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Deep Inelastic Scattering
s = (P+q)?* = W2 Q\k’ Q> =—¢q*> = (k=K'
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Since the discovery of quarks, Deep Inelastic Scattering

(DIS) has been instrumental to our understanding of
the smallest buildine blocks of our universe.



Deep Inelastic Scattering
DIS process at small-x in the space-time representation

aka the “shock wave”
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Deep Inelastic Scattering
For a fast moving quark
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where ¢%2% (2,,,Y) = 2 /d2bN(£10,Y;Q), Y = Inl/zp,;



1 One step evolution of the color dipole




The Balitsky-Kovchegov equation
We find (Balitsky 1996 & Kovchegov 1999)

ON (z,0,Y;0) _ as o 1
oY Pl x%owgl
X {N (Emay;b— %Q) N (izoay;b— %l) — N (210, Y;b)

_ N(§217Y;b_ %)N (£207Y;b__ %) }

where as = asN. /7.
Its convenient to redefine the dipole sizes as

CU]_OET' oo =11 o1 =To =T —1T
and take b > r. We obtain
ON (r,Y;b)  as 5 .
S = o [ d Tlr%rg{N (r1,Y;b) + N (ry,Y;b) — N (r,Y; b)

- N, YD) N (r,Y3h) }



The Balitsky-Kovchegov equation
Map of QCD: , Color Glass Condensate framework
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The BFKL equation

In the region of r? < l/Qg solution is given by

aNBFKL (L Y; b) Qg d2 7‘2
= — M —=5—5
oY 2m ' s

using the Mellin representation of N

NBFRL (v b)) = / dv 27 NBFKL (3, v b)

we obtain

[ [0+ 037 - 027] = amxe ey

where

x(v) = 2¢(1) —¥(y) — (1 —7)
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The BFKL equation

Therefore
d N BFKL (1/, Y: Q)
dy
which leads to

NBFKL(T,Y;Q)Z/ |
where o
¢ = Inr?Q3(Y =0,b) & =In(Qi(Y,0)/Q5(Y =Yo,b))

z = In(r*Q;(Y,b)) = agkY + & = & + ¢
QYD) = QY =g pes, n = X0
Yer = 0.37 ¥ =1—7;
The boundary condition for the nonlinear equation are

ON(Y,§ = —&s;b _
N(Y,6 = —£4b) = N, L.

= asx(n)N°TE (1, Y50) = NPTRE(w, Y5 b) = exp (asx(v)Y)
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The Balitsky-Kovchegov equation

Levin-Tuchin solution: Simplify the kernel by taking into

account only log contributions (leading-twist approach)

1
x(v) = — 4+ higher twist contributions
~

in this approximation, the BK equation reads
&N (Y,&b) _ G {(1 _ 3N(Y,€;b)> N(Yg-b)}

oY O¢ 23
where N (v,&b) = [, d¢' N (Y,£;b)
Introducing N(r,Y;b) = 1 — e Y30 sol. for Q(r, Y;b) = Q(z)

2 Q /
nd 0(z) _ S / Q2 __ \ﬁz
dz? Q0 V-1+Q +e 9 K

For small ) the scattering amplitude is given by
Z

2
DIS A _ . _ =
N7 (r,Y;b) = 1 exp( 2&)







Quark loop contribution

B B B

+ h.c.

We will obtain the BK equation with as Ny corrections.

To obtain higher order asN¢ corrections to the kernel of
the BK small-x evolution equation, insert infinite chains of
quark loops onto the gluon lines



Brodsky, Lepage, McKenzie (BLM) prescription:
11N, — 2N; ,da,

Ny — —6mfB2, 8, = = —fral + O(ad

127 B du?
oy, 1

as(Q?) = 27,2y 2 /A2
1 + 0,82 In(Q?/ pu?) B2 In(Q?/A%ep)
And take the leading log approximation (LLA) with as < 1




Quark loop contribution
Balitsky prescription

BN(%H})/,Y;Q) _ &S(;Qx%)/d%zo{N (£217Y;Q _220)+N(x20,Y e = )
— N (210, Y58) = N (221, V30— Z2) N (g0, Y0 - 22) }
2 = 2 3
< m (G ) v G )
Kovchegov-Weigert prescription
T < o fenl (o) o (v 3) -

T Z
— N(Zi5 ) b N (§217Y5b_ %) N (ZQO’Y;Q_ %) }
|i545(1/37%1) I 548(1/53%0)

2 2
Lo L0

— 2

202

%(l+z%1 —9 “’%1”330 1 $21$20
- 1 T21 | 30— T3 £21°Z20 z35,—=3,
as | 1/ | 220 21 Yoo

ag(1/x3,)as(1/x5) Zoq '220}



Quark loop contribution

They differ as both models neglect different contributions
(subtraction term), but they agree when added this term
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We will take the Balitsky prescription in what follows.

In the vicinity of the saturation scale where
_ . T2%T%%T§%1/Q§
we simplify as follows
> 2 .2 2 A2
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The Balitsky-Kovchegov equation

This results in a saturation momentum of the form

8N X("/cr)

Qg (Yab) — Qz (Y:YO,b) e\/ bo 1—ver
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Such simple modification affects a lot to our equations



The Balitsky-Kovchegov equation
The rcBK equation in the leading twist approach is
ON (r,Y;b)
oY

— N (r,Y;b) (1 = N(r,Y;b))

7,2

where N (r,Y;b) = /dr’2
1/Q?

Introducing N (r,Y’;b)

0*Q (r,Y; b) _ {0y

ag (7"2)

7./2

N (r',Y;b)

1 S e_Q(T,Y;b)

oY Ol
where
2 @ /2 4N, - 4N,
- f A Ul ¢ In (4N (was () ) = -5 ()
with £ = —In(r?Acp) = =€



The Balitsky-Kovchegov equation
Eq. for Q(r,Y;b) = Q(2), with z = & — € gives

16N, z d?*Q(z;b) X d*Q (2;b) | _ o—Eb)
b v2y dZ2 32 ’

where z = 16N¢ ,* \We cannot solve this equation.
b .

Therefore we search a solution in the formQ (Y, 1;0) = Q(¢;b)
with ¢ = Y [.Itleadsto

*Q (b)) dQ(Gh) —Q(¢3b)
C dcz T dC =1 -e

with boundary conditions
Q(C:Yls;b) — QO;

dQ((=YI;b) 1 _ 1 \/32Nc
i = —290/53 = 290/ 7 ¥

Again, we cannot solve the equation with those boundary
conditions (not constant).




The Balitsky-Kovchegov equation

Therefore we search a solution in the form
Q¢ 1-10) = Q90 + QY ((,b) + Q' (¢1—1s;b)

2 (Q)
Where ()¢ satisfies that self-similar equation but for large
Y, l.e dQ (¢ =0;b) .
d¢ -

with ¢ redefined as ¢ =Y (I —1,) and ' satisfies the
general equation but with dependance of new variable:

o p0s (1) 4N, —£
[ — 1, = /dr 2 = b In .

1/Q3




The Balitsky-Kovchegov equation
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QU (¢50) = /111( ) exp( ZQ(Z) (; b)) (1 —e_ﬂ(i)(t;b))
0



The Balltslw Kovchegov equatlon
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Q¢ = 15)

The Balitsky-Kovchegov equation

0O ((,1-1)= O () + ' (¢, - 1)



Homotopy approach
Let us consider the following nonlinear differential

equation g[u] + N [u] — ()
Integro- Non-linear
differential part; arbitrary
operator form

Introducing the homotopy function 47 (p,u) :

I (p,u) = ZLluy| + pAeluy] = 0
with p € [0,1] 3 small parameter. The solution is
u, (r,Y;b) = up(r,Y;b) + puy (n,Y;b) + p*ua(r,Y;b) + ...

= ug(r,Y;b) (1+ p%(’r‘,Y;b) + p u—2(r,Y;b) + >
0 0



Homotopy approach
At p=1 it gives the solution to the nonlinear equation

v = limu, = up + ug + v +---

p—1

the convergence of this method has been proved (J.H.

He, 1999).
We apply the homotopy approach to the BK equation

N (r,Y;b) NO (r,Y;b) + pNY (r,Y;b) + p> N? (r,Y;b) + ...
N@) N(2)
(0) : . 2 :
N (T,Y, b) (1 —I_ pN(O) (T,Y,b) + p N(O) (’I",Y, b) + )
N N®@
2l A7 (0) (r,Y;b) (1 + ) (r,Y;b) + N O (r,Y;b) + )
where

NO(v,1-1,)
N 1 =

NG (] )

1 — e~ (Yi-1,)

Glenis e
1 — e— 20 (Y l-1;)




Homotopy approach

We define

0%Q (r,Y;b -
#w) =0 zjo) = TERTD g 4 eevw

We already solved the zero iteration. The next homotopy
iteration is # (p, Q©) +pQ(1)) = 2[00 +pQW] + p QO] = 0

0200 (v,1 —1,) _ _aWyi-1)) —0©@vi-1) O 20 (Yii—1s) (0)
BY ol € ’ il

0.02! | DH(O)(Y,l—lS)

0.00

-0.02}

N(1 )/N(0+1)

-0.04




Homotopy approach
The third homotopy iteration is given by

H (p,Q(O) +p0M +pa@) = 2[0@ +pQ® +pQ@)] + p N[O +pY] = 0

82;25)6(5/,_1 l—s)ls) _ Q@ (vl 1) OO -0l _ ﬁ (eQ(O)(Y,l—ls)+Q(1’(Y,l—l5)/$[ﬂ(0) n Q(l)])
DHW (Y,1-1,)
0.008 — Y=5
— Y=10
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— Y=20
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Results
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——— |- /,=05

o 2 4 6 8 10
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Unresolved Problems

or DIS with nuclei

I\/IcLerran-V igopal
QXY =1Y,, b)/4>

N(Xlzo, Y=‘i} b

_ | . exp(—%ef)*
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The Next QCD Frontier

Understanding the glue
that binds us all




