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— Albert Einstein

IT IS THE THEORY THAT DECIDES 
WHAT WE CAN OBSERVE.  

”

“



Can we can observe the charge radius 
in electron scattering?
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Presently circumvented by assuming a functional form  

for the form factor . 

—> Bias, non-improvable, ambiguity, …, lots of publications!

GE(Q2)

Experimental data for etc., are at finite , 

whereas the charge radius is the slope at 0:  

dσ/dQ2, GE(Q2), Q2

RE := (− 6
dGE(Q2)

dQ2
Q2=0

)1/2 ≡ −6G′￼E(0)

Extrapolation is a major (theor.) systematics:



The extrapolation problem in atomic spectroscopy solved via 
a Taylor expansion 

GE(Q2) =
∞

∑
n=0

(−1)n

n!
Q2n G(n)

E (0)

with , about 1 MeV for light muonic atoms. 

Rapidly convergent, systematically improvable expansion!  

Q ∼ Zαmr

ELS = −
2Zα

π ∫
∞

0
dQ w2P−2S(Q) GE(Q2), with  w2P−2S(Q) = 2(Zαmr)4Q2 (Zαmr)2 − Q2

[(Zαmr)2 + Q2]4 .

Strictly speaking, 

Hagelstein, Miskimen & VP,  PPNP (2016)

Convoluted wave-functions
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Taylor expansion is unsuitable for electron scattering 
where  Q ∼ 2mπ ≈ 300 MeV, Q2 ∼ 0.1 GeV2

Improvable by ChPT and DRs, but still model-dependent! 

ChPT cannot predict radii, form factors 

LQCD can, in principle, but then it’s LQCD+expt ? 
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— John Perkins 

ADMITTING TO A PROBLEM IS THE FIRST 
STEP TOWARD FINDING A SOLUTION

”

“

WHAT TO DO?



FROM EXTRAPOLATION TO BOUNDS

We obtained precise  data, which are (theory) unbiased by a 
choice of the functional form.

GE(Q2)

 My main assumption (not valid for A1 dataset!):

We need to extrapolate the slope from  to 0: Q2

G′￼E(0) =
∞

∑
n=0

(−1)n

n!
Q2n G(n+1)

E (Q2)

= G′￼E(Q2) − Q2G′￼′￼E(Q2) +
1
2

Q4G′￼′￼′￼E (Q2) + …

Any truncation provides a bound (upper for the slope, lower for )RE

provided      0 < GE(Q2) ≤ 1, with GE(0) = 1.
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AN OPTIMAL BOUND

G′￼E(Q2) ≥
G′￼E(Q2)
GE(Q2)

≥
1

Q2
log GE(Q2) ≥ G′￼E(0)

Some bounds are better than others, e.g.,  
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Hagelstein & VP,  PLB 797 (2019)

An optimal lower bound on the radius:

R2
E(Q2) = −

6
Q2

log GE(Q2) .

R2
E(Q2) ≤ R2

E(0) = R2
E



IN PRACTICE (A1 EXP.)

 R2
E(Q2) = −

6
Q2

log GE(Q2) → R2
EQ2 = 0
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PRAD EXP. 
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Fig. 3. The proton electric charge radius function R E (Q 2) in fm obtained from 
eq. (6). The data points from the PRad experiment are shown in red and blue for the 
1.1 and 2.2 GeV data runs respectively, while the dotted curves correspond to the 
equivalent result in Fig. 1 which is a prediction based on the spectroscopic value of 
the charge radius and a theoretical prediction for the higher moments. The dashed 
magenta curve corresponds to the straight-line result in Fig. 1.

results. It is very likely that such a procedure will be required also 
for future low-Q 2 experiments for e − p or µ − p scattering.

3. Data analysis for R E ( Q 2) and R E (z)

In Fig. 3 we show the result of the transformation given in 
eq. (6). The mapping to the function R E (Q 2) scales up the er-
rors for low Q 2, and it becomes evident that the 2.2 GeV data set 
covers the range required in order to pin down the radius value 
without being affected too much by the contribution from ⟨r4⟩. 
Interestingly, the data points below 0.01 GeV2 do not contribute 
towards a strong statement (as anticipated in Ref. [18]). This is not 
immediately obvious from Fig. 1. The dashed curves correspond to 
our theoretical result in Fig. 1, i.e., the form of G E(Q 2) is a known 
analytic function and can be treated in the sense of Ref. [16] as 
being a lower bound to the proton charge radius. The simple lin-
ear form factor result (magenta line in Fig. 1) does not obey the 
bound, since it does not correspond to a legitimate charge density. 
Experimental data with statistical (and systematic) errors, do not 
obey bounds, as can be seen from the PRad data, but they agree 
very well when taking their standard deviation into account.

In Fig. 4 we repeat a similar analysis for R E (z) based on eq. (7). 
A rather different picture emerges in this case when looking at the 
analytical results based on the Padé form factor as a function of 
z compared to R E (Q 2). The function R E (z) rises quickly to large 
values. It may be an upper bound (we have no proof, at best a 
conjecture), but not a very useful one. The data are very consistent 
with this, but the figure raises the question about the usefulness 
of fits to G E (z) with the goal to extract the proton charge radius. 
The very large values of R E obtained from z-dependent fits to the 
MAMI data [22,23,30] may well be connected with the character 
observed here. The presentation in the form of R E (z) again turns 
out to be useful, since this conclusion would not be drawn from 
looking at the functions G E (z) shown in Fig. 2.

Fig. 4. The proton electric charge radius function R E (z) in fm obtained from eq. (7). 
The PRad data points and the dotted and dashed curves correspond to the equiva-
lent results in Fig. 2.

4. Conclusions

Given that there are a number of lepton-proton form factor 
measurements at low Q 2 in progress, the present work should 
help with their data analysis. Apart from the mentioned experi-
ments on muon scattering (MUSE, [31]), and updated MAMI mea-
surements both with magnetic spectrometers but the solid hy-
drogen target replaced by a gas jet target, as well as to measure 
proton recoils using such a target [32] there are also proposals for 
measurements in France [33] and in Japan [34].

Ultimately, one would like to understand not only the low-Q 2

dependence of the electric (and magnetic) form factors, but also 
improve the understanding of how these form factors connect to 
data at high Q 2 [35]. Given the difficulty of the MAMI data anal-
ysis to connect with the small charge radius one should not only 
emphasize the lowest-Q 2 region, which is apparently where much 
of the current efforts will go. It will be at least equally important 
to probe the Q 2 regions to the right of 0.08 GeV2 in order to de-
termine experimentally the higher moments of the electric charge 
distribution of the proton, and to probe the lowest moments of 
its current distribution to higher precision. This will be of use to 
the numerical lattice gauge theory community which is working 
towards improvement on its first attempts to determine the form 
factors from quantum chromodynamics alone [36,37].
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IMPROVED BOUNDS

Improve any bound by extrapolating it to zero! 

R2
E(0) =

∞

∑
n=0

(−1)n

n!
Q2n R2(n)

E (Q2) = R2
E(Q2) − Q2R2 ′￼

E (Q2) + …

Taking only the first two terms, the improved boundary function:

R̃2
E(Q2) = −

12
Q2

log GE(Q2) + 6
G′￼E(Q2)
GE(Q2)

R2
E(Q2) ≤ R̃2

E(Q2) ≤ R2
E

Further improvements require higher derivatives of .GE(Q2)
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DIPOLE ILLUSTRATION
Gdip.(Q2) =

1
(1 + Q2/Λ2)2 R2

dip. ≡ − 6G′￼dip.(0) =
12
Λ2

1. −6G′￼dip.(Q2) =
12
Λ2 (1 − 3

Q2

Λ2
+ 6

Q4

Λ4
+ …)

2. −6
G′￼dip.(Q2)
Gdip.(Q2)

=
12
Λ2 (1 −

Q2

Λ2
+

Q4

Λ4
+ …)

3. −
6

Q2
log Gdip.(Q2) =

12
Λ2 (1 −

Q2

2Λ2
+

Q4

3Λ4
+ …)

4. R̃2
dip.(Q

2) ≡ 2 × (3.) − (2.) =
12
Λ2 (1 − 4

Q4

Λ4
+ …)

The improved bound is within 0.3% of the true value, 
for Q2 < 0.1GeV2 (with Λ2 = 0.71GeV2)
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SUMMARY

1. Extrapolation from finite   to 0 is required for the radius 
extraction 

2. Currently solved by an “a priori” functional form of , 
bringing bias, ambiguity. 

3. Lower bounds avoid this problem, put it on stricter footing, 
systematically improvable 

4. Looks like it does not (yet) work well with present data

Q2

GE(Q2)
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— Albert Einstein(?)

A CLEVER MAN SOLVES THE 
PROBLEM,  

A WISE MAN AVOIDS IT

”

“


