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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.

present experiment with a series of published form factors:
the standard dipole, the Padé and polynomial descriptions of

015206-21

J. C. Bernauer et al., Phys. Rev. C 90, 015206 (2014)
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E Q2 ≥ 0foris a lower bound

FH and V. Pascalutsa, Phys. Lett. B 797 (2019)
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FIG. 3. The proton electric charge radius function RE(Q2) in fm obtained from eq. (6). The

data points from the PRad experiment are shown in red and blue for the 1.1 and 2.2 GeV data

runs respectively, while the dotted curves correspond to the equivalent result in Fig. 1 which is a

prediction based on the spectroscopic value of the charge radius and a theoretical prediction for the

higher moments. The dashed magenta curve corresponds to the straight-line result in Fig. 1.

the series in Q2. For the range of the PRad data this is not important, because they do not

reach beyond the critical point, i.e., 0.078 GeV2.

The conclusions to be drawn from a three-parameter Padé function in Q2 (Fig. 1), or in z

(Fig. 2) are basically the same: the experimental data cannot be used directly at lowest Q2

or z to measure the derivatives of the form factor. However, incorporating such derivatives

on the basis of hydrogen spectroscopy (for RE) and dispersively improved higher-order chiral

perturbation theory (for the higher moments) demonstrates consistency with the PRad results.

It is very likely that such a procedure will be required also for future low-Q2 experiments for

e� p or µ� p scattering.
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PRad data: 

1.1 GeV and 2.2 GeV
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I. INTRODUCTION

The comparison of nuclear charge radii obtained from
muonic atoms (Antognini et al., 2013b; Krauth et al.,
2021; Pohl et al., 2010, 2016, 2023) with those obtained
from “normal” atomic spectroscopy is a unique test of
lepton universality and also a search for the existence of
possible yet unknown lepton-nucleus interactions at the
scale from a few to a few hundred femtometers, which
have not yet been probed experimentally by other means.
A similar or even stronger sensitivity to the lepton uni-
versality is expected from the direct comparison of the
electron versus muon scattering of the proton, which is
the aim of the MUSE collaboration (Lorenzon, 2020).
The charge radii of the proton and other light nuclei
are important also for the determination of fundamen-
tal physical constants, like the Rydberg constant Ry
from the spectroscopy of H (Tiesinga et al., 2021) or
He+ (Herrmann et al., 2009; Krauth et al., 2020), or
the electron-nucleus mass ratios from the spectroscopy
of HD+ (Alighanbari et al., 2020; Kortunov et al., 2021;
Patra et al., 2020). In fact, the global adjustment of fun-
damental constants, performed by CODATA (Tiesinga
et al., 2021) periodically every four years, will now em-
ploy the nuclear charge radii obtained from the muonic
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TABLE I Contributions to the 2P1/2 � 2S1/2 energy di↵erence EL in meV, with charge radii rC in fm. All corrections larger
than 3% of the overall uncertainty are included. Theoretical predictions for EL are EL(theo) = EQED + C r2C + ENS. The last
two rows show the values of rC determined from the comparison of EL(theo) to EL(exp).

Sec. Order Correction µH µD µ3He+ µ4He+

III.A ↵ (Z ↵)2 eVP(1) 205.007 38 227.634 70 1641.886 2 1665.773 1
III.A ↵2 (Z ↵)2 eVP(2) 1.658 85 1.838 04 13.084 3 13.276 9
III.A ↵3 (Z ↵)2 eVP(3) 0.007 52 0.008 42(7) 0.073 0(30) 0.074 0(30)
III.B (Z,Z2, Z3)↵5 light by light eVP �0.000 89(2) �0.000 96(2) �0.013 4(6) �0.013 6(6)
III.C (Z ↵)4 recoil 0.057 47 0.067 22 0.126 5 0.295 2
III.D ↵ (Z ↵)4 relativistic with eVP(1) 0.018 76 0.021 78 0.509 3 0.521 1
III.E ↵2 (Z ↵)4 relativistic with eVP(2) 0.000 17 0.000 20 0.005 6 0.005 7
III.F ↵ (Z ↵)4 µSE(1) + µVP(1), LO �0.663 45 �0.769 43 �10.652 5 �10.926 0
III.G ↵ (Z ↵)5 µSE(1) + µVP(1), NLO �0.004 43 �0.005 18 �0.174 9 �0.179 7
III.H ↵2 (Z ↵)4 µVP(1) with eVP(1) 0.000 13 0.000 15 0.003 8 0.003 9
III.I ↵2 (Z ↵)4 µSE(1) with eVP(1) �0.002 54 �0.003 06 �0.062 7 �0.064 6
III.J (Z ↵)5 recoil �0.044 97 �0.026 60 �0.558 1 �0.433 0
III.K ↵(Z ↵)5 recoil with eVP(1) 0.000 14(14) 0.000 09(9) 0.004 9(49) 0.003 9(39)
III.L Z2 ↵ (Z ↵)4 nSE(1) �0.009 92 �0.003 10 �0.084 0 �0.050 5

III.M ↵2 (Z ↵)4 µF (2)
1 , µF (2)

2 , µVP(2) �0.001 58 �0.001 84 �0.031 1 �0.031 9
III.N (Z ↵)6 pure recoil 0.000 09 0.000 04 0.001 9 0.001 4
III.O ↵ (Z ↵)5 radiative recoil 0.000 22 0.000 13 0.002 9 0.002 3
III.P ↵ (Z ↵)4 hVP 0.011 36(27) 0.013 28(32) 0.224 1(53) 0.230 3(54)
III.Q ↵2 (Z ↵)4 hVP with eVP(1) 0.000 09 0.000 10 0.002 6(1) 0.002 7(1)

IV.A (Z ↵)4 r2C �5.197 5 r2p �6.073 2 r2d �102.523 r2h �105.322 r2↵
IV.B ↵ (Z ↵)4 eVP(1) with r2C �0.028 2 r2p �0.034 0 r2d �0.851 r2h �0.878 r2↵
IV.C ↵2 (Z ↵)4 eVP(2) with r2C �0.000 2 r2p �0.000 2 r2d �0.009(1) r2h �0.009(1) r2↵

V.A (Z ↵)5 TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B ↵2 (Z ↵)4 Coulomb distortion 0.0 �0.261 �1.010 �0.536
V.C (Z ↵)6 3PE �0.001 3(3) 0.002 2(9) �0.214(214) �0.165(165)
V.D ↵ (Z ↵)5 eVP(1) with TPE 0.000 6(1) 0.027 5(4) 0.266(24) 0.158(12)
V.E ↵ (Z ↵)5 µSE(1) + µVP(1) with TPE 0.000 4 0.002 6(3) 0.077(8) 0.059(6)

III EQED point nucleus 206.034 4(3) 228.774 0(3) 1644.348(8) 1668.491(7)
IV C r2C finite size �5.225 9 r2p �6.107 4 r2d �103.383 r2h �106.209 r2↵
V ENS nuclear structure 0.028 9(25) 1.750 3(200) 15.499(378) 9.276(433)

EL(exp) experimenta 202.370 6(23) 202.878 5(34) 1258.598(48) 1378.521(48)

rC this work 0.840 60(39) 2.127 58(78) 1.970 07(94) 1.678 6(12)
rC previousa 0.840 87(39) 2.125 62(78) 1.970 07(94) 1.678 24(83)

a Presented in Antognini et al. (2013b); Krauth et al. (2021); Pohl et al. (2016); Schuhmann et al. (2023)

mµ

m↵
=0.028 346 557 7(6) , (8e)

where the subscripts d, h, and ↵ denote the deuteron,
helion (3He nucleus) and ↵ particle (4He nucleus), re-
spectively. Moreover, with µ being the reduced mass of
the two-body system,

µ =
mµ

1 +mµ/M
(9)

with M standing for the nuclear mass, we define the ratio

� =
me

Z↵µ
, (10)

for which we obtain the following values:

�p = 0.737 383 68 , (11a)

�d = 0.700 086 14 , (11b)

�h = 0.343 842 92 , (11c)

�↵ = 0.340 769 14 . (11d)

Finally, the nonrelativistic Coulomb wave function � with
nonrelativistic energy E0 is the solution of (H0�E0)� = 0
with

H0 =
~p 2

2µ
� Z ↵

r
(12)

Rev. Mod. Phys. 96 (2024) 1, 015001

talk by Pachucki
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I. INTRODUCTION

The comparison of nuclear charge radii obtained from
muonic atoms (Antognini et al., 2013b; Krauth et al.,
2021; Pohl et al., 2010, 2016, 2023) with those obtained
from “normal” atomic spectroscopy is a unique test of
lepton universality and also a search for the existence of
possible yet unknown lepton-nucleus interactions at the
scale from a few to a few hundred femtometers, which
have not yet been probed experimentally by other means.
A similar or even stronger sensitivity to the lepton uni-
versality is expected from the direct comparison of the
electron versus muon scattering of the proton, which is
the aim of the MUSE collaboration (Lorenzon, 2020).
The charge radii of the proton and other light nuclei
are important also for the determination of fundamen-
tal physical constants, like the Rydberg constant Ry
from the spectroscopy of H (Tiesinga et al., 2021) or
He+ (Herrmann et al., 2009; Krauth et al., 2020), or
the electron-nucleus mass ratios from the spectroscopy
of HD+ (Alighanbari et al., 2020; Kortunov et al., 2021;
Patra et al., 2020). In fact, the global adjustment of fun-
damental constants, performed by CODATA (Tiesinga
et al., 2021) periodically every four years, will now em-
ploy the nuclear charge radii obtained from the muonic
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TABLE I Contributions to the 2P1/2 � 2S1/2 energy di↵erence EL in meV, with charge radii rC in fm. All corrections larger
than 3% of the overall uncertainty are included. Theoretical predictions for EL are EL(theo) = EQED + C r2C + ENS. The last
two rows show the values of rC determined from the comparison of EL(theo) to EL(exp).

Sec. Order Correction µH µD µ3He+ µ4He+

III.A ↵ (Z ↵)2 eVP(1) 205.007 38 227.634 70 1641.886 2 1665.773 1
III.A ↵2 (Z ↵)2 eVP(2) 1.658 85 1.838 04 13.084 3 13.276 9
III.A ↵3 (Z ↵)2 eVP(3) 0.007 52 0.008 42(7) 0.073 0(30) 0.074 0(30)
III.B (Z,Z2, Z3)↵5 light by light eVP �0.000 89(2) �0.000 96(2) �0.013 4(6) �0.013 6(6)
III.C (Z ↵)4 recoil 0.057 47 0.067 22 0.126 5 0.295 2
III.D ↵ (Z ↵)4 relativistic with eVP(1) 0.018 76 0.021 78 0.509 3 0.521 1
III.E ↵2 (Z ↵)4 relativistic with eVP(2) 0.000 17 0.000 20 0.005 6 0.005 7
III.F ↵ (Z ↵)4 µSE(1) + µVP(1), LO �0.663 45 �0.769 43 �10.652 5 �10.926 0
III.G ↵ (Z ↵)5 µSE(1) + µVP(1), NLO �0.004 43 �0.005 18 �0.174 9 �0.179 7
III.H ↵2 (Z ↵)4 µVP(1) with eVP(1) 0.000 13 0.000 15 0.003 8 0.003 9
III.I ↵2 (Z ↵)4 µSE(1) with eVP(1) �0.002 54 �0.003 06 �0.062 7 �0.064 6
III.J (Z ↵)5 recoil �0.044 97 �0.026 60 �0.558 1 �0.433 0
III.K ↵(Z ↵)5 recoil with eVP(1) 0.000 14(14) 0.000 09(9) 0.004 9(49) 0.003 9(39)
III.L Z2 ↵ (Z ↵)4 nSE(1) �0.009 92 �0.003 10 �0.084 0 �0.050 5

III.M ↵2 (Z ↵)4 µF (2)
1 , µF (2)

2 , µVP(2) �0.001 58 �0.001 84 �0.031 1 �0.031 9
III.N (Z ↵)6 pure recoil 0.000 09 0.000 04 0.001 9 0.001 4
III.O ↵ (Z ↵)5 radiative recoil 0.000 22 0.000 13 0.002 9 0.002 3
III.P ↵ (Z ↵)4 hVP 0.011 36(27) 0.013 28(32) 0.224 1(53) 0.230 3(54)
III.Q ↵2 (Z ↵)4 hVP with eVP(1) 0.000 09 0.000 10 0.002 6(1) 0.002 7(1)

IV.A (Z ↵)4 r2C �5.197 5 r2p �6.073 2 r2d �102.523 r2h �105.322 r2↵
IV.B ↵ (Z ↵)4 eVP(1) with r2C �0.028 2 r2p �0.034 0 r2d �0.851 r2h �0.878 r2↵
IV.C ↵2 (Z ↵)4 eVP(2) with r2C �0.000 2 r2p �0.000 2 r2d �0.009(1) r2h �0.009(1) r2↵

V.A (Z ↵)5 TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B ↵2 (Z ↵)4 Coulomb distortion 0.0 �0.261 �1.010 �0.536
V.C (Z ↵)6 3PE �0.001 3(3) 0.002 2(9) �0.214(214) �0.165(165)
V.D ↵ (Z ↵)5 eVP(1) with TPE 0.000 6(1) 0.027 5(4) 0.266(24) 0.158(12)
V.E ↵ (Z ↵)5 µSE(1) + µVP(1) with TPE 0.000 4 0.002 6(3) 0.077(8) 0.059(6)

III EQED point nucleus 206.034 4(3) 228.774 0(3) 1644.348(8) 1668.491(7)
IV C r2C finite size �5.225 9 r2p �6.107 4 r2d �103.383 r2h �106.209 r2↵
V ENS nuclear structure 0.028 9(25) 1.750 3(200) 15.499(378) 9.276(433)

EL(exp) experimenta 202.370 6(23) 202.878 5(34) 1258.598(48) 1378.521(48)

rC this work 0.840 60(39) 2.127 58(78) 1.970 07(94) 1.678 6(12)
rC previousa 0.840 87(39) 2.125 62(78) 1.970 07(94) 1.678 24(83)

a Presented in Antognini et al. (2013b); Krauth et al. (2021); Pohl et al. (2016); Schuhmann et al. (2023)

mµ

m↵
=0.028 346 557 7(6) , (8e)

where the subscripts d, h, and ↵ denote the deuteron,
helion (3He nucleus) and ↵ particle (4He nucleus), re-
spectively. Moreover, with µ being the reduced mass of
the two-body system,

µ =
mµ

1 +mµ/M
(9)

with M standing for the nuclear mass, we define the ratio

� =
me

Z↵µ
, (10)

for which we obtain the following values:

�p = 0.737 383 68 , (11a)

�d = 0.700 086 14 , (11b)

�h = 0.343 842 92 , (11c)

�↵ = 0.340 769 14 . (11d)

Finally, the nonrelativistic Coulomb wave function � with
nonrelativistic energy E0 is the solution of (H0�E0)� = 0
with

H0 =
~p 2

2µ
� Z ↵

r
(12)
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I. INTRODUCTION

The comparison of nuclear charge radii obtained from
muonic atoms (Antognini et al., 2013b; Krauth et al.,
2021; Pohl et al., 2010, 2016, 2023) with those obtained
from “normal” atomic spectroscopy is a unique test of
lepton universality and also a search for the existence of
possible yet unknown lepton-nucleus interactions at the
scale from a few to a few hundred femtometers, which
have not yet been probed experimentally by other means.
A similar or even stronger sensitivity to the lepton uni-
versality is expected from the direct comparison of the
electron versus muon scattering of the proton, which is
the aim of the MUSE collaboration (Lorenzon, 2020).
The charge radii of the proton and other light nuclei
are important also for the determination of fundamen-
tal physical constants, like the Rydberg constant Ry
from the spectroscopy of H (Tiesinga et al., 2021) or
He+ (Herrmann et al., 2009; Krauth et al., 2020), or
the electron-nucleus mass ratios from the spectroscopy
of HD+ (Alighanbari et al., 2020; Kortunov et al., 2021;
Patra et al., 2020). In fact, the global adjustment of fun-
damental constants, performed by CODATA (Tiesinga
et al., 2021) periodically every four years, will now em-
ploy the nuclear charge radii obtained from the muonic
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TABLE I Contributions to the 2P1/2 � 2S1/2 energy di↵erence EL in meV, with charge radii rC in fm. All corrections larger
than 3% of the overall uncertainty are included. Theoretical predictions for EL are EL(theo) = EQED + C r2C + ENS. The last
two rows show the values of rC determined from the comparison of EL(theo) to EL(exp).

Sec. Order Correction µH µD µ3He+ µ4He+

III.A ↵ (Z ↵)2 eVP(1) 205.007 38 227.634 70 1641.886 2 1665.773 1
III.A ↵2 (Z ↵)2 eVP(2) 1.658 85 1.838 04 13.084 3 13.276 9
III.A ↵3 (Z ↵)2 eVP(3) 0.007 52 0.008 42(7) 0.073 0(30) 0.074 0(30)
III.B (Z,Z2, Z3)↵5 light by light eVP �0.000 89(2) �0.000 96(2) �0.013 4(6) �0.013 6(6)
III.C (Z ↵)4 recoil 0.057 47 0.067 22 0.126 5 0.295 2
III.D ↵ (Z ↵)4 relativistic with eVP(1) 0.018 76 0.021 78 0.509 3 0.521 1
III.E ↵2 (Z ↵)4 relativistic with eVP(2) 0.000 17 0.000 20 0.005 6 0.005 7
III.F ↵ (Z ↵)4 µSE(1) + µVP(1), LO �0.663 45 �0.769 43 �10.652 5 �10.926 0
III.G ↵ (Z ↵)5 µSE(1) + µVP(1), NLO �0.004 43 �0.005 18 �0.174 9 �0.179 7
III.H ↵2 (Z ↵)4 µVP(1) with eVP(1) 0.000 13 0.000 15 0.003 8 0.003 9
III.I ↵2 (Z ↵)4 µSE(1) with eVP(1) �0.002 54 �0.003 06 �0.062 7 �0.064 6
III.J (Z ↵)5 recoil �0.044 97 �0.026 60 �0.558 1 �0.433 0
III.K ↵(Z ↵)5 recoil with eVP(1) 0.000 14(14) 0.000 09(9) 0.004 9(49) 0.003 9(39)
III.L Z2 ↵ (Z ↵)4 nSE(1) �0.009 92 �0.003 10 �0.084 0 �0.050 5

III.M ↵2 (Z ↵)4 µF (2)
1 , µF (2)

2 , µVP(2) �0.001 58 �0.001 84 �0.031 1 �0.031 9
III.N (Z ↵)6 pure recoil 0.000 09 0.000 04 0.001 9 0.001 4
III.O ↵ (Z ↵)5 radiative recoil 0.000 22 0.000 13 0.002 9 0.002 3
III.P ↵ (Z ↵)4 hVP 0.011 36(27) 0.013 28(32) 0.224 1(53) 0.230 3(54)
III.Q ↵2 (Z ↵)4 hVP with eVP(1) 0.000 09 0.000 10 0.002 6(1) 0.002 7(1)

IV.A (Z ↵)4 r2C �5.197 5 r2p �6.073 2 r2d �102.523 r2h �105.322 r2↵
IV.B ↵ (Z ↵)4 eVP(1) with r2C �0.028 2 r2p �0.034 0 r2d �0.851 r2h �0.878 r2↵
IV.C ↵2 (Z ↵)4 eVP(2) with r2C �0.000 2 r2p �0.000 2 r2d �0.009(1) r2h �0.009(1) r2↵

V.A (Z ↵)5 TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B ↵2 (Z ↵)4 Coulomb distortion 0.0 �0.261 �1.010 �0.536
V.C (Z ↵)6 3PE �0.001 3(3) 0.002 2(9) �0.214(214) �0.165(165)
V.D ↵ (Z ↵)5 eVP(1) with TPE 0.000 6(1) 0.027 5(4) 0.266(24) 0.158(12)
V.E ↵ (Z ↵)5 µSE(1) + µVP(1) with TPE 0.000 4 0.002 6(3) 0.077(8) 0.059(6)

III EQED point nucleus 206.034 4(3) 228.774 0(3) 1644.348(8) 1668.491(7)
IV C r2C finite size �5.225 9 r2p �6.107 4 r2d �103.383 r2h �106.209 r2↵
V ENS nuclear structure 0.028 9(25) 1.750 3(200) 15.499(378) 9.276(433)

EL(exp) experimenta 202.370 6(23) 202.878 5(34) 1258.598(48) 1378.521(48)

rC this work 0.840 60(39) 2.127 58(78) 1.970 07(94) 1.678 6(12)
rC previousa 0.840 87(39) 2.125 62(78) 1.970 07(94) 1.678 24(83)

a Presented in Antognini et al. (2013b); Krauth et al. (2021); Pohl et al. (2016); Schuhmann et al. (2023)

mµ

m↵
=0.028 346 557 7(6) , (8e)

where the subscripts d, h, and ↵ denote the deuteron,
helion (3He nucleus) and ↵ particle (4He nucleus), re-
spectively. Moreover, with µ being the reduced mass of
the two-body system,

µ =
mµ

1 +mµ/M
(9)

with M standing for the nuclear mass, we define the ratio

� =
me

Z↵µ
, (10)

for which we obtain the following values:

�p = 0.737 383 68 , (11a)

�d = 0.700 086 14 , (11b)

�h = 0.343 842 92 , (11c)

�↵ = 0.340 769 14 . (11d)

Finally, the nonrelativistic Coulomb wave function � with
nonrelativistic energy E0 is the solution of (H0�E0)� = 0
with

H0 =
~p 2

2µ
� Z ↵

r
(12)

Rev. Mod. Phys. 96 (2024) 1, 015001
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present accuracy factor 5-10 worse than experimental precision    

present accuracy comparable with experimental precision    μH: 

μD, μ3He+, μ4He+:   

Experiments will improve by up to a factor of 5

Theoretical improvement needed for nuclear/nucleon 2- and 3-photon exchange
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�E(nS) = 8⇡↵m�2
n
1

i

Z 1

�1

d⌫

2⇡

Z
dq

(2⇡)3

�
Q2 � 2⌫2

�
T1(⌫, Q2)� (Q2 + ⌫2)T2(⌫, Q2)

Q4(Q4 � 4m2⌫2)

wave function 
at the origin

T1(⌫, Q
2) = T1(0, Q

2) +
32⇡Z2↵M⌫2

Q4

ˆ 1

0
dx

xf1(x,Q2)

1� x2(⌫/⌫el)2 � i0+

T2(⌫, Q
2) =

16⇡Z2↵M

Q2

ˆ 1

0
dx

f2(x,Q2)

1� x2(⌫/⌫el)2 � i0+

dispersion relation
& optical theorem:
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dispersion relation
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Caution: in the data-driven dispersive approach 
the T1(0,Q2) subtraction function is modelled!

lim
Q2!0

T 1(0, Q
2)/Q2 = 4⇡�M1

low-energy expansion:

T 1(0, Q
2) = 4⇡�M1 Q

2/
�
1 +Q2/⇤2

�4
modelled Q2 behavior:
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IV. LOW-Q BEHAVIOR OF THE SUBTRACTION FUNCTION

In this section, we study the Q
2 dependence of the subtraction function, T̄1(0, Q2), which is of interest

for the (muonic) hydrogen Lamb shift calculations. It is the part of the TPE correction in the lepton-proton
system noncalculable through the sum rules. In what follows, we will verify the analyticity constraint derived
in Eq. (32) and give estimates for the low-energy coefficient b3,0. As a result, one constrains the subtraction
contribution to the Lamb shift.

The LEX given in Eq. (32) relates the second derivative of the subtraction function, T̄ 00
1 (0), to scalar and

spin polarizabilites known from RCS, the GP slope �
0
M1 known from VCS, and the low-energy coefficient

b3,0. Analogously to Section III, we verify Eq. (32) with the Delta-exchange graph contribution at O(p4/�)
in BChPT. As explained earlier, the validity of the constraint is not affected by adding a dipole form factor
dependence to the magnetic coupling gM or, in general, by the inclusion of an arbitrary Q

2 dependence of
the �N� couplings. Once the constraint is verified, it can be used to make a prediction for b3,0 at NLO in
BChPT. As before, we rely on the results previously derived in Refs. [26, 29–31]. The corresponding BChPT
values [again, with the use of the form factor in the Delta pole, as given by Eq. (56)], as well as empirical
and dispersive estimates of all quantities entering Eq. (32), are given in Table IV.

HBChPT
BChPT 
BChPT with Δ FF 
empirical result
βM1, PDG 2016 

T 1
(0

,Q
2 ) /

 Q
2    

 (1
0-4

  f
m

3  ) 
 

−4

−2

0

2

4

6

Q2   (GeV2)
0 0.1 0.2 0.3

FIG. 4: The low-Q2 behavior of the non-Born piece of the subtraction function. Shown are: the HBChPT calcula-
tion [40] (dark yellow band), the BChPT calculation of this work (blue dashed and magenta dashed-dotted curves
show the results with and without the form factor, respectively; the wider blue band shows the uncertainty of the
BChPT result with the form factor, estimated in Ref. [26]), and the empirical superconvergence relation estimate of
Ref. [41] (black solid curve). At the real photon point, the PDG 2016 value of �M1 = (2.5 ± 0.4) ⇥ 10�4 fm3 [42]
is shown. Note that the HBChPT curve is shifted to reproduce that value, whereas Ref. [40] uses a larger value
�M1 = (3.15± 0.50)⇥ 10�4 fm3 found in the most recent HBChPT fit [43].

It is interesting to note that the value of b3,0 obtained in BChPT turns out to be rather small compared
to other quantities entering Eq. (32) and is driven by the Delta-exchange graph, with ⇡N and ⇡� loops
giving negligible contributions. The smallness of the ⇡N - and ⇡�-loop terms in b3,0 could be considered
accidental, given that it results from very efficient cancellations between the different terms in Eq. (32).

Let us now compare the behavior of the subtraction function in different approaches. In Fig. 4, we show
T̄1(0, Q2)/Q2 as obtained in BChPT and heavy-baryon chiral perturbation theory (HBChPT) [40] (note that
the latter calculation uses a dipole form factor [with the slope matched to the HBChPT expansion at low
Q

2] to model the large-Q2 behavior of the subtraction function) and an estimate from the superconvergence
relation [41]. At the real photon point, T̄1(0, Q2)/Q2 is given by the magnetic dipole polarizability �M1, cf.
Eq. (31). The figure shows that the BChPT curve with no �N� form factor is close to the HBChPT one; note
that the static value in the latter curve was fixed to the PDG value of �M1 = (2.5 ± 0.4) ⇥ 10�4 fm3 [42]
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Table 1 Forward 2�-exchange contributions to the 2S-shift in µH, in units of µeV.

Reference E
(subt)
2S E

(inel)
2S E

(pol)
2S E

(el)
2S E

�2��
2S

data-driven

(73) Pachucki ’99 1.9 −13.9 −12(2) −23.2(1.0) −35.2(2.2)
(74) Martynenko ’06 2.3 −16.1 −13.8(2.9)
(75) Carlson et al. ’11 5.3(1.9) −12.7(5) −7.4(2.0)
(76) Birse and McGovern ’12 4.2(1.0) −12.7(5) −8.5(1.1) −24.7(1.6) −33(2)
(77) Gorchtein et al.’13 a −2.3(4.6) −13.0(6) −15.3(4.6) −24.5(1.2) −39.8(4.8)
(78) Hill and Paz ’16 −30(13)
(79) Tomalak’18 2.3(1.3) −10.3(1.4) −18.6(1.6) −29.0(2.1)
leading-order B�PT

(80) Alarcòn et al. ’14 −9.6+1.4−2.9
(81) Lensky et al. ’17 b 3.5+0.5−1.9 −12.1(1.8) −8.6+1.3−5.2
Lattice QCD

(82) Fu et al. ’22 −37.4(4.9)
a
Adjusted values due to a di↵erent decomposition into the elastic and polarizability contributions.

b
Partially includes the �(1232)-isobar contribution.

the spin-independent amplitudes we have:

T1(⌫,Q2) = T1(0,Q2) + 32⇡Z2
↵M⌫

2

Q4 � 1

0

dxx

1 − x2(⌫�⌫el)2 − i0+ F1(x,Q2), 31a.

T2(⌫,Q2) = 16⇡Z2
↵M

Q2 � 1

0

dx

1 − x2(⌫�⌫el)2 − i0+ F2(x,Q2), 31b.

where ⌫el = Q2�2M .

Unfortunately, the dispersion relation for T1 requires a subtraction, which means not

everything is expressed in terms of the structure functions, here F1 and F2. The amplitude

T1(0,Q2), i.e., the subtraction function1 is an additional unknown in this equation. It is

not well-constrained by experimental data, and hence, in a purely data-driven approach its

modeling leaves some room for imagination. At the beginning of the proton-radius puzzle, a

large subtraction-function contribution was even proposed to resolve the discrepancy (84),

yielding the missing 310 µeV in the µH Lamb shift. In all the other existing models, however,

this contribution appears to be much smaller, by two orders of magnitude, cf. E(subt) in

Table 1. The modest 2�-exchange contribution was corroborated by �PT calculations,

where this problem of model-dependence does not arise. These results are also displayed in

Table 1. Listed in there are the following 2�-exchange e↵ects in the µH Lamb shift:

• E
(subt) the subtraction function,

• E
(inel) the inelastic structure functions,

1The conventional subtraction is done at ⌫ = 0, but, a subtraction at ⌫ = iQ can be used to
diminish the inelastic structure-function contribution and simplify the calculations (83).

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 13
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

=

Assuming ChPT 
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Table 1 Forward 2�-exchange contributions to the 2S-shift in µH, in units of µeV.

Reference E
(subt)
2S E

(inel)
2S E

(pol)
2S E

(el)
2S E

�2��
2S

data-driven

(73) Pachucki ’99 1.9 −13.9 −12(2) −23.2(1.0) −35.2(2.2)
(74) Martynenko ’06 2.3 −16.1 −13.8(2.9)
(75) Carlson et al. ’11 5.3(1.9) −12.7(5) −7.4(2.0)
(76) Birse and McGovern ’12 4.2(1.0) −12.7(5) −8.5(1.1) −24.7(1.6) −33(2)
(77) Gorchtein et al.’13 a −2.3(4.6) −13.0(6) −15.3(4.6) −24.5(1.2) −39.8(4.8)
(78) Hill and Paz ’16 −30(13)
(79) Tomalak’18 2.3(1.3) −10.3(1.4) −18.6(1.6) −29.0(2.1)
leading-order B�PT

(80) Alarcòn et al. ’14 −9.6+1.4−2.9
(81) Lensky et al. ’17 b 3.5+0.5−1.9 −12.1(1.8) −8.6+1.3−5.2
Lattice QCD

(82) Fu et al. ’22 −37.4(4.9)
a
Adjusted values due to a di↵erent decomposition into the elastic and polarizability contributions.

b
Partially includes the �(1232)-isobar contribution.

the spin-independent amplitudes we have:

T1(⌫,Q2) = T1(0,Q2) + 32⇡Z2
↵M⌫

2

Q4 � 1

0

dxx

1 − x2(⌫�⌫el)2 − i0+ F1(x,Q2), 31a.

T2(⌫,Q2) = 16⇡Z2
↵M

Q2 � 1

0

dx

1 − x2(⌫�⌫el)2 − i0+ F2(x,Q2), 31b.

where ⌫el = Q2�2M .

Unfortunately, the dispersion relation for T1 requires a subtraction, which means not

everything is expressed in terms of the structure functions, here F1 and F2. The amplitude

T1(0,Q2), i.e., the subtraction function1 is an additional unknown in this equation. It is

not well-constrained by experimental data, and hence, in a purely data-driven approach its

modeling leaves some room for imagination. At the beginning of the proton-radius puzzle, a

large subtraction-function contribution was even proposed to resolve the discrepancy (84),

yielding the missing 310 µeV in the µH Lamb shift. In all the other existing models, however,

this contribution appears to be much smaller, by two orders of magnitude, cf. E(subt) in

Table 1. The modest 2�-exchange contribution was corroborated by �PT calculations,

where this problem of model-dependence does not arise. These results are also displayed in

Table 1. Listed in there are the following 2�-exchange e↵ects in the µH Lamb shift:

• E
(subt) the subtraction function,

• E
(inel) the inelastic structure functions,

1The conventional subtraction is done at ⌫ = 0, but, a subtraction at ⌫ = iQ can be used to
diminish the inelastic structure-function contribution and simplify the calculations (83).
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

=

Assuming ChPT 
is working, it should be best 
applicable to atomic systems, 
where the energies are very 

small !

∝ αE1

Eur. Phys. J. C (2014) 74:2852 Page 5 of 10 2852

Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞∫

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αemg2
A

4 f 2
π

mπ

(
1− 1√

τπ
arctan

√
τπ

)
,

(18a)

T (NB)
2 (0, Q2)

HB=−αemg2
A

4 f 2
π

mπ

(
1 − 1 + 4τπ√

τπ
arctan

√
τπ

)
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g2
A

12π f 2
π MN

m2
π

{
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

[
7 + 4 log

(
mπ
MN

)]}
.

This expression reproduces the g2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms
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Once-subtracted dispersion relation for  with subtraction at  T1(ν, Q2) νs = iQ

Dominant part of polarizability contribution: 
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EUCLIDEAN SUBTRACTION FUNCTION

11

based on Bosted-Christy parametrization:

Once-subtracted dispersion relation for  with subtraction at  T1(ν, Q2) νs = iQ

Dominant part of polarizability contribution: 

 with  ΔE′￼(subt)
nS =

2αm
π

ϕ2
n ∫

∞

0

dQ
Q3

2 + vl

(1 + vl)2
T1(iQ, Q2) vl = 1 + 4m2/Q2

Inelastic contribution for  is order of magnitude smaller than for νs = iQ νs = 0

ΔE(inel)
2S (νs = 0) ≃ − 12.3 μeV

ΔE′￼(inel)
2S (νs = iQ) ≃ 1.6 μeV
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EUCLIDEAN SUBTRACTION FUNCTION
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based on Bosted-Christy parametrization:

Once-subtracted dispersion relation for  with subtraction at  T1(ν, Q2) νs = iQ

Dominant part of polarizability contribution: 

 with  ΔE′￼(subt)
nS =

2αm
π

ϕ2
n ∫

∞

0

dQ
Q3

2 + vl

(1 + vl)2
T1(iQ, Q2) vl = 1 + 4m2/Q2

Inelastic contribution for  is order of magnitude smaller than for νs = iQ νs = 0

Prospects for future lattice QCD                     and EFT calculations

ΔE(inel)
2S (νs = 0) ≃ − 12.3 μeV

ΔE′￼(inel)
2S (νs = iQ) ≃ 1.6 μeV
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.

25 JANUARY 2013 VOL 339 SCIENCE www.sciencemag.org418
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Measurements of the μH ground-state HFS planned by the CREMA and FAMU  
Collaborations ⏰
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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1
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3
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the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
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Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
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Zemach radius can help to pin down the magnetic properties of the proton
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Table 1 Forward 2�-exchange contribution to the HFS in µH.

Reference �Z �recoil �pol �1 �2 E
�2��
1S-hfs

[ppm] [ppm] [ppm] [ppm] [ppm] [meV]

data-driven

Pachucki ’96 (1) −8025 1666 0(658) −1.160
Faustov et al. ’01 (9)a −7180 410(80) 468 −58
Faustov et al. ’06 (10)b 470(104) 518 −48
Carlson et al. ’11 (11)c −7703 931 351(114) 370(112) −19(19) −1.171(39)
Tomalak ’18 (12)d −7333(48) 846(6) 364(89) 429(84) −65(20) −1.117(19)
heavy-baryon �PT

Peset et al. ’17 (13) −1.161(20)
leading-order �PT

Hagelstein et al. ’16 (14) 37(95) 29(90) 9(29)
+�(1232) excit.

Hagelstein et al. ’18 (15) −13 84 −97
a
Adjusted values: �pol and �1 corrected by −46 ppm as described in Ref. 16.

b
Di↵erent convention was used to calculate the Pauli form factor contribution to �1, which is equivalent

to the approximate formula in the limit of m = 0 used for H in Ref. 11.

c
Elastic form factors from Ref. 17 and updated error analysis from Ref. 16. Note that this result already

includes radiative corrections for the Zemach-radius contribution, (1+�radZ )�Z with �radZ ∼ 0.0153 (18, 19),

as well as higher-order recoil corrections with the proton anomalous magnetic moment, cf. (11, Eq. 22)

and (18).

d
Uses rp from µH (20) as input.

Here, we introduced I1(Q2) as the first moment of the g1 structure function:

I1(Q2) ≡ 2M2

Q2 � x0

0

dxg1(x,Q2), 38.

whose polarizability part reads:

I
(pol)
1
(Q2) = I1(Q2) + 1

4
F

2

2 (Q2). 39.

Note that the F 2

2 (Q2) term is the important conversion factor between pole and Born VVCS

amplitudes shown in Eq. 23b. The m = 0 limit of �pol is presented in Section 3.2.2 of the

main Review, where the polarizability contribution is discussed in details.

In Table 1, we summarize results for the 2�-exchange contribution to the µH hfs. While

�recoil is known with the best accuracy, it is a limiting factor when narrowing down the

search range for the 1S hfs transition in µH with the help of the precisely measured 1S hfs

transition in H, as done in Section 4.3 of the main Review.

4.5. O↵-forward two-photon exchange

As explained in Section 2.2 of the main Review, the leading order-(Z↵)5 2�-exchange

corrections originate from the 2�-exchange diagram in forward kinematics, cf. Fig. 1, while

10 A. Antognini, F. Hagelstein and V. Pascalutsa
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Assuming ChPT is 
working, it should be best applicable 

to atomic systems, where the 
energies are very small !
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.
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In this work we calculate the functions T1 and T2 by
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In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:
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threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:
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2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
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Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞∫

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αemg2
A

4 f 2
π

mπ

(
1− 1√

τπ
arctan

√
τπ

)
,

(18a)

T (NB)
2 (0, Q2)

HB=−αemg2
A

4 f 2
π

mπ

(
1 − 1 + 4τπ√

τπ
arctan

√
τπ

)
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g2
A

12π f 2
π MN

m2
π

{
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

[
7 + 4 log

(
mπ
MN

)]}
.

This expression reproduces the g2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms

123
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Polarizability effect on the HFS is completely constrained by empirical information

POLARIZABILITY EFFECT IN HFS

15

Δpol. = Δ1 + Δ2 =
αm

2π(1 + κ)M (δ1 + δ2)

δ1 = 2∫
∞

0

dQ
Q

5 + 4vl

(vl + 1)2 [4I1(Q2) + F2
2(Q2)] −

32M4

Q4 ∫
x0

0
dx x2g1(x, Q2)

1
(vl + vx)(1 + vx)(1 + vl) (4 +

1
1 + vx

+
1

vl + 1 )
δ2 = 96M2 ∫

∞

0

dQ
Q3 ∫

x0

0
dx g2(x, Q2)( 1

vl + vx
−

1
vl + 1 ) with , ,  and vl = 1 +

1
τl

vx = 1 + x2τ−1 τl =
Q2

4m2
τ =

Q2

4M2
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∞
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τ =

Q2

4M2

5

FIG. 3. The polarizability contribution to the hyperfine splitting for electronic (left) and muonic (right) hydrogen. The analysis
of this work is shown in a red circle, and is compared to previous data-driven dispersion relation calculations [4–6] shown in
orange squares, and the baryon chiral perturbation theory calculation [23] shown in blue triangles. Values compiled from and
in the style of [7].

of 0.02 GeV2 to 0.12 GeV2. A sixth kinematic setting was
measured exclusively for the purpose of radiatively cor-
recting the higher energy settings. The results include
four settings with a transverse polarized target field, giv-
ing rise to a perpendicular polarized cross section di↵er-
ence and a g2 result, and one setting with a longitudinally
polarized target field, which provides a parallel polarized
cross section di↵erence and a g1 result. The results from
the g2p experiment are the first data in a range relevant
to the HFS, and so are used to form the �2 results in
this article.

Results for the �1 integrand are shown in the top of
Fig. 2. The unmeasured part of the integral, largely
at low Bjorken-x, is estimated using the CLAS Hall B
model [20]. This is the best available model, contain-
ing significantly more modern g1 data than the Simula
parametrization [25] used in previous analyses [4]. A new
phenomenological fit, shown in red, is generated to ex-
trapolate to the low Q2 region. Full details of the fit-

H µH
Value Uncertainty Value Uncertainty

�1 6.78
±1.02 (data)

±0.26 (extrap.)
5.69

±0.84 (data)
±0.22 (extrap.)

�2 �1.98
±0.16 (data)

±0.38 (extrap.)
�1.40

±0.11 (data)
±0.31 (extrap.)

�pol 1.09 ppm ±0.32 ppm 200.60 ppm ±52.82 ppm

TABLE I. Results for �1 and �2, as well as the total polar-
izability contribution to the hyperfine splitting in parts per
million (ppm) of the Fermi energy EF . Data are used for inte-
gration whenever possible. The uncertainty of each quantity
is divided into the contribution from the data, and the con-
tribution from our extrapolations into unmeasured regions.

ting procedure are available in the supplemental meth-
ods section. Franzi: Should this be A1? Details on the
fitting procedure can be found in the Methods section
A.Numerical results for these contributions are obtained
by integrating over the data where they exist, primar-
ily the EG4 data shown [17], as well as data from the
EG1b experiment in the Q2 = 1.0-5.0 GeV region [20].
The contribution from the low-Q2 regime is calculated
by integrating the displayed extrapolation fit, while the
high-Q2 contribution above Q2 = 5.0 GeV is calculated
using the Hall B Model [20].

Results for the �2 integrand in Eq. (9) are shown in the
bottom of Fig. 2. The unmeasured part of the integral
is again estimated using the Hall B model [20]. The re-
sults of g2p shown are the first ever direct experimental
extractions of this quantity. Since the �2 formula is al-
ready quickly convergent to zero at low Q2, but requires
extrapolation at both high and low Q2, we choose a func-
tional form which can be used to extrapolate both above
and below the data. Due to the comparative lack of g2
data, the extrapolation has a somewhat larger error than
for the �1 results.

This historical lack of g2 data makes it di�cult to con-
clude if the Hall B model [20] is a good estimation of
the low-x region or not. To account for this, we compare
the result using the older Simula parametrization [25],
which contains a significantly di↵erent prediction for the
low-x behaviour of g2, and include the di↵erence in our
extrapolation error by comparing the upper and lower
error bands of our extrapolating fit to the data in each
case. Despite the very di↵erent models, this error con-
tribution is relatively small, because the low-x region is
suppressed for �2.

PRELIMINARYtalk by Carlson
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POLARIZABILITY EFFECT FROM BCHPT

16

Low-Q region is very important! 

LO BChPT result is compatible with zero

• Contributions from  and  are sizeable and largely cancel each otherσLT σTT
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PROTON ZEMACH RADIUS

17

BChPT polarizability prediction implies smaller Zemach radius (smaller, just like )rp

PRELIMINARY
talk by Carlson
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CORRELATION OF PROTON RADII

18
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CORRELATION OF PROTON RADII
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— Proton Magnetic Radius —
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MAGNETIC RADIUS FROM INELASTIC SCATTERING

20

Burkhardt-Cottingham sum rule relates elastic form factors to the zeroth 
moment of an inelastic spin structure function: 

Constrain the magnetic radius through inelastic scattering:

I2(Q2) =
2M2

Q2 ∫
x0

0
dx g2(x, Q2) =

1
4

F2(Q2)GM(Q2)

RM = [ 1
1 + 2κ (−

24I′￼2(0)
1 + κ

−
3κ

2M2
+ ⟨r2⟩E)]

1/2

Projection assuming 25 %, 15 % and 5 % 
relative uncertainty for I′￼2(0)

PRELIMINARY
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PRELIMINARY

RM > 0.78 fm

A1 Rosenbluth data
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— Proton Friar Radius —
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CORRELATION OF CHARGE AND FRIAR RADII

23

charge 
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moment
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CORRELATION OF CHARGE AND FRIAR RADII

23

charge 
radius

Friar radius or 
3rd Zemach 

moment

lattice QCD?
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FRIAR RADIUS IN 𝜇H LAMB SHIFT
Elastic TPE splits into Friar radius + recoil part
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FRIAR RADIUS IN 𝜇H LAMB SHIFT
Elastic TPE splits into Friar radius + recoil part

compare to future exp. 
uncertainty ~ 0.4 µeV
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FRIAR RADIUS IN 𝜇H LAMB SHIFT
Elastic TPE splits into Friar radius + recoil part

• Recoil is small for µH ~ 0.03(5) µeV [Karshenboim et al., PRD 91 (2015) 073003]

compare to future exp. 
uncertainty ~ 0.4 µeV



NREC / PREN / µASTI 2024 @ Stony Brook         Franziska Hagelstein          7th May 2024 24

FRIAR RADIUS IN 𝜇H LAMB SHIFT
Elastic TPE splits into Friar radius + recoil part

• Recoil is small for µH ~ 0.03(5) µeV [Karshenboim et al., PRD 91 (2015) 073003]

•  µeV based on  [Lin et al. (2022), PRL]Eel
2S = − 21.1(2) R3

F = 2.310(26) fm3

compare to future exp. 
uncertainty ~ 0.4 µeV
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FRIAR RADIUS IN 𝜇H LAMB SHIFT
Elastic TPE splits into Friar radius + recoil part

• Recoil is small for µH ~ 0.03(5) µeV [Karshenboim et al., PRD 91 (2015) 073003]

•  µeV based on  [Lin et al. (2022), PRL]Eel
2S = − 21.1(2) R3

F = 2.310(26) fm3

Aim: self-consistent extraction of  from spectroscopy [Karshenboim, PRD 90 (2014) 053012] 

← used 
Karshenboim 
2014

compare to future exp. 
uncertainty ~ 0.4 µeV
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DEUTERON CHARGE FORM FACTOR

25

10

Radii [fm] /⇡EFT N3LO (this work) �ET [27] Sick and Trautmann [9] Abbott et al. [28]

rd 2.128 2.126 2.130(10) 2.094(9)

rFd 3.376 3.372 3.385 3.292
⌦
r
3
d

↵1/3
2.468 2.468 2.480 2.401

⌦
r
4
d

↵1/4
2.820 2.837 2.844 2.726

TABLE III. Various radii corresponding to the di↵erent deuteron charge form factors.

Note that, neglecting recoil corrections, the elastic contribution can be approximated through the Friar radius as [30]

E
elastic, F
2S = �m

4
r↵

5

24
r
3
Fd. (24)

This approximation, however, results in a noticeable underestimation of Eelastic
2S . The /⇡EFT value, for instance, turns

out to be Eelastic, F
2S = �0.4323 meV, which has to be compared to Eq. (18). We therefore conclude that at the present

level of theoretical precision it is important to retain the full weighting function �̂2(⌧d, ⌧l) in Eq. (11) instead of only
taking the leading Friar radius term.

The dependence of both r
2
d and r

3
Fd on l

C0S
1 can be represented as a linear correlation between these quantities. We

show the correlation line in the right panel of Fig. 2, where we also plot a ±1% ⇠ (�/m⇡)4 band as a simple estimate
of terms beyond N3LO in the /⇡EFT expansion. One can see that the �ET result lies almost on the correlation
line, very close to the /⇡EFT results fixed by the H-D 2S � 1S isotope shift, see Section IV and Appendix D. The
parametrisation of Ref. [9] lies some distance from the line, albeit reasonably close to it, whereas that of Ref. [28] is
much further away. It would be interesting to see if this correlation line can be reproduced in a �ET calculation.
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FIG. 2. Left panel: Integrand of Eq. (11) as function of Q. Black dotted: deuteron form factor parametrisations from Ref. [28];
red solid: result of the /⇡EFT calculation. Right panel: Correlation of r

3
Fd and r

2
d. The dashed line shows the correlation

obtained from the /⇡EFT results, with the band showing the estimated 1% N3LO uncertainty; the red disc, purple cross, green
diamond, and blue square show the values obtained, respectively, from /⇡EFT, the �ET form factor [27], the parametrisation
of Ref. [9], and the parametrisation of Ref. [28].

The above considerations indicate that the FF parametrisation of Ref. [28], used in Refs. [24, 29], might not
adequately describe the behaviour of the deuteron charge FF at low virtualities. The agreement between the /⇡EFT
and �ET calculations, see Ref. [21, Sec. IV] for a detailed comparison of the FFs, is not entirely surprising as both
these EFTs are expected to well reproduce low-momenta/long-range properties of the deuteron. This vindicates our
choice of the /⇡EFT as the calculational framework. One can also conclude that the correlation shown in Fig. 2 can
serve as a diagnostic criterion for a realistic parametrisation of the deuteron charge FF. Furthermore, one can note
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Deuteron Charge Form Factor and Elastic TPE

● The charge form factor at N3LO
coincides with the χEFT result

● Vindicates both theories

● Empirical FFs would be very
close to these curves

● What about elastic TPE?

→ look at different form factors

● Magnetic and quadrupole contributions can be neglected

Filin et al. (2020)χEFT

V. Lensky, A. Hiller Blin, V. Pascalutsa, Phys. Rev. C 104 (2021) 054003 

Agreement of chiral and pionless EFT at 
N3LO

Pionless EFT evaluation contains only one 
unknown low-energy constant  of a 
longitudinal photon coupling to two 
nucleons 

Use  and  correlation to test low-  
properties of form factor parametrisations

Abbott parametrisation gives different radii

l1

rd rFd Q

talk by Epelbaum
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The proton charge-radius determinations from the electromagnetic form-factor measurements in 
electron-proton (ep) scattering require an extrapolation to zero momentum transfer (Q 2 = 0) which 
is prone to model-dependent assumptions. We show that the data at finite momentum transfer can 
be used to establish a rigorous lower bound on the proton charge radius, while bypassing the model-
dependent assumptions that go into the fitting and extrapolation of the ep data. The near-future precise 
ep experiments at very low Q 2, such as PRad, are expected to set a stringent lower bound on the proton 
radius.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The proton charge radius is traditionally accessed in elastic 
electron-proton (ep) scattering at small momentum transfers (low 
Q ) [1,2]. Recently, however, the accuracy of this method has been 
questioned in the context of the proton-radius puzzle, which is par-
tially attributed to the discrepancy between the 2010 ep scattering 
value of Bernauer et al. [3,4] and the muonic-hydrogen (µH) ex-
traction of the proton radius [5,6], see Fig. 1. Meanwhile, as seen 
from the figure, the different extractions based on ep-scattering 
data have covered a whole range of values and hardly add-up into 
a coherent picture.

A “weak link” of the proton-radius extractions from ep exper-
iments is the extrapolation to zero momentum transfer. Namely, 
while the data taken in some finite-Q 2 range can directly be 
mapped into the proton (electric and magnetic) Sachs form factors 
G E (Q 2) and G M(Q 2), the radii extractions require the derivatives 
of those at Q 2 = 0, e.g.: R E =

√
−6 G ′

E (0). As much as one be-
lieves that the slope at 0 is largely determined by the behavior at 
finite Q 2, it is not easy to quantify this relation with the necessary 
precision. The issues of fitting and extrapolation of the form-factor 
data have lately been under intense discussion, see, e.g., Refs. [14,

* Corresponding author.
E-mail addresses: hagelstein@itp.unibe.ch (F. Hagelstein), pascalut@uni-mainz.de

(V. Pascalutsa).

25–27]. Similar extrapolation problems should exist in the extrac-
tions based on lattice QCD, since the lowest momentum transfer 
therein is severely limited by the finite volume.

Here, we show that the form-factor data at finite Q 2 provide a 
lower bound on the proton charge radius. A determination of this 
bound needs no extrapolation, therefore no major model assump-
tions, and should be based solely on experimental (or lattice) data. 
At the same time, given that some of the conventional extractions 
from ep data show a considerably larger radius than the µH value, 
a strict lower bound, based purely on data, is potentially useful in 
understanding this discrepancy.

In what follows, we briefly recall the basic formulae in Sec. 2, 
introduce the quantity proposed to serve as the charge-radius 
bound in Sec. 3, obtain an empirical value for it based on proton 
electric form-factor data in Sec. 4 and conclude in Sec. 5.

2. Basic ingredients of the radius extraction

Let us recall that a spin-1/2 particle, such as the proton, has two 
electromagnetic form factors. These are either the Dirac and Pauli 
form factors: F1(Q 2) and F2(Q 2); or, the electric and magnetic 
Sachs form factors:

G E(Q 2) = F1(Q 2) − Q 2

4M2 F2(Q 2), (1a)

G M(Q 2) = F1(Q 2) + F2(Q 2), (1b)

https://doi.org/10.1016/j.physletb.2019.134825
0370-2693/© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.

Disclaimer: “For illustrative purposes, we have made a tentative determination 
of the lower bound on the proton charge radius from the available data in the 
region of Q2 below 0.02 GeV2. … our uncertainty estimate is only indicative and 
should be taken with caution. The treatment of systematic errors, most notably 
the normalization uncertainty, is rather involved in this particular experiment and 
entangled with the radius extraction.” 
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RMS charge radius:   

 with the spherically symmetric charge 

density  and the spherical Bessel function 

•  and  are Lorentz-invariant quantities

Taylor expansion, , convergence 
radius is limited by the onset of the pion-production branch cut at 

• Dispersive fits and z-expansion take singularities into account

R2
E = − 6

d GE(Q2)
dQ2

Q2=0
= 4π∫

∞

0
dr r4 ρE(r)

GE(Q2) = 4π∫
∞

0
dr r2 j0(Qr) ρE(r)

ρE(r) j0(x) =
sin x

x

GE(Q2) ρE(r)

GE(Q2) = 1 − Q2 ⟨r2⟩E /6 + Q4 ⟨r4⟩E /120 + …

Q2 ≪ 4m2
π ∼ 0.08 GeV2

RMS CHARGE RADIUS

28
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Lower-bound function:   

Each data point gives a lower bound — statistical average is used for a more 
accurate value

Data below  away from pion-production branch cut

Lower cut at 

R2
E(Q2) = −

6
Q2

log GE(Q2)

Q2 < 0.02 GeV2

Q2
0 ∼ 0.01 GeV2

EVALUATION OF THE LOWER BOUND
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Assume a small normalization error , such that 

Lower-bound function observed in experiment: 

• Lower bound is preserved, , if 

• Lower bound is violated,  for , if 

Estimate lower cut with  and 

ϵ G(exp)
E = (1 + ϵ) GE

R2(exp)
E (Q2) = R2

E(Q2) −
6

Q2
ln(1 + ϵ)

R2(exp)
E (Q2) ≤ R2

E(Q2) ϵ > 0

R2(exp)
E (Q2) ≰ R2

E(Q2) Q2 < Q2
0 ϵ < 0

ϵ = − 0.001 Q2
0 =

−6 ln(1 + ϵ)
⟨r4⟩E /20 − R4

E /12
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Normalization of FF data is in general more complicated: 

• MAMI data have 31 (fitted) normalization parameters

• Different fit of normalization parameters can generate a shift of the data 

Assume a highly-correlated systematic normalization uncertainty:

• Averaging a dataset  with correlated systematic error , is 

equivalent to averaging the dataset  with 

•  leads to 

Alternatively one can study subsets where the normalization is an overall factor

Proper error evaluation should use the covariance matrix established in the 
experimental analysis

Ai ± σi ± Δ Δ

Ai ± σ′￼i σ′￼i = σi 1 + Δ2 ∑
j

1/σ2
j

1/2

Δ = 0.001 σ′￼i ∼ 4.5 σi

NORMALIZATION UNCERTAINTY

30
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Lower-bound function:   R2
E(Q2) = −

6
Q2

log GE(Q2)

DERIVATION OF THE LOWER BOUND

31
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Lower-bound function:   R2
E(Q2) = −

6
Q2

log GE(Q2)

, since R2
E(Q2) ≥ 0 GE(Q2) ≤ 1

DERIVATION OF THE LOWER BOUND
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Lower-bound function:   R2
E(Q2) = −

6
Q2

log GE(Q2)

, since R2
E(Q2) ≥ 0 GE(Q2) ≤ 1

DERIVATION OF THE LOWER BOUND
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Show that  for :

•

•  (empirically known, e.g., )

•  follows from positive definiteness of the transverse charge density 

 — since  with the 

cylindrical Bessel function 
•

GE(Q2) ≤ 1 Q2 ≥ 0

GE(Q2) = F1(Q2) −
Q2

4M2
F2(Q2)

F2(Q2) ≥ 0 F2(0) = κ

F1(Q2) ≤ 1

ρ⊥(b) ≥ 0 F1(0) − F1(Q2) = 2π∫
∞

0
db b [1 − J0(Qb)] ρ⊥(b) > 0

J0(x) ≤ 1
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Lower-bound function:   R2
E(Q2) = −

6
Q2

log GE(Q2)

, since R2
E(Q2) ≥ 0 GE(Q2) ≤ 1

 falls with increasing , if  falls not faster than by a power lawR2
E(Q2) Q2 GE

DERIVATION OF THE LOWER BOUND
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Lower-bound function:   R2
E(Q2) = −

6
Q2

log GE(Q2)

, since R2
E(Q2) ≥ 0 GE(Q2) ≤ 1

 falls with increasing , if  falls not faster than by a power lawR2
E(Q2) Q2 GE

 is monotonic in the space-like region

• Unsubtracted dispersion relation: , with 

 and  is the phase defined through 

R2
E(Q2)

R2
E(Q2) =

1
π ∫

∞

4mpi2

dt
Im R2

E(t)
t + Q2

ImR2
E(t) =

6 φE(t)
t

φ(t) ≥ 0

GE(t) = |GE(t) |eiφ(t)

DERIVATION OF THE LOWER BOUND
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Lower-bound function:   R2
E(Q2) = −

6
Q2

log GE(Q2)

, since R2
E(Q2) ≥ 0 GE(Q2) ≤ 1

 falls with increasing , if  falls not faster than by a power lawR2
E(Q2) Q2 GE

 is monotonic in the space-like region

• Unsubtracted dispersion relation: , with 

 and  is the phase defined through 

R2
E(Q2)

R2
E(Q2) =

1
π ∫

∞

4mpi2

dt
Im R2

E(t)
t + Q2

ImR2
E(t) =

6 φE(t)
t

φ(t) ≥ 0

GE(t) = |GE(t) |eiφ(t)

Limit equals the proton radius: lim
Q2→0

R2
E(Q2) = − 6

G′￼E(Q2)
GE(Q2) Q2=0

= R2
E

DERIVATION OF THE LOWER BOUND
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Interpreting the exp. 
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Testing the theory 

‣ discriminate between theory 
predictions for polarizability 
effect


• disentangle  & 
polarizability effect by 
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‣ test HFS theory
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with theory prediction for 
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RZ

μ

μ
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A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022)
Predictions for the 1S HFS in μH are driven by the 1S HFS in H

Input for data-
driven evaluations 

form factors, 
structure functions, 

polarizabilities

Muonic Atoms at PSI2022                        14-15.10.2022Aldo Antognini 

How long to search for the resonance?

24

Figure 8

Experimental values and theoretical predictions for the 1S and 2S hfs in H and µH.

The main source of uncertainty here is the 2� recoil contribution �recoil(H). Adding the

2� recoil contribution �recoil(µH) to Eq. 46, we obtain a prediction for the full 2�-exchange

and hVP contributions to the hfs in µH:

E
2�+hVP

1S-hfs
(µH) = −1.159(2)meV, E

2�+hVP

2S-hfs
(µH) = −0.1448(2)meV. 47.

With this, we arrive at a complete prediction of the hfs in µH:

E1S-hfs(µH) = 182.634(8)meV, E2S-hfs(µH) = 22.8130(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of �pol at the

level of 2% (assuming a very generous size for this contribution, �pol(µH) = 400ppm). Our

result is shown in Fig. 8, together with the existing µH 2S hfs measurement. The theory

predictions based on the empirical hfs in H, Eq. 48, are up to a factor 5 better than results

that do not use the H hfs.

Note that all theory predictions shown in Fig. 8 are in agreement, even though the

data-driven dispersive evaluations and the B�PT prediction disagree in the polarizability

contribution (cf. Fig. 6, Table 4). This is because most works use the experimental H

hfs to refine their prediction for the total 2�-exchange e↵ect. Hence the discrepancy in

polarizability is compensated by slightly di↵erent Zemach radii.

In future, reversing the above procedure to obtain a prediction of the hadronic con-

tributions to the 1S hfs in H from a measurement of the 1S hfs in µH, might allow for a

benchmark test of the H hfs theory. This, however, would also require further improvements

for the recoil corrections from 2� exchange, as well as for the uncertainty from missing con-

tributions in the µH theory. Note that a better benchmark test (� ∼ 2×10−9) of bound-state
QED for a hyperfine transitions can be achieved for the muonium hfs, which the MuSEUM

experiment (114) aims to measure with � ∼ 2×10−9 relative accuracy. To test the muonium

hfs on this level, the MuMass experiment (115, 116) has to determine the mµ�me ratio to

better than � ∼ 1 × 10−9 from the 1S-2S transition in muonium.

5. Bound-state QED tests of simple atomic and molecular systems

The simplicity of two- and three-body atomic-molecular systems combined with the preci-

sion of laser spectroscopy permit unique confrontations between theory and experiments.

The predictive power of bound-state QED, however, depends on the knowledge of funda-

mental constants such as the masses of the involved particles, ↵, R∞, and nuclear properties

such as the nuclear charge radii or magnetic moments.

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 21

(AA, Hagelstein & Pascalutsa) ΔE1S−HFS = 182.634(8) meV

⇨

Measure 1.4 h at fixed wavelength to 
expose a -effect over background

1 h to change the laser frequency in 
steps of 100 MHz

4σ
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Figure 10: (a) Simulation of the resonance search in which a time 1.4t4� is spent
at each frequency point. ⌫ denotes the laser frequency, ⌫0 the resonance frequency.
(b) Ranking of the frequency points in correspondence of the resonance. For 97.43%
of the cases the simulated pseudo-data have a maximum in correspondence of the
resonance. For 1.84% of the cases the second largest point is in correspondence of
the resonance and so on.

the maximum of the simulated pseudo-data has been found in correspondence of the resonance
(see Fig. 10 (b)). As can be seen from the same figure, the probability that the second highest
point is at the position of the resonance is of about 1.84% and the probability that the third
highest point is at the position of the resonance is 0.39%. Summing up these probabilities
we obtain 99.66% which basically corresponds to the probabability of identifying the position
of the resonance by adding some statistics to three frequency points at maximum. On top
of this we have also investigated what is the probability that in the correspondence of the
resonance there are two adjacent frequency points whose sum deviates more than 4� from
background. Considering also this search criteria we obtain that with 99.93% we are able to
correctly identify the resonance position. Hence, we confirm that the above described simple
procedure to search for the resonance with 100 MHz steps and by accumulating statistics at
each frequency point for a time of 1.4t4� is adequate.

The maximal time needed to search for the resonance (using the simple procedure de-
scribed above) can be estimated to be 400⇥(1.4t4�+ t��change)

1
"uptime

= 820300 miniutes corre-
sponding to 8.2 weeks. For this estimate we have used conservative values for the experimental
performance: an uptime (including accelerator) of "uptime = 70%, a time t��change = 1 h to
change the laser frequency, a laser pulse energy of 1 mJ, a laser bandwidth of 100 MHz, a
cavity reflectivity of 99.2%, a muon rate of 500 1/s, "Au = 0.7, "Au-false = 0.09, a target thick-
ness of 1.2 mm, and scan range of 40 GHz. Moreover we assumed that all µp atoms have
100 eV initial kinetic energy. Most probably the resonance can be found much faster if a sig-
nificant deviation from background is found earlier and by adapting our search strategy (i.e.
accumulating more statistics on points with significant deviations from background).

We have also simulated 105 pseudo-measurements of the HFS resonance after its discovery,
assuming that two weeks of beamtime can be used to measure the resonance (this time does
not include the time needed to change the laser wavelength and the time when the setup or
the accelerator are not operative). A simulation of a resonance measurement for conservative
assumptions is shown in Fig. 11a. Figure 11b shows a similar simulation for slightly less

19

8 weeks of beam time

  Procedure to search for the resonance

0.16 meV (40 GHz) search range

Simulation of resonance search
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The hyperfine splitting of µH (theory update):

E1S-hfs = �182.443�������������������������
EF

+1.350(7)�������������������������������������������
QED+weak

+0.004�������������������
hVP

−1.30653(17)�rZp
fm
� +EF �1.01656(4)�recoil + 1.00402�pol�

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�meV, 40.

E2S-hfs = �22.8054�������������������������
1
8EF

+0.1524(8)�����������������������������������������������������
QED+weak

+0.0006(1)�����������������������������������������������������
hVP

−0.16319(2)�rZp
fm
� + 1

8
EF �1.01580(4)�recoil + 1.00326�pol�

�����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�meV.

4.2. Hyperfine splitting in µH

The improved 2S −2P measurements discussed above will also improve the precision of the

2S hfs measurement. However, a new level of precision will be reached in the upcoming

CREMA measurement of 1S hfs (108). The schematics of this experiment are shown in

Fig. 7 explained in the insert. On the theory side, we have made a detailed account of

the various contributions to these hfs transitions. Their simplified breakdown is given in

Eq. 40. More details can be found in the Supplement.

Once a high-precision measurement of the 1S hfs in µH is available, it can be used

together with H to accurately disentangle the Zemach and polarizability contributions, �Z

and �pol, with unprecedented precision. This is possible because the eVP corrections to

the 2� exchange di↵er between H and µH, cf. Eqs. 40 and 42. Anticipating 1 ppm accuracy

for the µH 1S hfs experiment, the Zemach radius will be determined with 5 × 10−3 relative

uncertainty and �pol(µH) with 40 ppm absolute uncertainty. It will thus lead to the

best empirical determination of the proton Zemach radius from spectroscopy, without the

uncertainty associated with the polarizability contribution.

Leveraging radiative
corrections allows to
disentangle the
Zemach radius from
H and µH hfs.

4.3. Pinning down the 1S hyperfine splitting in µH

The success of the 1S µH hfs experiments relies critically on the precision and accuracy of

the theory prediction. The CREMA Collaboration is expecting 2 hours of data taking time

per frequency point to observe an excess of events over background. The 1S hfs resonance

would need to be searched in a more than 40 GHz wide frequency range to be compared

with a linewidth of about 200 MHz at FWHM resulting from Doppler broadening (60 MHz),

laser bandwidth (100 MHz) and collisional e↵ects. We estimate the search range to cover a±3� band over the present spread of 2�-exchange theory predictions, cf. Fig. 8. Given the

limited access to the PSI accelerator facility, it is important to further narrow it down as

much as possible.

Fractional accuracy
of a quantity X:
�(X) = �X�X, with
�X the absolute
accuracy.

The 1S hfs in H has already been measured with � = 7 × 10−13 accuracy (109, 110):

E
exp.

1S-hfs
(H) = 1420.405751768(1)MHz. 41.

The corresponding theory prediction is compiled in Eq. 42. Compared to a previous compila-

tion by Volotka (92), we have recalculated the µVP correction which agrees with Ref. (111).

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 19
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LO BChPT result is compatible with zero 

• Contributions from  and  are sizeable and largely cancel each other

Are the data-driven evaluations/uncertainties affected by cancelations?

Scaling with lepton mass of the lepton-proton bound state
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Empirical information on spin structure functions from JLab Spin Physics Programme

Low-Q region is very important → cancelation between  and I1(Q2) F2(Q2)

δ1(H) ∼ −
3
4

κ2r2
Pauli

→ −2.19

+ 18M2c1B

→ 3.54

Q2
max = 1.35(90),

δ1(μH) ∼ −
1
3

κ2r2
Pauli

→ −1.45

+ 8M2c1

→ 2.13

−
M2

3α
γ0

→ 0.18

∫
Q2

max

0
dQ2β1(τμ) = 0.86(69)
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FIG. 2. The longitudinal-transverse spin polarizability for
the proton as a function of Q2, compared to existing world
data [24, 25], phenomenological models [22, 26] and �PT cal-
culations [13, 27]. The �LT point indicated by an 8-pointed
marker near Q2 = 0.05 GeV 2 includes both g1 and g2 from
E08-027 data, while the other three points use the CLAS
model for the g1 part of the integral. The cyan shaded re-
gion represents the systematic uncertainty.

ing electron spin, respectively. The slightly di↵ering kine-
matics, influenced by the strong target magnetic field, did
not permit the combination of data sets at the polarized
cross section di↵erence level for the setting where we have
both longitudinal and transverse data, so the structure
functions were formed using a model input according to:

g1(x,Q
2) = K1


��k

✓
1 +

1

K2

tan
✓

2

◆�
+

2g2tan
✓
2

K2y
(3)

g2(x,Q
2) =

K1y

2


��?

✓
K2 + tan

✓

2

◆�
� g1y

2
, (4)

where the kinematic terms, K1 and K2, are defined as

K1 =
MQ2

4↵

y

(1� y)(2� y)
(5)

K2 =
1 + (1� y)cos✓

(1� y)sin✓
, (6)

and ✓ is the angle of the scattered electron, y = ⌫/E and
⌫ = E0�E. A model [23] based on the CLAS Hall B data
was used as the g1 input for the extraction of g2, except
in the Q2 = 0.05 GeV2 setting where measured ��k and
��? were used to solve the above for g1 and g2. Details
on the extraction of the polarized cross section di↵erences
can be found in the Methods section.

The experimental cross section, calculated only for the
longitudinal setting, was formed by normalizing the de-
tected electron counts by target density and thickness
(⇢), spectrometer acceptance (Vacc), detector e�ciencies

FIG. 3. The longitudinal-transverse spin polarizability for
the proton as a function of Q2, compared to existing world
data [24, 25], phenomenological models [22, 26] and �PT cal-
culations [13, 27]. The �LT point indicated by an 8-pointed
marker near Q2 = 0.05 GeV 2 includes both g1 and g2 from
E08-027 data, while the other two points use the CLAS model
for the g1 part of the integral. The cyan shaded region repre-
sents the systematic uncertainty. On this plot the moment is

scaled by Q6

(2M)2
to form a unitless quantity, and is zoomed in

on the lowest three Q2 points.

(✏det), livetime (LT ) and accumulated charge (Q/e) :

�0 =
d2�

d⌦dE0 =
Ndet

Q/e · ⇢ · LT · ✏det · Vacc

. (7)

The spectrometer acceptance is defined with solid angle
⌦ and scattered electron energy E0 and was determined
using a Monte-Carlo simulation [28]. The same dilution
factor in the asymmetry was applied to the cross section
to obtain a pure proton result. Large systematics in the
transverse cross sections made it preferable to form the
polarized cross sections di↵erences using the asymmetries
from g2p data, and an unpolarized cross section from the
Bosted-Christy model [29]. The longitudinal cross sec-
tion was used to determine how well the model agreed
with the g2p data, and obtain an associated systematic
error. It was determined from this comparison that the
structure of the model matched our data very well, but
needed to be scaled by a factor of ⇡ 1.15. This scaling
factor is perhaps not surprising due to the small amount
of existing low Q2 proton data available to constrain the
model, and is in any case consistent within error bars
with the E61 data [30] that was originally used to create
the Bosted-Christy model. This scaling factor is trusted
to within the 9% relative uncertainty of our measured
cross section. An additional small uncertainty associ-
ated with structure di↵erences between our data and the
model brings the uncertainty of this method to around
10%. However, the impact of this scaling factor on the
higher moments is suppressed. We have calculated it to
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Figure 2: Generalized GDH integral �1(&2) and forward spin polarizability W0(&2) of the proton as function
of &2. The NLO BjPT prediction is shown by the blue solid line and the blue band. The red line represents
the LO BjPT result. The purple short-dashed lines are the HB results from Refs. [23] and [24], respectively.
The black dotted line is the MAID model prediction with c, [, cc channels [25]. The pink band is the IR+�
result from Ref. [26], and the gray band is the BjPT+� result from Ref. [27]. Empirical extractions: Ref. [28]
(blue dots), Ref. [29] (purple square), Ref. [22] (orange pyramid) and the recent CLAS Collaboration data
Ref. [19] (green triangles). The cyan star for �1(0) is derived from the proton anomalous magnetic moment
^? ≈ 1.793 [30].

The same discrepancy between the BjPT theory expectation and the empirical data at very
low &2, can be seen by studying the individual polarizabilities and moments of the proton spin
structure functions. In Fig. 2, we show the generalized GDH integral �1(&2) and the forward spin
polarizability W0(&2) of the proton as a function of &2. The recent CLAS results [19] (green
triangles) are compared to various theory predictions. In the region of 0.03 GeV2 < &2 < 0.3
GeV2, the data agree well with the NLO BjPT prediction (blue band). Below ∼ 0.03 GeV2, the
data display an unexplained structure that does not only disagree with BjPT, but also seems to
be in tension with independent empirical constraints at the real-photon point. The latter values of
�1(0) and W0(0) are precisely determined from the anomalous magnetic moment of the proton and
total photoabsorption cross sections, respectively. Note that if there is an issue with the data input
for the dispersive approach, it could be either due to the experimental data or the extrapolation to
unmeasured energy regions, included also in the evaluation of the moments [19].

3. Polarizability Contribution to the Hyperfine Splitting in (Muonic-)Hydrogen

The hfs of the =(-level is proportional to the leading order-(/U)4 Fermi energy:

⇢F = 8/U
303

1 + ^
<"

, (3)

where " is the mass of the proton, ^ is the anomalous magnetic moment of the proton, and < is
the electron (muon) mass in case of H and `H, respectively. The nuclear-structure e�ects only start
contributing from order-(/U)5 through the forward 2� exchange. The latter is conventionally split
into Zemach-radius, recoil and polarizability contributions [36]:

⇢2�
hfs(=() = ⇢F

=3
��Z + �recoil + �pol� . (4)
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