
Form Factors from Lattice QCD
Phiala Shanahan, MIT

Image Credit: 2018 EIC User’s Group Meeting



Nucleon and Nuclear 
Form Factors from Lattice QCD

Phiala Shanahan, MIT

↵s

<latexit sha1_base64="ckbAtXTcT9w60bg7DNJ2kDcsM6Q=">AAAB73icdZDLSgMxFIbP1Futt6pLN8EiuBpmRLTdFdzoroK9QDuUM2mmDc1kxiQjlNKXcONCEbe+jjvfxvRCUdEfAofvP4ec84ep4Np43qeTW1ldW9/Ibxa2tnd294r7Bw2dZIqyOk1Eolohaia4ZHXDjWCtVDGMQ8Ga4fBq6jcfmNI8kXdmlLIgxr7kEadoLGp1UKQD7OpuseS5lUqlXL4gvuvNRObk3FuSEixU6xY/Or2EZjGThgrUuu17qQnGqAyngk0KnUyzFOkQ+6xtS4kx08F4tu+EnFjSI1Gi7JOGzOj3iTHGWo/i0HbGaAb6tzeFf3ntzETlYMxlmhkm6fyjKBPEJGR6POlxxagRI1sgVdzuSugAFVJjIyrYEJa3/180zlzfc/3b81L1ZhFHHo7gGE7Bh0uowjXUoA4UBDzCM7w4986T8+q8zVtzzmLmEH7Ief8CnFiQXg==</latexit><latexit sha1_base64="ckbAtXTcT9w60bg7DNJ2kDcsM6Q=">AAAB73icdZDLSgMxFIbP1Futt6pLN8EiuBpmRLTdFdzoroK9QDuUM2mmDc1kxiQjlNKXcONCEbe+jjvfxvRCUdEfAofvP4ec84ep4Np43qeTW1ldW9/Ibxa2tnd294r7Bw2dZIqyOk1Eolohaia4ZHXDjWCtVDGMQ8Ga4fBq6jcfmNI8kXdmlLIgxr7kEadoLGp1UKQD7OpuseS5lUqlXL4gvuvNRObk3FuSEixU6xY/Or2EZjGThgrUuu17qQnGqAyngk0KnUyzFOkQ+6xtS4kx08F4tu+EnFjSI1Gi7JOGzOj3iTHGWo/i0HbGaAb6tzeFf3ntzETlYMxlmhkm6fyjKBPEJGR6POlxxagRI1sgVdzuSugAFVJjIyrYEJa3/180zlzfc/3b81L1ZhFHHo7gGE7Bh0uowjXUoA4UBDzCM7w4986T8+q8zVtzzmLmEH7Ief8CnFiQXg==</latexit><latexit sha1_base64="ckbAtXTcT9w60bg7DNJ2kDcsM6Q=">AAAB73icdZDLSgMxFIbP1Futt6pLN8EiuBpmRLTdFdzoroK9QDuUM2mmDc1kxiQjlNKXcONCEbe+jjvfxvRCUdEfAofvP4ec84ep4Np43qeTW1ldW9/Ibxa2tnd294r7Bw2dZIqyOk1Eolohaia4ZHXDjWCtVDGMQ8Ga4fBq6jcfmNI8kXdmlLIgxr7kEadoLGp1UKQD7OpuseS5lUqlXL4gvuvNRObk3FuSEixU6xY/Or2EZjGThgrUuu17qQnGqAyngk0KnUyzFOkQ+6xtS4kx08F4tu+EnFjSI1Gi7JOGzOj3iTHGWo/i0HbGaAb6tzeFf3ntzETlYMxlmhkm6fyjKBPEJGR6POlxxagRI1sgVdzuSugAFVJjIyrYEJa3/180zlzfc/3b81L1ZhFHHo7gGE7Bh0uowjXUoA4UBDzCM7w4986T8+q8zVtzzmLmEH7Ief8CnFiQXg==</latexit><latexit sha1_base64="ckbAtXTcT9w60bg7DNJ2kDcsM6Q=">AAAB73icdZDLSgMxFIbP1Futt6pLN8EiuBpmRLTdFdzoroK9QDuUM2mmDc1kxiQjlNKXcONCEbe+jjvfxvRCUdEfAofvP4ec84ep4Np43qeTW1ldW9/Ibxa2tnd294r7Bw2dZIqyOk1Eolohaia4ZHXDjWCtVDGMQ8Ga4fBq6jcfmNI8kXdmlLIgxr7kEadoLGp1UKQD7OpuseS5lUqlXL4gvuvNRObk3FuSEixU6xY/Or2EZjGThgrUuu17qQnGqAyngk0KnUyzFOkQ+6xtS4kx08F4tu+EnFjSI1Gi7JOGzOj3iTHGWo/i0HbGaAb6tzeFf3ntzETlYMxlmhkm6fyjKBPEJGR6POlxxagRI1sgVdzuSugAFVJjIyrYEJa3/180zlzfc/3b81L1ZhFHHo7gGE7Bh0uowjXUoA4UBDzCM7w4986T8+q8zVtzzmLmEH7Ief8CnFiQXg==</latexit>

•Electromagnetic form factors 
•Axial and pseudo-scalar form factors 
•Generalised form factors incl. gravitational 
•Nuclear form factors
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•Discretise QCD onto 4D space-time lattice 

•Approximate QCD path integral using 
Monte-Carlo methods and importance 
sampling 

•Run on supercomputers and dedicated 
clusters 

•Take limit of vanishing discretisation, 
infinite volume, physical quark masses

Lattice QCD
Numerical first-principles approach to  

non-perturbative QCD

Phiala Shanahan, MIT3



L3 ⇥ T ⇡ 323 ⇥ 64

• Euclidean space-time 

• Non-zero lattice spacing 

• Finite volume 

• Some calculations use larger- 
than-physical quark masses (cheaper)

Lattice QCD

4 Phiala Shanahan, MIT

t ! i⌧

hOi =
1

Z

Z
DAD D O[A,  ]e�S[A,  ]

hOi '
1

Nconf

NconfX

i

O([U i])

Approximate the QCD path integral by Monte Carlo
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Numerical first-principles approach to  
non-perturbative QCD



Numerical first-principles approach to  
non-perturbative QCD

• Many millions of CPU/
GPU/KNL hours  

• Specifically designed 
processors for QCD  
(QCDOC precursor of 
BlueGene computers)

Lattice QCD

Phiala Shanahan, MIT

Calculations use world’s largest computers
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Numerical first-principles approach to  
non-perturbative QCD

Lattice QCD action has same free 
parameters as QCD: quark masses,  

• Fix quark masses by matching to 
measured hadron masses, e.g.,                               
                       for 

• One experimental input to fix lattice 
spacing in GeV (and also      ), e.g.,                                   
            splitting in    , or      or      mass

Lattice QCD
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Calculations of all other 
quantities are QCD 
predictions

Phiala Shanahan, MIT
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L3 ⇥ T ⇡ 323 ⇥ 64Differences between calculations 

•Uncertainties on a single “ensemble” 

• Data volume (statistical sampling) 

• Fitting methodology (e.g., treatment of  
“excited-state contamination”) 

• Renormalisation procedure  
(i.e., matching from lattice quantities to ) 

•Uncertainties of result “extrapolated to physical point” 

• Continuum extrapolation: range of lattice spacings 

• Infinite-volume extrapolation: range of volumes 

• Tuning of the bare quark masses: values of pion, kaon 
masses, extrapolation/interpolation thereof, isospin-
breaking, …

MS

Uncertainties in lattice QCD

Phiala Shanahan, MIT

Lattice QCD - systematics and limitations

Finite lattice spacing a

discretisation artifacts

Continuum extrapolation

Finite box size L

) momentum quantized, finite-volume e↵ects

Finite-volume corrections

Large pion mass m⇡
Chiral extrapolation

BUT: Can map out m�-dependence of observables

Omitted disconnected loops
BUT: can separate ‘valence’ and ‘sea’ contributions

Discuss this later . . .

Phiala Shanahan (Adelaide Uni) Octet Baryon EM Form Factors June 3, 2015 11 / 51

m⇡ ! 140MeV

Lattice QCD - systematics and limitations

Finite lattice spacing a

discretisation artifacts

Continuum extrapolation

Finite box size L

) momentum quantized, finite-volume e↵ects

Finite-volume corrections

Large pion mass m⇡
Chiral extrapolation

BUT: Can map out m�-dependence of observables

Omitted disconnected loops
BUT: can separate ‘valence’ and ‘sea’ contributions

Discuss this later . . .

Phiala Shanahan (Adelaide Uni) Octet Baryon EM Form Factors June 3, 2015 11 / 51

m⇡ ! 140MeV

Lattice QCD - systematics and limitations

Finite lattice spacing a

discretisation artifacts

Continuum extrapolation

Finite box size L

) momentum quantized, finite-volume e↵ects

Finite-volume corrections

Large pion mass m⇡
Chiral extrapolation

BUT: Can map out m�-dependence of observables

Omitted disconnected loops
BUT: can separate ‘valence’ and ‘sea’ contributions

Discuss this later . . .

Phiala Shanahan (Adelaide Uni) Octet Baryon EM Form Factors June 3, 2015 11 / 51

m⇡ ! 140MeV

7



Many lattice calculations of what are now “simple” flavour physics and hadron 
structure quantities 

FLAG: Flavour Lattice Averaging Group  
Similar effort to the PDG, for Lattice QCD 

• Members from most major lattice QCD collaborations 

• Evaluates and grades different aspects of each calculation 

• Provides averages as the “Lattice QCD community consensus” value for  
a given quantity  

• Includes lattice dictionary and summaries for non-experts 

• Summary report every ~2 years: Feb 2024 update at http://flag.unibe.ch 

• New version planned for October 2024: coverage expanded in 2019 version to 
include nucleon charges, continues to expand over time (FFs likely soon)

Flavour Lattice Averaging Group

Phiala Shanahan, MIT
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Form factors from Lattice QCD

Phiala Shanahan, MIT

Exploratory Era

•Many transition and 
resonance FFs 

• t-dependence of 
nuclear FFs 

Precision Era

•Forward limits of FF 
incl. charges, 
moments of GPDs 

• t-dependence of EM, 
axial, pseudo scalar 
FFs 

Fully-controlled w/ 
few-percent errors 
now or within ~5y

First calculations, 
timeline for 
controlled 
calculations unclear

Early Era

• t-dependence of GFFs 

•Forward limits of 
nuclear FFs 

Fully-controlled w/ 
~15—percent errors 
now or within ~5y 
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•Electromagnetic form factors 
•Axial and pseudo-scalar form factors 
•Generalised form factors incl. gravitational 
•Nuclear form factors
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• Linear combinations define the Sachs electric and magnetic form factors 

• LQCD results for EMFFs and associated radii are now fully-controlled for 
; physical quark masses, several lattice volumes, spacings 

• Few calculations of strange contributions from LQCD, but reasonably precise 

• Efforts driving to large , but still work-in-progress 

• Work ongoing to study more complicated FFs, e.g., transition, resonance FFs

0 ≤ Q2 ≲ 1GeV2

Q2 ≲ 10GeV2

Nucleon electromagnetic form factors

Phiala Shanahan, MIT

Electromagnetic form factors encode coupling of the nucleon to an 
electromagnetic current Dirac FF Pauli FF

2

the pion-nucleon coupling constant g⇡NN .
In this work, we use three ensembles generated at

physical quark masses of the light, strange, and charm
quarks and at three values of the lattice spacing, namely
a = 0.080 fm, a = 0.068 fm, and a = 0.057 fm. This
same setup has been used in the calculation of the elec-
tromagnetic form factors [38] and transversity form fac-
tors [39]. This allows us to directly take the contin-
uum limit of the axial and pseudoscalar form factors
using, for the first time, only simulations performed at
the physical pion mass. This is a major achievement
since it avoids chiral extrapolation which, for the baryon
sector, may introduce an uncontrolled systematic error.
Such simulations at the physical pion mass can be used
to check important relations, such as the partially con-
served axial-vector current (PCAC) relation that at form
factor level connects GA(Q2) and GP (Q2) with G5(Q2).
At low Q2 and assuming pion pole dominance (PPD)
one can further relate GA(Q2) to GP (Q2) and derive the
Goldberger-Treiman relation. These relations have been
studied within lattice QCD and will be discussed in detail
in this paper.

The remainder of this paper is organized as follows: In
section II we discuss the decomposition of the nucleon
matrix elements of the axial-vector and pseudoscalar op-
erators in terms of form factors and the PCAC and
Goldberger-Treiman relations and the pion pole domi-
nance. In section III we give the details on the parame-
ters of the twisted mass fermion ensembles analyzed and
in section IV we discuss the extraction of the form factors
from the two- and three-point correlators including the
renormalization procedure. In section V we present the
methods we employ for the identification of excited states
and the extraction of the ground state matrix element, as
well as the various fits we perform and the model averag-
ing procedure. In section VI, we discuss our procedure of
fitting the q2-dependence of the form factors and taking
the continuum limit, and in section VII, we give the re-
sults on the axial form factor, GA(Q2), in the continuum
limit. In section VIII we present the analogous analysis
for the induced pseudoscalar, GP (Q2), and pseudoscalar,
G5(Q2), form factors. We also investigate the PCAC and
Goldberger-Treiman (GT) relations and evaluate the GT
discrepancy. In section IX we compare with other recent
lattice QCD results and in section X we summarize and
provide our conclusions. In the appendix A, we provide
values and parameterization of form factors at the con-
tinuum limit.

II. DECOMPOSITION OF THE NUCLEON
AXIAL-VECTOR AND PSEUDOSCALAR

MATRIX ELEMENTS

In this work, we consider only isovector quantities and
neglect isospin-breaking e↵ects due to QED interactions
and u–d quark mass di↵erence. Any corrections arising
from such isospin-breaking e↵ects are in fact immaterial

as compared to our present accuracy and are expected
to become relevant only at better than one percent pre-
cision. We summarize here for completeness the various
relations using the same notation as that used in our
previous work [19]. The isovector axial-vector operator
is given by

Aµ = ū�µ�5u� d̄�µ�5d (1)

where u and d are the up and down quark fields respec-
tively. In the chiral limit, where the pion mass m⇡ = 0,
the axial-vector current is conserved, namely @µAµ = 0.
For a non-zero pion mass, the spontaneous breaking of
chiral symmetry relates the axial-vector current to the
pion field  ⇡, through the relation

@µAµ = F⇡m
2

⇡
 ⇡. (2)

We use the convention F⇡ = 92.9 MeV for the pion de-
cay constant. In QCD, the axial Ward-Takahashi iden-
tity leads to the partial conservation of the axial-vector
current (PCAC)

@µAµ = 2mqP, (3)

where P is the pseudoscalar operator and mq = mu =
md is the light quark mass for degenerate up and down
quarks. Using the PCAC relation, it then follows that
the pion field can be expressed as

 ⇡ =
2mqP

F⇡m2
⇡

. (4)

The nucleon matrix element of the axial-vector current
of Eq. (1) can be written in terms of the axial, GA(Q2),
and induced pseudoscalar, GP (Q2), form factors as

hN(p0, s0)|Aµ|N(p, s)i = ūN (p0, s0)

�µGA(Q

2)�
Qµ

2mN

GP (Q
2)

�
�5uN (p, s), (5)

where uN is the nucleon spinor with initial (final) 4-
momentum p (p0) and spin s (s0), q = p0 � p the mo-
mentum transfer, q2 = �Q2 and mN the nucleon mass.
The axial form factor is commonly parameterized as

GA(Q
2) = gA

✓
1�

hr2
A
i

6
Q2

◆
+O(Q4), (6)

where

gA ⌘ GA(0) (7)

hr2
A
i ⌘ �
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gA

@GA(Q2)

@Q2

����
Q2!0

(8)

are the axial charge and radius, respectively. A quantity
of interest for the induced pseudoscalar form factor is the
induced pseudoscalar coupling determined at the muon
capture point [40], namely

g⇤
P
⌘

mµ

2mN

GP (0.88m
2

µ
) (9)

2

the pion-nucleon coupling constant g⇡NN .
In this work, we use three ensembles generated at

physical quark masses of the light, strange, and charm
quarks and at three values of the lattice spacing, namely
a = 0.080 fm, a = 0.068 fm, and a = 0.057 fm. This
same setup has been used in the calculation of the elec-
tromagnetic form factors [38] and transversity form fac-
tors [39]. This allows us to directly take the contin-
uum limit of the axial and pseudoscalar form factors
using, for the first time, only simulations performed at
the physical pion mass. This is a major achievement
since it avoids chiral extrapolation which, for the baryon
sector, may introduce an uncontrolled systematic error.
Such simulations at the physical pion mass can be used
to check important relations, such as the partially con-
served axial-vector current (PCAC) relation that at form
factor level connects GA(Q2) and GP (Q2) with G5(Q2).
At low Q2 and assuming pion pole dominance (PPD)
one can further relate GA(Q2) to GP (Q2) and derive the
Goldberger-Treiman relation. These relations have been
studied within lattice QCD and will be discussed in detail
in this paper.

The remainder of this paper is organized as follows: In
section II we discuss the decomposition of the nucleon
matrix elements of the axial-vector and pseudoscalar op-
erators in terms of form factors and the PCAC and
Goldberger-Treiman relations and the pion pole domi-
nance. In section III we give the details on the parame-
ters of the twisted mass fermion ensembles analyzed and
in section IV we discuss the extraction of the form factors
from the two- and three-point correlators including the
renormalization procedure. In section V we present the
methods we employ for the identification of excited states
and the extraction of the ground state matrix element, as
well as the various fits we perform and the model averag-
ing procedure. In section VI, we discuss our procedure of
fitting the q2-dependence of the form factors and taking
the continuum limit, and in section VII, we give the re-
sults on the axial form factor, GA(Q2), in the continuum
limit. In section VIII we present the analogous analysis
for the induced pseudoscalar, GP (Q2), and pseudoscalar,
G5(Q2), form factors. We also investigate the PCAC and
Goldberger-Treiman (GT) relations and evaluate the GT
discrepancy. In section IX we compare with other recent
lattice QCD results and in section X we summarize and
provide our conclusions. In the appendix A, we provide
values and parameterization of form factors at the con-
tinuum limit.

II. DECOMPOSITION OF THE NUCLEON
AXIAL-VECTOR AND PSEUDOSCALAR

MATRIX ELEMENTS

In this work, we consider only isovector quantities and
neglect isospin-breaking e↵ects due to QED interactions
and u–d quark mass di↵erence. Any corrections arising
from such isospin-breaking e↵ects are in fact immaterial

as compared to our present accuracy and are expected
to become relevant only at better than one percent pre-
cision. We summarize here for completeness the various
relations using the same notation as that used in our
previous work [19]. The isovector axial-vector operator
is given by

Aµ = ū�µ�5u� d̄�µ�5d (1)

where u and d are the up and down quark fields respec-
tively. In the chiral limit, where the pion mass m⇡ = 0,
the axial-vector current is conserved, namely @µAµ = 0.
For a non-zero pion mass, the spontaneous breaking of
chiral symmetry relates the axial-vector current to the
pion field  ⇡, through the relation

@µAµ = F⇡m
2

⇡
 ⇡. (2)

We use the convention F⇡ = 92.9 MeV for the pion de-
cay constant. In QCD, the axial Ward-Takahashi iden-
tity leads to the partial conservation of the axial-vector
current (PCAC)

@µAµ = 2mqP, (3)

where P is the pseudoscalar operator and mq = mu =
md is the light quark mass for degenerate up and down
quarks. Using the PCAC relation, it then follows that
the pion field can be expressed as

 ⇡ =
2mqP

F⇡m2
⇡

. (4)

The nucleon matrix element of the axial-vector current
of Eq. (1) can be written in terms of the axial, GA(Q2),
and induced pseudoscalar, GP (Q2), form factors as

hN(p0, s0)|Aµ|N(p, s)i = ūN (p0, s0)

�µGA(Q

2)�
Qµ

2mN

GP (Q
2)

�
�5uN (p, s), (5)

where uN is the nucleon spinor with initial (final) 4-
momentum p (p0) and spin s (s0), q = p0 � p the mo-
mentum transfer, q2 = �Q2 and mN the nucleon mass.
The axial form factor is commonly parameterized as

GA(Q
2) = gA

✓
1�

hr2
A
i

6
Q2

◆
+O(Q4), (6)

where

gA ⌘ GA(0) (7)

hr2
A
i ⌘ �

6

gA

@GA(Q2)

@Q2

����
Q2!0

(8)

are the axial charge and radius, respectively. A quantity
of interest for the induced pseudoscalar form factor is the
induced pseudoscalar coupling determined at the muon
capture point [40], namely

g⇤
P
⌘

mµ

2mN

GP (0.88m
2

µ
) (9)

hN(p0, s0)|q�µq|N(p, s)i = uN (p0, s0)


F1(Q

2)�µ + F2(Q
2)
i�µ⌫q⌫
2MN

�
uN (p, s)

<latexit sha1_base64="qZ5Cwzs2i7QSunHCJwokpnw2Nqg="></latexit>

GE(Q
2) = F1(Q

2)� Q2

4M2
N

F2(Q
2)

<latexit sha1_base64="5yTXGpLIR4MZuM6tsytz+DZnDo8=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxCBS0zpaIboShWN0oL9gLtOGTSTBuauZBkhDL0Jdz4Km5cKOJWcOfbmE5noa0HQj7+/xyS8zsho0Iaxrc2N7+wuLScWcmurq1vbOpb2w0RRByTOg5YwFsOEoRRn9QllYy0Qk6Q5zDSdAYXY7/5QLiggX8nhyGxPNTzqUsxkkqy9cMr+zJfuy8enFVsM4GjjssRjhWO4tKNfavuil1MLFvPGQUjKTgLZgo5kFbV1r863QBHHvElZkiItmmE0ooRlxQzMsp2IkFChAeoR9oKfeQRYcXJViO4r5QudAOuji9hov6eiJEnxNBzVKeHZF9Me2PxP68dSffUiqkfRpL4ePKQGzEoAziOCHYpJ1iyoQKEOVV/hbiPVChSBZlVIZjTK89Co1gwS4XjWilXPk/jyIBdsAfywAQnoAyuQRXUAQaP4Bm8gjftSXvR3rWPSeucls7sgD+lff4A4N2big==</latexit>

GM (Q2) = F1(Q
2) + F2(Q

2)
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New work in 2023 that separates proton and neutron FFs with complete 
uncertainty quantification [Djukanovic et al., arXiv:2309.06590 (2023)]

Proton and neutron electromagnetic radii and magnetic moments from lattice QCD Miguel Salg

Channel hA2
⇢i [fm2] hA2

"i [fm2] `" A/ [fm]

Isovector 0.785(22) (26) 0.663(11) (8) 4.62(10) (7) –
Isoscalar 0.554(18) (13) 0.657(30) (31) 2.47(11) (10) –
Proton 0.672(14) (18) 0.658(12) (8) 2.739(63) (18) 1.013(10) (12)
Neutron �0.115(13) (7) 0.667(11) (16) �1.893(39) (58) –

Table 2: Final results for the radii and magnetic moments. In each case, the first error is statistical and the
second one systematic, respectively.

To further compare our results to experiment we perform model averages of the form factors
themselves. These are plotted in fig. 2 for the proton and neutron. One observes that our slope of
⌧ ?

⇢ is much closer to that of PRad [33] than to that of A1 [34], while ⌧ ?
" agrees well with A1.

For the neutron, we compare with the collected experimental world data [35], which are largely
compatible with our curves within our quoted errors. Furthermore, our results reproduce within
their errors the experimental values of the magnetic moments of the proton and of the neutron [36].

0.0 0.1 0.2 0.3 0.4 0.5 0.6
&2 [GeV2]

0.4

0.6

0.8

1.0

⌧
? ⇢
(&

2 )
/⌧

? ⇢
(0
)

this work
A1 4? scatt.
PRad 4? scatt.

0.0 0.1 0.2 0.3 0.4 0.5 0.6
&2 [GeV2]

1

2

3

⌧
? "
(&

2 )

exp. `"

0.0 0.1 0.2 0.3 0.4 0.5 0.6
&2 [GeV2]

0.00

0.02

0.04

0.06

⌧
= ⇢
(&

2 )

this work
exp. world data

0.0 0.1 0.2 0.3 0.4 0.5 0.6
&2 [GeV2]

�2.0

�1.5

�1.0

�0.5

⌧
= "
(&

2 )
exp. `"

Figure 2: Electromagnetic form factors of the proton and neutron at the physical point as a function of
&2. The orange curves and light (dark) orange bands correspond to our final results with their statistical
(full) uncertainties. For the proton, the black diamonds represent the experimental 4?-scattering data from
Mainz/A1 [34] obtained using Rosenbluth separation, while the green diamonds represent the data from
PRad [33]. For the neutron, the black diamonds show the experimental world data collected in Ref. [35].
The experimental values of the magnetic moments [36] are depicted by red crosses.

In fig. 3, our results for the electromagnetic radii and magnetic moments of the proton and
neutron are compared to recent lattice determinations [37–42] and to the experimental values. We
remark that the only other lattice study including disconnected diagrams is ETMC19 [38], which,

5

Nucleon electromagnetic form factors
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In fact, the z-expansion approach yields similar values for our data. Furthermore, we obtain
results for the magnetic moments of the proton and neutron, as well as for

p
hr2

M
in, which

are considerably larger in magnitude than that of Refs. [34, 42], while being compatible with
that of Ref. [41]. This improves the agreement with the experimental values [87]. In the
case of the magnetic moments, the latter are very precisely known and are reproduced by
our estimates within our quoted uncertainties. For

p
hr2

M
in, we observe nevertheless a 3.2 �

tension between our result and the PDG value (after combining all errors in quadrature).
On the level of the form factor G

n

M
evaluated at any particular value of Q2, however, the

discrepancy is much smaller, as can be seen from fig. 7 (bottom right). For
p
hr2

M
ip, our

result is only about 1.2 combined standard deviations larger than that of Ref. [42]. We note
that our results for the isoscalar radii [cf. eqs. (39) and (40)] are larger than those of Ref.
[42] by a greater amount, while µ

u+d�2s

M
compares well between our study and Ref. [42].

Figure 8. Comparison of our best estimates (red downward-pointing triangle) for the electro-
magnetic radii and the magnetic moments of the proton and neutron with other lattice calcula-
tions, i.e., Mainz21 [44] (blue circle), ETMC20 [43] (green upward-pointing triangle), ETMC19
[42] (orange leftward-pointing triangle), PACS19 [41] (yellow rightward-pointing triangle), and
CSSM/QCDSF/UKQCD14 [34, 35] (pink hexagon). Only studies with filled markers, i.e., ETMC19
and this work, include disconnected contributions and hence represent a full lattice calculation. The
Mainz21 values for the proton have been computed by combining their isovector results with the
PDG values for the neutron [87]. We also show this estimate using our updated isovector results
from this work (blue downward-pointing triangle). The experimental values for the neutron and for
µp

M
are taken from PDG [87] (black cross). The two data points for

q
hr2

E
ip represent the values

from PDG [87] (cross) and Mainz/A1 [3] (square), respectively. The two data points for
q
hr2

M
ip,

on the other hand, depict the reanalysis of Ref. [24] either using the world data excluding that of
Ref. [3] (diamond) or using only that of Ref. [3] (square). For ease of comparison, the red bands
show our final results with the full uncertainty, with the light bands indicating the statistical errors.

For the electric and magnetic radii of the proton, the experimental situation is much
less clear than for the magnetic moment. As is the case for most of the other recent lattice
calculations [41–43], our result for

p
hr2

E
ip is much closer to the PDG value [87], which

is completely dominated by muonic hydrogen spectroscopy, than to the A1 ep-scattering

22

Nucleon electromagnetic form factors
New work in 2023 that separates proton and neutron FFs with complete 
uncertainty quantification [Djukanovic et al., arXiv:2309.06590 (2023)] 

• Electric (charge) radius of the proton closer to muonic hydrogen spectroscopy & recent  
-scattering experiments than to the A1 -scattering result  

• Magnetic radius compatible with the analyses of A1 data, in tension with the other collected 
world data  

• Interesting tension with magnetic neutron radius

ep ep
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FIG. 8. Results of the isovector (renormalized) electric form factor G
v

E
(q2) as a function of

four-momentum squared q
2 for each data set of tsep/a = 13 (diamond symbols), tsep/a = 16

(square symbols) and tsep/a = 19 (circle symbols), and a combined data of tsep/a = {16, 19} (cross

symbols). The orange band represents Kelly’s fit [69] as the experimental data. Triangle symbols,

which are obtained from the coarse (1284) lattice, are also plotted for comparison.
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FIG. 19. Same as Fig. 8 for the isovector magnetic form factor.

43

New work in 2023 with large lattice volumes (up to ) and yields many 
points in the low-  region [Tsuji et al. [PACS Collaboration], arXiv:2311.10345 (2023)] 

• Improves control over finite-volume and discretisation uncertainties; consistent with recent 
-scattering data 

• Isovector combinations only so far (with systematic control) 
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Q2

ep

Nucleon electromagnetic form factors
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2015 results on strange EM form factors remain state-of-the-art  
[Green et al., arXiv:1505.01803 (2015)] 
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• Not fully-controlled; larger-than-physical 
, strange-quark mass 

close-to-physical
mπ ∼ 300MeV
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New efforts pushing towards high-  form factors  
[Syritsyn et al. Few-Body Syst 64:72 (2023), see also QCDSF-UKQCD-CSSM], 2202.01366 (2022)] 

• Not completely controlled (discretisation, neglected disconnected contributions, …) 

• Significant discrepancies with phenomenology [Alberico et al, PRC79:065204 (2008)]  

Q2
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Fig. 8 Contributions of u and d quarks to Dirac F1 (left) and Pauli F2 (right) nucleon form factors, scaled by Q4. The scales
are adjusted for comparison to figures in Ref. [18]. Disconnected quark contractions are neglected. The phenomenological fits to
experimental data (dashed curves) are limited to Q2 ≤ 3.4 GeV2 in the neutron case [16]

4 Conclusions

To summarize, results of these initial lattice QCD calculations of nucleon form factors are overestimating the
results of experiment by a large factor. However, the ratios of these form factors are in much better agreement
with experiment and phenomenology. Calculations with smaller lattice spacings, which are underway, will
lead to better understanding of this disagreement, validate lattice QCD methods for high-momentum nucleon
states on a lattice, and shed light on nucleon structure in the important region of transition from nonperturbative
to perturbative quark-gluon dynamics.
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New efforts pushing towards high-  form factors  
[Syritsyn et al. Few-Body Syst 64:72 (2023), see also QCDSF-UKQCD-CSSM], 2202.01366 (2022)] 

• Not completely controlled (discretisation, neglected disconnected contributions, …) 

• Ratios qualitatively consistent with phenomenological fits of expt. data [Alberico] & 
quark+diquark Faddeev equation calculations [Cui] 
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Fig. 6 Ratio of proton Pauli and Dirac form factors Q2F2p(Q2)/F1p(Q2), compared to phenomenological fits of experimental
data [16] (dashed curves). Disconnected quark contractions are neglected
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Fig. 7 Ratio of proton (left) and neutron (right) Sachs form factorsµGE/GM , compared to phenomenological fits of experimental
data [16] and quark+diquark Faddeev equation calculations [2]. Disconnected quark contractions are neglected

new experiments at JLab. In the case of the neutron, the GEn/GMn ratio is below the experimental values,
although it demonstrates qualitative agreement in its Q2 behavior. Since the neutron is neutral, its electric
form factor may be much more sensitive to the systematic effects in this calculation, in particular the omission
of disconnected quark contractions and unphysical heavy pion masses. We observe, however, that at high
momenta where the results should depend less on the masses of the light quarks, the lattice data agrees with
extrapolations from phenomenological fits. Better motivated comparisons will be possible with future neutron
form factor data with extended Q2 range.

Finally, in Fig. 8 we show contributions to nucleon form factors from u and d quarks separately. For
comparison, these contributions are shown rescaled in the fashion similar to Ref. [18]. In experiment, this can
be studied by combining proton and neutron data and relying on SU (2) f symmetry, which is exact in our
lattice QCD calculations. Since both the neutron and the proton data are required, the fit can only be relied
upon for Q2 ! 3.4 GeV2. Similarly to the nucleon form factors, lattice results for their flavor consituents
overshoot experimental fits by a large factor. Still, it is reassuring that their Q2 behavior and the relative u and
d quark contributions are in qualitative agreement.

[Syritsyn et al. Few-Body Syst 64:72 (2023)]
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Figure 4. Transverse helicity amplitudes for transitions from
the ground state nucleon to the first negative-parity excita-
tion at m⇡ = 702MeV (filled symbols) are presented in the
context of results from a constituent quark model incorpor-
ating relativistic e↵ects in a light-front framework [24] (lines)
and experiment (open symbols).
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Figure 5. Longitudinal helicity amplitudes for transitions
from the ground state nucleon to the first negative-parity
excitation at m⇡ = 702MeV (filled symbols) are presented
in the context of results from a relativised constituent quark
model [24] (lines) and experiment (open symbols).

dictions for the N
⇤(1535) and experimental measure-

ments. The quark model [24] incorporates relativistic
e↵ects in a light-front framework.

Our first observation for the transverse helicity amp-
litude is that the Q

2 dependence is very mild, a result
reflected in both the constituent quark model and exper-
iment. And while the sign of the proton and neutron heli-
city amplitudes are in accord with the model and avail-
able experimental results, the magnitude of our lattice
results exceed both the model and experiment. It will be
interesting to learn the relevant dynamics as one reduces
the quark masses of the lattice QCD simulation toward
the physical point. Assuming the lattice results approach
the experimental measurements, it will be interesting to
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Figure 6. Ratio of proton to neutron transverse helicity
amplitudes for transitions from the ground state to the first
negative-parity excitation at m⇡ = 702MeV (filled symbols)
are compared with the relativised constituent quark model
[24].

understand the relative roles of a simple quark mass de-
pendence for each state contributing to the resonance
amplitude and the resonance-related role of several finite-
volume states contributing to the amplitude.
The longitudinal helicity amplitudes presented in

Fig. 5 are relatively small. Here good agreement with
the model results is observed for the excited proton at
small Q2 but the lattice QCD results do not show the
Q

2 invariance of the model, instead dropping towards
zero and even changing sign in accord with the exper-
imental measurements. On the other hand, the lattice
QCD results agree very well with the model results for
the transition of the neutron to the n

⇤(1535). Together,
these results suggest that the quark mass dependence of
this observable is likely to be mild.
It’s interesting to examine the extent to which the

lattice QCD and model predictions of the helicity amp-
litudes agree after the ratio of proton to neutron amp-
litudes are taken. In the ratio, quark mass e↵ects have
an opportunity to compensate, leaving a prediction more
robust to quark mass variation. Figure 6 presents this
ratio for the transverse helicity amplitude as a function
of Q2. Again the trends match and the magnitudes are
now quite similar.

B. Transitions to the second negative parity
excitation

We now turn our attention to the electromagnetic
transitions to the second low-lying negative-parity nuc-
leon excitation observed on the lattice at m⇡ = 702MeV
and compare our results with quark model calculations
of the N

⇤(1650) and associated experimental measure-
ments. It is here that the correlation matrix based eigen-
state projection gains significant importance as we exam-
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understand the relative roles of a simple quark mass de-
pendence for each state contributing to the resonance
amplitude and the resonance-related role of several finite-
volume states contributing to the amplitude.
The longitudinal helicity amplitudes presented in

Fig. 5 are relatively small. Here good agreement with
the model results is observed for the excited proton at
small Q2 but the lattice QCD results do not show the
Q

2 invariance of the model, instead dropping towards
zero and even changing sign in accord with the exper-
imental measurements. On the other hand, the lattice
QCD results agree very well with the model results for
the transition of the neutron to the n

⇤(1535). Together,
these results suggest that the quark mass dependence of
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It’s interesting to examine the extent to which the

lattice QCD and model predictions of the helicity amp-
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litudes are taken. In the ratio, quark mass e↵ects have
an opportunity to compensate, leaving a prediction more
robust to quark mass variation. Figure 6 presents this
ratio for the transverse helicity amplitude as a function
of Q2. Again the trends match and the magnitudes are
now quite similar.

B. Transitions to the second negative parity
excitation

We now turn our attention to the electromagnetic
transitions to the second low-lying negative-parity nuc-
leon excitation observed on the lattice at m⇡ = 702MeV
and compare our results with quark model calculations
of the N

⇤(1650) and associated experimental measure-
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onances with ab-initio lattice QCD calculations.
It has been well-established that variational analysis

techniques provide a powerful tool for isolating indi-
vidual states in lattice QCD [25, 26]. However, con-
ventional variational analyses have relied upon a naive
zero-momentum parity projection which fails at finite
momentum. The recent introduction and application of
the parity-expanded variational analysis (PEVA) tech-
nique [1, 14, 15] o↵ers a solution to this problem. By
extending a conventional variational analysis, both odd
and even-parity baryon eigenstates can be simultaneously
isolated at finite momentum. In this paper, we extend
this technique to the calculation of transition form factors
of baryons.

Section II commences with a review of the covari-
ant vertex functions for both positive and negative par-
ity transition matrix elements and outlines the relation-
ship between the associated form factors and the helicity
amplitudes of experimental interest. Here we introduce
a new formalism and discuss its relative merits. Sec-
tion III briefly reviews the PEVA technique and outlines
its application to odd-parity electromagnetic transitions
between the nucleon ground state and odd-parity excita-
tions of the nucleon. Finally, the formalism is applied to
calculate the odd-parity nucleon resonance electrocoup-
lings and the results are compared with legacy quark-
model calculations in Sec. IV. Section V concludes our
presentation with a summary.

II. COVARIANT VERTEX FUNCTIONS AND
HELICITY AMPLITUDES

In our previous work [1], we made use of variational
techniques to evaluate the elastic electromagnetic form
factors for the lightest negative-parity nucleon states.
While such quantities can provide important insight into
the underlying structure of these states and inform model
calculations, defining and measuring such quantities ex-
perimentally present significant challenges. Experiment-
ally the quantities of interest are the transition elements
for the electroproduction processes �⇤

N ! N
⇤, specific-

ally the transverse and longitudinal helicity amplitudes
A 1

2
and S 1

2
.

Previous lattice calculations have focused primarily on
the � ! N� transition. The framework for such a cal-
culation was established in Ref. [27] and subsequently
examined comprehensively both in quenched [28, 29] and
full QCD [30, 31]. For all of these studies, due to the
choice of lattice ensemble parameters, the � baryon re-
mains the lightest state in this channel and so this process
can be examined using standard techniques. The results
of [31] show good qualitative agreement with the experi-
mental data, especially in the value extracted for E2/M1
ratio, however the authors outline that discrepancies ob-
served in the exact behaviour of these amplitudes, par-
ticularly the M1 amplitude, highlight important chiral
dynamics to this process.

The only other nucleon transition considered to date
has been the N

⇤(1440) ! N� transition [32, 33]. How-
ever, as yet it is unlikely any group has properly isolated
the N

⇤(1440) on the lattice. The current understand-
ing is that the N⇤(1440) Roper resonance is dynamically
generated through rescattering in the ⇡N , ⇡�, and �N

channels [8, 10, 34], and significant advances on access-
ing multiparticle states in lattice QCD are being made
[19, 20]. Experimental determinations indicate that the
sign of the A 1

2
transition form factor is negative at low

Q
2. This contrasts constituent quark models which pre-

dict a positive sign, lending further evidence the Roper
resonance is not associated with a quark-model state.
The need for at least three coupled meson-baryon chan-
nels to generate this resonance [10] presents a formid-
able challenge to first-principles lattice QCD calculations.
However, evaluation of this amplitude will assist in un-
derstanding the underlying dynamics of the Roper res-
onance and the make up of this state, both on the lattice
and in phenomenology.
A notably absent calculation is the evaluation of the

odd-parity N
⇤(1535) ! N� transition. The focus of this

work is the extraction of the transition form factors for
such states. We begin with the presentation of a general
framework through which one can determine N

⇤ ! N�

transition amplitudes for all choices and combinations of
parity, all from the same baryon correlator. Then in the
following section, we utilise this framework to examine
the A 1

2
and S 1

2
form factors of the first two negative

parity nucleon eigenstates.
Experimentally the quantities of interest are the trans-

verse and longitudinal helicity amplitudes A 1
2
and S 1

2
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We identify M with the resonance N
⇤ and m with the

nucleon N . These amplitudes can in turn be related to
matrix elements with the familiar form
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which parametrises the interaction in terms of Lorentz
covariant structures. We note that all spinors in this and

2

onances with ab-initio lattice QCD calculations.
It has been well-established that variational analysis

techniques provide a powerful tool for isolating indi-
vidual states in lattice QCD [25, 26]. However, con-
ventional variational analyses have relied upon a naive
zero-momentum parity projection which fails at finite
momentum. The recent introduction and application of
the parity-expanded variational analysis (PEVA) tech-
nique [1, 14, 15] o↵ers a solution to this problem. By
extending a conventional variational analysis, both odd
and even-parity baryon eigenstates can be simultaneously
isolated at finite momentum. In this paper, we extend
this technique to the calculation of transition form factors
of baryons.

Section II commences with a review of the covari-
ant vertex functions for both positive and negative par-
ity transition matrix elements and outlines the relation-
ship between the associated form factors and the helicity
amplitudes of experimental interest. Here we introduce
a new formalism and discuss its relative merits. Sec-
tion III briefly reviews the PEVA technique and outlines
its application to odd-parity electromagnetic transitions
between the nucleon ground state and odd-parity excita-
tions of the nucleon. Finally, the formalism is applied to
calculate the odd-parity nucleon resonance electrocoup-
lings and the results are compared with legacy quark-
model calculations in Sec. IV. Section V concludes our
presentation with a summary.

II. COVARIANT VERTEX FUNCTIONS AND
HELICITY AMPLITUDES

In our previous work [1], we made use of variational
techniques to evaluate the elastic electromagnetic form
factors for the lightest negative-parity nucleon states.
While such quantities can provide important insight into
the underlying structure of these states and inform model
calculations, defining and measuring such quantities ex-
perimentally present significant challenges. Experiment-
ally the quantities of interest are the transition elements
for the electroproduction processes �⇤

N ! N
⇤, specific-

ally the transverse and longitudinal helicity amplitudes
A 1

2
and S 1

2
.

Previous lattice calculations have focused primarily on
the � ! N� transition. The framework for such a cal-
culation was established in Ref. [27] and subsequently
examined comprehensively both in quenched [28, 29] and
full QCD [30, 31]. For all of these studies, due to the
choice of lattice ensemble parameters, the � baryon re-
mains the lightest state in this channel and so this process
can be examined using standard techniques. The results
of [31] show good qualitative agreement with the experi-
mental data, especially in the value extracted for E2/M1
ratio, however the authors outline that discrepancies ob-
served in the exact behaviour of these amplitudes, par-
ticularly the M1 amplitude, highlight important chiral
dynamics to this process.

The only other nucleon transition considered to date
has been the N

⇤(1440) ! N� transition [32, 33]. How-
ever, as yet it is unlikely any group has properly isolated
the N

⇤(1440) on the lattice. The current understand-
ing is that the N⇤(1440) Roper resonance is dynamically
generated through rescattering in the ⇡N , ⇡�, and �N

channels [8, 10, 34], and significant advances on access-
ing multiparticle states in lattice QCD are being made
[19, 20]. Experimental determinations indicate that the
sign of the A 1

2
transition form factor is negative at low

Q
2. This contrasts constituent quark models which pre-

dict a positive sign, lending further evidence the Roper
resonance is not associated with a quark-model state.
The need for at least three coupled meson-baryon chan-
nels to generate this resonance [10] presents a formid-
able challenge to first-principles lattice QCD calculations.
However, evaluation of this amplitude will assist in un-
derstanding the underlying dynamics of the Roper res-
onance and the make up of this state, both on the lattice
and in phenomenology.
A notably absent calculation is the evaluation of the

odd-parity N
⇤(1535) ! N� transition. The focus of this

work is the extraction of the transition form factors for
such states. We begin with the presentation of a general
framework through which one can determine N

⇤ ! N�

transition amplitudes for all choices and combinations of
parity, all from the same baryon correlator. Then in the
following section, we utilise this framework to examine
the A 1

2
and S 1

2
form factors of the first two negative

parity nucleon eigenstates.
Experimentally the quantities of interest are the trans-

verse and longitudinal helicity amplitudes A 1
2
and S 1

2

A 1
2
=

r
2⇡↵

K

1

e
hN⇤

, s
0
z = 1/2

+ | ✏(+)
µ J

µ |N, sz = 1/2
� i ,

(1)

S 1
2
=

r
2⇡↵

K

1

e

|~q|
Q

hN⇤
, s

0
z = 1/2

+ | ✏(0)µ J
µ |N, sz = 1/2

+ i ,

(2)

where e is the magnitude of the electron’s charge, ↵ the
electromagnetic fine structure constant and Q =

p
Q2.

Here ✏µ represents the polarisation of the incoming vir-
tual photon, with |~q| the photon’s 3-momentum in the
N

⇤ rest frame and

K =
M

2 �m
2

2M
. (3)

We identify M with the resonance N
⇤ and m with the

nucleon N . These amplitudes can in turn be related to
matrix elements with the familiar form

hN⇤
, p

0
, s

0| Jµ |N, p, si =

e

✓
M m

E0(~p 0)E(~p)

◆1/2
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•Electromagnetic form factors 
•Axial and pseudo-scalar form factors 
•Generalised form factors incl. gravitational 
•Nuclear form factors
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Axial charges and form factors
Axial and induced pseudoscalar form factors encode coupling of 
the proton to an axial current Aq

μ = qγμγ5q

• -boson interaction incl. : relevant in quasi-elastic  scattering,  capture 

• -boson interaction incl. : relevant in elastic , parity-violating  scattering 

• Axial charges defined in forward limits  

• Combination of axial, induced pseudoscalar, pseudoscalar FFs constrained by  
Axial Ward-Takahashi / Partially Conserved Axial Current identity (PCAC)

W A(u−d)
μ ν μ

Z A(u−d−s)
μ νp ep

gq
A ≡ Gq

A(0)

Pseudoscalar FF

3

with mµ = 105.6 MeV the muon mass. It was computed
in chiral perturbation theory in Ref. [41].

The nucleon pseudoscalar matrix element is given by

hN(p0, s0)|P |N(p, s)i = G5(Q
2)ūN (p0, s0)�5uN (p, s),

(10)
where P = ū�5u � d̄�5d is the isovector pseudoscalar
current. The PCAC relation at the form factors level
relates the axial and induced pseudoscalar form factors
to the pseudoscalar form factor via the relation

GA(Q
2)�
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4m2

N

GP (Q
2) =

mq

mN

G5(Q
2). (11)

Making use of Eq. (4), one can connect the pseudoscalar
form factor to the pion-nucleon form factor G⇡NN (Q2)
as follows

mqG5(Q
2) =

F⇡m2
⇡

m2
⇡
+Q2

G⇡NN (Q2). (12)

Eq. (12) is written so that it illustrates the pole structure
of G5(Q2) and the preferred usage of mqG5(Q2), which is
a scale-independent quantity unlike G5(Q2). Substitut-
ing mqG5(Q2) in Eq. (11), one obtains the Goldberger-
Treiman relation [10, 42]
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The pion-nucleon form factor G⇡NN (Q2) at the pion pole
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due to pion pole dominance (PPD). Inserting it in
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close to the pion pole.
From Eq. (19), the pion-nucleon coupling can be ex-
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where the latter holds in the chiral limit, m⇡ = 0. The
deviation from Eq. (21) due to the finite pion mass is
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and it is estimated to be at the 2% level [45] in chiral per-
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Given the above relations, we define the following ratios
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and use Eqs. (20) and (18), respectively, and they are
only expected to be unity near the pion pole. We note
that we can use the PCAC relation in Eq. (11) to write

rPPD,2(Q
2) =

4m2

N

m2
⇡

GA(Q2)

GP (Q2)
�

Q2

m2
⇡

. (27)
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the pion-nucleon coupling constant g⇡NN .
In this work, we use three ensembles generated at

physical quark masses of the light, strange, and charm
quarks and at three values of the lattice spacing, namely
a = 0.080 fm, a = 0.068 fm, and a = 0.057 fm. This
same setup has been used in the calculation of the elec-
tromagnetic form factors [38] and transversity form fac-
tors [39]. This allows us to directly take the contin-
uum limit of the axial and pseudoscalar form factors
using, for the first time, only simulations performed at
the physical pion mass. This is a major achievement
since it avoids chiral extrapolation which, for the baryon
sector, may introduce an uncontrolled systematic error.
Such simulations at the physical pion mass can be used
to check important relations, such as the partially con-
served axial-vector current (PCAC) relation that at form
factor level connects GA(Q2) and GP (Q2) with G5(Q2).
At low Q2 and assuming pion pole dominance (PPD)
one can further relate GA(Q2) to GP (Q2) and derive the
Goldberger-Treiman relation. These relations have been
studied within lattice QCD and will be discussed in detail
in this paper.

The remainder of this paper is organized as follows: In
section II we discuss the decomposition of the nucleon
matrix elements of the axial-vector and pseudoscalar op-
erators in terms of form factors and the PCAC and
Goldberger-Treiman relations and the pion pole domi-
nance. In section III we give the details on the parame-
ters of the twisted mass fermion ensembles analyzed and
in section IV we discuss the extraction of the form factors
from the two- and three-point correlators including the
renormalization procedure. In section V we present the
methods we employ for the identification of excited states
and the extraction of the ground state matrix element, as
well as the various fits we perform and the model averag-
ing procedure. In section VI, we discuss our procedure of
fitting the q2-dependence of the form factors and taking
the continuum limit, and in section VII, we give the re-
sults on the axial form factor, GA(Q2), in the continuum
limit. In section VIII we present the analogous analysis
for the induced pseudoscalar, GP (Q2), and pseudoscalar,
G5(Q2), form factors. We also investigate the PCAC and
Goldberger-Treiman (GT) relations and evaluate the GT
discrepancy. In section IX we compare with other recent
lattice QCD results and in section X we summarize and
provide our conclusions. In the appendix A, we provide
values and parameterization of form factors at the con-
tinuum limit.

II. DECOMPOSITION OF THE NUCLEON
AXIAL-VECTOR AND PSEUDOSCALAR

MATRIX ELEMENTS

In this work, we consider only isovector quantities and
neglect isospin-breaking e↵ects due to QED interactions
and u–d quark mass di↵erence. Any corrections arising
from such isospin-breaking e↵ects are in fact immaterial

as compared to our present accuracy and are expected
to become relevant only at better than one percent pre-
cision. We summarize here for completeness the various
relations using the same notation as that used in our
previous work [19]. The isovector axial-vector operator
is given by

Aµ = ū�µ�5u� d̄�µ�5d (1)

where u and d are the up and down quark fields respec-
tively. In the chiral limit, where the pion mass m⇡ = 0,
the axial-vector current is conserved, namely @µAµ = 0.
For a non-zero pion mass, the spontaneous breaking of
chiral symmetry relates the axial-vector current to the
pion field  ⇡, through the relation

@µAµ = F⇡m
2

⇡
 ⇡. (2)

We use the convention F⇡ = 92.9 MeV for the pion de-
cay constant. In QCD, the axial Ward-Takahashi iden-
tity leads to the partial conservation of the axial-vector
current (PCAC)

@µAµ = 2mqP, (3)

where P is the pseudoscalar operator and mq = mu =
md is the light quark mass for degenerate up and down
quarks. Using the PCAC relation, it then follows that
the pion field can be expressed as

 ⇡ =
2mqP

F⇡m2
⇡

. (4)

The nucleon matrix element of the axial-vector current
of Eq. (1) can be written in terms of the axial, GA(Q2),
and induced pseudoscalar, GP (Q2), form factors as

hN(p0, s0)|Aµ|N(p, s)i = ūN (p0, s0)

�µGA(Q

2)�
Qµ

2mN

GP (Q
2)

�
�5uN (p, s), (5)

where uN is the nucleon spinor with initial (final) 4-
momentum p (p0) and spin s (s0), q = p0 � p the mo-
mentum transfer, q2 = �Q2 and mN the nucleon mass.
The axial form factor is commonly parameterized as

GA(Q
2) = gA
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are the axial charge and radius, respectively. A quantity
of interest for the induced pseudoscalar form factor is the
induced pseudoscalar coupling determined at the muon
capture point [40], namely
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same setup has been used in the calculation of the elec-
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tors [39]. This allows us to directly take the contin-
uum limit of the axial and pseudoscalar form factors
using, for the first time, only simulations performed at
the physical pion mass. This is a major achievement
since it avoids chiral extrapolation which, for the baryon
sector, may introduce an uncontrolled systematic error.
Such simulations at the physical pion mass can be used
to check important relations, such as the partially con-
served axial-vector current (PCAC) relation that at form
factor level connects GA(Q2) and GP (Q2) with G5(Q2).
At low Q2 and assuming pion pole dominance (PPD)
one can further relate GA(Q2) to GP (Q2) and derive the
Goldberger-Treiman relation. These relations have been
studied within lattice QCD and will be discussed in detail
in this paper.

The remainder of this paper is organized as follows: In
section II we discuss the decomposition of the nucleon
matrix elements of the axial-vector and pseudoscalar op-
erators in terms of form factors and the PCAC and
Goldberger-Treiman relations and the pion pole domi-
nance. In section III we give the details on the parame-
ters of the twisted mass fermion ensembles analyzed and
in section IV we discuss the extraction of the form factors
from the two- and three-point correlators including the
renormalization procedure. In section V we present the
methods we employ for the identification of excited states
and the extraction of the ground state matrix element, as
well as the various fits we perform and the model averag-
ing procedure. In section VI, we discuss our procedure of
fitting the q2-dependence of the form factors and taking
the continuum limit, and in section VII, we give the re-
sults on the axial form factor, GA(Q2), in the continuum
limit. In section VIII we present the analogous analysis
for the induced pseudoscalar, GP (Q2), and pseudoscalar,
G5(Q2), form factors. We also investigate the PCAC and
Goldberger-Treiman (GT) relations and evaluate the GT
discrepancy. In section IX we compare with other recent
lattice QCD results and in section X we summarize and
provide our conclusions. In the appendix A, we provide
values and parameterization of form factors at the con-
tinuum limit.
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is given by
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where u and d are the up and down quark fields respec-
tively. In the chiral limit, where the pion mass m⇡ = 0,
the axial-vector current is conserved, namely @µAµ = 0.
For a non-zero pion mass, the spontaneous breaking of
chiral symmetry relates the axial-vector current to the
pion field  ⇡, through the relation
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We use the convention F⇡ = 92.9 MeV for the pion de-
cay constant. In QCD, the axial Ward-Takahashi iden-
tity leads to the partial conservation of the axial-vector
current (PCAC)

@µAµ = 2mqP, (3)

where P is the pseudoscalar operator and mq = mu =
md is the light quark mass for degenerate up and down
quarks. Using the PCAC relation, it then follows that
the pion field can be expressed as
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The nucleon matrix element of the axial-vector current
of Eq. (1) can be written in terms of the axial, GA(Q2),
and induced pseudoscalar, GP (Q2), form factors as
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where uN is the nucleon spinor with initial (final) 4-
momentum p (p0) and spin s (s0), q = p0 � p the mo-
mentum transfer, q2 = �Q2 and mN the nucleon mass.
The axial form factor is commonly parameterized as
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using, for the first time, only simulations performed at
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factor level connects GA(Q2) and GP (Q2) with G5(Q2).
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one can further relate GA(Q2) to GP (Q2) and derive the
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from the two- and three-point correlators including the
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We use the convention F⇡ = 92.9 MeV for the pion de-
cay constant. In QCD, the axial Ward-Takahashi iden-
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current (PCAC)
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
�µGA(Q

2)�
Qµ

2mN

GP (Q
2)

�
�5uN (p, s), (5)

where uN is the nucleon spinor with initial (final) 4-
momentum p (p0) and spin s (s0), q = p0 � p the mo-
mentum transfer, q2 = �Q2 and mN the nucleon mass.
The axial form factor is commonly parameterized as

GA(Q
2) = gA

✓
1�

hr2
A
i

6
Q2

◆
+O(Q4), (6)

where

gA ⌘ GA(0) (7)

hr2
A
i ⌘ �

6

gA

@GA(Q2)

@Q2

����
Q2!0

(8)

are the axial charge and radius, respectively. A quantity
of interest for the induced pseudoscalar form factor is the
induced pseudoscalar coupling determined at the muon
capture point [40], namely

g⇤
P
⌘

mµ

2mN

GP (0.88m
2

µ
) (9)

2

the pion-nucleon coupling constant g⇡NN .
In this work, we use three ensembles generated at

physical quark masses of the light, strange, and charm
quarks and at three values of the lattice spacing, namely
a = 0.080 fm, a = 0.068 fm, and a = 0.057 fm. This
same setup has been used in the calculation of the elec-
tromagnetic form factors [38] and transversity form fac-
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with mµ = 105.6 MeV the muon mass. It was computed
in chiral perturbation theory in Ref. [41].

The nucleon pseudoscalar matrix element is given by

hN(p0, s0)|P |N(p, s)i = G5(Q
2)ūN (p0, s0)�5uN (p, s),

(10)
where P = ū�5u � d̄�5d is the isovector pseudoscalar
current. The PCAC relation at the form factors level
relates the axial and induced pseudoscalar form factors
to the pseudoscalar form factor via the relation

GA(Q
2)�

Q2

4m2

N

GP (Q
2) =

mq

mN

G5(Q
2). (11)

Making use of Eq. (4), one can connect the pseudoscalar
form factor to the pion-nucleon form factor G⇡NN (Q2)
as follows

mqG5(Q
2) =

F⇡m2
⇡

m2
⇡
+Q2

G⇡NN (Q2). (12)

Eq. (12) is written so that it illustrates the pole structure
of G5(Q2) and the preferred usage of mqG5(Q2), which is
a scale-independent quantity unlike G5(Q2). Substitut-
ing mqG5(Q2) in Eq. (11), one obtains the Goldberger-
Treiman relation [10, 42]
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N

GP (Q
2) =

F⇡m2
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mN (m2
⇡
+Q2)

G⇡NN (Q2).

(13)
The pion-nucleon form factor G⇡NN (Q2) at the pion pole
gives the pion-nucleon coupling
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Q2!�m2

⇡

G⇡NN (Q2) , (14)

which can be computed using Eq. (12) to obtain
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Equivalently, g⇡NN can be computed using Eq. (13),
where the pole on the right-hand side of Eq. (13) must
be compensated by a similar pole in GP (Q2), since
GA(�m2

⇡
) is finite, thus obtaining

lim
Q2!�m2

⇡

(Q2 +m2

⇡
)GP (Q

2) = 4mNF⇡g⇡NN . (16)

Additionally, close to the pole, the following relation
holds

GP (Q
2) =

4mNF⇡

m2
⇡
+Q2

G⇡NN (Q2)

����
Q2!�m2

⇡

(17)

due to pion pole dominance (PPD). Inserting it in
Eq. (12) we obtain the relation

GP (Q
2) =

4mN

m2
⇡

mqG5(Q
2)

����
Q2!�m2

⇡

, (18)

which relates GP (Q2) to G5(Q2). Substituting GP (Q2)
in Eq. (13) we obtain the well-known relation [43]

mNGA(Q
2) = F⇡G⇡NN (Q2)

���
Q2!�m2

⇡

, (19)

which means that GP (Q2) can be expressed as [44]

GP (Q
2) =

4m2

N

Q2 +m2
⇡

GA(Q
2)

����
Q2!�m2

⇡

, (20)

close to the pion pole.
From Eq. (19), the pion-nucleon coupling can be ex-

pressed as

g⇡NN =
mN

F⇡

GA(�m2

⇡
) =

mN

F⇡

gA

����
m⇡!0

, (21)

where the latter holds in the chiral limit, m⇡ = 0. The
deviation from Eq. (21) due to the finite pion mass is
known as the Goldberger-Treiman discrepancy, namely

�GT = 1�
gAmN

g⇡NNF⇡

(22)

and it is estimated to be at the 2% level [45] in chiral per-
turbation theory. The Goldberger-Treiman discrepancy
is related to the low-energy constant d̄18 [46, 47] via

�GT = �
2d̄18m2

⇡

gA
. (23)

Given the above relations, we define the following ratios
to test whether our lattice results satisfy these relations.

rPCAC(Q
2) =

mq

mN
G5(Q2) + Q

2

4m2
N
GP (Q2)

GA(Q2)
, (24)

rPPD,1(Q
2) =

m2
⇡
+Q2

4m2

N

GP (Q2)

GA(Q2)
, (25)

rPPD,2(Q
2) =

4mN

m2
⇡

mqG5(Q2)

GP (Q2)
. (26)

The first is based on the PCAC relation in Eq. (11). Since
PCAC is an exact operator relation, it provides a strin-
gent test of our analysis on the form factor level. The
second and third relations assume pion pole dominance
and use Eqs. (20) and (18), respectively, and they are
only expected to be unity near the pion pole. We note
that we can use the PCAC relation in Eq. (11) to write

rPPD,2(Q
2) =

4m2

N

m2
⇡

GA(Q2)

GP (Q2)
�

Q2

m2
⇡

. (27)

Using the parameterization of GA(Q2) in Eq. (6) to eval-
uate GA(�m2

⇡
) we obtain that near the pion pole the

ratio

4m2

N

m2
⇡

GA(Q2)

GP (Q2)
=

gAmN

g⇡NNF⇡

✓
1 +

hr2
A
im2

⇡

6

◆✓
1 +

Q2

m2
⇡

◆

=

✓
1��GT +

hr2
A
im2

⇡

6

◆✓
1 +

Q2

m2
⇡

◆
,
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with mµ = 105.6 MeV the muon mass. It was computed
in chiral perturbation theory in Ref. [41].

The nucleon pseudoscalar matrix element is given by

hN(p0, s0)|P |N(p, s)i = G5(Q
2)ūN (p0, s0)�5uN (p, s),

(10)
where P = ū�5u � d̄�5d is the isovector pseudoscalar
current. The PCAC relation at the form factors level
relates the axial and induced pseudoscalar form factors
to the pseudoscalar form factor via the relation

GA(Q
2)�

Q2

4m2

N

GP (Q
2) =

mq

mN

G5(Q
2). (11)

Making use of Eq. (4), one can connect the pseudoscalar
form factor to the pion-nucleon form factor G⇡NN (Q2)
as follows

mqG5(Q
2) =

F⇡m2
⇡

m2
⇡
+Q2

G⇡NN (Q2). (12)

Eq. (12) is written so that it illustrates the pole structure
of G5(Q2) and the preferred usage of mqG5(Q2), which is
a scale-independent quantity unlike G5(Q2). Substitut-
ing mqG5(Q2) in Eq. (11), one obtains the Goldberger-
Treiman relation [10, 42]

GA(Q
2)�

Q2

4m2

N

GP (Q
2) =

F⇡m2
⇡

mN (m2
⇡
+Q2)

G⇡NN (Q2).

(13)
The pion-nucleon form factor G⇡NN (Q2) at the pion pole
gives the pion-nucleon coupling

g⇡NN ⌘ lim
Q2!�m2

⇡

G⇡NN (Q2) , (14)

which can be computed using Eq. (12) to obtain

lim
Q2!�m2

⇡

(Q2 +m2

⇡
)mqG5(Q

2) = F⇡m
2

⇡
g⇡NN . (15)

Equivalently, g⇡NN can be computed using Eq. (13),
where the pole on the right-hand side of Eq. (13) must
be compensated by a similar pole in GP (Q2), since
GA(�m2

⇡
) is finite, thus obtaining

lim
Q2!�m2

⇡

(Q2 +m2

⇡
)GP (Q

2) = 4mNF⇡g⇡NN . (16)

Additionally, close to the pole, the following relation
holds

GP (Q
2) =

4mNF⇡

m2
⇡
+Q2

G⇡NN (Q2)

����
Q2!�m2

⇡

(17)

due to pion pole dominance (PPD). Inserting it in
Eq. (12) we obtain the relation

GP (Q
2) =

4mN

m2
⇡

mqG5(Q
2)

����
Q2!�m2

⇡

, (18)

which relates GP (Q2) to G5(Q2). Substituting GP (Q2)
in Eq. (13) we obtain the well-known relation [43]

mNGA(Q
2) = F⇡G⇡NN (Q2)

���
Q2!�m2

⇡

, (19)

which means that GP (Q2) can be expressed as [44]

GP (Q
2) =

4m2

N

Q2 +m2
⇡

GA(Q
2)

����
Q2!�m2

⇡

, (20)

close to the pion pole.
From Eq. (19), the pion-nucleon coupling can be ex-

pressed as

g⇡NN =
mN

F⇡

GA(�m2

⇡
) =

mN

F⇡

gA

����
m⇡!0

, (21)

where the latter holds in the chiral limit, m⇡ = 0. The
deviation from Eq. (21) due to the finite pion mass is
known as the Goldberger-Treiman discrepancy, namely

�GT = 1�
gAmN

g⇡NNF⇡

(22)

and it is estimated to be at the 2% level [45] in chiral per-
turbation theory. The Goldberger-Treiman discrepancy
is related to the low-energy constant d̄18 [46, 47] via

�GT = �
2d̄18m2

⇡

gA
. (23)

Given the above relations, we define the following ratios
to test whether our lattice results satisfy these relations.

rPCAC(Q
2) =

mq

mN
G5(Q2) + Q

2

4m2
N
GP (Q2)

GA(Q2)
, (24)

rPPD,1(Q
2) =

m2
⇡
+Q2

4m2

N

GP (Q2)

GA(Q2)
, (25)

rPPD,2(Q
2) =

4mN

m2
⇡

mqG5(Q2)

GP (Q2)
. (26)

The first is based on the PCAC relation in Eq. (11). Since
PCAC is an exact operator relation, it provides a strin-
gent test of our analysis on the form factor level. The
second and third relations assume pion pole dominance
and use Eqs. (20) and (18), respectively, and they are
only expected to be unity near the pion pole. We note
that we can use the PCAC relation in Eq. (11) to write

rPPD,2(Q
2) =

4m2

N

m2
⇡

GA(Q2)

GP (Q2)
�

Q2

m2
⇡

. (27)

Using the parameterization of GA(Q2) in Eq. (6) to eval-
uate GA(�m2

⇡
) we obtain that near the pion pole the

ratio
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N
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⇡
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gAmN
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A
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Nucleon isovector axial charge

Phiala Shanahan, MIT

FLAG includes summaries and averaged values of axial charges 
from lattice QCD 

• Community consensus for isovector charge, with few-percent uncertainties 

Figure 43: Lattice results and FLAG averages for the isovector axial charge gu�d
A for Nf = 2,

2 + 1 and 2 + 1 + 1 flavour calculations. Also shown is the experimental result as quoted in
the PDG [165].

axial charge by the interval 1.218  gu�d

A
 1.274, where the lower bound is identified

with the result of PNDME 18, while the upper bound is the weighted average plus the
scaled 1� uncertainty. Hence, for Nf = 2+1+1 we quote gu�d

A
= 1.246(28) as the FLAG

estimate, where the central value marks the mid-point of the interval, and half the width
is taken to be the error.

For QCD with Nf = 2 + 1 dynamical quarks, the calculations of �QCD 18 [101],
Mainz 19 [102] and NME 21 [972] are free of red tags, while the calculation by PACS 18A
[849] and LHPC 19 [851] do not o↵er enough control over lattice artefacts according to
the FLAG criteria. Since the result by NME 21 was published only as a preprint by the
FLAG deadline, it does not qualify for being included in a global average. Hence, for
Nf = 2 + 1 we compute a weighted average from �QCD 18 [101] and Mainz 19 [102],
assuming no correlations between the two calculations. This yields gu�d

A
= 1.248(23) with

�2/dof = 0.07.
Due to the modified criteria for excited-state contamination, none of the results ob-

tained in two-flavour QCD qualify for a global average. Nonetheless, we find it instructive
to show the results for Nf = 2 together with the calculations with Nf = 2+1 and 2+1+1
and the respective FLAG estimates in Fig. 43.

To summarize, the FLAG averages for the axial charge read

Nf = 2 + 1 + 1 : gu�d

A
= 1.246(28) Refs. [98–100], (433)

Nf = 2 + 1 : gu�d

A
= 1.248(23) Ref. [101, 102], (434)

Within errors, these averages are compatible with the result of gu�d

A
= 1.2724(23) quoted

by the PDG. While the most recent lattice calculations reproduce the axial charge at the
level of a few percent or even better, the experimental result is more precise by an order
of magnitude.
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Nucleon flavour-diagonal axial charges

Phiala Shanahan, MIT

Figure 46: Lattice results and FLAG averages for gu,d,sA for the Nf = 2, 2 + 1, and 2 + 1 + 1
flavour calculations.

of the excited-state contamination, discussed in Sec. 10.1.2, was done using three-state
fits for the connected contribution and two-state fits for the disconnected contributions.
The chiral-continuum extrapolation was done keeping the leading correction terms pro-
portional to M2

⇡
and a in both cases, and the leading finite-volume correction in M⇡L

was included in the analysis of the connected contributions. Isovector renormalization
constants, calculated on the lattice in the RI-SMOM scheme and converted to MS, are
used for all three flavour diagonal operators.

The PNDME 20 [1000] provided a status update to PNDME 18A [103] and presented
results showing that flavour mixing in the calculation of renormalization constants is
small, and the isovector renormalization factor is a good approximation for renormalizing
flavour diagonal axial charges as discussed in Sec. 10.1.3. It is not considered for the
average as it is a conference proceeding.

The ETM 19 [971] presented new results for gu,d,s,c
A

from a single ensemble with
2+1+1-flavour twisted-mass fermions with a clover term at a = 0.0801(4) fm and M⇡ =
139.3(7) MeV. These are not considered for the averages as they do not satisfy the criteria
for the continuum extrapolation.

The 2+1+1 flavour FLAG values for the axial charges gu,d,s
A

of the proton are, there-
fore, the same as the corresponding results given in Tab. 72 and unchanged from FLAG
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[FLAG, arXiv:2111.09849]

FLAG includes summaries and averaged values of axial charges 
from lattice QCD 

• Flavour-diagonal charges have been 
less well-studied, but community 
consensus is developing 

Figure 46: Lattice results and FLAG averages for gu,d,sA for the Nf = 2, 2 + 1, and 2 + 1 + 1
flavour calculations.
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fits for the connected contribution and two-state fits for the disconnected contributions.
The chiral-continuum extrapolation was done keeping the leading correction terms pro-
portional to M2

⇡
and a in both cases, and the leading finite-volume correction in M⇡L

was included in the analysis of the connected contributions. Isovector renormalization
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fore, the same as the corresponding results given in Tab. 72 and unchanged from FLAG
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Isovector axial & pseudoscalar FFs

Phiala Shanahan, MIT

Isovector axial & pseudoscalar FFs studied by many LQCD collabs 

• Systematic control: physical pion mass, control of discretisation systematics etc 

• PCAC relation satisfied within uncertainties 

Recent example from one collaboration in 2023 [ETMC 2309.05774 (2023)]:  
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FIG. 27. Results on GP (Q
2) for each ensemble (blue band

for the cB211.72.64, orange band for the cC211.60.80 and
green band for the cD211.54.96 ensemble) and at the con-
tinuum limit (red band) using the z3-expansion to fit the
Q2-dependence of the data determined from the two-state fit
analysis up to Q2 = 1 GeV2. The inner panel shows a zoom-
in of the region marked by the red square.

FIG. 28. Results on GP (Q
2) using the z3-expansion to fit the

Q2-dependence of the data determined from the three-state
fit analysis of the correlators up to Q2 = 0.47 GeV2. The
notation is the same as that for Fig. 27.

In Fig. 31, we show the improved expressions for form
factors per ensemble. We observe that upon using the
improved expression defined in Eq. (92), the results
per ensemble are compatible with each other and with
those obtained in the continuum limit by extrapolating
Gwpole(Q2). These findings further confirm the interpre-
tation that the sizable cut-o↵ artifacts in GP (Q2) and
G5(Q2) stem from the cuto↵ e↵ects in using the OS pion
mass for the pole. Since at finite a we neglect discon-
nected O(a2) terms in our form factor computation this
is indeed the expected behavior and fully justifies our fit
Ansatz in Eq. (85) for the continuum extrapolation of
the data when using Gwpole.

D. Continuum results for GP (Q
2) and G5(Q

2)

We follow the same procedure as the one for GA

in Sec. VIIC to arrive at the Q2 parameterization of

FIG. 29. Results on G̃5(Q
2) as defined in Eq. (86) for each

ensemble (blue band for the cB211.72.64, orange band for the
cC211.60.80 and green band for the cD211.54.96 ensemble)
and at the continuum limit (red band) using the z3-expansion
to fit the Q2-dependence of the data determined from the two-
state fit analysis up to Q2 = 1 GeV2. The inner panel shows
a zoom-in of the region marked by the red square.

FIG. 30. Results on G̃5(Q
2) as defined in Eq. (86) using the

z3-expansion to fit the Q2-dependence of the data determined
from the three-state fit analysis of the correlators up to Q2 =
0.47 GeV2. The notation is the same as that of Fig. 29.

FIG. 31. Results per gauge ensemble for GP (Q
2) (left) and

G̃5(Q
2) (right) when using the data for Gwpole(Q

2) (open
symbols) compared to those when using Gimproved(Q

2) (filled
symbols) of Eq. (92) by correcting for the pole OS pion mass.
The continuum limit form factors (red band) are those deter-
mined in Fig. 27 and Fig. 29 using the data for Gwpole.
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FIG. 21. Continuum limit of GA(Q
2) using the z3-expansion

and data from the two-state fit analysis of the correlators up
to Q2 = 1 GeV2 for the three ensembles with the symbols as
indicated in the header of the figure.

FIG. 22. Continuum limit of GA(Q
2) using the z3-expansion

and data from the three-state fit analysis of the correlators up
to Q2 = 0.47 GeV2 for the three ensembles with the symbols
as indicated in the header of the figure.

parameterization for the form factor is then

~aA =
⇥
1.245(28)(14)[31],�1.19(18)(03)[18],

� 0.54(55)(26)[61],�0.13(59)(1.1)[1.3]
⇤

corr~a,A =

0

B@

1.0 �0.421 0.247 �0.246
�0.421 1.0 �0.918 0.799
0.247 �0.918 1.0 �0.952
�0.246 0.799 �0.952 1.0

1

CA ,

(78)

where we have used the correlation matrix of the param-
eters from two-state fit data. More information on the
form factors at the continuum limit is provided in Ap-
pendix A.

We include the resulting GA(Q2) when we assign this
systematic error to the parameters of the continuum fit
in Fig. 23. We consider the values of GA(Q2) including
the systematic uncertainty as our final results. Our final
results for the form factor GA(Q2) are given in Table XII.
We will adopt the same strategy for the analysis of the
other two form factors and for checking the PCAC and
PPD relations.

FIG. 23. Results on GA(Q
2) at the continuum limit when fit-

ting data extracted from the two- (red band) and three- (blue
band) state fit analysis of the correlators. The darker blue
curve indicates up to which Q2 we had data for the three-state
fit analysis. The yellow band is when we added systematic er-
rors to the parameters that define the red curve as discussed
in the text. The parameters of the fit are given in Eq. (78).

VIII. INDUCED PSEUDOSCALAR GP (Q
2) AND

PSEUDOSCALAR G5(Q
2) FORM FACTORS

We perform a similar analysis to determine GP (Q2)
and G5(Q2) to the one discussed in detail above for
GA(Q2). The additional complication in the case of
GP (Q2) and G5(Q2) is that both form factors have a
pole, at Q2 = �m2

⇡
, which needs to be removed before

proceeding to apply similar fit functions to the ones ap-
plied for GA(Q2). Therefore, before proceeding with the
Q2-dependence analysis of these form factors, we present
a detailed study of pion pole dominance.

A. Pion pole dominance (PPD)

The pion pole dominance (PPD) hypothesis introduced
in Sec. II can be tested by forming two ratios of form
factors, one of which is

GA(Q2)

GP (Q2)
=

Q2 +m2
⇡

4m2

N

����
Q2!�m2

⇡

, (79)

arising from Eq. (20) and the second rPPD,2 derived in
Eq. (26) assuming a non-zero Goldberger-Treiman dis-
crepancy. Using the results for the form factors from the
two-state fits to the correlators we find the ratios depicted
in Fig. 24. We indeed observe for both ratios a linear de-
pendence in Q2, as expected from Eq. (79) and Eq. (27),
respectively. We also observe clear cut-o↵ e↵ects for the
first ratio whereas for the second the results from the
three ensembles are consistent among them. To capture
the a-dependence we fit the ratios using the functional
form

f(Q2, a2) = b0 + b2a
2 + (c0 + c2a

2)Q2, (80)

where we include the leading order a dependence to both
the intercept and the Q2-slope. We also perform fits
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E. Continuum limit of the PCAC and PPD
relations

Having determined the three form factors GA(Q2),
GP (Q2), and G5(Q2), we can check the PCAC relation
at the continuum limit. We use the values of the fit pa-
rameters of the z3-expansion to the Q2-dependence after
taking the model average for each ensemble. We use the
form factors extracted from the two-state fits to corre-
lators. We also repeat using the three-state fits corre-
lators. In both cases, we also take the continuum limit
of the parameters determined at each lattice spacing, as
previously discussed. In Fig. 34, we depict the result-
ing rPCAC as a function of Q2 using data from the two-
and three-state fit analysis, upper and lower panels, re-
spectively. As can be seen, in both cases the PCAC
relation is recovered in the continuum limit. In addi-
tion, we obtain the PCAC ratio in the continuum limit
by using the final parameterizations of the form factors
that take into account the systematic uncertainty due
to how we treat excited states, i.e. di↵erence of central
values when we use two- or three-state fits, namely the
results shown by the yellow band of Figs. 23, 27 and 29
for GA(Q2), (m2

⇡
+Q2)GP (Q2), and (m2

⇡
+Q2)G̃5(Q2),

respectively. As expected, the PCAC relation is recov-
ered but the systematic error due to the treatment of
excited states increases the error band. For comparison,
we plot in Fig. 35 in the same format, the results for the
ratio rPPD,1. It is no surprise that it also fulfills the PPD
dominance in the continuum limit, as already discussed
in relation to Fig. 24. As in the case of rPCAC we show
both the continuum limit curve extracted using the data
from the two-state fit analysis and the one when we in-
clude the systematic uncertainty di↵erence between the
central values of the fit parameters determined by using
data from to the two- and three-state fit analysis.

IX. COMPARISON WITH OTHER RESULTS

Before comparing with other lattice QCD studies, we
compare in Fig. 36 our older results [19] where only the
cB211.72.64 ensemble was used to the ones obtained
in this work. As can be seen, the central values are in
agreement showing that cut-o↵ e↵ects are mild for these
quantities. The error on gA increases after taking the
continuum limit, while the error on the axial radius is
approximately the same. The fact that the errors on
g⇤
P

and g⇡NN are much smaller is a combination of two
things: i) taking the continuum limit and ii) in our pre-
vious work we used the PCAC and PPD relation and lat-
tice QCD data on GA(Q2) which is more precisely deter-
mined. The reason was that with one lattice spacing, we
could not account for the large cut-o↵ e↵ects on GP (Q2)
and G5(Q2) leading to a violation of the PCAC relation.
In this work, g⇤

P
and g⇡NN are determined directly from

our data on GP (Q2) and G5(Q2), although, as shown
in this work, in the continuum limit the PCAC relation

FIG. 34. Top: rPCAC as defined in Eq. (24). The blue, or-
ange, and green curves are the result of the combined fits
to GA(Q

2), (m2

⇡ + Q2)GP (Q
2), and (m2

⇡ + Q2)G̃5(Q
2) for

the cB211.72.64, cC211.60.80 and cD211.54.96 ensembles,
respectively. The fits are done using the z3-expansion to fit
the Q2-dependence of the data determined from the two-state
fit analysis up to Q2 = 1 GeV2. The red curve and band
show the results at the continuum limit. The yellow band
shows the errors on the curve when systematic e↵ects are
taken into account, i.e. using the final parameterization of
the form factors given in Eqs. (78), (94), and (96) for GA(Q

2),
(m2

⇡ +Q2)GP (Q
2), and (m2

⇡ +Q2)G̃5(Q
2), respectively. Bot-

tom: Same as top panel, but using three-state fit data and
the respective z3-expansion to fit the Q2-dependence up to
Q2 ⇠ 0.5 GeV2.

FIG. 35. rPPD,1 as defined in Eq. (25). The notation is the
same as that in the top panel of Fig. 34.

holds and could be used to determine them. We note

3

with mµ = 105.6 MeV the muon mass. It was computed
in chiral perturbation theory in Ref. [41].

The nucleon pseudoscalar matrix element is given by

hN(p0, s0)|P |N(p, s)i = G5(Q
2)ūN (p0, s0)�5uN (p, s),

(10)
where P = ū�5u � d̄�5d is the isovector pseudoscalar
current. The PCAC relation at the form factors level
relates the axial and induced pseudoscalar form factors
to the pseudoscalar form factor via the relation

GA(Q
2)�

Q2

4m2

N

GP (Q
2) =

mq

mN

G5(Q
2). (11)

Making use of Eq. (4), one can connect the pseudoscalar
form factor to the pion-nucleon form factor G⇡NN (Q2)
as follows

mqG5(Q
2) =

F⇡m2
⇡

m2
⇡
+Q2

G⇡NN (Q2). (12)

Eq. (12) is written so that it illustrates the pole structure
of G5(Q2) and the preferred usage of mqG5(Q2), which is
a scale-independent quantity unlike G5(Q2). Substitut-
ing mqG5(Q2) in Eq. (11), one obtains the Goldberger-
Treiman relation [10, 42]
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N

GP (Q
2) =
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mN (m2
⇡
+Q2)

G⇡NN (Q2).

(13)
The pion-nucleon form factor G⇡NN (Q2) at the pion pole
gives the pion-nucleon coupling

g⇡NN ⌘ lim
Q2!�m2

⇡

G⇡NN (Q2) , (14)

which can be computed using Eq. (12) to obtain
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Q2!�m2

⇡

(Q2 +m2

⇡
)mqG5(Q

2) = F⇡m
2

⇡
g⇡NN . (15)

Equivalently, g⇡NN can be computed using Eq. (13),
where the pole on the right-hand side of Eq. (13) must
be compensated by a similar pole in GP (Q2), since
GA(�m2

⇡
) is finite, thus obtaining

lim
Q2!�m2

⇡

(Q2 +m2

⇡
)GP (Q

2) = 4mNF⇡g⇡NN . (16)

Additionally, close to the pole, the following relation
holds

GP (Q
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4mNF⇡

m2
⇡
+Q2

G⇡NN (Q2)

����
Q2!�m2

⇡

(17)

due to pion pole dominance (PPD). Inserting it in
Eq. (12) we obtain the relation

GP (Q
2) =

4mN

m2
⇡

mqG5(Q
2)

����
Q2!�m2

⇡

, (18)

which relates GP (Q2) to G5(Q2). Substituting GP (Q2)
in Eq. (13) we obtain the well-known relation [43]

mNGA(Q
2) = F⇡G⇡NN (Q2)

���
Q2!�m2

⇡

, (19)

which means that GP (Q2) can be expressed as [44]

GP (Q
2) =

4m2

N

Q2 +m2
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GA(Q
2)

����
Q2!�m2
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, (20)

close to the pion pole.
From Eq. (19), the pion-nucleon coupling can be ex-

pressed as

g⇡NN =
mN

F⇡

GA(�m2

⇡
) =

mN

F⇡

gA

����
m⇡!0

, (21)

where the latter holds in the chiral limit, m⇡ = 0. The
deviation from Eq. (21) due to the finite pion mass is
known as the Goldberger-Treiman discrepancy, namely

�GT = 1�
gAmN

g⇡NNF⇡

(22)

and it is estimated to be at the 2% level [45] in chiral per-
turbation theory. The Goldberger-Treiman discrepancy
is related to the low-energy constant d̄18 [46, 47] via

�GT = �
2d̄18m2

⇡

gA
. (23)

Given the above relations, we define the following ratios
to test whether our lattice results satisfy these relations.
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mq
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G5(Q2) + Q

2

4m2
N
GP (Q2)

GA(Q2)
, (24)
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2) =

m2
⇡
+Q2

4m2

N

GP (Q2)

GA(Q2)
, (25)

rPPD,2(Q
2) =

4mN

m2
⇡

mqG5(Q2)

GP (Q2)
. (26)

The first is based on the PCAC relation in Eq. (11). Since
PCAC is an exact operator relation, it provides a strin-
gent test of our analysis on the form factor level. The
second and third relations assume pion pole dominance
and use Eqs. (20) and (18), respectively, and they are
only expected to be unity near the pion pole. We note
that we can use the PCAC relation in Eq. (11) to write

rPPD,2(Q
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4m2

N

m2
⇡

GA(Q2)

GP (Q2)
�

Q2

m2
⇡

. (27)

Using the parameterization of GA(Q2) in Eq. (6) to eval-
uate GA(�m2

⇡
) we obtain that near the pion pole the
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FIG. 27. Results on GP (Q
2) for each ensemble (blue band

for the cB211.72.64, orange band for the cC211.60.80 and
green band for the cD211.54.96 ensemble) and at the con-
tinuum limit (red band) using the z3-expansion to fit the
Q2-dependence of the data determined from the two-state fit
analysis up to Q2 = 1 GeV2. The inner panel shows a zoom-
in of the region marked by the red square.

FIG. 28. Results on GP (Q
2) using the z3-expansion to fit the

Q2-dependence of the data determined from the three-state
fit analysis of the correlators up to Q2 = 0.47 GeV2. The
notation is the same as that for Fig. 27.

In Fig. 31, we show the improved expressions for form
factors per ensemble. We observe that upon using the
improved expression defined in Eq. (92), the results
per ensemble are compatible with each other and with
those obtained in the continuum limit by extrapolating
Gwpole(Q2). These findings further confirm the interpre-
tation that the sizable cut-o↵ artifacts in GP (Q2) and
G5(Q2) stem from the cuto↵ e↵ects in using the OS pion
mass for the pole. Since at finite a we neglect discon-
nected O(a2) terms in our form factor computation this
is indeed the expected behavior and fully justifies our fit
Ansatz in Eq. (85) for the continuum extrapolation of
the data when using Gwpole.

D. Continuum results for GP (Q
2) and G5(Q

2)

We follow the same procedure as the one for GA

in Sec. VIIC to arrive at the Q2 parameterization of

FIG. 29. Results on G̃5(Q
2) as defined in Eq. (86) for each

ensemble (blue band for the cB211.72.64, orange band for the
cC211.60.80 and green band for the cD211.54.96 ensemble)
and at the continuum limit (red band) using the z3-expansion
to fit the Q2-dependence of the data determined from the two-
state fit analysis up to Q2 = 1 GeV2. The inner panel shows
a zoom-in of the region marked by the red square.

FIG. 30. Results on G̃5(Q
2) as defined in Eq. (86) using the

z3-expansion to fit the Q2-dependence of the data determined
from the three-state fit analysis of the correlators up to Q2 =
0.47 GeV2. The notation is the same as that of Fig. 29.

FIG. 31. Results per gauge ensemble for GP (Q
2) (left) and

G̃5(Q
2) (right) when using the data for Gwpole(Q

2) (open
symbols) compared to those when using Gimproved(Q

2) (filled
symbols) of Eq. (92) by correcting for the pole OS pion mass.
The continuum limit form factors (red band) are those deter-
mined in Fig. 27 and Fig. 29 using the data for Gwpole.

18

FIG. 21. Continuum limit of GA(Q
2) using the z3-expansion

and data from the two-state fit analysis of the correlators up
to Q2 = 1 GeV2 for the three ensembles with the symbols as
indicated in the header of the figure.

FIG. 22. Continuum limit of GA(Q
2) using the z3-expansion

and data from the three-state fit analysis of the correlators up
to Q2 = 0.47 GeV2 for the three ensembles with the symbols
as indicated in the header of the figure.

parameterization for the form factor is then

~aA =
⇥
1.245(28)(14)[31],�1.19(18)(03)[18],

� 0.54(55)(26)[61],�0.13(59)(1.1)[1.3]
⇤

corr~a,A =

0

B@

1.0 �0.421 0.247 �0.246
�0.421 1.0 �0.918 0.799
0.247 �0.918 1.0 �0.952
�0.246 0.799 �0.952 1.0

1

CA ,

(78)

where we have used the correlation matrix of the param-
eters from two-state fit data. More information on the
form factors at the continuum limit is provided in Ap-
pendix A.

We include the resulting GA(Q2) when we assign this
systematic error to the parameters of the continuum fit
in Fig. 23. We consider the values of GA(Q2) including
the systematic uncertainty as our final results. Our final
results for the form factor GA(Q2) are given in Table XII.
We will adopt the same strategy for the analysis of the
other two form factors and for checking the PCAC and
PPD relations.

FIG. 23. Results on GA(Q
2) at the continuum limit when fit-

ting data extracted from the two- (red band) and three- (blue
band) state fit analysis of the correlators. The darker blue
curve indicates up to which Q2 we had data for the three-state
fit analysis. The yellow band is when we added systematic er-
rors to the parameters that define the red curve as discussed
in the text. The parameters of the fit are given in Eq. (78).

VIII. INDUCED PSEUDOSCALAR GP (Q
2) AND

PSEUDOSCALAR G5(Q
2) FORM FACTORS

We perform a similar analysis to determine GP (Q2)
and G5(Q2) to the one discussed in detail above for
GA(Q2). The additional complication in the case of
GP (Q2) and G5(Q2) is that both form factors have a
pole, at Q2 = �m2

⇡
, which needs to be removed before

proceeding to apply similar fit functions to the ones ap-
plied for GA(Q2). Therefore, before proceeding with the
Q2-dependence analysis of these form factors, we present
a detailed study of pion pole dominance.

A. Pion pole dominance (PPD)

The pion pole dominance (PPD) hypothesis introduced
in Sec. II can be tested by forming two ratios of form
factors, one of which is

GA(Q2)

GP (Q2)
=

Q2 +m2
⇡

4m2

N

����
Q2!�m2

⇡

, (79)

arising from Eq. (20) and the second rPPD,2 derived in
Eq. (26) assuming a non-zero Goldberger-Treiman dis-
crepancy. Using the results for the form factors from the
two-state fits to the correlators we find the ratios depicted
in Fig. 24. We indeed observe for both ratios a linear de-
pendence in Q2, as expected from Eq. (79) and Eq. (27),
respectively. We also observe clear cut-o↵ e↵ects for the
first ratio whereas for the second the results from the
three ensembles are consistent among them. To capture
the a-dependence we fit the ratios using the functional
form

f(Q2, a2) = b0 + b2a
2 + (c0 + c2a

2)Q2, (80)

where we include the leading order a dependence to both
the intercept and the Q2-slope. We also perform fits
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and data from the two-state fit analysis of the correlators up
to Q2 = 1 GeV2 for the three ensembles with the symbols as
indicated in the header of the figure.

FIG. 22. Continuum limit of GA(Q
2) using the z3-expansion

and data from the three-state fit analysis of the correlators up
to Q2 = 0.47 GeV2 for the three ensembles with the symbols
as indicated in the header of the figure.
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where we have used the correlation matrix of the param-
eters from two-state fit data. More information on the
form factors at the continuum limit is provided in Ap-
pendix A.

We include the resulting GA(Q2) when we assign this
systematic error to the parameters of the continuum fit
in Fig. 23. We consider the values of GA(Q2) including
the systematic uncertainty as our final results. Our final
results for the form factor GA(Q2) are given in Table XII.
We will adopt the same strategy for the analysis of the
other two form factors and for checking the PCAC and
PPD relations.

FIG. 23. Results on GA(Q
2) at the continuum limit when fit-

ting data extracted from the two- (red band) and three- (blue
band) state fit analysis of the correlators. The darker blue
curve indicates up to which Q2 we had data for the three-state
fit analysis. The yellow band is when we added systematic er-
rors to the parameters that define the red curve as discussed
in the text. The parameters of the fit are given in Eq. (78).
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GP (Q2) and G5(Q2) is that both form factors have a
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, which needs to be removed before

proceeding to apply similar fit functions to the ones ap-
plied for GA(Q2). Therefore, before proceeding with the
Q2-dependence analysis of these form factors, we present
a detailed study of pion pole dominance.

A. Pion pole dominance (PPD)

The pion pole dominance (PPD) hypothesis introduced
in Sec. II can be tested by forming two ratios of form
factors, one of which is
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arising from Eq. (20) and the second rPPD,2 derived in
Eq. (26) assuming a non-zero Goldberger-Treiman dis-
crepancy. Using the results for the form factors from the
two-state fits to the correlators we find the ratios depicted
in Fig. 24. We indeed observe for both ratios a linear de-
pendence in Q2, as expected from Eq. (79) and Eq. (27),
respectively. We also observe clear cut-o↵ e↵ects for the
first ratio whereas for the second the results from the
three ensembles are consistent among them. To capture
the a-dependence we fit the ratios using the functional
form

f(Q2, a2) = b0 + b2a
2 + (c0 + c2a

2)Q2, (80)

where we include the leading order a dependence to both
the intercept and the Q2-slope. We also perform fits
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and data from the two-state fit analysis of the correlators up
to Q2 = 1 GeV2 for the three ensembles with the symbols as
indicated in the header of the figure.

FIG. 22. Continuum limit of GA(Q
2) using the z3-expansion

and data from the three-state fit analysis of the correlators up
to Q2 = 0.47 GeV2 for the three ensembles with the symbols
as indicated in the header of the figure.

parameterization for the form factor is then

~aA =
⇥
1.245(28)(14)[31],�1.19(18)(03)[18],

� 0.54(55)(26)[61],�0.13(59)(1.1)[1.3]
⇤

corr~a,A =

0

B@

1.0 �0.421 0.247 �0.246
�0.421 1.0 �0.918 0.799
0.247 �0.918 1.0 �0.952
�0.246 0.799 �0.952 1.0

1

CA ,

(78)

where we have used the correlation matrix of the param-
eters from two-state fit data. More information on the
form factors at the continuum limit is provided in Ap-
pendix A.

We include the resulting GA(Q2) when we assign this
systematic error to the parameters of the continuum fit
in Fig. 23. We consider the values of GA(Q2) including
the systematic uncertainty as our final results. Our final
results for the form factor GA(Q2) are given in Table XII.
We will adopt the same strategy for the analysis of the
other two form factors and for checking the PCAC and
PPD relations.
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band) state fit analysis of the correlators. The darker blue
curve indicates up to which Q2 we had data for the three-state
fit analysis. The yellow band is when we added systematic er-
rors to the parameters that define the red curve as discussed
in the text. The parameters of the fit are given in Eq. (78).
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proceeding to apply similar fit functions to the ones ap-
plied for GA(Q2). Therefore, before proceeding with the
Q2-dependence analysis of these form factors, we present
a detailed study of pion pole dominance.
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The pion pole dominance (PPD) hypothesis introduced
in Sec. II can be tested by forming two ratios of form
factors, one of which is

GA(Q2)

GP (Q2)
=

Q2 +m2
⇡

4m2

N

����
Q2!�m2

⇡

, (79)

arising from Eq. (20) and the second rPPD,2 derived in
Eq. (26) assuming a non-zero Goldberger-Treiman dis-
crepancy. Using the results for the form factors from the
two-state fits to the correlators we find the ratios depicted
in Fig. 24. We indeed observe for both ratios a linear de-
pendence in Q2, as expected from Eq. (79) and Eq. (27),
respectively. We also observe clear cut-o↵ e↵ects for the
first ratio whereas for the second the results from the
three ensembles are consistent among them. To capture
the a-dependence we fit the ratios using the functional
form
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where we include the leading order a dependence to both
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Figure 5: (Left) Results for '1 + '2 on 10 ensembles from fits to ⇠3pt
�

without including the #c state, i.e.,
the spectrum taken from fits to ⇠2pt. (Right) Including the #c state. For PCAC to be satisfied, '1 + '2
should be unity up to discretization errors. The dotted lines show the 5% deviation band.

For example, in Ref. [29], the #c state is hardwired and the third state is taken to be the lowest
excited state in fits to ⇠2pt. In Refs. [19, 27, 39], a simultaneous fit to all five � = �` and %

correlators is made wherein the �4 correlator fixes ⇢1 to approximately the non-interacting energy
of the #c state. Over time, with much higher statistics data, results from different collaborations
using different methods should converge as more more excited states are included.
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Figure 6: (Left) Comparison of the nucleon axial-vector form factor ⌧�

�
&2� as a function of &2, the

momentum transfer squared, obtained by the PNDME 23 [19] shown by the turquoise band; RQCD 19 [29]
(light faun band); ETMC 21 [23] (faun band); NME 22 [27] (light brown band); and Mainz 22 [26] (brown
band). The aD band is the fit to the old neutrino-deuterium data taken from Ref. [20].

2.5 Extrapolating lattice AVFF to the physical point for use in phenomenology
The next step, once ESC have been removed and form factors have been extracted from GSME

on each ensemble, is to extrapolate these data to the physical point and provide a parameterized
form for ⌧� and e⌧% that can be used in phenomenology. The challenge is that the discrete set of
&2

8
values at which data are obtained are different on each ensemble.
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[Compilation from Gupta 2401.16614] 

Lattice QCD: PNDME 2305.11330 (2023), RQCD 1911.13150 
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Figure 8: (Left) Comparison of the parameterized nucleon axial-vector form factor ⌧�(&2) versus &2 up to
2 GeV2 obtained from (i) fit to the deuterium bubble-chamber data [20] shown by blue solid lines with error
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error band; and (iii) lattice QCD result obtained by the PNDME Collaboration [19] shown by red solid lines
without a band. (Right) A comparison of antineutrino-nucleon charged current elastic differential cross
section using AFF from (i) lattice QCD by the PNDME collaboration [19] (red bands) and (ii) the deuterium
bubble-chamber data [20] (black bands) with the MINERvA antineutrino-hydrogen data [17] (black circles).
These figures are taken from Ref. [18].

already show that the dipole ansatz does not have enough parameters to capture the &2 behavior
over the range 0  &2  1 GeV2. (ii) The PPD relation between ⌧� and e⌧% works very well.

2.6 Consistency check in the extraction of the axial charge 6D�3
�

There are two ways in which one can extract the axial charge 6D�3
�

. The first is from the forward
matrix element using ⇠�3 in Eq. (8) with q = 0 and the second is by extrapolating the form factor
⌧�(&2 < 0) to &2 = 0. I am considering them as separate because the extraction from the forward
matrix element is computationally clean: ⇠�3 (q = 0) has the smallest errors and verification of the
symmetry of the data about g/2 is a good test. The errors grow with q as shown in Fig. 2. On the other
hand, ⌧�(&2) is constrained by being part of the PCAC relation, Eq. (12), that has to be satisfied.
The two results must agree after CCFV extrapolation. Based on the data in Ref. [19], I conclude

• The difference between 6D�3
�

extracted without and with including #c states is $ (⇡ 6%),
i.e., 1.218(39) ! 1.294(48) on including one (the lowest) #c state in the analysis. Note
that the errors in each result are $ (⇡ 3%).
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These figures are taken from Ref. [18].
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over the range 0  &2  1 GeV2. (ii) The PPD relation between ⌧� and e⌧% works very well.

2.6 Consistency check in the extraction of the axial charge 6D�3
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There are two ways in which one can extract the axial charge 6D�3
�

. The first is from the forward
matrix element using ⇠�3 in Eq. (8) with q = 0 and the second is by extrapolating the form factor
⌧�(&2 < 0) to &2 = 0. I am considering them as separate because the extraction from the forward
matrix element is computationally clean: ⇠�3 (q = 0) has the smallest errors and verification of the
symmetry of the data about g/2 is a good test. The errors grow with q as shown in Fig. 2. On the other
hand, ⌧�(&2) is constrained by being part of the PCAC relation, Eq. (12), that has to be satisfied.
The two results must agree after CCFV extrapolation. Based on the data in Ref. [19], I conclude

• The difference between 6D�3
�

extracted without and with including #c states is $ (⇡ 6%),
i.e., 1.218(39) ! 1.294(48) on including one (the lowest) #c state in the analysis. Note
that the errors in each result are $ (⇡ 3%).
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Strange and charm form factors

Phiala Shanahan, MIT

Flavour-decomposition of FFs also calculated, but less well-studied 

factor Gs
PðQ2Þ as a function of Q2 is shown in the right

panel of Fig. 9. As in the case of Gs
AðQ2Þ, Gs

PðQ2Þ is
clearly negative and large in magnitude especially at low
Q2. The dipole and the z-expansion fits describe well the
data. However, when we limit the fit range up to Q2 ¼
0.5 GeV2 the rms and the value of the form factor at
Q2 ¼ 0 are significantly larger. This is due to the
curvature observed for small Q2.
We follow the same analysis described for the

strange form factors to extract the charm axial form
factors Gc

AðQ2Þ and Gc
PðQ2Þ that are shown in Fig. 10.

They are both clearly negative. Performing the dipole
and z-expansion fits we can determine the same
parameters as in the case of the strange form factors.
The values are given in Table V. Since the slope of the
z-expansion fit as Q2 → 0 is steeper, the rms radius
determined from the z-expansion tends to be larger as
it was the case for the corresponding strange rms radius. It
is worth mentioning that the z-expansion describes
better the data as compared to the dipole Ansatz as
indicated by the χ2=dof. For the charm axial charge we
find gcA ¼ −0.0098ð17Þ.

VII. ANALYSIS OF THE FLAVOR SINGLET AND
OCTET AXIAL FORM FACTORS AND THE SU(3)

SYMMETRY BREAKING

The determination of isoscalar and strange form factors
allows us to construct the corresponding SU(3) flavor octet

and singlet form factors. We would like to highlight that
these quantities are computed for the first time directly at
the physical point.
In Fig. 11 we present results for the SU(3) flavor octet

axial form factor Guþd−2s
A ðQ2Þ and for the singlet

Guþdþs
A ðQ2Þ. If SU(3) was exact, the disconnected con-

tributions would cancel in the octet combination. In
practice, we find deviations from SU(3) symmetry espe-
cially at low Q2 where the form factor is larger (see
Fig. 12). This demonstrates that SU(3) flavor symmetry is
violated due to the different mass between light and strange
quarks. This is an important result since many phenom-
enological analyses assume SU(3) flavor symmetry intro-
ducing an uncontrolled systematic error. We find that there
is up to 10% breaking for the axial and up to 50% for the
induced pseudoscalar form factors. This is determined by
comparing the results on the disconnected contributions of
Fig. 12 to the corresponding connected contributions.
Due to the suppression of disconnected contributions

in the octet combination, as can be seen in Fig. 12,
Guþd−2s

A ðQ2Þ is more precise as compared to
Guþdþs

A ðQ2Þ shown in Fig. 11. The data for both
octet and singlet form factors are well described by our
two fit Anzätze, namely the dipole form and the
z-expansion. The resulting values of χ2=dof are given in
Table VI. The value of the form factors at zero momentum
transfer, gives the octet and singlet axial charges guþd−2s

A
and guþdþs

A , respectively. We find guþd−2s
A ¼ 0.530ð22Þ and

FIG. 10. Results for the charm form factors, Gc
AðQ2Þ (left) and Gc

PðQ2Þ (right), as a function of Q2. The notation is the same as that in
Fig. 9.

TABLE V. Results from the charm form factors using the same notation as that in Table IV.

Fit type Q2
max [GeV2] mc

A [GeV]
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrcAÞ2i

p
[fm] χ2=dof Gc

Pð0Þ mc
P [GeV]

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrcPÞ2i

p
[fm] χ2=dof

Dipole ≃0.5 0.800(142) 0.854(152) 3.2 −0.062ð69Þ 0.892(847) 0.767(726) 0.59
≃1 0.898(132) 0.761(112) 2.3 −0.063ð34Þ 0.867(272) 0.788(247) 1.02

z-expansion ≃0.5 0.534(56) 1.280(135) 1.6 −0.076ð40Þ 0.654(127) 1.045(203) 0.51
≃1 0.692(94) 0.987(133) 1.0 −0.060ð41Þ 0.762(315) 0.897(369) 0.96

C. ALEXANDROU et al. PHYS. REV. D 104, 074503 (2021)

074503-12

FIG. 8. Results on the renormalized charm axial form factorsGc
AðQ2Þ (top) andGc

P (bottom) forQ2 ¼ 0.057 GeV2 extracted using the
plateau and the summation methods. The notation is the same as in Fig. 4.

FIG. 9. Results for the strange form factor Gs
AðQ2Þ (left) and Gs

PðQ2Þ (right) as a function of Q2. Following the notation of Fig. 5, we
use open symbols when plotting the form factors as a function of Q2 when only disconnected contributions enter. We also show the fit
using the dipole form taking the upper fit range up to ≃0.5 GeV2 (green dotted line and band). The rest of the notation is the same as in
Fig. 5.

TABLE IV. Parameters extracted from Gs
AðQ2Þ and Gs

PðQ2Þ using the dipole Ansatz and the z-expansion. The notation is the same as
that in Table III up to column five. The next columns are Gs

pð0Þ, the value of the induced pseudoscalar form factor for Q2 ¼ 0, ms
P the

dipole mass and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrsPÞ2i

p
the rms radius.

Fit type Q2
max [GeV2] ms

A [GeV]
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrsAÞ2i

p
[fm] χ2=dof Gs

Pð0Þ ms
P [GeV]

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrsPÞ2i

p
[fm] χ2=dof

Dipole ≃0.5 0.874(162) 0.782(145) 1.33 −3.328ð1.224Þ 0.381(59) 1.796(276) 0.91
≃1 0.992(164) 0.689(114) 1.48 −1.325ð406Þ 0.609(89) 1.122(164) 1.16

z-expansion ≃0.5 0.702(179) 0.973(248) 0.99 −2.531ð415Þ 0.502(19) 1.360(52) 0.66
≃1 0.695(169) 0.984(239) 0.81 −1.600ð237Þ 0.543(24) 1.260(56) 1.03

QUARK FLAVOR DECOMPOSITION OF THE NUCLEON AXIAL … PHYS. REV. D 104, 074503 (2021)
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Flavour-decomposition of FFs also calculated, but less well-studied 

 
[Alexandrou et al.,  
2106.13468 (2021)]

Flavour octet and singlet FFs

Octet Singlet

guþdþs
A ¼ 0.384ð33Þ. These charges have been also
extracted from phenomenological analyses. In Ref. [56],
the authors use polarized deep inelastic scattering data to
extract guþd−2s

A ¼ 0.46ð5Þ and guþdþs
A ¼ 0.36ð3Þð5Þ both in

agreement with our findings but with larger uncertainties. It
is worth mentioning that the analysis of Ref. [56] assumes
SU(3) flavor symmetry.
In Table VI, we collect the parameters extracted from

these fits. The SU(3) flavor octet axial mass muþd−2s
A tends

to have a smaller value than the corresponding singlet,

muþdþs
A , which translates to a bigger octet rms radius.

However, statistical errors on the singlet quantities are
large, and the two values agree within the statistical errors.
This is particularly true for the parameters extracted from
the z-expansion where the statistical errors are even larger.
The Q2-dependence of the induced octet pseudoscalar

form factors Guþd−2s
P ðQ2Þ is shown in Fig. 13 with the

corresponding extracted parameters provided in Table VII.
It is well-known that the isovector induced pseudoscalar
form factor, Gu−d

P ðQ2Þ has a pion pole behavior. Results on

FIG. 11. Results on the flavor octet (left) Guþd−2s
A ðQ2Þ and singlet (right) Guþdþs

A ðQ2Þ axial form factor as a function of Q2.

FIG. 12. Results on the disconnected contribution to the SU(3) flavor octet (red circles) and singlet (blue squares) for the axial (left)
and induced pseudoscalar (right) form factors.

TABLE VI. The axial mass and radius determined from fitting the SU(3) flavor octet and singlet axial form factor Guþd−2s
A ðQ2Þ and

Guþdþs
A ðQ2Þ, respectively, using the dipole Ansatz and the z-expansion. The notation is the same as the one in Table III.

Fit type Q2
max [GeV2] muþd−2s

A [GeV]
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðruþd−2s

A Þ2i
q

[fm] χ2=dof muþdþs
A [GeV]

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðruþdþs

A Þ2i
q

[fm] χ2=dof

Dipole ≃0.5 1.097(104) 0.623(59) 1.07 1.255(240) 0.545(104) 0.68
≃1 1.154(101) 0.592(52) 1.04 1.261(188) 0.542(81) 0.65

z-expansion ≃0.5 0.876(121) 0.780(108) 0.45 1.016(335) 0.673(221) 0.50
≃1 0.898(134) 0.761(113) 0.57 1.051(359) 0.650(221) 0.59

QUARK FLAVOR DECOMPOSITION OF THE NUCLEON AXIAL … PHYS. REV. D 104, 074503 (2021)
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• LQCD results for isovector charges & FFs fully-controlled 

• Axial, induced pseudoscalar, pseudoscalar satisfy PCAC relation 

• Results from different collaborations consistent within ~10% uncertainties 
for  

• Consistent with experimental results from MINER&A, tension with 
older &-deuterium bubble chamber scattering data  

• Dipole fit ansatz insufficient 

• Complete flavour decomposition (including  quark contributions) 
also computed, but less well-studied, less precise, c.f. isovector 

0 ≤ Q2 ≤ 1GeV2

s, c

Community-consensus isovector axial and pseudoscalar form factors 
from LQCD likely to reach ~1% precision for  by ~2030Q2 ≲ 2GeV2

Axial charges and form factors
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Nucleon and Nuclear 
Form Factors from Lattice QCD
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•Electromagnetic form factors 
•Axial and pseudo-scalar form factors 
•Generalised form factors incl. gravitational 
•Nuclear form factors
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e.g., Gravitational form factors 
• Encode “graviton scattering” from the nucleon 

• Related to leading-twist chiral-even GPDs

Phiala Shanahan, MIT

Generalised Form Factors
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The pressure and shear forces inside the proton
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target
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Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
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depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

n2 = 0
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where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:

Z
1

�1

d�

2⇡
ei�xhp0| ̄q(�

�

2
n)�µU[��

2 n,�2 n] q(
�

2
n)|pi = 2PµH(⇡)

q (x, ⇠, t) + . . . (9)

for q = {u, d, . . .}, and
Z

1

�1

d�

2⇡
ei�xhp0|G{µ↵

a (�
�

2
n)


U

(A)

[��
2 n,�2 n]

�

ab

G ⌫}
b↵ (

�

2
n)|pi = P {µP ⌫}H(⇡)

g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].

Gluon gravitational form factors

Generalised form factors encode moments of Generalised Parton 
Distribution functions (GPDs)
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• Gravitational form factors describe matrix elements of Energy-
Momentum Tensor 
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• Sum rules of gluon and quark GFFs in forward limit
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Gravitational FFs encode EMT

• Momentum fraction 
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• D-terms              less known but equally fundamental! 

• Da(t) GFFs encodes pressure and shear distributions
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Aa(0) = 1
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3

where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:

Z
1

�1

d�

2⇡
ei�xhp0| ̄q(�

�

2
n)�µU[��

2 n,�2 n] q(
�

2
n)|pi = 2PµH(⇡)

q (x, ⇠, t) + . . . (9)

for q = {u, d, . . .}, and
Z

1

�1

d�

2⇡
ei�xhp0|G{µ↵

a (�
�

2
n)


U

(A)

[��
2 n,�2 n]

�

ab

G ⌫}
b↵ (

�

2
n)|pi = P {µP ⌫}H(⇡)

g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].

Da(0)
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
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tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
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studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,
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Experimental determination of DVCS D-term 
and extraction of proton pressure distribution 
[Burkert, Elouadrhiri, Girod, Nature 557, 396 (2018)]  

• Peak pressure near centre ~1035 Pascal, 
greater than pressure estimated for neutron stars 

• Key assumptions: gluon D-term same as quark 
term, tripole form factor model,

D-term from JLab DVCS
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given as one standard deviation. The negative sign of d1(0) found in this 
analysis seems deeply rooted in the spontaneous breakdown of chiral 
symmetry25, which is a consequence of the transition of the micro-
second-old Universe from a state of de-confined quarks and gluons 
to a state of confined quarks in stable protons. It is thus intimately 
connected with the stability of the proton24 and of the visible Universe.

We can relate d1(t) to the pressure distribution via the spherical 
Bessel integral:

∫∝
−

d t
j r t

t
p r r( )

( )
2

( )d1
0 3

where j0 is the first spherical Bessel function. Our results of the quark 
pressure distribution in the proton are illustrated in Fig. 1. The thick 
black line corresponds to the pressure distribution r2p(r), as extracted 
from the D-term parameters that are fitted to the published data22 
acquired at 6 GeV. The estimated uncertainties are displayed as the 
light-green shaded area. The red-shaded area represents projected 
results from future experiments at higher energy. The distribution has 
a positive core and a negative tail of the r2p(r) distribution as a function 
of r, with a zero crossing near r = 0.6 fm. The regions where repulsive 
and binding pressures dominate are separated in radial space, with 
the repulsive distribution peaking near r = 0.25 fm, and the maximum 
of the negative pressure that is responsible for the binding occurring 
near r = 0.8 fm.

The outer, blue-shaded area in Fig. 1 corresponds to the D-term 
uncertainties obtained in the global fit results from previous 
research10,11. This area has a shape similar to the light-green area, con-
firming the robustness of the analysis procedure used to extract the 
D-term. The pressure p(r) must satisfy the stability condition:

∫ =
∞

r p r r( )d 0
0

2

which is satisfied within the uncertainties of our analysis. The shape of 
the radial pressure distribution resembles closely that obtained using 

the chiral quark–soliton model24, in which the proton is modelled as a 
chiral soliton whose constituent quarks are bound by a self-consistent 
pion field. This agreement suggests that the pion field is appropriate for 
the description of the proton as a bound state of quarks.

Other applications of the GFFs of the energy–momentum tensor 
include the description of nucleons in the nuclear medium23,26,27, 
excited baryon states (such as the ∆(1232) resonance28) and point-
like and composed spin-0 particles29.

Future precision experiments are expected to provide substantially 
more DVCS data30 and enable the mapping of d1(t) in much finer steps 
and in a much larger −t range, which will reduce the systematic uncer-
tainties, as indicated by the red-shaded area in Fig. 1. We also expect 
that this work will motivate new theoretical efforts to understand the 
fundamental characteristics of the stability of the proton from first  
principles. Our results may serve as a benchmark for the assessment 
of theo retical models, including lattice quantum chromodynamics 
models.
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DVCS (quark) D-term

2

quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-

4

mined from LQCD is approximately 1.7⇥ smaller in mag-
nitude than the BEG GFF, albeit with significant uncer-
tainties, and has a similar dependence on the momentum
transfer t. The LQCD determination of the gluon D-
term form factor is noticeably larger in magnitude than
the BEG result. It also favours a more general functional
form in t than the tripole assumed in BEG, although it is
not inconsistent with a tripole ansatz within uncertain-
ties.

The BEG analysis assumes that Dg(t, µ) = Dq(t, µ)
as there is no information on the gluon D-term from ex-
periment. This is in mild tension with the LQCD re-
sults, and, moreover, given the scale evolution, Eq. (3),
can only possibly hold at one scale. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-
tor quark contributions to the Dq(t, µ) form factor van-
ish, i.e., Du(t, µ) = Dd(t, µ). The LQCD finding that
Du�d(t, µ) ⇠ 0 provides compelling motivation for this
assumption (large Nc arguments [20] also support this).
The left panel of Fig. 4 shows the pressure distribution
of the proton computed from the BEG quark D-term
GFF and the LQCD gluon GFF, both parametrised us-
ing a tripole form and assuming that the quark-mass de-
pendence of the latter is negligible in comparison with
the statistical uncertainties. This pressure distribution
is consistent within uncertainties with the determination
using only LQCD data. The pressure obtained under
the assumptions of BEG (i.e., Dg(t, µ) = Du+d(t, µ)) is
also displayed. In comparison with the BEG assumption,
the inclusion of the LQCD gluon contribution shifts the
peaks of the pressure distribution outwards and extends
the region over which the pressure is non-zero.

As discussed above, the tripole form assumed for
Dq(t, µ) in BEG introduces significant model-dependence
into the pressure extraction. With the limited kinematic
range of the CLAS data this is particularly problematic;
the LQCD calculations show that the quark and gluonD-
term GFFs have significant support up to |t| ⇠ 2 GeV2

(assuming weak quark-mass dependence), which is far be-
yond the range of the experimental data. Fig. 1 shows the
result of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure distri-
bution that is consistent with zero everywhere, demon-
strating that experimental data over a larger kinematic
range is needed before a model-independent extraction of
the pressure is possible.

In order to investigate the range of t required for a
model-independent pressure extraction from experiment,
fake data for the quark D-term GFF are generated in
intervals of �t = 0.1 GeV2 extending the experimental
data along the tripole fit, assuming uncertainties of the

of Dq(t, µ) have been included in quadrature.
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FIG. 4: Left) Pressure distribution of the proton determined

from tripole parametrisations of the BEG quark GFF and

the LQCD gluon GFF. The red band corresponds to the to-

tal pressure distribution, while the dark blue dotted and green

dashed bands denote to the (ill-defined) quark and gluon con-

tributions to the total. The pressure under the BEG assump-

tion that that Dg(t, µ) = Dq(t, µ) is shown as the blue solid

band. Right) The same totals computed based on modified z-
expansion fits to the GFFs. Also shown is the result obtained

using only LQCD data, parametrised using the modified z-
expansion (orange dashed band).

same size as the average uncertainty in the BEG GFF
determination. The consistency of the LQCD data with
a tripole form gives confidence that such an extension is
justified. These fake data are then used to constrain a
modified z-expansion fit and calculate the corresponding
pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
of the experimental data must be extended in this
manner to at least |t| ⇠ 1.0 GeV2. Future experiments,
such as those using the CLAS12 detector at JLab and a
future EIC, should seek to extend the kinematic reach to
address this deficiency, even at the expense of precision
in individual t bins. With the EIC’s potential [21, 22] to
determine the gluon GPDs that are necessary in defining
the pressure, similar kinematic coverage should be the
goal of EIC experiments. Finally, the flavour separation
necessary for a complete determination of the pressure
distribution can be enabled by studies of deeply-virtual
meson production and DVCS on deuterons [21, 22].

Summary: The shear and pressure distributions of
the proton are determined from LQCD calculations for
the first time. The results indicate that gluons play an
important role in the internal dynamics of the proton,
distinct from that of quarks. In particular, the gluon
contributions to the D-term form factor, from which the
pressure and shear distributions are defined, dominate
the quark terms at the scale µ = 2 GeV in the MS
scheme. These calculations are undertaken at heavier-
than-physical quark masses corresponding to a pion mass
roughly three times the physical value. LQCD calcula-

EXP + LQCD    
complete pressure determination 

[Shanahan, Detmold PRL 122 072003 (2019)]
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Nucleon D-term GFFs from LQCD

Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 (2019) 

Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 

Expt quark GFFs (BEG): Burkert et al, Nature 557, 396 (2018) 
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in the supplementary material.
First, the bare matrix elements of T̂µ⌫

g , and of the
singlet and non-singlet quark flavor combinations of the
EMT, i.e.,

singlet: T̂µ⌫
q = T̂µ⌫

u + T̂µ⌫
d + T̂µ⌫

s (3)

non-singlet: T̂µ⌫
v1

= T̂µ⌫
u � T̂µ⌫

d , (4)

T̂µ⌫
v2 = T̂µ⌫

u + T̂µ⌫
d � 2T̂µ⌫

s , (5)

are constrained from ratios of three-point and two-point
functions that are proportional to the bare matrix ele-
ments of the EMT, Eq. (1), at large Euclidean times.
The three-point function of the gluon EMT is measured
on 2511 configurations, averaged over 1024 source posi-
tions per configuration, with the gluon EMT measured
on gauge fields that have been Wilson flowed [52–54]
to tflow/a2 = 2, for all sink and operator momenta
with |p0|2  10(2⇡/L)2 and |�|2  25(2⇡/L)2, and
all four spin channels, s, s0 2 {±1/2}. The connected
part of the quark three-point function is measured on
1381 configurations using the sequential source method,
inverting through the sink for 11 choices of source-
sink separation in the range [6a, 18a], with the num-
ber of sources varying between 9 and 32 for the di↵er-
ent source-sink separations. The momenta measured are
p0 2 2⇡/L{(1, 0,�1), (�2,�1, 0), (�1,�1,�1)} and all
� with |�|2  25(2⇡/L)2, for a single spin channel with
s = s0 = 1/2. The disconnected parts are stochasti-
cally estimated on the same 1381 configurations as the
connected parts, using 2 samples of Z4 noise [55], di-
luting in spacetime using hierarchical probing [56, 57]
with 512 Hadamard vectors, and computing the spin-
color trace exactly. Measurements are made for all
|p0|2  10(2⇡/L)2, |�|2  25(2⇡/L)2, and all four spin
channels,

Second, ratios of three- and two-point functions that
correspond to the same linear combination of GFFs—
as defined in Eq. (1), and up to an overall sign—are
averaged. The summation method [58–61] is used to
fit the Euclidean time-dependence of the averaged ra-
tios and extract the bare matrix elements. In all cases,
1000 bootstrap ensembles are used to estimate statisti-
cal uncertainties, and systematic uncertainties in fits are
propagated using model averaging with weights dictated
by the Akaike information criterion [62] (AIC) [63–65].
Since connected measurements exist for only a subset of
the matrix elements, the disconnected contributions to
the bare GFFs of Tq and Tv2

1 are fit separately using
all available data, with the results used to obtain better
constraints for the subset for which connected parts are
available and thus to obtain the full matrix elements of

1 Tv1 is purely connected, as the disconnected contributions cancel
in the di↵erence.

FIG. 1. The three GFFs of the proton, and their decompo-
sition into gluon and total quark contributions, are shown as
functions of t. Inset figures show the isosinglet quark GFFs
further decomposed into up-, down-, and strange-quark con-
tributions. The total GFFs are renormalization scheme- and
scale-independent, while all other GFFs are shown in the MS
scheme at µ = 2 GeV. The dark bands represent dipole fits
to the data in the case of g and q = u+d+s, and linear com-
binations of the dipole fits to q, v1, and v2 in all other cases.
The lighter bands show analogous fits using the z-expansion.

Tq and Tv2 . Finally, the matrix elements are divided
into 34 t-bins using k-means clustering [66], and the
GFFs are extracted by solving the resulting linear sys-
tems of equations, with the renormalization performed
non-perturbatively using the results and procedure pre-
sented in Ref. [51].
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Tq and Tv2 . Finally, the matrix elements are divided
into 34 t-bins using k-means clustering [66], and the
GFFs are extracted by solving the resulting linear sys-
tems of equations, with the renormalization performed
non-perturbatively using the results and procedure pre-
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Gravitational FFs c.f. experiment
Compare quark  GFF with 2018 results from DVCS 
[Burkert, Elouadrhiri, Girod, Nature 557, 396 (2018)] 

• Consistency and complementarity: lattice result more precise at large , 
experimental constraints are at small 

D

t
t

3

Dipole z-expansion

Ai Ji Di Ai Ji Di

u 0.3255(92) 0.2213(85) �0.56(17) 0.349(11) 0.238(18) �0.56(17)

d 0.1590(92) 0.0197(85) �0.57(17) 0.171(11) 0.033(18) �0.56(17)

s 0.0257(95) 0.0097(82) �0.18(17) 0.032(12) 0.014(19) �0.08(17)

u+ d+ s 0.510(25) 0.251(21) �1.30(49) 0.552(31) 0.286(48) �1.20(48)

g 0.501(27) 0.255(13) �2.57(84) 0.526(31) 0.234(27) �2.15(32)

Total 1.011(37) 0.506(25) �3.87(97) 1.079(44) 0.520(55) �3.35(58)

TABLE I. The flavor decomposition of the momentum fraction, spin, and D-term of the proton, obtained from dipole and
z-expansion fits to the proton GFFs, renormalized at µ = 2 GeV in the MS scheme.

FIG. 2. The proton GFFs Ag(t), Dg(t), and Du+d(t) and
corresponding dipole fits from this work are compared with
the experimental results of Refs. [24] (BEG), [40] (Duran et
al.), and [44] (Guo et al.). For this comparison, the results for
Ag(t) are re-scaled such that the gluon momentum fraction is
Ag(0) = 0.414(8) [67], which is the value used as an input in
the extraction of Refs. [40] and [44]. This does not a↵ect the
t-dependence of the GFF.

Results: The flavor decomposition of the renormal-
ized GFFs is presented in Fig. 1. To guide the eye, the
GFFs of currents g and q are fit using both a multipole
ansatz with n = 2 (dipole), chosen as the integer yielding
the lowest �2 per degree of freedom for the majority of
the fits, as well as the more expressive z-expansion [68].
The GFFs are further decomposed to yield the individual
quark flavor contributions G(t) = (A(t), J(t), D(t)) from
the data and fits for currents q, v1, and v2, using

Gu(t) =
1

3
Gq(t) +

1

6
Gv2(t) +

1

2
Gv1(t) , (6)

Gd(t) =
1

3
Gq(t) +

1

6
Gv2(t)�

1

2
Gv1(t) , (7)

Gs(t) =
1

3
Gq(t)�

1

3
Gv2(t) . (8)

The functional forms of the fit models, along with the
resulting fit parameters, are given in the supplementary
material.
The flavor decomposition of the forward limits A(0),

J(0), and D(0) is summarized in Table I, and can be
compared with other recent lattice QCD calculations of
the decomposition of the momentum and spin fractions of
the proton in Refs. [69, 70]. The sum rules for the total
momentum fraction and spin are satisfied, and the to-
tal quark and gluon contributions to these quantities are
approximately equal. The calculated gluon momentum
fraction is, however, several standard deviations larger
than the global fit result Ag(0) = 0.414(8) [67], which
can likely be attributed to remaining systematic uncer-
tainties that could not be estimated from this calcula-
tion using a single ensemble of lattice QCD gauge fields.
In particular, the continuum limit has not be taken, and
renormalization coe�cients were computed on an ensem-
ble with larger lattice spacing and quark masses [51]. The
calculated result for the total D-term satisfies the chiral
perturbation theory prediction for its upper bound [71],
D(0)/m  �1.1(1) GeV�1, and is in agreement with chi-
ral models [72–78].
Figure 2 presents a comparison of the dipole fit results

with the available experimental results for Du+d, Ag, and
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The flavor decomposition of the forward limits A(0),
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Synergy between lattice QCD and 
experiment continues! 

• First experimental constraint on  
gluon “generalised form factors”  
in 2023 from J/ψ photoproduction  
[Duran et al., Nature 615, 813-816 (2023)] 

• Lattice calculation important in 
distinguishing between models  
based on  
- Holographic QCD (method 1) 

- Generalised Parton Distributions (method 2) 
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Define quark and gluon radii from 
energy and longitudinal force 
densities 
 

• Mass and mechanical radii of proton 
comparable to charge radius 

• Gluons act to extend radius defined 
by quark contributions 
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Proton quark and gluon radii

4

FIG. 3. The quark, gluon, and total contributions to the
longitudinal force (upper) and energy (lower) densities in the
Breit frame are shown as functions of the radial distance from
the center of the proton. The corresponding quark, gluon, and
total mechanical and mass radii are marked as data points on
the corresponding curves.

Dg, presented in Refs. [24, 40, 44]. The fits to Du+d are
found to be consistent, but the uncertainties of the lat-
tice data are comparatively large at the small values of
|t| for which experimental data is available. Extractions
from new [79] and future experimental data over a larger
|t|-range, as well as better control of the uncertainties of
the lattice QCD result at low |t|, will be necessary for
a robust comparison. For the gluon GFFs, the lattice
QCD results are found to be consistent with the ‘holo-
graphic QCD’ inspired approach [14, 15] (method 1) to
the analysis of experimental data in Ref. [40] and disfa-
vor the ‘generalized parton distribution’ (GPD) inspired
approach [80] (method 2). A more recent analysis [44] in-
cluding an update to the GPD inspired analysis method,
as well as additional experimental data [81], is in less ten-
sion with the lattice QCD results presented here. These
comparisons illustrate the continued synergy and com-
plementarity between lattice and experimental results for
these quantities.

Densities: Through the definition in terms of the
EMT, and by analogy2 to mechanical systems, the t-
dependence of the GFFs also gives insight into various
densities in the proton. Specifically, the Breit-frame dis-

2 The physical significance of these analogies is debated [82–85].

tributions "i(r), pi(r), and si(r), defined as3
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where r = |r|,

[f(t)]FT =

Z
d3�

(2⇡)3
e�i�·rf(t) , (12)

and i 2 {q, g, q+g}, can be interpreted as energy, pres-
sure, and shear force distributions respectively [25–27].
The root-mean-square radii of the energy density and
the longitudinal force density

F ||
i (r) = pi(r) + 2si(r)/3 (13)

yield the mass and mechanical radii of the proton [27],

hr2i i
mass

=

R
d3r r2"i(r)R
d3r "i(r)

,

hr2i i
mech

=

R
d3r r2F ||

i (r)R
d3rF ||

i (r)
. (14)

Figure 3 shows the quark, gluon, and total densities and
corresponding radii obtained analytically from the dipole
fits to the GFFs. For both densities, the gluonic radius is
found to be larger than the quark radius. For the case of
the gluon mass radius, the result is consistent with that
predicted using the ‘holographic QCD’ inspired model
in the phenomenological extraction of Ref. [40] and the
updated analysis of Ref. [44], as shown in Fig. 4. The re-
sults for the quark mechanical radius are consistent with
a recent extraction from deeply virtual Compton scat-
tering cross sections data [86]. They are also consistent
with the soliton model prediction [72, 77] that the pro-
ton mechanical radius is slightly smaller than the charge
radius [87], and with the equality of the two radii in the
non-relativistic limit shown in the bag model [1, 8].
Summary : The flavor decomposition of the proton’s

A(t), J(t), and D(t) GFFs into their up-, down-, strange-
quark, and gluon contributions is determined for the first

3 The quark and gluon contributions to the pressure and energy
densities additionally depend on the GFF c̄i(t), which appears
in the decomposition of the matrix elements of T̂µ⌫

i due to the
quark and gluon EMT terms not being individually conserved.
This contribution, which is not constrained in this work, vanishes
for the total densities since c̄q(t) + c̄g(t)=0.

4
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FIG. 6: The glue trace anomaly form factor G⇡(Q2) at
seven pion masses.

FIG. 7: The glue trace anomaly matrix element of the
pion, �

2g hF
2
i(Q2 = 0), in the forward-limit (i.e., at

Q2 = 0 GeV2). The data points agree well with the
colored bands predicted from the fit with the functional
form �

2g hF
2
i = a+ b

p
ml + c

p
ml ln(

p
ml).

tional form factors [30], all yield

F
ChPT

ta,⇡ (Q2) ⇠
1

2
�

1

2m2
⇡

Q2. (14)

On the one hand, from Eq. (14), the form factor is
positive at Q2 = 0 with F

ChPT

ta,⇡ (Q2 = 0) = 1

2
and on

the other hand, Eq. (14) predicts a sign change in the
trace anomaly form factor of the pion. Therefore our
results are consistent with the predictions from the chiral
perturbation theory at the small Q2 region.

We also calculate GN (Q2) for the nucleon. We show
the nucleon results with the source at rest in Fig. 8 and
the results for the seven valence pion masses are plot-
ted in Fig. 9. In contrast to the pion case, GN (Q2)
decreases monotonically as Q2 increases and there is no
sign change. This is consistent with the expectation from
the trace anomaly density of the nucleon where no sign
change is found [9]. A recent perturbative QCD calcula-
tion of the trace anomaly form factors at large Q2 pre-
dicted the asymptotic signs for the pion and nucleon [31].
Their results agree with this work for the case of the pion
but disagree with this work for the case of the nucleon.

FIG. 8: Examples of the ratios of the nucleon on 24I
with various values of source-sink separation tf and
current position ⌧ at the valence pion mass m⇡,v = 340
MeV. The plots show the |~pi| 6= |~pf | case with ~pi = 0,
~q = ~pf . The data points agree well with the colored
bands predicted from the fit, and the gray band is for
the ground state form factor GN (Q2).

FIG. 9: The glue trace anomaly form factor GN (Q2) at
seven pion masses.

C. z-expansion fit of pion and nucleon form factors

In order to obtain the trace anomaly radius and
spatial distribution, we perform a model-independent
z-expansion fit [32] with the ratio G̃H(Q2) =
GH(Q2)/GH(Q2 = 0) for pion and nucleon separately
using the following equation

G̃H(Q
2) = G̃H(z) =

kmaxX

k=0

akz
k, (15)

z(t, tcut, t0) =

p
tcut � t�

p
tcut � t0

p
tcut � t+

p
tcut � t0

, (16)

where t = �Q2, and tcut is set to be at the two-pion
threshold, i.e., tcut = 4m2

⇡,mix
, with m⇡,mix being the

mass of the mixed valence and sea pseudoscalar me-
son on this ensemble as calculated in Ref. [33]; and

• First calculation of glue part of 
trace anomaly FF in 2024 
[Wang et al., 2401.05496 (2024)] 
 

• One lattice ensemble (fixed sea 
quark masses ) 

• Complications with renormalisation 
and mixing to be further explored

mπ ∼ 340MeV

• Matrix elements of the trace of the energy-momentum tensor are 
related to hadron mass 
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non-perturbative quantities, lattice QCD calculation is
indispensable for obtaining results with controlled statis-
tical and systematic errors.

The measurement of the trace anomaly form factor and
understanding its role in the hadron mass are of great in-
terest and are considered to be one of the major scientific
goals of the Electron-Ion Collider (EIC) [8].

In addition to the nucleon trace anomaly form factor,
that of the pion might be more interesting and intriguing.
It is pointed out that, in view of the fact that the pion
sigma term in Eq. (1) gives half of the pion mass from the
Gellmann-Oakes-Renner relation and the the Feynman-
Hellman theorem, the trace anomaly takes the other half
of the pion mass and, therefore, the glue part of the pion
trace anomaly will also be proportional to

p
m, just as

are the pion mass and its sigma term [2]. This poses
a puzzle as to why the trace anomaly, which is from the
conformal symmetry breaking, should have such a chiral-
symmetry-related behavior and what kind of structure
change can facilitate this attribute when approaching the
chiral limit [2]. In light of this puzzle, a lattice calculation
has been carried out to examine a spatial distribution in
the nucleon, the ⇢, and the pion [9], where the spatial
coordinate is between the glue part of the trace anomaly
operator and the sink position of the interpolation field
of the hadron. It was found that the density distributions
for the nucleon and the ⇢ are monotonic as are the electric
and axial charge distributions. However, the distribution
for the pion is unusual. When the quark mass is small,
the distribution changes sign such that the integral of the
distribution vanishes at the chiral limit. This is achieved
by making the glue trace anomaly more negative than
that in the vacuum in the inner core of the pion and more
positive than that of the vacuum in the outer shell so that
it takes no energy to create a pion with massless quarks.
This finding has motivated the present work to study the
glue part of the trace anomaly form factor (TAFF) for
the nucleon and particularly the pion. It is predicted that
the pion TAFF will change sign [2] as does the spatial
distribution in Ref. [9].

This paper is organized as follows: In Sec. II, we
present the numerical details of this calculation and a
brief description of grid source propagators and the low-
mode substitution method which enables us to obtain a
fairly large number of momentum transfer cases. Fits for
the form factors, z-expansion fits, and the corresponding
glue trace anomaly spatial distributions and mass radii
for the hadrons are discussed in Sec. III. A summary and
outlook are given in Sec. IV.

II. NUMERICAL SETUP

We use overlap fermions on one ensemble of 2+1-flavor
domain-wall fermion configurations with Iwasaki gauge
action (labeled with letter I) [10] as listed in Table I.

The e↵ective quark propagator of the massive overlap
fermions is the inverse of the operator (Dc +m) [11, 12],

where Dc is chiral, i.e., {Dc, �5} = 0 [13]. It can be ex-
pressed in terms of the overlap Dirac operator Dov as
Dc = ⇢Dov/(1�Dov/2), with ⇢ = �(1/(2)�4) and  =
0.2. A multi-mass inverter is used to calculate the prop-
agators with 7 valence pion masses varying from ⇠ 250
MeV to ⇠ 540 MeV, including the unitary point ⇠ 340
MeV. On the 24I ensemble, hypercubic (HYP) smear-
ing is applied to the gauge links in the overlap fermion
and Gaussian smearing [14] is applied with root mean
square (RMS) radius 0.49 fm [15], respectively, for both
the source and sink.

Ensemble L3 ⇥ T a (fm) L(fm) m⇡ (MeV) Nconf Nsrc

24I 243 ⇥ 64 0.1105(3) 2.65 340 788 64⇥ 2

TABLE I: Details of the 24I ensemble used in this cal-
culation. We use the grid source with two sets of the
Z3 noise [16] for 64 smeared grids on each time slice.

Based on the normalization convention shown in Ap-
pendix A, we define a dimensionless mass form factor
Fm,H(Q2), where Q2 = �(p0 � p)2. For a spin- 1

2
particle

like the nucleon, we have

hp0, s0|Tµ
µ |p, si = mNFm,N(Q

2)ū(p0, s0)u(p, s), (2)

where Tµ
µ is the trace operator of the EMT

Tµ
µ =

�

2g
F 2 +

X

f

(1 + �m)mf f f , (3)

and s (s0) is the canonical polarization of the initial (final)
nucleon.
For a spin-0 particle like the pion, we have

hp0|Tµ
µ |pi = m⇡ Fm,⇡(Q

2). (4)

The trace anomaly operator Tµ
µ is composed of two

parts

Tµ
µ = (Tµ

µ )� + (Tµ
µ )a, (5)

where (Tµ
µ )� =

P
f mf f f and (Tµ

µ )a =hP
f mf�m(g) f f + �(g)

2g F 2

i
. And correspond-

ingly the form factor of the EMT trace of the hadron H,
i.e., the mass form factor Fm,H(Q2), is made up of two
parts:

Fm,H(Q
2) = Fta,H(Q

2) + F�,H(Q
2), (6)

where F�,H is the form factor of the sigma term and Fta,H

is the form factor of the trace anomaly. In the forward
limit where Q2 = 0, Fm,H(Q2 = 0) = 1. In this work,
we calculate the form factor of the glue part of the trace
anomaly i.e., GH ⌘

�(g)
2g hF 2

iH/mH for the nucleon and
the pion.
To extract matrix elements and form factors, the three-

point function (3pt) C3(~q; tf , ⌧ ; t0) is computed from the
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Based on the normalization convention shown in Ap-
pendix A, we define a dimensionless mass form factor
Fm,H(Q2), where Q2 = �(p0 � p)2. For a spin- 1

2
particle

like the nucleon, we have

hp0, s0|Tµ
µ |p, si = mNFm,N(Q

2)ū(p0, s0)u(p, s), (2)

where Tµ
µ is the trace operator of the EMT

Tµ
µ =

�

2g
F 2 +

X

f

(1 + �m)mf f f , (3)

and s (s0) is the canonical polarization of the initial (final)
nucleon.
For a spin-0 particle like the pion, we have

hp0|Tµ
µ |pi = m⇡ Fm,⇡(Q

2). (4)

The trace anomaly operator Tµ
µ is composed of two

parts

Tµ
µ = (Tµ

µ )� + (Tµ
µ )a, (5)

where (Tµ
µ )� =

P
f mf f f and (Tµ

µ )a =hP
f mf�m(g) f f + �(g)

2g F 2

i
. And correspond-

ingly the form factor of the EMT trace of the hadron H,
i.e., the mass form factor Fm,H(Q2), is made up of two
parts:

Fm,H(Q
2) = Fta,H(Q

2) + F�,H(Q
2), (6)

where F�,H is the form factor of the sigma term and Fta,H

is the form factor of the trace anomaly. In the forward
limit where Q2 = 0, Fm,H(Q2 = 0) = 1. In this work,
we calculate the form factor of the glue part of the trace
anomaly i.e., GH ⌘

�(g)
2g hF 2

iH/mH for the nucleon and
the pion.
To extract matrix elements and form factors, the three-

point function (3pt) C3(~q; tf , ⌧ ; t0) is computed from the
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The hadron mass can be obtained through the calculation of the trace of the energy momentum
tensor (EMT) in the hadron which includes the trace anomaly and sigma terms. The anomaly due
to the conformal symmetry breaking is believed to be an important ingredient for hadron mass
generation and confinement. In this work, we will present the calculation of the glue part of the
trace anomaly form factors of the pion up to Q2 ⇠ 4.3 GeV2 and the nucleon up to Q2 ⇠ 1 GeV2.
The calculations are performed on a domain wall fermion (DWF) ensemble with overlap valence
quarks at 7 valence pion masses varying from ⇠ 250 MeV to ⇠ 540 MeV, including the unitary
point ⇠ 340 MeV. We calculate the radius of the glue trace anomaly for the pion and the nucleon
from the z-expansion. By performing a two-dimensional Fourier transform on the glue trace anomaly
form factors in the infinite momentum frame with no energy transfer, we also obtain their spatial
distributions for several valence quark masses. The results are extrapolated to the physical pion
mass. We find the pion’s form factor changes sign, as does its spatial distribution, for light quark
masses. This explains how the trace anomaly contribution to the pion mass approaches zero toward
the chiral limit.

I. INTRODUCTION

In classical physics, scale symmetry is broken by the
mass term. However, when quantum e↵ects are consid-
ered, this scale symmetry can be further broken, lead-
ing to the scale anomaly, corresponding to the anomaly
which appears in the trace of EMT. The QCD trace
anomaly is very important in understanding confinement
since it supplies a constant negative pressure which can-
cels the positive pressure from the quarks and glue for
the confined hadron in equilibrium [1, 2]. Also, the trace
anomaly plays an important role in hadron mass genera-
tion in a quantum chromodynamics (QCD) system. The
hadron mass can be obtained through the trace term of
the energy-momentum tensor (EMT) [3–6] and the sigma

terms,

mH = h
�

2g
F 2+

X

f

�mmf f f iH+
X

f

mf h f f iH (1)

where hOiH ⌘ hH|
R
d3x �O(x)|Hi/hH|Hi is the normal-

ized matrix element of the operator O in the rest frame,
where H denotes the hadron of interest and mf is the
quark mass for the f flavor. The bracketed first term on
the right-hand side is the trace anomaly term, and the
second is the sigma term. They are separately renormal-
ization group invariant. One can obtain their contribu-
tions to the mass of the di↵erent hadron states using the
above equation [7]. For the nucleon, the sigma term is
small (i.e., ⇠ 8.5% of the nucleon mass [1, 2]), and thus
the glue part of the trace anomaly dominates. For the
pion, the trace anomaly term contributes about half of
the pion mass and, since �m ⇠ 0.2 is not large, the glue
part dominates the trace anomaly term. Since these are
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2

case, we have An0 =
R
dx x

n�1
H , Bn0 =

R
dx x

n�1
E

and Ãn0 =
R
dx x

n�1
H̃, for zero skewness, and analo-

gously for the tensor GFFs.

In this work, we are interested in GFFs that parame-
terize o↵-forward nucleon matrix elements of local vector
and tensor quark operators, defined as

O
µ
V = q̄(x)�µ

q(x), O
µ⌫
V D = q̄(x)�{µ

i
 !
D

⌫}
q(x), (3)

O
µ⌫
T = q̄(x)�µ⌫

q(x), O
µ⌫⇢
TD = q̄(x)�[µ{⌫]

i
 !
D

⇢}
q(x), (4)

where
 !
D is the symmetrized covariant derivative, {· · · }

denotes symmetrization and subtraction of the trace and
[· · · ] antisymmetrization of the enclosed indices. For de-
tails on how the nucleon matrix elements of the operators
in Eqs. (3) and (4) yield the GFFs we refer to Ref. [24].

Lattice methodology: We employ the twisted-mass
fermion discretization scheme [25, 26], which provides
automatic O(a)-improvement for both physical observ-
ables and renormalization constants [27]. The ensembles
are generated with two mass-degenerate light, a strange,
and a charm quark, referred to as Nf = 2 + 1 + 1.
The bare light quark mass is tuned to reproduce the
isosymmetric pion mass m⇡ = 0.135 MeV within 1-4
MeV while the heavy quark masses are tuned with in-
puts given by the physical kaon and D-meson masses as
well as the D-meson decay constant, following the proce-
dure of Refs. [28, 29]. The parameters of the ensembles
analyzed in this work can be found in Table I. We note
that the lattice spacing has been determined from the
nucleon mass as discussed in Ref. [30].

Ensemble V/a4 � a [fm] m⇡L # meas.

cB211.072.64 643 ⇥ 128 1.778 0.07975(32) 3.62 48,000

cC211.06.80 803 ⇥ 160 1.836 0.06860(20) 3.78 46,516

cD211.054.96 963 ⇥ 192 1.900 0.05686(27) 3.90 31,744

TABLE I: The parameters of the three Nf = 2+1+1 ensem-
bles used in this work. In the first column we give the name
of the ensemble, in the second column the lattice volume,
in the third � = 6/g2 where g the bare coupling constant,
in the fourth the lattice spacing determined as discussed in
Ref. [30], and in the fifth column the value of m⇡L. The last
column is the number of measurements in the calculation of
the three-point functions for ts/a = 20.

To evaluate the nucleon matrix elements of the opera-
tors in Eqs. (3) - (4), we compute three- and two-point
correlation functions. Gaussian smeared point sources
are employed [31] to improve the overlap with the nu-
cleon state. The connected three-point functions are

computed using sequential propagators inverted through
the sink, i.e. using the so-called fixed-sink method. In
this work we restrict ourselves to the flavor non-singlet
isovector combination where disconnected contributions
vanish in the continuum limit. Connected three-point
functions are computed using several time separations,
ts, between the creation and annihilation nucleon inter-
polating operators, namely ts 2 [0.64, 1.6] fm for the
cB211.072.64, ts 2 [0.55, 1.52] fm for the cC211.06.80
and ts 2 [0.46, 1.15] fm for the cD211.054.96 ensem-
ble. This broad range of separations is necessary for a
thorough investigation and elimination of excited state
contribution. At constant statistics, the noise-to-signal
ratio increases exponentially with ts and the increase is
exacerbated at the physical point. We thus increase the
number of measurements with increasing ts to compen-
sate, yielding an approximately constant error for all ts.
The desired ground state matrix element is obtained by
taking an appropriate ratio of three- to two-point func-
tions (see Refs. [32, 33]), and analyzing its time depen-
dence as explained below.

In general, the nucleon matrix elements of the oper-
ators in Eqs. (3) - (4) yield linear combinations of the
GFFs in the non-forward limit depending on the inser-
tion operator quantum numbers, the nucleon spin pro-
jection, and components of the momentum transfer. We
follow a standard procedure, as described in Sec. C of
Ref. [32], where we construct an overconstrained system
of equations that is inverted through a Singular Value
Decomposition (SVD) to obtain the individual GFFs.

A delicate step in our analysis is to esure that
the ground state contribution is disentangled from the
excited-states contamination. We follow the procedure of
Ref. [32], comparing three methods, namely, the plateau,
summation, and two-state fits. Both the plateau and
summation fits take into account only contributions form
the ground state, while in the two-state fit we consider
contributions from the first excited state in both three-
and two-point functions. An example analysis is shown
in Fig. 1 for the AT20(0) case. As can be seen, the ratio
shows sizeable excited-states contamination. Including
the first excited state in a two-state fit leads to a ground
state matrix element that is significantly lower compared
to the plateau method. For increasing t

low
s the summa-

tion fit agrees with the two-state fit, which is consistent
for all tlows . We therefore take the result of the two-state
fit as the best determination of the ground state matrix
element. This is done throughout our analysis of the
GFFs.

The renormalization functions [34–36] of the operators in Eqs. 3 and 4 are computed using the RI’-MOM [37]

Other GFFs can also be 
computed from LQCD 
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pion masses of m⇡ > 400 MeV. Our analysis, using phys-
ical point ensembles, agrees with their value. Other re-
sults for this quantity include T = 0.81 and 1.24 from
two approaches using the constituent quark model [46]
and T = 1.73 using the quark-soliton model [47]. Since
T ⇠ �h

?
1 [48], then all results suggest that the Boer-

Mulders function, h?
1 , should be negative and sizeable.

This conclusion has also been found in a lattice QCD
study of the transverse momentum dependent PDFs [49].
There, an Nf = 2 + 1 mixed action scheme is used with
domain wall valence fermions on Asqtad sea quarks and
pion masses m⇡ = 369, 518 MeV.

AT10(0) B̄T10(0) A20(0) B20(0) J AT20(0) B̄T20(0)

0.924(54) 1.051(94) 0.126(32) 0.186(67) 0.156(46) 0.168(44) 0.267(19)

TABLE II: Our values of the forward limit of GFFs presented
in Fig. 2 in the continuum limit. We also include the value of
the isovector light quark contribution to the nucleon angular
momentum (J).

For the average momentum fraction, hxi ⌘ A20(0),
our value is in agreement with the precise values from
phenomenology [50–52]. While hxi is well-known, this
is not the case for B20(0), which enters in the expres-
sion for the nucleon spin [53], J = [A20(0) + B20(0)]/2.
Having determined both GFFs in the continuum limit
we find J = 0.156(46) for the isovector contribution
which is compatible with our previous determination of
0.161(24) [2, 34] obtained using only the cB211.072.64
ensemble. The slightly larger value obtained here can be
attributed to the slightly negative slope ofB20(0) towards
a ! 0 observed in Fig. 2.

The second moment of the transversity PDF is
hxi�u��d ⌘ AT20(0). Our finding is in agreement with
our previous study using the cB211.072.64 ensemble [34]
and also with the value by the RQCD collaboration [54].
B̄T20(0) is unknown from phenomenology. The lattice
study by QCDSF/UKQCD [45], using ensembles with
pion masses m⇡ > 400 MeV as discussed before, found
B̄T20(0) = 0.160(39), which is about two standard devi-
ations lower than our value.

The dependence of the GFFs on the momentum trans-
fer squared, �t, is also extracted for each ensemble. Since
in the lattice formulation �t takes discrete values we em-
ploy the p-pole Ansatz [23, 55],

F (t) =
F (0)

(1� t/m2
p)

p
, (5)

to fit the GFFs. There are three fit parameters, namely
F (0), the value of the GFF in the forward limit, the pole
mass mp, and the value of p. Varying all three parame-
ters leads to significant instabilities, as also observed in
Refs. [45, 54]. We use Gaussian priors for p centered at
p = 2 with width 0.5. We find that this procedure leads
to very stable results in all cases considered. Note that
for A10(t) and B10(t), i.e. the Dirac and Pauli form fac-

FIG. 3: Results for GFFs for n = 1 (top) and n = 2 (bot-
tom) in the continuum limit as a function of the momentum
transfer squared �t = �2. Results for An0, Bn0, ATn0, ÃTn0

and B̄Tn0 are presented with the name of each case being
the closest to the corresponding band. We have scaled some
GFFs as indicated in the plot to avoid overlaps and improve
presentation. Results are given in the MS at 2 GeV.

tors respectively, we use a dipole fit to parameterize their
momentum dependence, therefore fixing p = 2.

In Fig. 3 we show the vector and tensor GFFs in the
continuum limit. With this information we can fully de-
termine the first two moments of the transverse quark
spin densities given in Eq. (1). As can be seen, the GFFs
are well determined, especially for the n = 1 case. As
expected, for the higher moment, n = 2, the GFFs have
smaller values as compared to the n = 1 GFFs. In ad-
dition, we observe that A20(t) and AT20(t) have a rather
flat behavior. In impact parameter space, the fit function
is given by [23]

F (b2?) =
m

2
pF (0)

2p⇡�(p)
(mpb?)

p�1
Kp�1(mpb?), (6)

where �(x) is the Euler gamma function and Kn(x) =
K�n(x) the modified Bessel functions and b? =

p
b
2
?.

In Fig. 4 we show the first moment of the probability
density ⇢(x,b?, s?,S?). It is very interesting that for all
the cases we observe a sizeable deformation. We consider
four cases: i) For unpolarized quarks in a transversely
polarized nucleon, we observe a huge distortion towards
the positive by direction. This can be traced back to the
GFF B10, contributing to the term for E

0 in Eq. (1),
which from Fig. 3 we see is large and drops fast yielding
a large derivative. The origin of this behavior is related
to the Sivers e↵ect [56], a connection that has already
been made in Ref. [57]. ii) For transversely polarized

Tensor charge
Anomalous 
tensor magnetic 
moment/2

Isovector 
momentum 
fraction/2

Isovector GFFs from LQCD 
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pion masses of m⇡ > 400 MeV. Our analysis, using phys-
ical point ensembles, agrees with their value. Other re-
sults for this quantity include T = 0.81 and 1.24 from
two approaches using the constituent quark model [46]
and T = 1.73 using the quark-soliton model [47]. Since
T ⇠ �h
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1 [48], then all results suggest that the Boer-

Mulders function, h?
1 , should be negative and sizeable.

This conclusion has also been found in a lattice QCD
study of the transverse momentum dependent PDFs [49].
There, an Nf = 2 + 1 mixed action scheme is used with
domain wall valence fermions on Asqtad sea quarks and
pion masses m⇡ = 369, 518 MeV.

AT10(0) B̄T10(0) A20(0) B20(0) J AT20(0) B̄T20(0)

0.924(54) 1.051(94) 0.126(32) 0.186(67) 0.156(46) 0.168(44) 0.267(19)

TABLE II: Our values of the forward limit of GFFs presented
in Fig. 2 in the continuum limit. We also include the value of
the isovector light quark contribution to the nucleon angular
momentum (J).

For the average momentum fraction, hxi ⌘ A20(0),
our value is in agreement with the precise values from
phenomenology [50–52]. While hxi is well-known, this
is not the case for B20(0), which enters in the expres-
sion for the nucleon spin [53], J = [A20(0) + B20(0)]/2.
Having determined both GFFs in the continuum limit
we find J = 0.156(46) for the isovector contribution
which is compatible with our previous determination of
0.161(24) [2, 34] obtained using only the cB211.072.64
ensemble. The slightly larger value obtained here can be
attributed to the slightly negative slope ofB20(0) towards
a ! 0 observed in Fig. 2.

The second moment of the transversity PDF is
hxi�u��d ⌘ AT20(0). Our finding is in agreement with
our previous study using the cB211.072.64 ensemble [34]
and also with the value by the RQCD collaboration [54].
B̄T20(0) is unknown from phenomenology. The lattice
study by QCDSF/UKQCD [45], using ensembles with
pion masses m⇡ > 400 MeV as discussed before, found
B̄T20(0) = 0.160(39), which is about two standard devi-
ations lower than our value.

The dependence of the GFFs on the momentum trans-
fer squared, �t, is also extracted for each ensemble. Since
in the lattice formulation �t takes discrete values we em-
ploy the p-pole Ansatz [23, 55],

F (t) =
F (0)

(1� t/m2
p)

p
, (5)

to fit the GFFs. There are three fit parameters, namely
F (0), the value of the GFF in the forward limit, the pole
mass mp, and the value of p. Varying all three parame-
ters leads to significant instabilities, as also observed in
Refs. [45, 54]. We use Gaussian priors for p centered at
p = 2 with width 0.5. We find that this procedure leads
to very stable results in all cases considered. Note that
for A10(t) and B10(t), i.e. the Dirac and Pauli form fac-

FIG. 3: Results for GFFs for n = 1 (top) and n = 2 (bot-
tom) in the continuum limit as a function of the momentum
transfer squared �t = �2. Results for An0, Bn0, ATn0, ÃTn0

and B̄Tn0 are presented with the name of each case being
the closest to the corresponding band. We have scaled some
GFFs as indicated in the plot to avoid overlaps and improve
presentation. Results are given in the MS at 2 GeV.

tors respectively, we use a dipole fit to parameterize their
momentum dependence, therefore fixing p = 2.

In Fig. 3 we show the vector and tensor GFFs in the
continuum limit. With this information we can fully de-
termine the first two moments of the transverse quark
spin densities given in Eq. (1). As can be seen, the GFFs
are well determined, especially for the n = 1 case. As
expected, for the higher moment, n = 2, the GFFs have
smaller values as compared to the n = 1 GFFs. In ad-
dition, we observe that A20(t) and AT20(t) have a rather
flat behavior. In impact parameter space, the fit function
is given by [23]

F (b2?) =
m

2
pF (0)

2p⇡�(p)
(mpb?)

p�1
Kp�1(mpb?), (6)

where �(x) is the Euler gamma function and Kn(x) =
K�n(x) the modified Bessel functions and b? =

p
b
2
?.

In Fig. 4 we show the first moment of the probability
density ⇢(x,b?, s?,S?). It is very interesting that for all
the cases we observe a sizeable deformation. We consider
four cases: i) For unpolarized quarks in a transversely
polarized nucleon, we observe a huge distortion towards
the positive by direction. This can be traced back to the
GFF B10, contributing to the term for E

0 in Eq. (1),
which from Fig. 3 we see is large and drops fast yielding
a large derivative. The origin of this behavior is related
to the Sivers e↵ect [56], a connection that has already
been made in Ref. [57]. ii) For transversely polarized
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•Electromagnetic form factors 
•Axial and pseudo-scalar form factors 
•Generalised form factors incl. gravitational 
•Nuclear form factors
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Number of contractions grows 
factorially time

COST

Calculations possible for A<5
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• What about larger (phenomenologically-relevant) nuclei? 

• Nuclear effective field theory: 

• 1-body currents are dominant 

• 2-body currents are sub-leading  
but non-negligible 

• Determine one body contributions  
from single nucleon 

• Determine few-body contributions  
from A=2,3,4...  

• Match EFT and many body methods  
to LQCD to make predictions for  
larger nuclei

Phiala Shanahan, MIT

Larger nuclei

Detmold and Savage, Nucl.Phys.A743 
170-193(2004).

Electroweak matrix elements in the 
two-nucleon sector from lattice QCD

Beane et al(NPLQCD), 
Phys.Rev.Lett.109 172001(2012).

Hyperon-Nucleon Interactions and the 
Composition of Dense Nuclear Matter 
from QCD

Beane et al(NPLQCD), Phys.Rev.D.
87 034506(2013).

Light nuclei and hypernuclei from QCD 
in the limit of SU(3) flavor symmetry 

Beane et al(NPLQCD), Phys.Rev.C.
88 024003(2013).

Nucleon-nucleon scattering parameters 
in the limit of SU(3) flavor symmetry

Beane et al(NPLQCD), Phys.Rev.D 
96 114510(2017).

Baryon-baryon scattering and spin-
flavor symmetry from lattice QCD

SEE PHIALA’S TALK NEXT FOR 
COLLABORATION’S GOOD PROGRESS 

IN MATRIX ELEMENT STUDIES OF 
LIGHT NUCLEI

Beane et al(NPLQCD), Phys.Rev. 
D92 114512 (2015).

Nucleon-nucleon scattering at 
m_pi=450MeV from lattice QCD

LQCD INPUT FOR NUCLEI: 
MATCHING PROGRAM

Effective Field Theory for Lattice 
Nuclei

Barnea at al, Phys.Rev.Lett.114  
052501 (2015).

Bansal et al, arXiv:
1712.10246v1[nucl-th].

Pionless EFT for atomic nuclei and 
lattice nuclei:

Ground-State Properties of 4He and 16O Extrapolated from Lattice QCD with Pionless EFT:

Contessi et al, arXiv:1701.06516.

Predictions Beyond the LQCD calculations 
First Realization of the Dream !!

12

Effective Field Theory for Lattice Nuclei 

N. Barnea et al, Phys.Rev.Lett. 114 (2015) no.5, 052501 
Ground-State Properties of 4He and 16 O Extrapolated from Lattice QCD with Pionless EFT 

L. Contessi et al,  e-Print: arXiv:1701.06516

Predictions Beyond the LQCD calculations 
First Realization of the Dream !!

12

Effective Field Theory for Lattice Nuclei 

N. Barnea et al, Phys.Rev.Lett. 114 (2015) no.5, 052501 
Ground-State Properties of 4He and 16 O Extrapolated from Lattice QCD with Pionless EFT 

L. Contessi et al,  e-Print: arXiv:1701.06516

Nf = 3, m⇡ = 0.806 GeV, a = 0.145(2) fm

Lorenzo Contessi’s PhD thesis

QCD input Few-body EFT interactions

Many-body calculations of nuclei and hypernuclei
Many-body calculations of nuclei and hypernuclei

[Barnea et al., PRL 2015]
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Phiala Shanahan, MIT

“Nuclear physics from LQCD Collaboration” 
NPLQCD

Proton-proton fusion 
and tritium β-decay  
[Phys.Rev.Lett. 119, 062002 (2017)]

Nuclei with A<5  
unphysical quark masses 

Physical-mass  
calculations  
begun 2021

Nuclear matrix elements

Scalar, axial, tensor 
matrix elements       
[Phys.Rev.Lett. 120 (2018), 
Phys.Rept. 900 (2021), 
Phys.Rev.D 103, 074511(2021)]

Baryon-baryon 
interactions,  
incl. QED       
[Phys.Rev.D 96 (2017), Phys.Rev.D 
103 (2021), Phys.Rev.D 103 (2021), 
Phys.Rev.D 107 (2023),  
2403.00672 (2024)]

Nuclear parton 
distribution functions       
[Phys.Rev.D 96 (2017), 
Phys.Rev.Lett. 126 (2021)]

Double β-decay      
[Phys.Rev.Lett. 119 (2017),  
Phys.Rev.D 96 (2017),  
Phys.Rev.D 107 (2023),  
2402.09362 (2024)]



Matrix elements of the Energy-Momentum Tensor in light nuclei                              
               first QCD determination of momentum fraction of nuclei 

• Bounds on EMC effect in moments at ~few percent level, consistent with 
phenomenology 
 

Phiala Shanahan, MIT

Momentum fraction of nuclei

Ratio of quark momentum fraction in nucleus to nucleon

Isovector
m' ~800 MeV

Normalised to  
proton result

3

FIG. 1. The e↵ective matrix element, Eq. (5), associated
with the isovector quark momentum fractions of the proton,
pp and 3He. Blue (orange) points, labelled SS (SP), show
results for interpolating operators with smeared sources and
smeared (point-like) sinks. For each e↵ective matrix element,
points are shown for t  tmax, where tmax is the minimum t
where the signal-to-noise ratio of Gh(t+a;�)|O(�) is less than
0.5. Colored bands show the highest weight fit to the com-
bined dataset and the shaded gray bands show the weighted
average of all accepted fits and the total statistical plus fitting
systematic uncertainties.

asymptoting as

Rh(t)
t!1
�! hh| T |hi , (6)

with exponentially vanishing contamination at early
times that involves excited-state overlap factors and tran-
sition matrix elements.

Ground-state matrix elements are extracted from
Rh(t), and systematic fitting uncertainties are estimated,
using a procedure for sampling from all possible fit ranges
and models analogous to the procedure described for two-
point correlation functions in Ref. [61]. In summary, in
analyzing Rh(t) to extract the momentum fractions, the
full t dependence that results from the spectral decom-
position of each term in Eq. (5) is fit, and combined fits
to two- and three-point correlation functions are used to
constrain the relevant energies, overlap factors, and ma-
trix elements. All possible choices of fit ranges and up
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FIG. 2. Left: Renormalized isovector momentum fractions
for h 2 {p, pp, 3He} at a scale of µ = 2 GeV. Right: Ratios
of the isovector nuclear momentum fractions to that of the
constituent nucleons.

p pp 3He

hxi(h)u�d 0.191(1)(9) 0.194(2)(9) 0.066(1)(3)⇣
A

Z�N

⌘
hxi(h)u�d/hxi

(p)
u�d — 1.007(14) 1.028(15)

TABLE I. The isovector quark momentum fractions in p, pp
and 3He, calculated at m⇡ = 806 MeV in MS-scheme at µ = 2
GeV. The first uncertainty combines LQCD statistical and
systematic uncertainties and the second uncertainty is from
operator renormalization. The correlated ratios of the isovec-
tor momentum fraction in nuclei to those in the constituent
nucleons, in which the renormalization constants and their
uncertainties cancel, are also given.

to 4 states contributing to the spectral decompositions
are considered using a model selection process described
in the Supplementary Material. A weighted average over
fits from all acceptable fit ranges is used to define ground-
state energy results, including systematic uncertainties
from fit range and model variation. Results are shown in
Fig. 1 for the proton, diproton and 3He.
Results and Discussion — The extracted values of

the isovector quark momentum fractions for p, pp, 3He at
quark masses corresponding tom⇡ = mK = 806 MeV are
shown in Tab. I and displayed graphically in Fig. 2. The
uncertainties are separated into those from the LQCD
calculation of the bare matrix elements, and the (larger)
uncertainty from the renormalization and matching to
the MS scheme. The proton isovector momentum frac-
tion is consistent with other LQCD extractions at similar
values of the quark masses [62] given the di↵erent renor-
malization procedures and lattice spacings. The pp and
3He momentum fractions are determined with O(5%) un-
certainties and are found to be approximately consistent
with those of the constituent nucleons. The ratios of the
nuclear momentum fractions to that of the proton are
independent of operator renormalization to O(↵s), and
are determined at few-percent precision even for 3He.
In Refs. [63–65], nuclear e↵ective field theory (EFT)

[NPLQCD 2009.05522 (2020)]
45



Phiala Shanahan, MIT

Momentum fraction of nuclei

4

was used to study nuclear e↵ects in PDF moments. In
particular, it was shown that the leading source of such
e↵ects is the two-nucleon correlations that couple to the
twist-two operators defining the PDF moments. In terms
of the parameters defined in that work, nuclear e↵ects
in the isovector momentum fraction are encapsulated in
the low energy constant (LEC) ↵3,2 and nuclear fac-
tor G3(3He); their product is bounded as ↵3,2G3(3He) =
0.0018(14) at µ = 2 GeV from the numerical calcula-
tions presented here (see the Supplementary Material for
details). While the quark momentum fractions them-
selves have nonanalytic dependence on the quark masses
[66–68], this two-body LEC is expected to be relatively
insensitive to variation of the quark masses, as seen for
the the analogous two-body contribution in the np ! d�

[39] and pp ! de
+
⌫e [42, 69] processes. This relative

mass-independence assumption allows an extrapolation
to the physical quark masses: a naive estimate is given
by taking the central value determined at m⇡ = 806
MeV and inflating the uncertainty by 50% to account
for possible quark-mass dependence as well as the e↵ects
of the nonzero lattice spacing and finite volume (this un-
certainty is estimated based on the mass dependence seen
for the analogous two-body LECs in Refs. [39, 42, 69]).
This extrapolated value can be combined with the physi-

cal value of the nucleon momentum fraction, hxi(p)u�d =
0.160(7) at µ = 2 GeV from the nNNPDF2.0 analy-
sis [31], to determine the isovector momentum fraction

ratio 3hxi(
3He)
u�d /hxi

(p)
u�d|LQCD = 1.035(26) at the physical

quark masses (see the Supplementary Material for more
details).

It is interesting to compare the LQCD results for the
momentum fractions and their ratios to phenomenology.
In particular, the isovector momentum fractions deter-
mined here provide valuable information that is com-
plementary to experimental constraints on the nuclear
modification of PDFs; almost all information on the nu-
clear modification of partonic structure has been ob-
tained for the ratio of isoscalar-corrected F2 structure
functions of nuclei to that of the deuteron [3, 5, 6]. Ad-
ditional constraints are especially valuable in the context
of the intriguing question as to whether there is flavor-
dependence to the EMC e↵ect. Such flavor dependence
has been conjectured in models of QCD [70–75] and in
EFT [63–65] and is included in recent data-driven analy-
ses of experimental results [76, 77] and provides a poten-
tial explanation of the NuTeV anomaly in sin2 ✓W [78].

Fig. 3 shows the constraint on the isovector momen-
tum fraction ratio for 3He obtained from the results
presented here, compared with the constraints on the
isovector and isoscalar momentum fraction ratios from
the recent nNNPDF2.0 [31] global nuclear PDF fits. The
nNNPDF2.0 ellipse is generated by combining the Monte
Carlo replica sets for the bound proton PDFs in 4He
appropriately to form the PDFs of 3He (under the as-
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0.85
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1.15

FIG. 3. The ratio of the isovector momentum fractions of
3He and p determined in this work compared to constraints on
the isovector and isoscalar momentum fraction ratios from the
nNNPDF2.0 [31] global analysis before and after the LQCD
constraint is imposed. Both axes are normalized to unity in
the absence of nuclear e↵ects. The LQCD constraint on the
isovector ratio at m⇡ = 806 MeV is also displayed. In all
cases, 68% confidence intervals are shown.

sumption that the nuclear e↵ects vary slowly with A). In
this way, correlations between the 3He and proton PDFs
are accounted for. For the isovector combination, the

68% confidence interval is 3hxi(
3He)
u�d /hxi

(p)
u�d|nNNPDF2.0 =

1.007(63). In the nNNPDF approach, it is also straight-
forward to impose the LQCD constraint on the nuclear
PDFs by reweighting the Monte Carlo replicas as dis-
cussed in Ref. [79]; the combined confidence region is
shown in Fig. 3. The 68% confidence interval reduces to

3hxi(
3He)
u�d /hxi

(p)
u�d|nNNPDF2.0+LQCD = 1.028(25). Fig. 4

compares the ratio of the isovector PDF for 3He to that
of the constituent nucleons, with and without the impo-
sition of the LQCD constraint. As can be seen from the
reduced uncertainties in Figs. 3 and 4, LQCD calcula-
tions such as those presented here, as well as new experi-
mental constraints [80, 81], can significantly improve our
knowledge of the flavor dependence of nuclear PDFs.

Summary — In this work, the isovector momentum
fractions of the proton, diproton and 3He systems have
been determined using LQCD, complementing a previ-
ous study of the gluon momentum fraction on the same
ensemble [45]. These calculations were performed at a
single set of unphysical SU(3)-symmetric values for the
quark masses corresponding to m⇡ = 806 MeV, and in
a single lattice volume and at a single lattice spacing.
Bearing these caveats in mind, the isovector nuclear mo-
mentum fractions were calculated precisely and found to
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FIG. 4. The ratio R(
3
He)(x) = 3q(

3
He)

3
(x)/q(p)

3
(x) of the

nNNPDF2.0 isovector PDF in 3He to that in the proton [31],
as well as the same distribution with the LQCD moment con-
straint imposed into the global analysis as described in the
text. 68% confidence intervals are shown.

be similar to that of the proton. In particular, the ra-

tios hxi
(pp)
u�d/hxi

(p)
u�d = 1.010(14) and 3hxi(

3He)
u�d /hxi

(p)
u�d =

1.029(15) were determined and nuclear EFT arguments
were used to connect the 3He result to global analyses
of nuclear PDFs, providing important constraints on the
flavor decomposition of nuclear PDFs that are comple-
mentary to those obtained from experiment.

While in its early stages, this work emphasizes the util-
ity of LQCD in constraining less well-measured aspects
of partonic structure in an analogous way to how LQCD
inputs have been used to constrain the proton transver-
sity PDFs [82]. Future calculations at the physical quark
masses will consider higher moments of nuclear PDFs
(or even directly study their x dependence) for a wider
range of nuclei and provide a complete flavor decompo-
sition. Calculations will also quantitatively address the
full set of systematic uncertainties.
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with additional European FEDER funds under the con-
tract FIS2017-87534-P. KO was supported in part by
U.S. DOE grant DE-FG02-04ER41302 and in part by
the Je↵erson Science Associates, LLC under U.S. DOE
Contract DE-AC05-06OR23177. This manuscript has
been authored by Fermi Research Alliance, LLC under
Contract No. DE-AC02-07CH11359 with the U.S. De-
partment of Energy, O�ce of Science, O�ce of High En-
ergy Physics. The authors thank Robert Edwards, Bálint
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               first QCD determination of momentum fraction of nuclei 
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Axial charge of the triton

Phiala Shanahan, MIT

• No axial form factors of nuclei from lattice QCD yet 

• Axial charge of He: first extrapolation to the physical quark masses in 
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FIG. 8. Ratio of the axial charge of tritium to that of the single nucleon as a function of the
pion mass. The result from this work and that of Ref. [18] are shown as the blue points while the
physical value [6] is shown in red at the physical pion mass (indicated by the vertical line).
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Nuclear physics from lattice QCD

Phiala Shanahan, MIT

Nuclei on the lattice are HARD 
Constraints on nuclear matrix elements are possible: 

• Pipeline well-defined and tested  

• Still quite far from controlled calculations 

Controlled calculations achievable for nuclei with A<5  
with ~10-20% uncertainty in 10-year timeframe: 

• Axial MEs, including form factors 

• Scalar MEs relevant for e.g., dark matter direct detection 

• Double beta-decay matrix elements 

• Constraints on PDFs, GPDs of nuclei via moments 

• … 

Phiala Shanahan

Gluon Structure of Hadrons 
and Nuclei 
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Form factors from Lattice QCD

Phiala Shanahan, MIT

Exploratory Era

•Many transition and 
resonance FFs 

• t-dependence of 
nuclear FFs 

Precision Era

•Forward limits of FF 
incl. charges, 
moments of GPDs 

• t-dependence of EM, 
axial, pseudo scalar 
FFs 

Fully-controlled w/ 
few-percent errors 
now or within ~5y

First calculations, 
timeline for 
controlled 
calculations unclear

Early Era

• t-dependence of GFFs 

•Forward limits of 
nuclear FFs 

Fully-controlled w/ 
~15—percent errors 
now or within ~5y 
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