (2019); 
• Ebert, Stewart, YZ, PRD99 (2019), JHEP09 (2019) 037; 
• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• Ebert, Schindler, Stewart and YZ, JHEP 09 (2020); 
• Vladimirov and Schäfer, PRD 101 (2020); 
• Ji, Liu, Schäfer and Yuan, PRD 103 (2021); 
• Ebert, Schindler, Stewart and YZ, JHEP 04, 178 (2022). 
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State-of-the-art determination of the Collins-Soper kernel

12

4

dependent terms2. In practice, estimators for di�erent
{P z

1 , P z
2 } are largely consistent, and as such the data

is insu�cient to constrain momentum-dependent power
corrections.

Instead, the CS kernel on each ensemble is de-
termined as a bootstrap-level weighted average of
Re

#
“̂MS

� (bT , µ, x, P z
1 , P z

2 , a)
$

over � œ {“4“5, “3“5}, all
available combinations of {P z

1 , P z
2 }, and x œ [0.3, 0.7],

with weights proportional to the inverse variance, just
as done in Ref. [35]. These Pz-, �-, and x-averaged CS
kernel constraints, denoted “MS

q (bT , µ, a), should agree
with the CS kernel up to discretization e�ects. The results
(including a fit to a parameterization of the CS kernel
and the leading a/bT discretization e�ects, as discussed
in the next section), are shown in Fig. 2.

Additionally, an analogous analysis of
Im

#
“̂MS

� (bT , µ, x, P z
1 , P z

2 , a)
$

can be performed. As
the CS kernel is purely real, significant deviation of
the resulting numerical results from zero would provide
an indication of systematic uncertainties beyond those
that are quantified in this calculation. This analysis is
presented in the Supplementary Material. Including the
uNNLL matching of Ref. [35] and recent devlopments [82]
accounting for a linear infrared renormalon in the
imaginary part of the matching coe�cient for the
quasi-TMD WF, there is no evidence in the numerical
data for significant additional unconstrained systematic
uncertainties.

Parameterization: The Lattice QCD constraints on
the CS kernel are fit to the parameterization of Ref. [40],
with the addition of terms accounting for lattice discretiza-
tion e�ects proportional to a/bT , a2/b2

T :

“param.
q (bT , µ, a; BNP, c0, c1; k1, k2) = ≠2Dres(bú, µ)

≠ 2DNP(bT ; BNP, c0, c1) + k1
a

bT
+ k2

a2

b2
T

,
(6)

where3
Dres is the resummed leading power expression for

the CS kernel computed in the operator product expan-
sion, evolved to scale µ, and the parameterization of the
remaining nonperturbative piece is

DNP(bT ; BNP) = bT bú
5
c0 + c1 ln

3
bú

BNP

46
, (7)

2 Specifically such corrections would be proportional to terms
such as a/bT , a2/b2

T , 1
ln(P z

1 /P z
2 )

Ë
1

b2
T

(P z
1 )2 ≠ 1

b2
T

(P z
2 )2

È
,

�2

ln(P z
1 /P z

2 )

Ë
1

(P z
1 )2 ≠ 1

(P z
2 )2

È
, 1

ln(P z
1 /P z

2 )
#
a(P z

1 ≠ P z
2 )

$
,

1
ln(P z

1 /P z
2 )

#
a2(P z

1 )2 ≠ a2(P z
2 )

$
, . . .

3 Dres is given explicitly in the Supplementary Material.
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FIG. 2. [Upper] Averaged CS kernel estimators computed on
each ensemble, including a fit to a parameterization of the CS
kernel plus O(a/bT ) discretization e�ects, as described in the
text. The colored dashed curves correspond to “param

q (bT , µ, a),
with the best-fit values of (BNP, c0, c1, k1, k2) as described in
the text, at each corresponding value of a, while the solid black
curve shows the result at a = 0. [Lower] Lattice QCD con-
straints on the CS kernel, with O(a/bT ) artefacts subtracted
as defined in the text, and the best-fit parameterization of the
CS kernel fit to the lattice results shown as a solid black curve
with the 1‡ uncertainty band shown as a shaded red region.

and

bú(bT ; BNP) = bTÚ
1 + b2

T

B2
NP

. (8)

The expression of Eq. (6) is thus a three-parameter
(BNP, c0, c1) parameterization of the CS kernel, with an
additional two parameters (k1, k2) modeling lattice dis-
cretization e�ects.

The lattice QCD constraints on the CS kernel, for
each of the three values of a used in the numerical
calculations, are fit simultaneously to Eq. (6) to yield
(BNP, c0, c1, k1, k2). To diagnose overfitting, additional
fits are performed in which subsets of the model parame-
ters are held fixed at reference values, namely c1 = k1 =
k2 = 0 and BNP = 2 GeV, while others are optimized.
The Akaike Information Criterion (AIC) [83] is used to
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FIG. 3. Comparison of lattice QCD parameterization of
the CS kernel compared with phenomenological parameteriza-
tions [36–41] of experimental data (BLNY, SV19, Pavia19,
MAP22, ART23, IFY23), and perturbative results from
Refs. [84–86] (N3LL).

quantify the relative goodness-of-fit for models including
di�erent parameter subsets. The minimum AIC model is
found to be (c0, k1) with c1 = k2 = 0 and BNP = 2 GeV.
The corresponding fit results are

c0 = 0.032(12), k1 = 0.22(8), (9)

with a ‰2/dof = 0.39. These fit results, and the re-
sulting parameterization of the CS kernel, are shown
in Fig. 2. Overall fit quality is illustrated through the
comparison of “param

q (bT , µ, a = 0) with best-fit val-
ues for (BNP, c0, c1, k1, k2) with the lattice QCD results
where discretization e�ects have been subtracted, i.e.,
“MS

q (bT , µ) © “MS
q (bT , µ, a) ≠ k1(a/bT ) using the best-fit

results for k1.
These continuum-limit results are compared with phe-

nomenological parameterizations of experimental data
in Fig. 3. In particular, the parameterization used
in Ref. [37] corresponds to the AIC-preferred param-
eterization used here and leads to a consistent result
cSV19

0 = 0.043(11) with BSV19
NP = 1.9(2) GeV. The global

fits performed in Ref. [40] also give a consistent result,
cART23

0 = 0.037(6), though in that work c1 is also included
as a fit parameter.

Fits to other parameter subsets (c0, k2) and (c0, k1, k2)
give consistent results for c0 at 1‡ with uncertainties that
di�er by <

≥ 10%. The magnitudes of k1 and k2 range
from 0.1 - 0.3 in all cases, which suggests that the size of
discretization e�ects is consistent with naive dimensional
analysis. Fits including BNP or c1 as free parameters give
consistent results for c0 with larger uncertainties.

Other parameterizations for the nonperturbative func-
tion DNP(b) have been used in fits to experimental
data [36, 87], for example the BLNY parameterization
D

BLNY
NP (b) = g2b2 with free parameters g2 and BNP (which

enters Dres). Fits to this parameterization with BNP = 1.5
GeV lead to the result g2 = 0.085(26) with compara-

ble goodness-of-fit, ‰2/dof = 0.58, to the fits using the
parametrization of Eq. (7) described above. This is con-
sistent with the phenomenological fit results of Ref. [41],
which use the same value of BNP and find g2 = 0.053(24).
These lattice QCD constraints on the CS kernel are there-
fore not su�cient to establish a clear preference between
functional forms for DNP; however they do provide a signif-
icant preference for the recent fit results from Refs. [37, 39–
41] in comparison with Ref. [38] and especially with older
BLNY fit results [36] at large bT .

Summary: This work presents the first lattice QCD
calculation of the CS kernel with systematic control of
quark mass, operator renormalization, and discretization
e�ects. The results are used to constrain a ‘pure-theory’
parameterization of the CS kernel through a direct fit to
lattice QCD results for the first time. These lattice QCD
results for the CS kernel are consistent with the most
recent phenomenological results. This opens the door for
future first-principles QCD predictions of the CS kernel
beyond the region constrained by current experiments, as
well as joint fits to experimental data and lattice QCD
results. As more precise lattice QCD results are achieved
at larger values of bT in future calculations, this promises
to be increasingly valuable.
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• Physical quark masses 
• Continuum limit with a = 0.15, 0.12, 0.09 fm 
• Controlled renormalization and Fourier transform 
• Next-to-next-to-leading logarithmic (NNLL) order

γζ(μ, bT) =
d

d ln P̃z
ln

f̃ naive[s]
i/p (x, bT, μ, P̃z)

C(μ, xP̃z)

Nice agreement with 
phenomenology ☺
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dependent terms2. In practice, estimators for di�erent
{P z

1 , P z
2 } are largely consistent, and as such the data

is insu�cient to constrain momentum-dependent power
corrections.

Instead, the CS kernel on each ensemble is de-
termined as a bootstrap-level weighted average of
Re

#
“̂MS

� (bT , µ, x, P z
1 , P z

2 , a)
$

over � œ {“4“5, “3“5}, all
available combinations of {P z

1 , P z
2 }, and x œ [0.3, 0.7],

with weights proportional to the inverse variance, just
as done in Ref. [35]. These Pz-, �-, and x-averaged CS
kernel constraints, denoted “MS

q (bT , µ, a), should agree
with the CS kernel up to discretization e�ects. The results
(including a fit to a parameterization of the CS kernel
and the leading a/bT discretization e�ects, as discussed
in the next section), are shown in Fig. 2.

Additionally, an analogous analysis of
Im

#
“̂MS

� (bT , µ, x, P z
1 , P z

2 , a)
$

can be performed. As
the CS kernel is purely real, significant deviation of
the resulting numerical results from zero would provide
an indication of systematic uncertainties beyond those
that are quantified in this calculation. This analysis is
presented in the Supplementary Material. Including the
uNNLL matching of Ref. [35] and recent devlopments [82]
accounting for a linear infrared renormalon in the
imaginary part of the matching coe�cient for the
quasi-TMD WF, there is no evidence in the numerical
data for significant additional unconstrained systematic
uncertainties.

Parameterization: The Lattice QCD constraints on
the CS kernel are fit to the parameterization of Ref. [40],
with the addition of terms accounting for lattice discretiza-
tion e�ects proportional to a/bT , a2/b2

T :

“param.
q (bT , µ, a; BNP, c0, c1; k1, k2) = ≠2Dres(bú, µ)

≠ 2DNP(bT ; BNP, c0, c1) + k1
a

bT
+ k2

a2

b2
T

,
(6)

where3
Dres is the resummed leading power expression for

the CS kernel computed in the operator product expan-
sion, evolved to scale µ, and the parameterization of the
remaining nonperturbative piece is

DNP(bT ; BNP) = bT bú
5
c0 + c1 ln

3
bú

BNP

46
, (7)

2 Specifically such corrections would be proportional to terms
such as a/bT , a2/b2
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3 Dres is given explicitly in the Supplementary Material.
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FIG. 2. [Upper] Averaged CS kernel estimators computed on
each ensemble, including a fit to a parameterization of the CS
kernel plus O(a/bT ) discretization e�ects, as described in the
text. The colored dashed curves correspond to “param

q (bT , µ, a),
with the best-fit values of (BNP, c0, c1, k1, k2) as described in
the text, at each corresponding value of a, while the solid black
curve shows the result at a = 0. [Lower] Lattice QCD con-
straints on the CS kernel, with O(a/bT ) artefacts subtracted
as defined in the text, and the best-fit parameterization of the
CS kernel fit to the lattice results shown as a solid black curve
with the 1‡ uncertainty band shown as a shaded red region.

and

bú(bT ; BNP) = bTÚ
1 + b2

T

B2
NP

. (8)

The expression of Eq. (6) is thus a three-parameter
(BNP, c0, c1) parameterization of the CS kernel, with an
additional two parameters (k1, k2) modeling lattice dis-
cretization e�ects.

The lattice QCD constraints on the CS kernel, for
each of the three values of a used in the numerical
calculations, are fit simultaneously to Eq. (6) to yield
(BNP, c0, c1, k1, k2). To diagnose overfitting, additional
fits are performed in which subsets of the model parame-
ters are held fixed at reference values, namely c1 = k1 =
k2 = 0 and BNP = 2 GeV, while others are optimized.
The Akaike Information Criterion (AIC) [83] is used to

2

II. QUASI TMDPDFS AND THE
COLLINS-SOPER KERNEL

The quark Collins-Soper kernel �q
⇣ (µ, bT ) can be com-

puted in lattice QCD from a ratio of nonsinglet quasi
TMDPDFs f̃TMD

ns
at di↵erent hadron momenta (taken in

the z-direction) P z
i � ⇤QCD [26, 27, 32]:

�q
⇣ (µ, bT ) =

1

ln(P z
1
/P z

2
)

⇥ ln
CTMD

ns
(µ, xP z

2
) f̃TMD

ns
(x,~bT , µ, P z

1
)

CTMD
ns

(µ, xP z
1
) f̃TMD

ns
(x,~bT , µ, P z

2
)

+ O

⇣ 1

(xP zbT )2
,

⇤2

QCD

(xP z)2

⌘
. (1)

The perturbative matching coe�cient CTMD
ns

relates
the quasi TMDPDFs, which are defined in terms of
Euclidean-space matrix elements as detailed below, to
the corresponding light-cone TMDPDFs through a fac-
torization theorem based on an expansion in powers of
the nucleon momentum [26, 27, 31, 32]. Additional non-
perturbative factors related to the soft sector [27, 30] can-
cel in the ratio; recently exploratory lattice QCD studies
of these factors have been performed [20, 22] following
the approach proposed in Refs. [31, 32]. The flavor non-
singlet unpolarized quark quasi TMDPDF is defined as
f̃TMD
ns

= f̃TMD
u � f̃TMD

d , where

f̃TMD

i

�
x,~bT , µ, P z

�
⌘ lim

a!0
⌘!1

Z
dbz

2⇡
e�ibz(xP z

)
Z

MS

�4�
(µ, bz, a)

⇥
P z

E~P

B̃�

i

�
bz,~bT , a, ⌘, P z

�
�̃S (bT , a, ⌘) . (2)

Here a denotes the lattice spacing, and E~P =
q

~P 2 + m2

h

where ~P = P z~ez is the hadron three-momentum and mh

is the hadron mass. The factor ZMS

�4�
(µ, bz, a), where � is

a Dirac matrix label, renormalizes the quasi TMDPDF
and matches it to the MS scheme at scale µ [18, 28, 34],
and the quasi soft factor �̃S [26, 27, 29, 30] and quasi
beam function B̃�

i are both calculable in lattice QCD.
Summation over � is implied, accounting for operator
mixing between quasi TMDPDFs with di↵erent Dirac
structures resulting from the breaking of rotational and
chiral symmetries in lattice QCD calculations [18, 34–
36]. Mixing with gluon operators is neglected in Eq. (2),
but cancels in the nonsinglet combination of quasi TMD-
PDFs. It should be noted that the choice of the Dirac
structure �4 in Eq. (2) is not unique; the quasi TMDPDF
with Dirac structure �3 can also be boosted onto �+ and
thus be matched to the spin-independent TMDPDF in
the infinite-momentum limit (in that case, the factor of
P z/E~P in Eq. (2) is replaced by 1). While the notation
is specialized to �4 for clarity throughout this exposition,
numerical results are presented for both choices of Dirac
structure in Sec. III.
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<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

q(zµ + bµ)
<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

q(zµ + bµ)
<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

qi(z
µ + bµ)

<latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
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FIG. 1. Diagrammatic representation of the Wilson line in-
cluded in the operators Oi

�(b
µ, zµ, ⌘), see Eq. (4).

The quasi beam function B̃�

i is defined as the matrix el-
ement of a nonlocal quark bilinear operator with a staple-
shaped Wilson line in a boosted hadron state:

B̃�

i (bz,~bT , a, ⌘, P z) =
D
h(P z)

��Oi
�
(bµ, 0, ⌘)

��h(P z)
E

, (3)

where h(P z) denotes the state of hadron h with
four-momentum Pµ = (0, 0, P z, E~P ). The operator
O

i
�
(bµ, 0, ⌘), depicted in Fig. 1, is defined as

O
i
�
(bµ, zµ, ⌘) ⌘ q̄i(z

µ + bµ)
�

2
Wẑ(z

µ + bµ; ⌘ � bz)

⇥ W †

T (zµ + ⌘ẑ; bT )W †

ẑ (zµ; ⌘)qi(z
µ)

⌘ q̄i(z
µ + bµ)

�

2
fW (⌘; bµ; zµ)qi(z

µ), (4)

where bµ = (~bT , bz, 0), and W↵̂(xµ; ⌘) denotes a Wilson
line beginning at xµ with length ⌘ in the direction of ↵̂.
The subscript T denotes that the associated Wilson line
is in a direction transverse to ẑµ = (0, 0, 1, 0).

In practice, it is useful to define a dimensionless ‘bare’
nonsinglet quasi beam function:

Bbare

�
(bz,~bT , a, ⌘, P z) ⌘

1

2E~P

⇣
B̃�

u (bz,~bT , a, ⌘, P z)

�B̃�

d (bz,~bT , a, ⌘, P z)
⌘

, (5)

as well as a modified MS-renormalized quasi beam func-
tion BMS

�
[19]:

BMS

�4 (µ, bz,~bT , a, ⌘, P z) ⌘ ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

�
(bz,~bT , a, ⌘, P z). (6)

Compared with the standard MS-renormalized quasi
beam function, this definition includes the additional fac-
tor R̃, described further below. The renormalization fac-
tor ZMS

O�4�
is defined as the product of a regularization-

independent momentum subtraction scheme (RI0/MOM)

factor ZRI
0/MOM

O�4�
and a perturbative matching factor to

the MS scheme, R
MS

O�4�
, which has been calculated at

next-to-leading order in continuum perturbation theory

Staple-shaped Wilson line

• A large staple (gauge link) induces large statistical noises, which becomes worse 
at larger . Smearing or gradient flow is required to reach reasonable precision; 

• Complex operator mixings induced by the staple geometry; 

• Additional power correction of order , or equivalently , from the 
staple self energy, which has not been handled by renormalization so far.

bT

bz /bT 1/(xPzbT)

η ≫ {bz, bT}, xPz ≫ 1/bT
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Gauge-invariant 
bilinear

Current-current 
correlator

Free bilinear in a 
physical gauge

Light-cone 
bilinear

ψ̄(z)ΓW[z,0]ψ(0)

Jμ(z)Jν(0)

ψ̄(z)Γψ(0)
G(A)=0

G(A) = A0, Az, ∇ ⋅ A

ψ̄(ξ−)γ+W[ξ−,0]ψ(0)

ψ̄(ξ−)γ+ψ(0)
A+=0

Or

• Y. Hatta, X. Ji, and YZ, PRD 89 (2014); 
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

• K. Liu and S. Dong, PRL 72 (1994); 
• Detmold and Lin, PRD 73 (2006); 
• Braun and Müller, EPJC 55 (2008); 
• A Chambers et al. (QCDSF), PRL 118 (2017) 
• Ma and Qiu, PRL 120 (2018).

X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

For axial gauges, the linear divergences 
still appear in the quark self-energy 🙁
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h̃(b⃗, ⃗P , μ) =
1

2Pt
⟨P | ψ̄(b⃗)γtψ(0)

∇⋅A=0
|P⟩

f̃(x, bT, Pz, μ) = Pz ∫
∞

−∞

dbz

2π
eixPzbz h̃(bz, bT, Pz, μ)

Pz

bz

Pz

bz

bT

Quasi-PDF Quasi-TMD

YZ, arXiv: 2311.01391.X. Gao, W.-Y. Liu and YZ, 
Phys.Rev.D 109 (2024)
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h̃(b⃗, ⃗P , μ) =
1

2Pt
⟨P | ψ̄(b⃗)γtψ(0)

∇⋅A=0
|P⟩

f̃(x, bT, Pz, μ) = Pz ∫
∞

−∞

dbz

2π
eixPzbz h̃(bz, bT, Pz, μ)

P+

b−

P+

b−

bT

PDF TMD

✗ ✔

Parton distributions probe the correlation of energetic quarks and gluons 
dressed in the gauge background, which can be formulated by fixing a 

physical gauge condition.
G(A) = 0, G(A) = A0, Az, ∇ ⋅ A, A+
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• Gauge-invariant extension: 

• Infinite boost limit along the z direction:

ΨC(x) = UC(x)ψ(x)

⃗∇ ⋅ [UC
⃗A U−1

C +
i
g

UC
⃗∇ U−1

C ] = 0

Classical solution:

UC =
∞

∑
n=0

(ig)n

n!
ωn

Plugging the above into Eq. (5), we have order by order in g

r2
!!!1 = �~r · ~A ,

1

2!
r2

!!!2 = ~r ·
⇣
!!!

†
1
~r!!!1

⌘
� [~r!!!1, · ~A] ,

1

3!
r2

!!!3 =
1

2
~r ·

⇣
�!!!†

2
~r!!!1 +!!!

†
1
~r!!!2

⌘
�
⇥
�!!!

†
1
~r!!!1 +

1

2
~r!!!2, · ~A

⇤
,

. . .

1

(n+ 1)!
r2

!!!n+1 =
nX

m=0

1

m!

(�1)m

(n�m)!

⇢
1

m+ 1
~r ·

⇣
!!!

†
m+1

~r!!!n�m

⌘
�
h
!!!

†
m
~r!!!n�m, · ~A

i�
,

. . . (9)

For compact gauge fields and transformations, we have the unique solutions

!!!1 = � 1

r2
~r · ~A ,

!!!2

2!
=

1

r2

⇣
~r ·

⇣
!!!

†
1
~r!!!1

⌘
� [~r!!!1, · ~A]

⌘
,

!!!3

3!
=

1

r2

✓
1

2
~r ·

⇣
�!!!†

2
~r!!!1 +!!!

†
1
~r!!!2

⌘
�
⇥
�!!!

†
1
~r!!!1 +

1

2
~r!!!2, · ~A

⇤◆
,

. . .

!!!n+1

(n+ 1)!
=

1

r2

nX

m=0

1

m!

(�1)m

(n�m)!

⇢
1

m+ 1
~r ·

⇣
!!!

†
m+1

~r!!!n�m

⌘
�
h
!!!

†
m
~r!!!n�m, · ~A

i�
,

. . . (10)

II. Infinite boost limit

In this section, we demonstrate that UC approaches the light-cone Wilson line under an

infinite Lorentz boost along the z direction. Note that the purpose of studying this limit is

to identify the leading-power operator in the e↵ective theory expansion of the quasi-TMD

correlator, so the Lorentz transformation is performed at classical level. This is in the same

spirit as deriving the leading-power HQET or SCET Lagrangian in the infinite heavy quark

mass or collinear limit.

At classical level the operator can always be expressed interchangeably between coordi-

nate and momentum spaces through a Fourier transform,

1

r2
~r · ~A(x) = �i

Z
d
4
k

(2⇡)4
e
�ik·x 1

~k2
~k · ~̃A(k) . (11)

3

…

−
1

∇2
⃗∇ ⋅ ⃗A (x) = i∫

d4k
(2π)4

e−ik⋅x 1
k2

z + k2
⊥

[kzÃz(k) + k⊥ ⋅ Ã⊥(k)]

≈ i∫
d4k

(2π)4
e−ik⋅x k+

(k+)2 + ϵ2
Ã+(k)

=
1
2 [∫

x−

−∞−

+ ∫
x−

+∞− ] dη− A+(x+, η−, x⊥) ≡
1

∂+
pv

A+(x)

k+

(k+)2 + ϵ2
=

1
2 [ 1

k+ + iϵ
+

1
k+ − iϵ ]

Past 
pointing

Future 
pointing

Principle-value (P.V.) prescription:

Under arbitrary compact gauge transformation U(x)

ψC(x) → UψC(x), UC → UCU−1, ΨC(x) → ΨC(x)

UC(A)
⃗∇⋅ ⃗A =0

= 1
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• Gauge-invariant extension: 

• Infinite boost limit along the z direction:

ΨC(x) = UC(x)ψ(x)

⃗∇ ⋅ [UC
⃗A U−1

C +
i
g

UC
⃗∇ U−1

C ] = 0

Under arbitrary compact gauge transformation U(x)

ψC(x) → UψC(x), UC → UCU−1, ΨC(x) → ΨC(x)

Classical solution:

UC =
∞

∑
n=0

(ig)n

n!
ωn

Plugging the above into Eq. (5), we have order by order in g

r2
!!!1 = �~r · ~A ,

1

2!
r2

!!!2 = ~r ·
⇣
!!!

†
1
~r!!!1

⌘
� [~r!!!1, · ~A] ,

1

3!
r2

!!!3 =
1

2
~r ·

⇣
�!!!†

2
~r!!!1 +!!!

†
1
~r!!!2

⌘
�
⇥
�!!!

†
1
~r!!!1 +

1

2
~r!!!2, · ~A

⇤
,

. . .

1

(n+ 1)!
r2

!!!n+1 =
nX

m=0

1

m!

(�1)m

(n�m)!

⇢
1

m+ 1
~r ·

⇣
!!!

†
m+1

~r!!!n�m

⌘
�
h
!!!

†
m
~r!!!n�m, · ~A

i�
,

. . . (9)

For compact gauge fields and transformations, we have the unique solutions

!!!1 = � 1

r2
~r · ~A ,

!!!2

2!
=

1

r2

⇣
~r ·

⇣
!!!

†
1
~r!!!1

⌘
� [~r!!!1, · ~A]

⌘
,

!!!3

3!
=

1

r2

✓
1

2
~r ·

⇣
�!!!†

2
~r!!!1 +!!!

†
1
~r!!!2

⌘
�
⇥
�!!!

†
1
~r!!!1 +

1

2
~r!!!2, · ~A

⇤◆
,

. . .

!!!n+1

(n+ 1)!
=

1

r2

nX

m=0

1

m!

(�1)m

(n�m)!

⇢
1

m+ 1
~r ·

⇣
!!!

†
m+1

~r!!!n�m

⌘
�
h
!!!

†
m
~r!!!n�m, · ~A

i�
,

. . . (10)

II. Infinite boost limit

In this section, we demonstrate that UC approaches the light-cone Wilson line under an

infinite Lorentz boost along the z direction. Note that the purpose of studying this limit is

to identify the leading-power operator in the e↵ective theory expansion of the quasi-TMD

correlator, so the Lorentz transformation is performed at classical level. This is in the same

spirit as deriving the leading-power HQET or SCET Lagrangian in the infinite heavy quark

mass or collinear limit.

At classical level the operator can always be expressed interchangeably between coordi-

nate and momentum spaces through a Fourier transform,

1

r2
~r · ~A(x) = �i

Z
d
4
k

(2⇡)4
e
�ik·x 1

~k2
~k · ~̃A(k) . (11)

3

…

ωn

n!
→

1
∂+

pv
…( 1

∂+
pv (( 1

∂+
pv

A+)A+) A+)…A+

Path-ordered integral for 
future/past pointing 1/∂+

UC → 𝒫 exp [−ig∫
∓∞−

x−

dy−A+(y−)] ≡ W†
n(x, ∓ ∞−) Infinite “P.V. prescribed” 

light-like Wilson line

UC(A)
⃗∇⋅ ⃗A =0

= 1

P. A. M. Dirac, Can. J. Phys. 33 (1955); 
M. Lavelle and D. McMullan, Phys. Rept. 297 (1997).
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• Power counting:

Factorization formula

20

ψ = ψn + ψs + ψus + …

(k+, k−, k⊥) = (1,λ2, λ)P+,

(b+, b−, b⊥) = (λ−2,1,λ−1)(P+)−1

Aμ = Aμ
n + Aμ

s + Aμ
us + …

{ψn, ψs, ψus} ∼ {λ, λ3/2, λ3}P+ Aμ
n = (A+

n , A−
n , A⊥

n ) ∼ (1,λ2, λ)P+

{Aμ
s , Aμ

us} ∼ {λ, λ2}P+

Described by SCETII

⇒ UC(A) = UC(As)UC(An) ≡ Us
CUn

C ≈ Us
CW†

n

λ ≪ 1, P+ ≫ ΛQCD

(k+, k−, k⊥) = (λ, λ, λ)P+,

(b+, b−, b⊥) = (λ−1, λ−1, λ−1)(P+)−1Collinear Soft

Since , we 
do not need to separate the ultrasoft modes 

from the collinear modes here.

(1,λ2, λ) + (λ2, λ2, λ2) ∼ (1,λ2, λ)

 cannot be expanded becauseUs
C(As) −

1
∇2

⃗∇ ⋅ ⃗A s(x) = i∫
d4ks

(2π)4
e−iks⋅x

⃗ks ⋅ ⃗Ã s(ks)
k2

x + k2
y + k2

z

• Bauer, Pirjol and Stewart, PRD 65 (2002), 66 (2002), 68 (2003) 
• Beneke, Chapovsky, Diehl and Feldmann, NPB 643 (2002) 
• Bauer et al., PRD 66 (2002)
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• QCD

Factorization formula

21

• SCETII

ΨC(x) = UC(x)ψ(x) ei�̂�⋅bUs
C(x)W†

n(x)ξn(x) + O(λ2)

ei�̂�⋅bUs
C(x)Sn(x)W†

n(x)ξn(x)

SCET gauge invariance

Us
C → Us

CV−1
s ,

Sn → VsSn

Soft gauge 
transformation

Collinear expansion

UCψ(b) = ei�̂�⋅bC(�̂�+/μ)[Us
CSnW†

nξn](b) + O(λ2)

Matching QCD dressed quark field to SCET

Matching quasi-TMD correlator to SCET

⟨P |Ψ†
C(b)γtΨC(0) |P⟩ =

1

2
ei�̂�⋅b⟨P [ξ̄nWnS†

n(Us
C)†](b) C(�̂�+/μ)† γ+C(�̂�+/μ)[Us

CSnW†
nξn](0) P⟩

C(�̂�+/μ)
Matching coefficient

Bauer, Pirjol and Stewart, PRD 
65 (2002)
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Factorization formula

22

• Mode separation: soft modes decouple from the collinear 
modes and can be treated as the background field; 

• Multipole expansion: bz ∼ 1/(xPz) ∼ O(1)/Pz, b⊥ ∼ O(λ−1)/Pz

bμ = (0,b⊥, bz)Equal time separation:

Us
C(b) = Us

C(b⊥) + bz∂zUs
C(b⊥) + … ≈ Us

C(b⊥) + O(λ)

⟨P |Ψ†
C(b)γtΨC(0) |P⟩ =

1

2
ei�̂�⋅b⟨P [ξ̄nWn](b)C(�̂�+/μ)†γ+C(�̂�+/μ)[W†

nξn](0) P⟩
×

1
Nc

⟨0 |T [S†
n(b⊥)(Us

C)†(b⊥)Us
C(0)Sn(0)] |0⟩

Beam
Soft  

Operator definition 
obtained for the first time!

S0
C

⟨P |Ψ†
C(b)γtΨC(0) |P⟩ =

1

2
ei�̂�⋅b⟨P [ξ̄nWnS†

n(Us
C)†](b) C(�̂�+/μ)† γ+C(�̂�+/μ)[Us

CSnW†
nξn](0) P⟩

Pz

2Pt ∫
dbz

2π
eixPzbz

B̃(x, b⊥, μ, Pz) = |C(xP+/μ) |2 B(x, b⊥, …, xP+)S0
C(b⊥, …) + O(λ2)
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Factorization formula

23

B̃(x, b⊥, μ, Pz) = |C(xP+/μ) |2 B(x, b⊥, …, xP+)S0
C(b⊥, …) + O(λ2)

f(x, b⊥, μ, ζ) = B(x, b⊥, …, xP+)S(b⊥, …, yn)

Physical (or subtracted) TMD PDF:

ζ = 2(xP+)2e−2yn

Collins-Soper scale

B̃(x, b⊥, μ, Pz)
S̃C(b⊥, μ, yn)

= |C(xP+/μ) |2 f(x, b⊥, μ, ζ) + O(λ2)

“ ”: UV and rapidity regulators…

S̃C(b⊥, μ, yn) ≡
S0

C(b⊥, …)
S(b⊥, …, yn)

Quasi soft factor

B̃(x, b⊥, μ, Pz)
S̃C(b⊥, μ,0)

= |C(xP+/μ) |2 exp [ 1
2

γζ(b⊥, μ)ln
2(xP+)2

ζ ]
× f(x, b⊥, μ, ζ) + O(λ2)

Or

Verified at 1-loop!
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Quasi soft factor

24

S̃C(b⊥, μ, yn) ≡
S0

C(b⊥, …)
S(b⊥, …, yn)

S0
C =

1
Nc

⟨0 |T [S†
n(b⊥)(Us

C)†(b⊥)Us
C(0)Sn(0)] |0⟩

Both  and  involve real-time dependence, so they are 
not directly calculable on the lattice.

S0
C S

F(b⊥, Pz) = ⟨π(−P) | j1(b⊥)j2(0) |π(P)⟩

= ∫ dx1dx2 HF(x1, x2, Pz, μ)

×
ϕ(x1, b⊥, μ, Pz)

S̃C(b⊥, μ,0)
ϕ(x2, b⊥, μ, Pz)]

S̃C(b⊥, μ,0)

Light-meson form factor:

: Coulomb gauge quasi-TMD wave functionϕ(x, bT, μ, Pz) ✔

Hard kernel: known at 1-loop

 due to the P.V. prescriptionϕ* = ϕ
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• T-odd light-cone TMD:


• Coulomb-gauge quasi-TMD:

Transverse link and T-odd TMDs

25

h̃(b⃗, ⃗P , μ, ± ) =
1

2Pt
⟨P | ψ̄(b⃗)𝒲⊥(±∞ ̂z; b⊥,0⊥)γtψ(0)

∇⋅A=0
|P⟩

Quasi-TMD with a transverse link

Pz bz

bT

η ≫ bz, b⊥

P.V. prescription = anti-symmetric boundary condition Aμ
⊥(∞−) = − Aμ

⊥(−∞−)

Need a transverse link to define the T-odd TMDs

Contribution in a Feynman diagram:
e−i∞−k+

[k+]pv
= − iπδ(k+)

kze−i∞zkz

k2
z + k2

⊥

kz≫k⊥⟶ − iπδ(kz) ?

• Ji and Yuan, PLB 543 (2002) 
• Belitsky, Ji and Yuan, NPB 656 (2003)
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• Introduction 
• Overview of TMD physics 
• Large-Momentum Effective Theory 

• Coulomb gauge method 
• Universality class in LaMET 
• Coulomb-gauge quasi-TMD 
• Large-momentum factorization formula 
• Soft function 
• Transverse gauge link 

• Discussions

Outline

26
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• Significantly improved statistical 
precision; 

• Absence of linear power divergence and 
multiplicative renormalization; 

• Access to larger off-axis momenta.

Advantages

27

⃗P = (0,Pz, Pz), b⃗ = (b⊥, bz, bz) X. Gao, W.-Y. Liu and YZ, Phys.Rev.D 109 (2024) 

D. Bollweg, X. Gao, S. Mukherjee and YZ, 
Phys.Lett.B 852 (2024)
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• Significantly improved statistical 
precision; 

• Absence of linear power divergence and 
multiplicative renormalization; 

• Access to larger off-axis momenta.

Advantages

27

⃗P = (0,Pz, Pz), b⃗ = (b⊥, bz, bz) X. Gao, W.-Y. Liu and YZ, Phys.Rev.D 109 (2024) 

D. Bollweg, X. Gao, S. Mukherjee and YZ, 
Phys.Lett.B 852 (2024)

See Xiang Gao’s talk.
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• Find the gauge transformation  
of link variables  that 
minimizes:


• Gribov copies correspond to 
different local extrema.


• Gauge-variant correlations may 
differ in different Gribov copies.


• However, the copies should 
contribute to the statistical noise 
if the algorithm randomly select 
the copies.

Ω
Ui(t, ⃗x)

Gauge fixing and Gribov copies

28

F[UΩ] =
1

9V ∑⃗
x

∑
i=1,2,3

[−re Tr UΩ
i (t, ⃗x)]

Precision ~ 10-7

Test of the Gribov copies effect 

For each configuration, obtain n daughter 
configurations that satisfy the criteria. 

“First it”: select the first daughter configuration. 

“Smallest f”: select the configuration with the 
lowest functional value. 

Measure the pion quasi-PDF matrix element.

J. He et al., work in preparation.
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• Factorization formula can be derived using SCET as well.


• No linear power divergence.


• Mixing with gauge-variant operators. However, the number of 
mixings is finite under the constraint of SO(3) symmetry.


• Could be more susceptible to the Gribov noise, but it may still 
easily beat the statistical precision achieved with Wilson line 
operators.

Gluon TMDs

29
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• Known to be difficult due to non-covariant 
nature, but it is just one scale in massless 
integrals.


• No complete 2-loop result so far, even for the 
quark wave function renormalization.


• Linear renormalon in the matching coefficient.

• Corresponds to a linear power correction of order 

;


• However, strength of the renormalon is not easy to 
estimate. An NNLO calculation can offer a lot of insight.


• Lattice calculation of the Collins-Soper kernel suggests 
that the result converges in  quite well.

ΛQCD/Pz

Pz

High-order corrections

30

D. Bollweg, X. Gao, S. Mukherjee and YZ, 
Phys.Lett.B 852 (2024)

Y. Liu and Y. Su, JHEP 2024 (2024)
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• The Coulomb-gauge quasi-TMD can be factorized into the physical 
TMDs at large momentum;


• The factorization formula can be derived using SCET, which also 
leads to the operator definition of the quasi soft factor.


• It corresponds to the principle value prescription for the light-like 
Wilson lines, which can be used to calculate T-even TMDs;


• A transverse link needs to be added to access the T-odd TMDs;


• It can significantly reduce the statistical error, simplify the 
renormalization and access higher off-axis momenta, thus 
providing a more efficient way to calculate the TMDs.

Summary

31


