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Tool: Effective Field Theories = Factorization

Why?: There is a hierarchy of different scales

EFTs are especially useful in these situations.

1) Perturbative calculations much easier and systematic.

2) Nonperturbative information is parameterized in a model independent way.
3) Power counting.

4) Connection with QCD/QED.
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HBET — E ~ mx
NRQED — E ~ mja
PNRQED — E ~ mja?

HBET(m./m,) — NRQED(m,«) — pNRQED

1) Matching HBET to NRQED. Integrating out the hard scale, m,, ~ m
HBET Feynman diagrams <«

2) Matching NRQED to pNRQED. Integrating out the soft scale, m, v
Potential = Wilson loops = HQET-like Feynman diagrams «+

Effective Field Theory: Non-relativistic protons, photons and (non-relativistic)
electron/muons.
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NRQED

iDy = (0 + ZpeA°, iD = iV — Z,eA

1 v d v
LNRQED = *ZF” Fuv + JrFZZFWDZF“
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D Dy %ty %y Bt %D (D.eE_ eE.D
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Potential Non-Relativistic QED

<iao— p—zr - 9) W(r) =0

2m, r
+-corrections to the potential potential NRQED E ~ mv?
+interaction with ultrasoft photons
3) Observable: Spectrum or decays
Corrections to the Green Function ( =p?/m+ V(O))
1 0) (0) 1

Gs(E)=P P.=GY +6Gs GV(E) =

S shgo)_HI_E S S S S h‘(so)—E

A) Ultrasoft loops (lamb shift-like): x - E <
B) Quantum mechanics perturbation theory<+—

SO0y
v S,
= | —

1/(E - VI — p?/m)
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Dictionary (relation Wilson coefficients with low energy constants):
c(Fp) — up anomalous magnetic moment (low energy constant)

cp — Ip proton radius (quasi low energy constant)

cﬁ\’f) — ag, Bum Proton polarizabilities (quasi low energy constant)

Cé’;i) — Two-photon exchange ...
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Definition of the proton radius
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Definition of the proton radius

. 5"1p.5) = U(P) | Fi(e "+ iFa ) G| ).

2

Fq?) = Fi+ o Fl 4.
P
Ge() = Fi() + 55 Fe(d),  Gu(q?) = Fi(@) + Fe():

d
7 = 6 goa Ge ol @) o



Definitions Minimal basi Universality

[e]e] Je]e]e]

Definition of the proton radius

nz
(0,5l p.5) = A(P') | Fila )" + iFe(e) S | w(p)

Fi(q°) = Fi + %225’ + .
P
Ge() = Fi() + 55 Fe(q),  Gu(q?) = Fi(@) + Fel):

d
ra(v) = GquGE,p(qzﬂq?:o
Infrared divergent! — Wilson coefficient
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Definition of the proton radius

" lp.s) = 0lp) [F(aP” + i) G | et

2

Fi(q?) = Fi+ %F,’ + o
[}

2

i F(@), Gul(d) = Fi(@) + FeleP).

Ge() = F(e) + .y
o
B0) =6 4o Cen(@lemo = 4 o (6 1)

2 dGpe(q%)

CD(I/):1—|—2F2+8F1—1+8mp dq2

b
?=0
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Definition of the proton radius

51" 1p.5) = U(P') | Fi(@)r" + iFa() G| o),

Ge(q*) = Fi(d) + ;5 F(q7).  Gu(q®) = Fi(q°) + Fa(d).

4m

Arm2
o
B0) =6 4o Cen(@lemo = 4 o (6 1)

co(v) =1+2F +8F =1+8m; 7"%2(2‘7)

b
?=0

Standard definition (corresponds to the experimental number):

231

=172 m2 (eo(v) — cp,point—ike(V))
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Definition of the proton radius

51" 1p.5) = U(P') | Fi(@)r" + iFa() G| o),

Ge(q*) = Fi(d) + ;5 F(q7).  Gu(q®) = Fi(q°) + Fa(d).

4m

Arm2
o
B0) =6 4o Cen(@lemo = 4 o (6 1)

co(v) =1+2F +8F =1+8m; 7"%2(2‘7)

b
?=0

Standard definition (corresponds to the experimental number):

> 31
o = 4m

1 4I n72
CD,point—like = + - 5 —

— (CD( ) CD,point—/ike(V))
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Definition of the neutron radius

. 5"1p.5) = U(P) | Fi(e "+ iFa ) G| ).

q2
F(q)=Fit SF +..
[



Definitions
[e]e]e]e]e] ]

Definition of the neutron radius

/ m o 20" qu
5" lp.s) = U(p) | F o | vie)
2 q2 !

Ge(@) = () + L F),  Gule?) = Fi(¢) + Fal).
r, = 6726,775(672)‘(72 !

(n)
folo] €

4m
2 d 3
4m,2,D

cp =0+2F; + 8F] _0+8mﬁm

dqg? =0
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Definition of the neutron radius

(o', sl |p, s) = u(p) | F u(p)
q2
Fi(d*) =0+ 25 F/ +
P
Ge(q”) = @) + Lo Fald). Guld) = Fi(e) + Fo ).
p
2 d 2 3 1 n
I'n :6d7qun,E(q )‘q2 4ml270(D)
Co =0+ 2F; + 8F = 0+8m; dGL(Zq)
dg =0
Standard definition (corresponds to the experimental number):
> 31
r,, - ZF%CD

Neutron-lepton scattering length = REAL low energy constant

1 2 had
by = I (OéCD - ;Cg,NR) ~ D((jn) :

It is not proportional to the radius
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Hadronic corrections

(2
oV 2(/’) %Dgadéf}(r) W AE ~ Dhad ( )367/(3)
m n
I b
DY = —cB* — 16mads + ?c(p)
sV®(r) 1 had 23
—— = = — D" (81 +82)76°(r)
m2 m3
Dgad. _ ch,u
Cs, Ca, G, €, ... matching coefficients of NRQED.
0'2

L
5L =- FWD2F‘“’ e%NEV-ENp— C,SZ NE N u+ N o Noptorp
P P

Field theory concept of minimal basis!!



Minimal basis Universality I n coefficients in the UV

[ Jele}

electron-proton scattering at O(«)
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electron-proton scattering at O(«)

laboratory frame: p = (M, 0), k = (E. k), p’ = (E;, k—K'), k' = (E’,K’), and
the lepton scattering angle is 6,..
(daw) _ 2Mo® K| e 1+ 2
dQ point—like @ |k| 1—erM+E- E' i \k/ cos elab
with kinematic variables
V2 — M*7p(1 4 1) (1 + 2¢0) 2,
Ty MA7p(1 + 75)(1 — 2¢0) ’ e =erteo(l—er), 0= "o
<do1~,>  2MA2 K| e Gz T”Gz
aQ Sachs 02 |k‘ 1- er M + E—- El |k/ Ccos glab .

To reproduce the point-like particle result, one has to make the replacement
Ge —»1and Gy — 1.
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Nonrelativistic proton and lepton (Peset, Tomalak, Pineda)

dg 2 dU1 d(f Mott 2 3
=Z S sP L 72 (s 15 Z8 (5% 45
(dQ>measured ( aQ ) ; + an [ soft ( soft VP) + ( Soft + TPE)

point—like
+0(a?) + O(r )] .

) _ ()2 2 (PMS, \ ié 20AE 5
6s0ﬂ_7—p |:ﬁ ( Z) Z(CD (V) Z)+3 . (2' 4y 3 )

m? m?
dvp = 327, d +f“d2+—”d ]
5#(]))1? like _ po["‘(ssoﬂ"‘é}[::;gt like
Z2a? M A o, mi A
ds(v) = _ITIIZ—/\/’Z|: (In E +§)—M In y2+§ ,

5p01m like 02 l:ds(l/)

had
—_ m, c3"
hard — 5hard - > Mmu P M :|
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Minimal basis
[©] 0000000000

TWO-PHOTON EXCHANGE Spin-independent (c¢3) correction

Y Y

p~” TS p

T / d*x 69 (p, | TU" (x)J”(0) |, ) ,

v v "q” 1 m v m v
T = (—g" + T2 ) Si(0. 4+ (p“ - q—”fq“) (p i ) S, q')
/3

Sy =77 So =77
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m,, extra suppression+xPT (Model independent)



mgq and N¢
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Intrc

TWO-PHOTON EXCHANGE Spin-independent (c3) correction

\ﬁ N AN/

e S e N

(6) M (8)

m,, extra suppression+xPT (Model independent)
Power-like chiral enhanced (— xPT can predict the leading order!)

2
"o 2 My 2 My ~ 5 my, my,
A~ m + 0 (a 7/\QCD> 0E ~ O(mua® x —Ai X —mﬂ)
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TWO-PHOTON EXCHANGE Spin-independent (c3) correction

\ﬁ/ N AN/

e S e N

(6) M (8)

m,, extra suppression+xPT (Model independent)
Power-like chiral enhanced (— xPT can predict the leading order!)

2
2m 2 m 5 M m
ot ~a :—!—O(a /\OZD) 0E ~ O(mua® x Agx :)

Error (A = Ma — M, ~ 300 MeV): LO x 2= ~ LO x}
— i = aP747.2(23.6)
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Large Nc. Including the A particle
Error:

m, m, my 1
—2 ~ N, — N, ~ =
A °Aaco ‘Naco 3
/ ! ‘v (1) ! 2)
+ A N A N

oM, {47.2(23.6) (7).

R L7 PR L @<2ﬂ>:
3 amﬂ[—’—#A—’_ |+o(es “ M. 56.7(20.6) (7 + A),

QCD

AErpe = 28.59(7) + 5.86(m&A) = 34.4(12.5) eV (Peset&Pineda) .
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Large Nc. Including the A particle
Error:

m, m, my 1
—2 ~ N, — N, ~ =
A °Aaco ‘Naco 3
/ ! 'v (1) ! 2)
+ A N A N

oM, {47.2(23.6) (7).

PO LL R PR 2 My _
% amﬁ[“L#AJr ]+O<O‘A )‘O‘m,r

QCD

AErpe = 28.59(7) + 5.86(m&A) = 34.4(12.5) eV (Peset&Pineda) .
(Model dependent+DR: AErps = 33(2)ueV (Birse-McGovern))

56.7(20.6) (7 + A),
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000@000000

2
AETPE ~ muoz5 X ( ,_f X — Z Cn(Nc

#

Mg

+742/mg + -
plus large N,

# 2
kmq+ #Nc“r--‘rNc

? — Size of the counterterm in HBET

+-~~]+[#N§+?Nc+?+---]m+-~-
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TWO-PHOTON EXCHANGE Spin-dependent (c¢4) corrections

Y

<<
3
3
N\ N\

A
N

p ~p

Figure: Symbolic representation (plus permutations) of the spin-dependent correction.
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Minimal basis
00000@0000

| ig d’k 1 1 2y, 2 2 2& 2
cf =73 (2r)P R m,zkg A1 (Ko, k%) (ks + 2k°) + 3k mpAz(ko,k )

Drell-Sullivan(67)
T / d*x 69 (p, 5| TJ* (x)J” (0)|p, ),

which has the following structure (p = q - p/m):

TMU — ( na q q )S] (p7 q2)
a°
1 m L Mpp .,
= (p“ q‘;p ) (p — q—’;”q )Sz(p, 7)

_ I nvpo A 2
m & QS 1(p,q°)

i vpo
e "7 q,((mpp)ss — (q - S)Ps) Ax(p, q°)
D

Ai, A (xPT): Ji-Osborne; Peset-Pineda
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Leading chiral logs to the hyperfine splitting

| |

vio(meooy

, | N ——In my
2 n
Ly M Vi
I I N ——1n Myt
T | ft

oV = 27325 (r).
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hm m ion L \H ion: Minimal basis U‘\‘,u\‘—u\ y mq and Ne Wilson coefficients in the UV

5EHF ~ O(mua X A2 X In mﬂ)

X
The leading chiral logs can be determined for Hydrogen and muonic
hydrogen hyperfine splitting (Pineda).

2 2 2 2
i N _Hp\ 2, M bir » A
Cf o~ < 4)0¢Inyz+18a|ny2
mo 202 T\ 5,
HarF2 3 (5 * T) galn 2
mf, E 5 l In a*
G 27 (3~ 72 ) ™ Gl 5
° 2
(Ne—o0) o2 m? Mp 2 » 2 M
~ In — oz (47rF0)2a 7 galn 2
Cpl; 1 2
Eur = 4,7‘;2 7(‘u,,l_pa) (|n Mg, In A, In m/)

b 3

Conclusions
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Wilson coefficients in the UV

5EHF~O(mHa X A2 ><Inm7r)

The leading chiral logs can be determined for Hydrogen and muonic
hydrogen hyperfine splitting (Pineda).

2 m? 2 2
i - Hp 2 i biF 2 A
@ = (‘4)“'%2*18“'%2

b e2 (2 T ey e
@nFo” 3\3 " 2:2) 92" 2
28 (5T g A
G 27 (3~ 72 ) ™ Gl 5
2 2
(No—>0) o2 m? Mp 2 » 2 M
~ In — oz (47rF0)2a 7 galn 2
i m2
E“F’A'(r:nf 1(u,,pa)3 x (Inmg,In A, Inmy).

p

2
b T
i i
Cp Cf; Cppoml like + CpBorn + Cppol ( )

Conclusions
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Hyperfine: Hydrogen and muonic hydrogen
Experiment:
End 4r(1S) = 1420.405751768(1) MHz,

E®? (2S) = 22.8089(51) meV .

11p,HE
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Hyperfine: Hydrogen and muonic hydrogen

Experiment:
E;;E,HFU S) = 1420.405751768(1) MHz,
ES0 1(2S) = 22.8089(51) meV .
Theory:
sV®(r) 1 had 2.3
——— = —Dg" (81 +82)767°(r)
m2 m,%

DgadA — 2C4

Fixing c;®.Hydrogen. By fixing the scale v = m, we obtain the following
number for the total sum in the SU(2) case:

EHF,lugurithms(mp) = —0.031 MHZ7

which accounts for approximately 2/3 of the difference between theory (pure
QED) and experiment.

EHF(QED) — EHF(eXp) = —0.046 MHz.

What is left gives the expected size of the counterterm. Experimentally what
we have is ¢} 5 = —48.69(3)a” and c{%(m,) ~ ¢} f(m,) ~ —160°.
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The proton radius in ep scattering from xyPT
Hessels, Horbatsch, Pineda

2 o — 2n 2n
Ge(@) _nz:; 2n+1)|o )

» Extrapolation from |g| ~ 100 MeV to |q| =0
» dependence on the fitting functions: normalization factors, full data set ...
Higher moments diverge in the chiral limit
<r2k> ~ m72.r—2k
Extrapolation controlled by xPT (at low @): r, ~ 0.855.
Bigger values for the moments produce larger values of r,.

086

u—

R,
e .
CODATA20109  —=—
CODATA 2014°
mami
ThisWork +———s———

py

PEs

082 o082

I I I I
0012 0014 0016 0018 0020 0022

@ max [GeV]
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(hyperfine)

Relating hydrogen and muonic hydrogen in the UV

Cfﬁ"PE = Cf,eTPE + [CE:L”LFPE - Cf,eTPE](XPT) +0(a).

l
olp/(pe) _ m.,
Y Y

¥
D ™~ p

Pl — % J(xPT) = 3.68(72 Peset, Pineda
4, TPE 4, TPE

\




Introduction Definition

Minimal basis y : Wilson coefficients in the UV

oe

cy? fixed from hydrogen — c4*

meV
-0.13+
= This work Hydrogen
® This work y-Hydrogen
-0.14— o Carlson et al. '08
A Martynenko '04
O Pachucki '96
-0.15—
-0.16 -

Figure: Two-photon exchange contribution to the hyperfine splitting of the 2S muonic
hydrogen. Peset-Pineda

Variation of this idea has later been applied using DR (Tomalak). Error ~ 1/2.
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(Non) Asymptotic Freedom

Hydrogen:

VO = —47rZ#Zpav(k)% = —47rzezpa% — B(a) = V%av =0— AE =0
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Muonic atoms (|k| > me):

~ 1
Vo = —41Z.Zpov (k)
K =a1+ 29D m; O(? a0 _ 4o )
av()—a +Eﬁo nﬁ—i- (Oé) 0 —_§ F<
Ey, p E, pf

O

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. kK = p — p" and ky = Ey — EJ.
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Muonic atoms (|k| > me):

. 1
Vo = —47rZHZpav(k)F,

4
av(k) = ( + 7/305” k2 + O(a )) GED — _ T T <0

E, p B, p

O

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. kK = p — p" and ky = Ey — EJ.

B(a) = —2a {,BQED L 4 0(a) } — E(1P) — E(2S) x — B8P m,a® > 0
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Muonic atoms (|k| > me):

~ 1
Vo = —47rZHZpav(k)F,
o LQED QED 4
= —_— — _7T
ay(k) a<1+47rﬁ In k2 +(9( )) 0 3 F<O0
E,, p B, p

O

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. kK = p — p" and ky = Ey — EJ.

B(a) = —2a {,BQED L 4 0(a) } — E(1P) — E(2S) x — B8P m,a® > 0
Non-Asymptotically Free theory!
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Heavy Quarkonium (|k| > Aqcp):

VO = —4rz,Zav(k) 5

’T‘_L

o 11 4
av(k):a(1+ﬂﬁowl k2+(’)(a )) (?CD:?cAfngnQo

El’ p Ei’ p/

ko, k O + gluons

)

)

|
Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization plus gluons. k = p — p’ and ky = Ey — EJ.
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Heavy Quarkonium (|k| > Aqcp):

VO = —4rz,Zav(k) 5

’T‘_L

o 11 4
av(k):a(1+ﬂﬁowl k2+(’)(a )) (?CD:?cAfngnQo

El’ p Ei’ p/

ko, k O + gluons

)

)

|
Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization plus gluons. k = p — p’ and ky = Ey — EJ.

B(a) = 720[{ OCDT +0(a) } — E(1P) — E(2S) x — B8P mqa® < 0
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Heavy Quarkonium (|k| > Aqcp):

VO = —4rz,Zav(k) 5

’T‘_L

11 4
av(k) = a (1 + —BOCD k2 + O(a )) ach 5 Ca—gTem >0

El’ p Ei’ p/

ko, k O + gluons

)

)

|
Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization plus gluons. k = p — p’ and ky = Ey — EJ.

B(a) = 720[{ OCDT +0(a) } — E(1P) — E(2S) x — B8P mqa® < 0

Asymptotically Free theory!
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DELIVERIES

Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of Non-relativistic
systems and a unified framework to determine the nonperturbative effects.
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DELIVERIES

Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of Non-relativistic
systems and a unified framework to determine the nonperturbative effects.

Rigorous connection between Quantum Field Theories (Wilson coefficients)
and a quantum-mechanical formulation of the non-relativistic systems
(potentials).



Minimal basis U ality 1 Wilson coefficients in the UV Conclusions
00000 9 o ( ole 5 000 °
DELIVERIES

Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of Non-relativistic
systems and a unified framework to determine the nonperturbative effects.

Rigorous connection between Quantum Field Theories (Wilson coefficients)
and a quantum-mechanical formulation of the non-relativistic systems
(potentials).

Definitions. Low energy constants/Wilson coefficients. Example: The proton
radius is a Wilson coefficient of the effective theory



DELIVERIES

Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of Non-relativistic
systems and a unified framework to determine the nonperturbative effects.

Rigorous connection between Quantum Field Theories (Wilson coefficients)
and a quantum-mechanical formulation of the non-relativistic systems
(potentials).

Definitions. Low energy constants/Wilson coefficients. Example: The proton
radius is a Wilson coefficient of the effective theory

Minimal basis. Combination of Wilson coefficients that appear in observables.



DELIVERIES

Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of Non-relativistic
systems and a unified framework to determine the nonperturbative effects.

Rigorous connection between Quantum Field Theories (Wilson coefficients)
and a quantum-mechanical formulation of the non-relativistic systems
(potentials).

Definitions. Low energy constants/Wilson coefficients. Example: The proton
radius is a Wilson coefficient of the effective theory

Minimal basis. Combination of Wilson coefficients that appear in observables.

Universality. Same Wilson coefficients in different observables.



DELIVERIES

Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of Non-relativistic
systems and a unified framework to determine the nonperturbative effects.

Rigorous connection between Quantum Field Theories (Wilson coefficients)
and a quantum-mechanical formulation of the non-relativistic systems
(potentials).

Definitions. Low energy constants/Wilson coefficients. Example: The proton
radius is a Wilson coefficient of the effective theory

Minimal basis. Combination of Wilson coefficients that appear in observables.
Universality. Same Wilson coefficients in different observables.

mgq and Ne. Analytic control of the QCD dynamics: non-analytic mq and N
dependence under control.



DELIVERIES

Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of Non-relativistic
systems and a unified framework to determine the nonperturbative effects.

Rigorous connection between Quantum Field Theories (Wilson coefficients)
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Definitions. Low energy constants/Wilson coefficients. Example: The proton
radius is a Wilson coefficient of the effective theory

Minimal basis. Combination of Wilson coefficients that appear in observables.
Universality. Same Wilson coefficients in different observables.

mgq and Ne. Analytic control of the QCD dynamics: non-analytic mq and N
dependence under control.

Wilson coefficients in the UV. Control in the relation between different
scales/physical systems. Example: Hyperfine splitting of Hydrogen and
muonic hydrogen.
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