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Introduction Definitions Minimal basis Universality mq and Nc Wilson coefficients in the UV AF Conclusions

Observables: ep → ep, µp → µp, γp → γp, atomic physics, muonic atoms,
... at low energies

Scales (and ratios):
mp ∼ Λχ

mµ ∼ mπ ∼ mr =
mµmp

mp+mµ

mrα ∼ me

· · ·
Q2 → 0
Expansion parameters, ratios between scales, mainly:
mπ

mp
∼ mµ

mp
∼ 1

9
mrα

mr
∼ mrα

2

mrα
∼ α ∼ 1

137

Tool: Effective Field Theories ≡ Factorization
Why?: There is a hierarchy of different scales
EFTs are especially useful in these situations.
1) Perturbative calculations much easier and systematic.
2) Nonperturbative information is parameterized in a model independent way.
3) Power counting.
4) Connection with QCD/QED.
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HBET −→ E ∼ mπ

NRQED −→ E ∼ mlα
pNRQED −→ E ∼ mlα

2

HBET (mπ/mµ)→ NRQED(mµα)→ pNRQED

1) Matching HBET to NRQED. Integrating out the hard scale, mµ ∼ mπ

HBET Feynman diagrams←
2) Matching NRQED to pNRQED. Integrating out the soft scale, mµv
Potential = Wilson loops = HQET-like Feynman diagrams←

Effective Field Theory: Non-relativistic protons, photons and (non-relativistic)
electron/muons.
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HBET (mπ)

LHBET = Lγ + Ll + Lπ + Llπ + L(N,∆) + L(N,∆)l + L(N,∆)π + L(N,∆)lπ,

Lγ = −1
4

F 2 +
d2

m2
p

FµνD2Fµν + · · ·

Lπ =
F 2
π

4
Tr [DµUDµU] + · · · U = u2 = ei Π

Fπ

LN = N†(ivµ∇µ + gAuµSµ)N + · · ·+ (∆) + · · · − e
cD

m2
p

N†
p∇ · ENp

Dµ = ∂µ + ieQAµ ∇µ = ∂µ + Γµ uµ = iu†(∇µU)u

Γµ =
1
2

{
u†(∂µ + ieQAµ)u + u(∂µ + ieQAµ)u†

}
LN,l =

1
m2

p

∑
i

cpli
3,RN̄pγ

0Np l̄iγ0li +
1

m2
p

∑
i

cpli
4,RN̄pγ

jNp l̄iγj li

δL = · · ·+ d2

m2
p

FµνD2Fµν − e
cD

m2
p

N†
p∇ · ENp −

c3

m2
p

N†
p Npµ

†µ+
c4

m2
p

N†
pσNpµ

†σµ
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NRQED

iD0 = i∂0 + ZpeA0, iD = i∇− ZpeA

LNRQED = −1
4

FµνFµν ++
d2

m2
p

FµνD2Fµν

+ψ†
p

{
iD0 +

ck

2mp
D2 +

c4

8m3
p

D4 +
c(p)

F

2mp
σ · eB +

c(p)
D

8m2
p
(D · eE− eE · D)

+i
c(p)

S

8m2
p
σ · (D× eE− eE× D) + c(p)

A1
e2 B2 − E2

8m3
p
− c(p)

A2
e2 E2

8m3
p

}
ψp

+(leptons)

−
c(pe)

3

mpme
ψ†

pψpψ
†
eψe +

c(pe)
4

mpme
ψ†

pσψpψ
†
eσψe + · · · .
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Potential Non-Relativistic QED

(
i∂0 −

p2

2mr
− α

r

)
ψ(r) = 0

+corrections to the potential
+interaction with ultrasoft photons

 potential NRQED E ∼ mv2

3) Observable: Spectrum or decays
Corrections to the Green Function (h(0)

s = p2/m + V (0)
s )

Gs(E) = Ps
1

h(0)
s − HI − E

Ps = G(0)
s + δGs G(0)

s (E) =
1

h(0)
s − E

A) Ultrasoft loops (lamb shift-like): x · E←
B) Quantum mechanics perturbation theory←

δV ︸ ︷︷ ︸
1/(E − V (0)

s − p2/m)
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Dictionary (relation Wilson coefficients with low energy constants):
c(p)

F → µp anomalous magnetic moment (low energy constant)
cD → rp proton radius (quasi low energy constant)
c(p)

Ai
→ αE , βM Proton polarizabilities (quasi low energy constant)

c(pe)
3/4 → Two-photon exchange ...
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Definition of the proton radius

⟨p′, s|Jµ|p, s⟩ = ū(p′)

[
F1(q2)γµ + iF2(q2)

σµνqν

2mp

]
u(p) ,

Fi(q2) = Fi +
q2

m2
p

F ′
i + ...

GE(q2) = F1(q2) +
q2

4m2
p

F2(q2), GM(q2) = F1(q2) + F2(q2).

r 2
p = 6

d
dq2 GE,p(q2)|q2=0
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Definition of the proton radius
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i + ...

GE(q2) = F1(q2) +
q2

4m2
p

F2(q2), GM(q2) = F1(q2) + F2(q2).

r 2
p (ν) = 6

d
dq2 GE,p(q2)|q2=0 =

3
4

1
m2

p

(
c(p)

D (ν)− 1
)

cD(ν) = 1 + 2F2 + 8F ′
1 = 1 + 8m2

p
dGp,E(q2)

d q2

∣∣∣∣
q2=0

,

Standard definition (corresponds to the experimental number):

r 2
p =

3
4

1
m2

p
(cD(ν)− cD,point−like(ν))

cD,point−like = 1 +
α

π

(
4
3
ln

m2
p

ν2

)
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Definition of the neutron radius

⟨p′, s|Jµ|p, s⟩ = ū(p′)

[
F1(q2)γµ + iF2(q2)

σµνqν

2mp

]
u(p) ,

Fi(q2) = Fi +
q2

m2
p

F ′
i + ...
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Definition of the neutron radius

⟨p′, s|Jµ|p, s⟩ = ū(p′)

[
F1(q2)γµ + iF2(q2)

σµνqν

2mp

]
u(p)

Fi(q2) = 0 +
q2

m2
p

F ′
i + ...

GE(q2) = F1(q2) +
q2

4m2
p

F2(q2), GM(q2) = F1(q2) + F2(q2).

r 2
n = 6

d
dq2 Gn,E(q2)|q2=0 =

3
4

1
m2

p
c(n)

D

cD = 0 + 2F2 + 8F ′
1 = 0 + 8m2

n
dGn,E(q2)

d q2

∣∣∣∣
q2=0

Standard definition (corresponds to the experimental number):

r 2
n =

3
4

1
m2

n
cD

Neutron-lepton scattering length = REAL low energy constant

bnl =
1

4mn

(
αcD −

2
π

cnl
3,NR

)
∼ D(n)had

d

It is not proportional to the radius
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Hadronic corrections

δV (2)(r)
m2

µ

→ 1
m2

p
Dhad.

d δ3(r)→ ∆E ∼ 1
m2

p
Dhad.

d (mrα)
3 δl0

n3

D(pµ)
d = −cpµ

3 − 16παd2 +
πα

2
c(p)

D

δV (2)(r)
m2

µ

→ 1
m2

p
Dhad.

d (S1 + S2)
2δ3(r)

Dhad.
s = 2cpµ

4

c3, c4, d2, c(p)
D , ... matching coefficients of NRQED.

δL = · · ·+ d2

m2
p

FµνD2Fµν −e
cD

m2
p

N†
p∇ ·ENp−

cpµ
3

m2
p

N†
p Npµ

†µ+
c4

m2
p

N†
pσNpµ

†σµ

Field theory concept of minimal basis!!
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electron-proton scattering at O(α)
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electron-proton scattering at O(α)

laboratory frame: p = (M, 0), k = (E , k), p′ = (E ′
p, k− k′), k ′ = (E ′, k′), and

the lepton scattering angle is θlab.(
dσ1γ

dΩ

)
point−like

≡ 2Mα2

Q2

|k′|
|k|

ε

1− εT

1 +
τp
ε

M + E − E ′ |k|
|k′| cos θlab

,

with kinematic variables

εT =
ν2 −M4τp(1 + τp)(1 + 2ε0)

ν2 + M4τp(1 + τp)(1− 2ε0)
, ε = εT+ε0(1−εT) , ε0 =

2m2
µ

Q2 , τp =
Q2

4M2 ,

(
dσ1γ

dΩ

)
Sachs

=
2Mα2

Q2

|k′|
|k|

ε

1− εT

G2
E +

τp
ε

G2
M

M + E − E ′ |k|
|k′| cos θlab

.

To reproduce the point-like particle result, one has to make the replacement
GE → 1 and GM → 1.
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Nonrelativistic proton and lepton (Peset, Tomalak, Pineda)

(
dσ
dΩ

)
measured

= Z 2
(

dσ1γ

dΩ

)
point−like

+
dσMott

dΩ

[
δ
(p)
soft + Z 2

(
δ
(µ)
soft + δVP

)
+ Z 3

(
δ
(pµ)
soft + δTPE

)
+O(α2) +O(τ 2)

]
.

δ
(p)
soft = τp

[
β2
(

c(p) 2
F − Z 2

)
− Z

(
c(p)MS

D (ν)− Z
)
+

4
3

Z 4α

π

(
2 ln

2∆E
ν
− 5

3

)]
,

δVP = 32τµ

[
d (µ)

2 +
m2

µ

M2 d2 +
m2

µ

m2
τ

d (τ)
2

]
δpoint−like

TPE = δpot + δsoft + δpoint−like
hard .

ds(ν) = − Z 2α2

m2
li
−M2

[
m2

li

(
ln

M2

ν2 +
1
3

)
−M2

(
ln

m2
li

ν2 +
1
3

)]
,

δpoint−like
hard −→ δhard = − Q2

2Mmµ

[
ds(ν)

πα
− mµ

M
chad

3

πα

]
.
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TWO-PHOTON EXCHANGE Spin-independent (c3) correction

cpµ
3 =

��������
��������
��������

��������
��������
��������

pp

mπ γγ

l li i

Tµν = i
∫

d4x eiq·x⟨p, s|TJµ(x)Jν(0)|p, s⟩ ,

Tµν =

(
−gµν +

qµqν

q2

)
S1(ρ, q2)+

1
m2

p

(
pµ − mpρ

q2 qµ

)(
pν − mpρ

q2 qν

)
S2(ρ, q2)

S1 =?? S2 =??
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TWO-PHOTON EXCHANGE Spin-independent (c3) correction

µ

p

µ

p

µ

p

µ

p

µ

p

p

µ

(3) (4) (5)

(6) (7) (8)

µ

p

µ

p

(1) (2)

mµ extra suppression+χPT (Model independent)
Power-like chiral enhanced (→ χPT can predict the leading order!)

cpµ
3 ∼ α

2 mµ

mπ
+O

(
α2 mµ

ΛQCD

)
δE ∼ O(mµα

5 ×
m2

µ

Λ2
χ

× mµ

mπ
)

Error (∆ = M∆ −Mp ∼ 300 MeV): LO ×mπ
∆
≃ LO × 1

2
→ cpµ

3 = α2 mµ

mπ
47.2(23.6)
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Large Nc . Including the ∆ particle
Error:

mµ

∆
∼ Nc

mµ

ΛQCD
→ Nc

mµ

ΛQCD
∼ 1

3

µ

p

+ µ

p

µ

p

µ
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p
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(3) (4) (5)

(6) (7) (8)

µ
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µ
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(1) (2)

cpµ
3 ∼ α

2 mµ

mπ

[
1 +#

mπ

∆
+ · · ·

]
+O

(
α2 mµ

ΛQCD

)
= α2 mµ

mπ

{
47.2(23.6) (π),

56.7(20.6) (π +∆),

∆ETPE = 28.59(π) + 5.86(π&∆) = 34.4(12.5)µeV (Peset&Pineda) .

(Model dependent+DR: ∆ETPE = 33(2)µeV (Birse-McGovern))
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∆ETPE ∼ mµα
5 ×

m2
µ

(4πFπ)2 ×
mµ

mπ

∞∑
n=0

cn(Nc
√

mq)
n

#√
mq

+ ?+?
√

mq + · · ·

plus large Nc

#√
mq

+

[
#Nc + ? +

?

Nc
+ · · ·

]
+
[
#N2

c+?Nc+? + · · ·
]√

mq + · · ·

?→ Size of the counterterm in HBET
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TWO-PHOTON EXCHANGE Spin-dependent (c4) corrections
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pp

mπ γγ

l li i

Figure: Symbolic representation (plus permutations) of the spin-dependent correction.



Introduction Definitions Minimal basis Universality mq and Nc Wilson coefficients in the UV AF Conclusions

cpl
4 = − ig4

3

∫
dDk
(2π)D

1
k2

1
k4 − 4m2

l k2
0

{
A1(k0, k2)(k2

0 + 2k2) + 3k2 k0

mp
A2(k0, k2)

}
Drell-Sullivan(67)

Tµν = i
∫

d4x eiq·x⟨p, s|TJµ(x)Jν(0)|p, s⟩ ,

which has the following structure (ρ = q · p/m):

Tµν =

(
−gµν +

qµqν

q2

)
S1(ρ, q2)

+
1

m2
p

(
pµ − mpρ

q2 qµ

)(
pν − mpρ

q2 qν

)
S2(ρ, q2)

− i
mp

ϵµνρσqρsσA1(ρ, q2)

− i
m3

p
ϵµνρσqρ

(
(mpρ)sσ − (q · s)pσ

)
A2(ρ, q2)

A1, A2 (χPT): Ji-Osborne; Peset-Pineda
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Leading chiral logs to the hyperfine splitting

2π

γ γmπ

fπ

1
mπ

2

γ γmπ

fπ

1
mπ

π

π

ln

ln

δV = 2
c4

m2
p

S2δ(3)(r) .
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δEHF ∼ O(mµα
5 × m2

µ

Λ2
χ
× lnmπ)

The leading chiral logs can be determined for Hydrogen and muonic
hydrogen hyperfine splitting (Pineda).

cpli
4 ≃

(
1−

µ2
p

4

)
α2 ln

m2
li

ν2 +
b2

1,F

18
α2 ln

∆2

ν2

+
m2

p

(4πF0)2α
2 2

3

(
2
3
+

7
2π2

)
π2g2

A ln
m2

π

ν2

+
m2

p

(4πF0)2α
2 8

27

(
5
3
− 7
π2

)
π2g2

πN∆ ln
∆2

ν2

(Nc→∞)
≃ α2 ln

m2
l

ν2 +
m2

p

(4πF0)2α
2π2g2

A ln
m2

π

ν2 .

EHF = 4
cpli

4

m2
p

1
π
(µli pα)

3 ∼ mliα
5 m2

li

m2
p
× (lnmq , ln∆, lnmli ) .

cpli
4 = cpli

4,R + cpli
4,point−like + cpli

4,Born + cpli
4,pol +O(α

3) .
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Hyperfine: Hydrogen and muonic hydrogen
Experiment:

E exp
hyd,HF(1S) = 1420.405751768(1) MHz ,

E exp
µp,HF(2S) = 22.8089(51) meV .

Theory:
δV (2)(r)

m2
µ

→ 1
m2

p
Dhad.

d (S1 + S2)
2δ3(r)

Dhad.
s = 2c4

Fixing cpe
4 .Hydrogen. By fixing the scale ν = mρ we obtain the following

number for the total sum in the SU(2) case:

EHF,logarithms(mρ) = −0.031 MHz ,

which accounts for approximately 2/3 of the difference between theory (pure
QED) and experiment.

EHF(QED)− EHF(exp) = −0.046 MHz.

What is left gives the expected size of the counterterm. Experimentally what
we have is cpe

4,NR = −48.69(3)α2 and cpe
4,R(mρ) ≃ cp

4,R(mρ) ≃ −16α2.
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The proton radius in ep scattering from χPT
Hessels, Horbatsch, Pineda

GE(Q2) =
∞∑

n=0

(−1)n

(2n + 1)!
Q2n⟨r 2n⟩

▶ Extrapolation from |q| ∼ 100 MeV to |q| = 0
▶ dependence on the fitting functions: normalization factors, full data set ...

Higher moments diverge in the chiral limit

⟨r 2k ⟩ ∼ m2−2k
π

Extrapolation controlled by χPT (at low Q2): rp ∼ 0.855.
Bigger values for the moments produce larger values of rp.
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Relating hydrogen and muonic hydrogen in the UV (hyperfine)

cpµ
4,TPE = cpe

4,TPE + [cpµ
4,TPE − cpe

4,TPE](χPT ) +O(α) .

c(pµ)/(pe)
3 =

��������
��������
��������

��������
��������
��������

pp

mπ γγ

l li i

[cpµ
4,TPE − cpe

4,TPE](χPT ) = 3.68(72) (Peset, Pineda)
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cpe
4 fixed from hydrogen→ cpµ

4

■■

●●

○○ ▲▲

□□

-0.16

-0.15

-0.14

-0.13

meV

■ This work Hydrogen

● This work μ-Hydrogen

□ Carlson et al. '08

▲ Martynenko '04

○ Pachucki '96

Figure: Two-photon exchange contribution to the hyperfine splitting of the 2S muonic
hydrogen. Peset-Pineda

Variation of this idea has later been applied using DR (Tomalak). Error ∼ 1/2.
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(Non) Asymptotic Freedom

Hydrogen:

Ṽ (0) ≡ −4πZµZpαV (k)
1
k2 = −4πZeZpα

1
k2 −→ β(α) = ν

d
dν

αV = 0 −→ ∆EL = 0
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Muonic atoms (|k| ≫ me):

Ṽ (0) ≡ −4πZµZpαV (k)
1
k2 ,

αV (k) = α

(
1 +

α

4π
βQED

0 ln
m2

e

k2 +O(α2)

)
βQED

0 = −4
3

TF < 0

�

E1, p E ′

1
, p′

k0, k

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p − p′ and k0 = E1 − E ′

1.

β(α) = −2α
{
βQED

0
α

4π
+O(α)

}
−→ E(1P)− E(2S) ∝ −βQED

0 mµα
3 > 0

Non-Asymptotically Free theory!
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Ṽ (0) ≡ −4πZµZpαV (k)
1
k2 ,

αV (k) = α

(
1 +

α

4π
βQED

0 ln
m2

e

k2 +O(α2)

)
βQED

0 = −4
3

TF < 0

�

E1, p E ′

1
, p′

k0, k

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p − p′ and k0 = E1 − E ′

1.

β(α) = −2α
{
βQED

0
α

4π
+O(α)

}
−→ E(1P)− E(2S) ∝ −βQED

0 mµα
3 > 0

Non-Asymptotically Free theory!



Introduction Definitions Minimal basis Universality mq and Nc Wilson coefficients in the UV AF Conclusions

Heavy Quarkonium (|k| ≫ λQCD):

Ṽ (0) ≡ −4πZµZpαV (k)
1
k2 ,

αV (k) = α

(
1 +

α

4π
βQCD

0 ln
ν2

k2 +O(α2)

)
βQCD

0 =
11
3

CA −
4
3

TF nl > 0

�

E1, p E ′

1
, p′

k0, k + gluons

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization plus gluons. k = p − p′ and k0 = E1 − E ′

1.

β(α) = −2α
{
βQCD

0
α

4π
+O(α)

}
−→ E(1P)− E(2S) ∝ −βQCD

0 mQα
3 < 0

Asymptotically Free theory!
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DELIVERIES

Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of Non-relativistic
systems and a unified framework to determine the nonperturbative effects.

Rigorous connection between Quantum Field Theories (Wilson coefficients)
and a quantum-mechanical formulation of the non-relativistic systems
(potentials).

Definitions. Low energy constants/Wilson coefficients. Example: The proton
radius is a Wilson coefficient of the effective theory

Minimal basis. Combination of Wilson coefficients that appear in observables.

Universality. Same Wilson coefficients in different observables.

mq and Nc . Analytic control of the QCD dynamics: non-analytic mq and Nc

dependence under control.

Wilson coefficients in the UV. Control in the relation between different
scales/physical systems. Example: Hyperfine splitting of Hydrogen and
muonic hydrogen.
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