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The truth is in the details. .
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Plan

® Why Precision Calculation (PC)
® TImpact of PCs on discoveries

® Part-1
Methods for Multi-leg processes

e Part-2
Methods for Multi-loops processes

® Tnfrared physics



Precision Physics




Large Hadron Collider

e Excellent Discovery Reach

Large Hadron Collider at CERN

Circumterence 26,7 km (16.6 miles)

Proton Beams

Expenmental Hall
(Collision point) 5=

e Higgs

e Supersymmetry

Tunnel cross
section

o Fxtra-Dimensions

e Anything else

Detector for
ATLAS experiment
{(displaced for clarity)



Large Hadron Collider

e Large amount of events

e W — erv : 10% events
e 7/ —ete : 107 events
e tt production 107 events

e Higgs production 10° events




Standard Model

Testing the known

e Theories

e Quantum Chromodynamics
e Electroweak Theory (SM)

e Theory of Gravity

Constraining the parameters of
New theories




Large Hadron Collider

Challenges

e Large background

e Large number of v, [T, Z W+
o Jets

e Large number

of tt, bb
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Theoretical Issues

Ptoibcnle Mation: Horizontal Launqh
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Why Precision ?
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The truth 1s in the Details



Precision Physics

Experiment
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Anomalous magnhetic moment of muon

MUON g-2 RESULTS

BROOKHAVEN

FERMILAB 2018 DATA
FERMILAB 2019 + 2020 DATA
FERMILAB AVERAGE

WORLD AVERAGE

21.0 21.5
a, x 10° - 1165900

a, = 116 592 059 (22) x 10~'1(0.19ppm)




Anomalous Magnetic moment of muon
a Qed = (1/2)(a/n) Schwinger 1948 GM = 0.00116 - . )
+ 0.765857426 (16) (a/r)? '

Sommerfield; Petermann; Suura&Wichmann '57; Elend '66; MP '04

+ 24.05050988 (28) (a/r)3
Remiddi, Barbieri, Laporta ... ; Czarnecki, Skrzypek '99; MP '04;
Friot, Greynat & de Rafael '05, Ananthanarayan, Friot, Ghosh 2020

+ 130.8780 (60) (a/n)* e
Kinoshita & Lindquist '81, ... , Kinoshita & Nio '04, '05; \V \W \/

Aoyama, Hayakawa,Kinoshita & Nio, 2007, Kinoshita et al. 2012 & 2015;
Steinhauser et al. 2013, 2015 & 2016 (all electron & T loops, analytic);
Laporta, PLB 2017 (mass independent term) COMPLETED?!

+ 750.86 (88) (a/m)5 compLETED!

Kinoshita et al. '90, Yelkhovsky, Milstein, Starshenko, Laporta,...
Aoyama, Hayakawa, Kinoshita, Nio 2012, 2015, 2017 & 2019.
Volkov 1909.08015: A+1(1%[no lept loops] at variance, but negligible da,~6x10-14

Adding up, we get:(hadronic contributions) ;/;% OO

talk by Passera

aSM =116591810 (43) x 1011 wP20 ¢

a, = 116 592 059 (22) x 10~ *(0.19ppm)

The discrepancy is more than 4 sigma



Hadronic contribution from Lattice

Q@ Status now:

lattice —8—
R-ratio / lattice ~—@—

RBC/UKQCD’22 [Lehner@g-2 workshop] | a=y
ETMC’22 [2206.15084] | =
Mainz’'22 [2206.06582] | —E—
ABGP’22 [2204.12256] | i
¥QCD’22 (Ov/HISQ) [2204.01280] —
¥QCD’22 (Ov/DW) [2204.01280] | —g—
FHM’20 [Lahert@HVP2020] | ——
LM’20 [2003.04177] | i
BMWc'20 [2002.12347] | —
R-ratio’20 [2002.12347] | —@&—

200 203 206 209 212
1 ligh
10" x [afwitn]iso

With lattice results, the discrepancy is less than 2 sigma



Tests of Quantum Chromodynamics

QCD RGE prediction
for DIS
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EW Radiative Corrections
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Exclusion Plot for Higgs mass

- ATLAS + CMS Preliminary, \s =7 TeV  —=— Opserved
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Leading order is often Crude in QCD

ﬁ 90} pp—H, Is=13TeV, m, =125 GeV
T

T

Q

. & Preliminary data XH = VBF + VH + ttH + bbH
80| M QCD scale uncertainty
oQ ; H-yy, H-»Z2Z"-4l combined m Tot. uncert. (scale, ® PDF+a,)
70+
* 60 e e
50|

LEADING ORDER

305_ 7457 K
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Top mass M, in GeV

Top mass M, in GeV

Stability of our Vacuum

NNLO Electroweak Correction :

M;[GeV] > 129.6 +2.0[M,(GeV) — 173.35] — 0.5 [

120 125 130 135 140

as(M;) —0.1184

]:l:0.3 :

0.0007

Higgs pole mass M), in GeV

Fate of the universe depends on the mass of top
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Parton Model 1in QCD

Hadronic Cross section:

d d 7
AT, Q%) —TZ/ ml/ ﬂfa (1, 17) fo (wz,u%)éffab(; »g;)*@ (é

Partonic distribution functions
(non-perturbative)

Partonic cross section
(perturbative)

—H._
Unphysical scales! X 13, >0 o () W2
Tab N2 — Z a’S (luR)O-a,b QQ? QQ
(r - Factorisation Scale i=0
2
IR - Renormalisation Scale 0 — 95




Renormalisation Group UF

RG invariance: - ] )
i gz 071 Q%)) =0
_ Y,

Altarelli-Parisi Evolution Equation:

d 1
@%’Cﬂfa(ﬂ :u%’) = =~ Paa (7-7 :u%’) & fa’ (7-7 N%‘D
HE E

Prediction: RGE for the Partonic Cross section:
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All the logarithms log (”_F> predictable from previous order!
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Renormalisation Group Egn. MR

2 o0 2 2
P ' on. R i ~ (1
artonic cross section G (MF) _ Z as(/i%z)géb) (MF MR>

(perturbative) Q? — Q? Q7
. ; e )
RG invariance: M%W {agg (Q—Zﬂ =0
" J
RGE for coupling constant
d
PJ2R dM2R as(u2R) = B (GS(UJ%))

= —Poai(pk) —B1ai(ug) — B2 as(pgr) — -

Prediction: RGE for UC(L? rﬂzi [&(“ (u% M%)] _ pli) (/ﬁ: /ﬁz)1
Rd'u%g ab QQ’ Q2 QQ’ QQ
_ Y,

2
All the logarithms log (g) predictable from previous order!
— _J




LO is often a crude estimate

Partonic Flux:

1
[fﬁab(y,u%) = /y %fa(-’r,n%)fb (%u%)]

Vs = 14 TeV

g f o(pp=H+X) [pb]

U | T ]

LO Harlander

Most Unreliable Result! | 100 120 140 160 180 200 220 240 260 280 300
M., [GeV]



True Result for Higgs

6(2) = 619 (2) + aS&NLO?—I— a%&NNL09+ a36V3LO (2) + O(al)

% LHC

PDFALHC.0

20 PP > HeX
U=l € [my/4,mp)

my=125 GeV

LO 15.05 £+ 14.8% 10;

NLO | 38.2+16.6%
NNLO | 45.1 +8.8% T

8 9 10 1 12 13

N3LO | 45.2+1.9% pb :/;[Te

V]

Anastasiou,Duhr, Dulat and Mistleberger



Inclusive Prediction and The errors

Anastasiou,Duhr, Dulat and Mistleberger

Precision Prediction
dz L dx, T 1 .
OPP—H+X ,UR,MF = TZ —fz L1, NF)f E’MF ;Uij(NFyﬂR)-

1

A LO EFT NLO, EFT NNLO, EFT N3LO, EFT
Oi5 = RLQC2 [ T+ ’ + 0o ’ ’ ]

ij ij T 03

Theoretical Errors

Opp — 0 (% ™ )
dacale) = P"f—)H+X . Tpp. max o (1, 1)
"oty ot min ' = PP H+X :
1 a?}?_uHX = E[mi/fll ]UPP—>H+X(N, p) -
_ (2), EFT, NNLO (2) EFT, NLO pE[mp/4,mp
6(PDF-TH) = £ 055 1. x g2 EFLIID)
7 5ot NLO .

1
5(015) - 5 |O'pp_>H+X(Ol5(mz) — 01].95) — Jpp_>H+X(O{5(mz) - O].].65)| :



Theory Vs Experiment

> [T
& 35— ATLAS b oo
(2} CHosZZ 4 DSWIN.:'ﬁGa\‘Aqu
f 30?\:-71:#]!.::1-455 =

Badguune ZZ*

o = B [eeeTe— ]
€ R EE T — ]
o 25 g 5%, Systemale wowany 2
> F ]
w C

[(cL02) 16 QY

eighted events / GeV

.
.
e,
.

Si(S+B) w

[EPJ C74 (2015)]
,C, —: > Zg.
3 3
E
b
2

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

Q
80 90 100 110120 130 140 150 160 170
m,, [GeV]

Significance of excess:

vy: 9.6 0 (5.1 exp.) ZZ:6.6 0 (5.0 exp.)

Signal strength u = o, / ogy

u=1.12f_%g u:l.Slf_%;i

Agreement with SM
Higgs Boson




Top production
qq annihilation (~10%)
q >mm< t
g t
gg fusion (~90%)

| f? : t | xj: t
g t v J
Large theory uncertainty

Qs (MZR) fo(z, M%’)



Theory Prediction

Oyor [PD]

Scale variation
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Theory Vs Experiment

Inclusive tt cross section [pb]

l | I 1 I I | | I | | | l 1 I | I I I I I | 1 I
— v Tevatron combined 1.96 TeV (L < 8.8 fb™) G v i
v CMS dilepton,l+jets” 5.02 TeV (L=27.4pb") ~CMS Preliminary Feb 2018 |
— m CMSeu7TeV(L=5fb")
0O CMSl+ets 7 TeV (L=231h")
3 v CMS all -jets 7 TeV (L = 3. 54 fo)
10° E o CcMSeus8Tev(L=19.7 ") r—
— Ao CMSl+ets8TeV (L=19.61fb ) J—y xR
— O CMS all-jets8 TeV (L =18. 4 fbo) oo -
— 0O CMSeui13TeV (L=43 pb 50 ns) - =
— & CMSeu13TeV (L=221") ' - il
. x CMS|+ets* 13 TeV (L= 42‘pb , 50 ns) ~1000F bl
A CMS l+ets 13 TeV (L=2.2fb =
— % CMS all-jets* 13 TeV (L = 2.53 fb b i -
* Preliminary »
2 CEEEERE R O
10°E 800+ =
- 600 Inveorao  [llMmETIAH —
= —— NNLO+NNLL (pg) ! .CT14 ABM12* | -
—— NNLO+NNLL (pp) L L L L
10 = . Czakon, Fiedler, Mitov, PRL 110 (2013) 252004 13 Vs [TeV] _
= NNPDF3.0, M., = 172.5 GeV, us(MZ) =0.118 = 0.001 ['us(Mz)=0.1 13] 3
= l 1 1 I 1 1 1 l 1 1 1 I 1 ! 1 l | 1 1 I 1 1 1 il

s [TeV]



Parton Model in QCD

Hadronic Cross section:

1
i
Armd) =AY [ dy Syl (Tomd ko)

—

atb=Qa{jeg :

: Partonic cross section:
Partonic Flux:

1
buy.nd) = [ Thibin (Lak).

Precision Measurements

p¥

Discover/Test Physic

Precise theory



Inputs that can affect

UV Renormalisation Scale, Strong coupling

as(UR)

Factorisation Scale and Parton Distribution Functions

fa (.CE, /LF)
Missing Higher Order corrections

Stability of the perturbation theory

Resummation Methods

Hadronisation models {::}‘f:‘?{gé



Higgs production at 3rd order

O
9,
e
e,
-
o 0
O ¢,
.. “ — v — — -
X © »
O O
»

Real-virtual

Trlple virtual squared

Double real

virtual

Integrals
NNLO 50 000
N3LO 517 531 178

ng 100 000 diagrams

Double virtual

real

Triple real

a )
/ ok, / dok; / dok; 1

(dm)® ) (4m)® ) (4m)? I Di(ki, p)
N )




Real Emission Processes




No. of diagrams

g+g—ng

For Jet / background to BSM
7, no. of diagrams

g+g —» g+9 2 4
g+9 — g+4g—T+4g 3 25
g+g > g+g+g+g 4 220
5 2485
6 34300
7 559405
8 10525900



Helicity Amplitudes
® Helicity Amplitude -
Convenient way

® Along fermion line Helicity is
conserved

® Clever choice of photon/gluon
polarization - Gauge invariance

® Different Helicity amplitudes do not interfere



Notations
Weyl Spinors

Particle

Anti-Particle

%) = |kE) = uslks) = va(k) -
(i*| = (kf|= uslks) = ve(ki).

Dot Products

u-(kJus(k)) = Gl = (5)
up(kiu-(k) = @7 = [i]




Properties

ivur=uh, @l =i", i l=1)

e Antisymmetric:

(1j) = Ut(Pi)’YOUJr( ) = UT—(Pi)’YOU+(ky’)T
= ul (p; )%’ (ks) = ul (9;)(19%) 1017 Pus (ki)
= —u! (p;)7*7°7?us (k) = —ul (p;)7 uy (k:)
= — (J1) -



Identity

e Gordon identity

[ilv* ) = ul (:)7* 7 us(p;)
— (UL(Pz')’YO’Y“U+(Pj))T
= (uZ (p:) (*) 'Y O* (i*)ur (py)) "
= u! (9;) (=7*7°7v*7*)Tu_(p;)
= ul (k;)7° v u— (k:)
= (J] v*|e]-

il |5) = (el v*|] = 2pf;



Useful Identities

e Schouten Identity

i) = c1|7) + ca |k)
*  Multiply




Useful Identities

* (pg) = —(qp), [pq] = —[gp]
« (pp) =0=[pp], (pg] =0=[pg)
> *

» (M*q] = [gv"p)

* Wulpre) = 2|pl(e[+]9) [l

« Gordon Identity [py'p) = 2p#

o Fierz identity (py“ql[rvy.s) = 2(ps)[rq]

 Schouten identity (pq)(rs) + (pr)(sq) + (ps){gr) =0



Polarisation Vectors

er(pg) = (gl VuP] = - gV |p) pueu = 0.

% Gauge Choice o
A\ — e (q) = (" |P) [ap] — [a7" Ip) [gp

GZ(Q) — € (Q) \/5
v2(qq]

" [apllap]”

% Polarisation Sum

i QuPv T QuP
Z Gﬁ(p, q)(E,),‘(p, Q)) =2 - Um, egt(Q)-G‘?:(Q) = ()

A £ 6 (p;)-€5(q) =0




Using Helicity Amplitude Method

iM = (=ie)* 3 Un(@)rUL(@) Un(@2)yUi(1)

e’
M - Soraens
Zze
_ : ) = q3 —(32) [14]

. 2(32)[14](32)
iM = 2ie (12)[21](32) *

21)(32) = [12)(28) = [1 2 3) = [1(~ ¥- F- £)3)

iy ms {20)°
iM = 2ie (12(34)



Compton Scattering
, 1 (293] , 1 (2y#4]
E\{ X i V2 (23) “ V2 (24)
. 1 (2y3] ; 1 [1y4)
“O=Zm o ‘@7
iM = (—ie)2(2 {7 | 5(4)i(28; - 6(3)"(28;: 9. t9(4)} \
, —ie? 2.2
iM = s g (AR + 92)[81)
2ie?
" 513(23)[14] (24)114) 42131
~ (13) [321;?23) [14] (24)(14]{42)(31]

© (23)(31)



SU(N) colour factors

SU (N ) Special Unitary Group

Element of the group -

Generators of the group -

Lie Algebra -

Trace Properties -
Te(7T9X) Te(T9Y)

Tr(T°XT°Y)

g = eiﬁa(x)Ta’
T a=1---N*—1
[T“,T”] —if%eTe,  Tr (T“Tb) = %a“b.

DN = DN =

£9%_ stpucture constants

1

—Tr(XY)—NTr(X)Tr(Y)

1

Tr(X)Tr(Y)—-NTr(XY) :

d
I;;

a __
Tkl_

1

2

1
(5i15 ik — Nﬁi jakl)



Quantum Chromodynamics

% Feynman Rules:

tD14,a
o A
p3’p’c P2aV,b

p.C v,b
P14
v,
w0000 U,b
v
o

= g (ir™)i[g" (p - pE) +8™ (s — P%) +8™ (p3 - PY)],

= ig? | (ir) (ir") ("™ - £"°¢")
+ (i fbce) (i fead) (g"#gP° — gPHgVo)
(i fcae) [ pebd ) (gfVuo _ g"”g"")] ,

= e (if“”c) P




SU(N) color algebra

b
fa : fabc

T8T%) = ifPT° e if*™ = 2|Tr(T°T°T°) - T (TP1°7°)]

ifalazbi bazay

4 [Tr (T“’ T% T") —Tr (T“2 T4 T”)] [Tr (T“3 T T”) —Tr (T““ T4 T”)]
2 Tr(TUTRTST™) — 2 Tr (TUT2THTS) — 2 Tr (T2TH TT™)
+2 Tr(T2TUTHT®)



Three gluon vertex

Vg(la 2,3)="(—1ig) f=% [77#1#2 (1 _p2)u3 T Nuops (P2 _p3)u1 + Nua s (p3 _pl)uz]

V3(1,2,3) =(—ig) )tr (T2 T2 70 — To2 751 T%)
77#1#2 (P1 — D2)us + Muops (P2 — P3) s + Mugps (P3 — pl)m,]
=(—1g) (_T)tr(T“‘T”T“S) Cyclic -1
(77#1#2 (P1 — P2)us + Mpops (P2 — D3) g + Muap, (P3 — Pl)uz)
+ (—ig (%)u(T@TMT%) Cyclic -2

77#1#2 (pl Pz us T Muops (p = p3)u1 1 Nyuaps (p3 - pl)uz)



Four Gluon Vertex

V4(17 2, 3a4) = (_9)2 falagdfamm (nuwsnyzm e 77#1#477#2#3)

Y falasdfa2a4d (77#1#27];/,3u4 o 77#1#477#2#3)

+ fala4dfaza3d (nuluznusm - 77#1#3"7#3/14) :

falagdfa3a4d — _9tr (Tal TagTd o TalTagTd)
% tr (T""*T“‘*Td » T“4T“3Td)
= —2[t(THTTT™) — tr(T" T T*T*)

Cyclic Permutations
— tr(T2 T T T™) + tr(T2T™ TMT%)]



Four gluon vertex

Six Cyclic Permutations

V(1,2 5.4) = g™

PN

N pa Mo s

£ g2tI'T1243

My s Mpops

£ QZtrT1342

My paMpops

NI RN PN N -

$ 2 g 2tI‘T1432 77#1#3 77#2#4

A g2trT1324

My poMpzps

K gztrTl‘m

Ny pa Mpapa

(
(
(Mursscluans + MisiaTising
(
(

(77#1.u477u2p3 T Mpape Mpsps
NuspaMuops T My ps Mpapa

My psMpops T My po Mpspa
My paMpops T My psMpops

)
)
)
)
)
)

MuipaMpaps T Mpspa Mpopa

\_/\/\/\/\/\_/



QCD improved Parton Model

A (81,82,+18n) = &' Y. 2We (I, 1) Ar” (8o(1)s-+++8o(n)
OESy/Zy

Partial Amplitudes - No color information
- Gauge Invariant

n 4 5 6 7 8 9 10
unordered 4 25 220 2485 34300 559405 10525900
cyclicordered |3 10 38 154 654 2871 12925




Cyclic Ordered Feynman Rules

. QQOQ0Q, v
o
p};:!‘/ o 22

No Color Factors lli

i[ 142 (pll‘3_p)53)+gu2ﬂ3 (p;l_pgl)+gu3m (pgz_p;lq)]

— i[2g""‘3g"2"4 Lo gmmgmm s gmmg}lzm] .



n-gluon Amplitude

e Choosing same reference momentum for all the n gluons implies
An(li .o n:{:) = ()
as there is always atleast one € (q).e;.t(q) term in the amplitude.

e The n gluon amplitude with one flipped helicity state gives

A, (1F,2%,...n%) =0, >3

because ei(q).e;t(q) =0 for 4,5 € 2,--- ,n and & (q).€7 (g) = 0.

1

for n = 3 we have p;.p; = 0 from momentum conservation

singular denominator



gg -> gg Amplitude

A(1-,2-,3%,4)

(q| 7,.P] . [q]7, [P)

e (p,q) = ,q) = 2
(p,9) V2 () e (p,q) V2la)
for €; and €3 as ¢ = ps and for €3 and €4 as p;
1= 2=
“ ()

3+ +



gg -> gg Amplitude

€1;Q €4;d

1A, =
€2, b €3,

2
Ay = %f abe fee((e1.€2) (p1 — p2)* + 265 (po-€1) — 2€/ (p1.€2)]

X [(€3.€4)(p3 — pa)* + 26} (py.€3) — 2€5(p3.€4)]

2
— %fabefc‘ie(ez_.63’)({22-6)@3-62—)

(12)°
(12) (34) (23) (41)

— o8 92 fabe fcde



gg -> gg Amplitude

— fabe fcde

Au — _292face fbde

(12)°

(12) (34) (23) (41)

(21)°

(14) (42)

(23) (31)

(21)°

i facefbde (14

) (42) (23) (31)




Berends-Giele Recursion

- Off-Shell currents

- No Feynman diagrams

off-shell

.
|
Y

nj+1 j



BCFW relation

Pa(2) =) _ k) [k| = z[3) [4]

k=a

1
Foy

AL, ,n) ~ ) Ar(a,-+ ,b,—By)=Ar(Pyb+1,-+ ,a—1)




BCFW relation

BCFW on n - gluon amplitude

z—; eS ( (P +"'+Pb)2—z;<ik> [k]]AR(Z))

/| A
=) A b, — P2 Aplt— Lo 3 b1 P
; L b)( P . +Pb) R(a’ ab)

RHS contains n-1 gluons



4-gluon MHV Amplitude

e _ A 0
Ay(17,2,37,47)= | As(1=, 2™, —Pl'g)ﬁ,z—Ag(4+,3+,P1§)
12

Z12

_ (12)° 1 —[43]3-
(2P1,) (Pyo1) ) (12) [21] \ [3Py,][P124]

— (12)° [43]3
(2Py5) [Pio4] (1Py) [P123] (12) [21]

Ai(1234) = foPe e A(1234) 4 Fo° f9 A(2134) + Fo F%2 A(1243) + e £ A(2143)

— fabefcde ( <12> (12> )

(12) (23) (34) (41)  (21) (13) (34) (42)



Park-Taylor Amplitude

MHV n - gluon Amplitudes

_An(l_,2+’... ,k_,... ,n+) =




Twister space

Momenta in bi-spinor P = Ao Scaling
Ay —2Z A\,
1
)\d %—)\a
2z
Transform \ 0
a —7 1 .
O\
9,
1 - — )\a
O\

Fourier Transform

FO") = / ;Fp exp(in Aa) Fda)



Weinzierl's comparison

Compare algorithms based on different methods for the numerical computation of the
Born gluon amplitude:

n 4 9) 6 7 8 9 10 11 12
Berends-Giele | 0.00011 0.00043 0.0015 0.005 0.016 0.047 0.13 0.37 1
Scalar 0.00014 0.00083 0.0033 0.011 0.033 0.097 0.26 0.7 1.8
MHV 0.00001 0.00053 0.0056 0.073 0.62 3.67 29 217 —
BCF 0.00002 0.00007 0.0004 0.003 0.017 0.083 047 2.5 14.5

CPU time in seconds for the computation of the n gluon amplitude on a standard PC
(Pentium IV with 2 GHz), summed over all helicities.

All methods give identical results within an accuracy of 10712







Beyond LO

Loop integral

13

Phase space integrals

ﬂ(/ d”pz

({kl} {pm})

1=1

d" k;
I — / anN
[ (2m)" D{*D3? - - D

) (2m)"™ 0" ( q—ZpZ

Mixed L-V integrals



Loop Integrals

Loop integral

ﬁ/ o

1=1

— {kl} {pm})
- H/ ) D D - Dy

Propagator: D; = q; + ie qi = Z ki + ij
| z

Numerator:

N<{kl}7 {pm}) — H H (k ks ) ij2
x JL2 1.I17  (Di - Ki)%



Loop Integrals

External momenta D; i=1,---N,

Propagator momenta ¢ i=1,---Ny

Loop momenta ki i=1,---Ng
N,

Momentum Conservation Z p; = 0
1—=1

Number of Scalar Product

Nk(Nk S E 1)
2

Ngp = NpNE
N,=N, — 1



Loop Integrals

Numerator:

Reducible if
(pi - Fej)™F

(ki - kj)™

Reducible
Trreducible
are expressible in
terms of Denominators
1 (. D;j—C;(p-k), )
5;(1_ l).7 )J .7_17 ’Nda



Loop Integrals

D1 D,
k-p 1 | D, p?
Dy 2 Dy Do




Reducible integrals

k- po 1

/ d"k
(27’(’)” D1D2D3 o 5

kpo = —

(Dg —D2 — S)




Tensorial Reduction

A"k Ky, - Ry,

L, ..o =
HL /(27-‘-)71 D1D2D3

Im---um — Al Juips * " Ypm—_1pm

+As {p1u1p2u2} Guspa " " Gpm—1pm

+A, {p1u1p2u2p2u3p3u4} " G 1 pem

__Aﬁ PiuiP2us = " Plpm—1Pmpm,



Tensorial Reduction




Feynman and Schwinger Parametrisations

Feynman: Alk) = D]Y(k%)m Di=(k+p) —m,

1 ~ I'(ny+ng- -+ ng)
a?la'gZ - a,zk F(nl)F(nz) "ot F(nk)

/ O0(x1+xzo---+x; — 1)x?1_1x32_1 . -xzk_ld:cl dzo -+ -dxk

ni+nz-+n
la121 + asxo - -+ agxy] T TTE

Schwinger:

1 1

a?lag& e O’Zk - F(nl)F(nz) "t F(nk)

_ — . —1 _mna—1 —1
/6 Q101 —a2002 akaka?l 0532 ¢« o O/I:k dOé1 da2 s dOék ‘



Ossola-Papadopoulos-Pittau (OPP method)

InTegr'and : D.DyDaD, Di = (k + chpj)2 —m?
j
N(k,p)= > [d(iligz’gu) +d(E, 1'11'2@'3@'4)} [T b
11 <12<13<14 17£1112131%4
+ Z [C(iligig) + E(k, 212223)] H Dz
11 <12<13 17£111213
+ Z |:b(7/122) -+ [;(]C, 2122)} H Dz
11 <12 17£1112
t 3 blinia) + b(k,in)| ] Di+ P(o) ] D
i ii1 i=1

Best suited for Numerical Methods



Ossola-Papadopoulos-Pittau (OPP method)

Integrand : N(k.p)
y P 2 2
A(k) = D; = (k +p;)? — m;
N(k’,pi) — Z [d(21222324) —+ J(k, 2.12.22.32.4)} H D@
11 <19<13<14 Z#i1i2i3i4

m

n 5 e(t1t213) + (K, i11213) ]

A1-loop _ i n A éé +ZO< + R

+ i 2122 k 21 H D, + P D,
11 1511 z':l

Best suited for Numerical Methods



NLO QcpD - Tool Kits

ANALYTICAL TOOLS

Faster generation of Feynman diagram

QGRAF
Symbolic Manupulation:
FORM Mathematica
On-Shell Methods
BCFW
Recursion techniques
BG

MERGING NLO WITH SHOWERS

MC@NLO
POWEG
SHERPA
VINCIA
GENeVa
aMC@NLO
KRKMC

SEMI-NUMERICAL METHODS

Madgraph
Helac-NLO
CutTools
BlackHat
Rocket
SAMURAI
MADLoop
GoSam




NLO revolution

1979: NLO Drell-Yan [Altarelli, Ellis & Martinelli]
1991: NLO gg — Higgs [Dawson; Djouadi, Spira & Zerwas]

NLO timeline

2

r~ Q)
r "
QV] qV]

1987: NLO high-p; photoproduction [Aurenche et al]
1988: NLO bb, tt [Nason et al]

1988: NLO dijets [Aversa et al]

1993: Vj [JETRAD, Giele, Glover & Kosower|

] = Golem, HELAC
58 BlackHat
T

1980 1985 1990 1995 2000 2005 2010
1998: NLO Whb [MCFM: Ellis & Vesel] 2009: NLO W+3j [Rocket: Ellis, Melnikov & Zanderighi]
2000: NLO Zbb [MCFM: Campbell & Ellis] 2009: NLO W+3; [BlackHat+Sherpa: Berger et all
2001: NLO 3;j [NLOJet++: Nagy] 2009: NLO ttbb [Bredenstein et all

2007: NLO ttj [Dittmaier, Uwer & Weinzierl '07]

2009:
2000:
2010:
2010:

NLO ttbb [HELAC-NLO: Bevilacqua et al]
NLO qg — bbbb [Golem: Binoth et al|
NLO t%jj [HELAC-NLO: Bevilacqua et al]
NLO Z+3j [BlackHat+Sherpa: Berger et al|






Reverse Unitarity

Phase Space Integrals

D1 q1|2
>nmm< 9| o« [ ot ontrd(d])i+(a3)0+ (¢ —mp)[ -]
P2 g2
p1 p1

. . P2 , p2

Reverse Unitarity :
1 1
5+(‘12 - m2) -

g?—m?+ie ¢*—m?—ie

m—)) Loop Integrals '




Integration By Parts (IBP) — First Revolution

D; = g} + i =Y ki+>» p;
j l
Ny

H/ d"k; 1
(27)" DS DY - D

1=1

h-Dimensional Gauss theorem

)
ﬁ d"k; | @ 1 4 Gl=1,---N,
0 (2m) |0k |\ DY Dg? - - - Dy

__

)
ﬁ d"k; | 0 Pl _ 0 [=1,---N,— 1
L (2m)m |0k |\ DY D52 - - - DY

[

Integration By Parts (IBP) identities



Integration By Parts (IBP)

Number of IBP identities = N, (N, + N, — 1)

IBP identities:

> Culosgsm) Ll an,e - can) =0

Integrals:

Solving IBP identities -> Master Integrals:

Li({p} o,

Good News Nover & N

1 =1,---Ny
(pi-l—p])

an. )
1= 17' ) 'NMI



Integration By Parts (IBP)

d"k 1
flar,02) = / (2m)" (k=)@ ((k +p)?)e

[k 0 (s ) =0

v==~k,p

a1 +ay, —n—1

1
](&1,&2): I(al,a2—1)+—21(a1—1,a2)

p?(az — 1) p

a9




Lorentz Invariant Identities

Integrals are Lorentz scalars

pt — pt' 4+ optt = pt' + W p,,

I(pi) =0

s,
Zp’i,[u

Anti-symmetry of p; pk]

) sz

) =20



Higgs production to N3LO in QCD at the LHC

Anastasiou, Duhr, Dulat, Furlan, Gehrmann, Herzog, Mistlberger

100 000 diagrams ﬁn‘regr‘aﬁon By Partﬁ

dky  [dks 0 (1 \_,
/ @n)? " @r)ok: (”’HID{") B

) . Real-virtual Double virtual
Trlple virtual
squared real

Lorentz Invariance

,"" .n‘ <ol 'o‘ a )
P e 155 (S g ) 4 =0
Integrals Master Integralsk l J
NNLO 50 000 - Master Integrals

N3LO 917 531 178 1028



Symmetry relations

Scaless integrals are zero

Q % o /(—kjd—km)n:o'

Under Translation

Ve Ak
o et S i/ 2%
1 9 =

Jacobian is invariant

Exchange of external momenta

Di <7 Dj



Master Integrals

: : D; =gq; +i i = > ki + '
Start with set of scalar integrals ~* % " ¢ EJ: l zl:pj




Solving Master Integrals - Second Revolution

Consider a Master Integral Di=q?+ic  q=Yk+3 p;
- .
8”’ H/ o7)" D1D2 "Dy,
J
Define s12 =5 s = (p1 + pa)?

Differential w.r.t s
S—

O 1
S_ H/ A (Dlpg...pN)

—
Generate System of Linear Differential Equations for Sij

Knowing Boundary integrals give results for MIs



Master Integrals

%, 1 D 5
s— | — —
s Dj i = q; T €
. s N g 9
a 1 () M
P 0s ” Y 3pj
a;; functions of S;j (pz’ - pj)2
Determine a;; using
o0 .
Saspz
O o,
S—S8 — § S Sij — 0

0's

0's

Ne — 1

Sij#s



Master Integrals

1
(s), 1
=2 gy apj S e

8 1 Qaj(k -+ Zz az-pz-)“

Opju (k+ ) ; aipi)? (k4 >, aipi)?|?

=Y dijDj+ > hijsi;
J J




Master Integrals

9 ok

5’8 I(sij,n) = Zhl(S)(Sij7n) Ji(sij, )
[=1
- RHS - NOT master integrals

Using IBP and LI identities

9 Narr

88 I(sij,n) = Z CZ(S)(Sijvn) [i(sij,n)

[=1

Ii - Master Integrals

CZ(S) (si5,m) - Rational functions



Master Integrals

Generalization with set of MIs
[ = (11,12, - -,IN>
{I;(£)} depend on Scaling variables
T = (xl, To, s TM
Differential equation:

M
1=1

)




Master Integrals

Consider Diff equation:

0
83 I(s,n) = A(s,n)I(s,n)

Expand around n = 4
I(s,n) =T19(s)+ (n— DIV (s) + O((n — 4)?)
A(s,n) = A9 (s) + (n — 1) AV (s) + O((n — 4)?)

0,

s 10 () = A® (5)10)(s) )
Solution [(0)( ) = ](0)(30) Jo RAP(N)

5210 (5) = A® (5)1(s) + AV()IO)(s) —(2)

88



Master Integrals

Consider Diff equation:

M .
df: ZAzdxz f with

i—1 _ANl

Under U Transformation

— — M L
1=1
where A1 Aqo
- 0 Aao
A=UtAU-U U = .
-0 0 0

- Triangular Matrix




Canonical/Henn's Basis

Consider Diff equation:
dI(Z, n) ZA n)dz; 1(Z,n)

Choose U Tmnsfor'ma’rlon such that
U tA(Z,n)U —-—U dU = (n — 4) A(D)

Diff equation contains 'n' independent A

d1(i,n Z A(#)dz; 1(Z,n)

(#n) = T(7o >Pexp(n— JEL)

P - Path Ordered exponential

’\4|l

Solution



Canonical/Henn's Basis

Start with Henn's Diff equation:

0 L
85 I(s,n) = (n—4)A(s) I(s,n)

I(s,n) = 7(0)( 0) + (n — 4) ZAZ(SZ) o8 (380_—8;)

Polylogari’rhms - Uniform transcendental terms



Iterated Integrals
/Sm dsS,,_1 /83 dso /82 dsq
Sm—1 S1 S1 — 54

> d 1
x / . > log(s — si)

S1 S1 — 53

d
/ ilog (s1 —s;) — log®(s —s;) or Lofs—s;)

ds
* / 1 81 — S@) — Lm_|_1(8 — Sz)

n "

- PolyLog of weight “m" have transcendental weight "m



Harmonic Polylogarithms (HPL)

One dimensional HPLs
For w > 1, H(m,m,;y) is defined by

y
H(m, My;y) ':'/ dz f(m,z) H(My;x), me€0,x1.
0

1
14y

Alphabets: f(l;y):liy, fOy)=—-, f(-Ly=

o R

H(l,y)=-In(1-y), H(O,y)=hy, H(-1,y)=In(1+y).

Two dimensional HPLs

FZy=f(1-zy = 1 :

e f3iy) = f(zy) = e

HEy)=-m(1--L),  HGuY) zln(y‘z”’).



2-Dimensional HPLs

Integration by Parts Identities

H(my;y) = H(my,my, ...,my;y) = H(my,y)H(ma, ..., my; y)
o H(m2,mlay)H(m3’ °°°amw;y)
+ ...+ (-1)*" H(my, ...,ma,m1;y).

Shuffle Algebra

H(mwl ) y)H(mwz; y) — Z H(mw; y)‘

"7'“0 = 7nuol ) 7nu-2



Elliptic Integrals

D(Z,m;) = —x12023t + (T1M5 + T2m5 + T3M3)

QL.

EZ;O(x;)’;Q) = ; 5L12
Lin(X) = Z'.—n.
j=1J

(%)

1
>z 6(1 — T —
/xj>o (1= ) D(Z, m;)

3

X(T122 + X2T3 + T3x1),

1

— ~Lip (x™') +ELiz (x;y;9) — ELig0 (x 5y 7;

2

ELiym (X3 9)

|
ok
ok

153
T~



IBP for box

d"k 1
(2m)" Dy Dy? D3? Dy

2 N\ v/ - I(a17a27a37a4) — /

si; = (pi +pj) p; =0, i=1,2,3

2R o

P, Py Dy =(k+p1)
D3 =(k + p1 + p2)°
IBP equation Dy =(k +p1 + p2 + p3)°
/ d" k (9 U’u _ 0 v =k
(27)" Ok, \ D} D§* DS Dy R
U=~ T P11 P2
U =K + P1+ P2+ D3




IBP for box
IBP identity:

j_:I(afla a;,ds, 0,4) — I(Cl,l, a; T ]-7 as, 0,4)

Vjj2za =T — aj — aj — a2 — a3 — d4
Master Integrals

1(0,1,0,1),
00.0,1 } ()
1(1,0,1,0)

1(1,1,1,1)  ee—) \



Differential equations for box

d"k 1
(2m)" Dy Dy? D3? Dy

2 O\ g - I(a17a27a’37a’4) — /

\ D1 =k?
/4 A\ D,

P Py =(k +p1)°
D3 =(k 4 p1 + p2)*
Differential operator Dy =(k +p1 + p2 + p3)°
0 L, o ., o ., J
— —— | 011 D1, - 022 P1, - 033 P1,
0s12 2893 “Op1 " Op1 " Op1

bi1 =S23 + S12
boo =823 — S19

b3z = — (S23 + S12)



Differential equations for box

Differential operator

P P, p. pz

N a A\ a
0
P1,u — - +
"0
plnu’ pl /. \pﬂ X / \pﬂ p
N /93
+ -
P 7 \Pu
pz\ P P, P, N ‘ / P
- (S+t) - ()
p,/ N Py R 7 \p}
®  Increase the power of propagator

X Decrease the power of propagator



Differential equations for box

2(n — 3) _.p23

S23(S12 + $13)

2(3 —n)

S23(S23 + S13) o

2(n — 3)(812 — 823) p123
T S23(512 + S13)(S13 + S23) ~ - "<:::::>"""

+ (6 — n)(812 — 823)
2593




Differential equations for box

Solution to homogeneous part:
fule) = futeo)exo (

Solution:

" d)

0

5 g(A)>

X

@) = fuo) [

(3

e



Differential equations for box

Boundary Condition s12 =0

0

512
881

N\

“
P,

!

0

V7

2(n — 3) ) .P23
~ s93(s12 + 513) __—Q_"
\Pn
L 2n=3)(si2—ss)  P123
$23(812 + 813)(S13 +823) = - <> - - -
2(3—n)
T $23(s23 + 513) 1_9}2_ Q o
n (6 —n)(s12 — S23)
25923
i
S12 =0






NNLO subtraction Methods

Local subtraction schemes: Radja Boughezal

e Sector dBCOIIlpOSitiOIl (Anastasiou, Melnikov, Petriello, 2003)

- pp — H, pp — V including decays
(Anastasiou, Melnikov, Petriello, 2003-2004)

e Sector-improved subtraction schemes (Czakon, 2010; R.B., Melnikov, Petriello, :
-pp — tt  (Czakon, Fiedler, Mitov, 2013)
- PP — Ve ] + .7 (R.B., Caola, Melnikov, Petriello, Schulze, 2013-2015)

¢ Antenna subtraction (Gehrmann-De Ridder, Gehrmann, Glover, 2005)
- CE —2 3j (Gehrmann-De Ridder, Gehrmann, Glover, Heinrich, 2007; Weinzierl, 2(
- pp —> j ] partial (Gehrmann-de Ridder, Gehrmann, Glover, Pires, 2013)
- pp — H + ] gg-only (Chen, Gehrmann, Glover, Jaquier, 2014)
- PP — tf partial (Abelof, Gehrmann-de Ridder, Maierhofer, Majer, Pozzorini, 20

e ‘Colorful NNLO’ (Del Duca, Somogyi, Trocsanyi 2005)
-H — bb (Del Duca, Duhr, Somogyi, Tramontano, Trocsanyi 2015)



NNLO corrections:

Virtual - Real

x| G 8 (@) (¢ — mR)

(2x)n—1 (2=)"

Pure Virtual

D1 431

D1

D1




NNLO corrections:

Integration by Parts

dy  [d%L 0 (1 \_,
(27)d (27)4 Ok; “T1, D;" -

IBP identities

Y aiJ(big +n1, ., biy +ny) =0

1

where
ddkl ddk[, 1

J(m) = J(my,- -, my) = / (2m)d  (2m) [, D™

Master Phase Space Integrals



Infrared divergences

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

Quantum Field Theories with massless particles encounter
two kinds of divergences:

Soft :

On-shell amplitudes in gauge theories contain Soft divergences
due to massless gauge bosons.

Collinear :

If the matter fields in the theory are light (mass of the
particles are negligible compared to hard scale of the process),
there will be mass singularities, called Collinear divergences



Infrared divergences

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

IntheLimit k —p (ps or pp) Mg, My << Q

Real emission

9(Pa)
k) \ 1 B 1
(m) (p+ k)2 2pOk0 (1 — cosb)

Virtual

Y >0 Soft divergence

cos — 0 Collinear divergence



Sudakov Form Factor

One loop on-shell form factor

Soft Collinear
L Pallk or pyllk

/ d*k 1 .
(2m)* k2((pa + k)% — m?)((py — k)2 —m?)

Tll defined



Virtual effect

One loop on-shell form factor
d4k 1 ,
) > OO 2(o)

/ (27)* k2((pa + k)2 = m?)((pp — k)? —m?

Summing to all orders in g2
() () ) = et

Probability to happen this is ZERO



Real emission

Real photon emission:

/ A4k 5+ (k2)
(2m)* ((pa + k)% —m?)((po — k)? —m?)

Summing multiple emissions p2 =p} =m? << ¢

1+ g%00 + g*oo+ - -

Probability grows uncontrollably

"Weinberg Fear”



Indistinguishable states
[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]
If the detector is not sensitive to photons below certain
energy Es (soft ones)

Below this energy the Detector can not distinguish
these two processes when the gluons are soft/collinear

ol

oO¢L Indistinguishable

when soft or collinear
o . 9 K) |
o

Sum their contributions and
it is finite but dependent on Es |



Infrared Safety

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

Physical processes that happen at Long distances are
responsible for these divergences.

Measurable quantities are not sensitive to
soft and Collinear divergences

REASON

Long distance physics is associated to configurations
that are experimentally indistinguishable



Multi-loops and Multi-legs




Catani’s proposal

[ Yennie, Frautschi, Subram; Weinberg]

UV Renormalised on-shell QCD amplitudes

IMn(G, {p}»

Universal Infrared Structure



Catani’s proposal

[S. Catani]

Universal IR Subtraction Operator
Up to Two loop !

i % ity (%)21(” @] Ma(e, 12}

2T 2T \
IR
Finite
o | T 2\ 2y € = T(1 —2¢) 50 1
0= g (a1 e) D 1 (Zay) 199 = g (K + 52 10

_ %I(l)(E) (I“><e) s 0) + Hyg (€)

€

Colour matrices satisfy Y. T; (M, (e, {p})) =



Catani’s proposal

[Catani]

Upto Two loop !

1- 52109 - (32) 19@) IMute. 5

Universal IR Subtraction Operators
depend only on
Process independent

Scﬁ and Collinear

ﬂnomafous Dimensions



NNLO n-Jettiness:

2; -
TN=Zmin,;{p ’QA},
. Q.

Tn < T

i
0(T~<77€?“‘)=/H®B®B®S® []7n|+:

H- pure virtual
B - Initial state beam fns.
S - Soft distribution fns.
J - Final state jet fns.

NNLO - analytical
Tn > T

NLO with two jets

o (Tn > T")
finite- numerically



NNLO n-Jettiness:

Tn <Tx" and Ty > T3

7-;}“’ = 73 = JIRQ:

Ts do(X) do(X)
X) = d7; - f d7;
o) /0 N ATy Ta Y dTw

- o'Sing(X, 73) +/ d7xn dU(X) - O(JIR) 3

o""( X, Ts) is of O(T5/Q) = O(d1r)



Sterman’s proof using factorisation

On_she” QCD GmPIITUde |n COIOr' bGSléG: Sterman, M Tejeda-Yeomans]

5 NU] 2

L=1

n+2 12 )2 9 92
IJ\’tn(6 {p}) J H Jt ( as(#z), ) Sl[f]I (53', 32 ,%2 ,as(ﬂz)a€> | H}f] (ﬂj, Q2 ; %2 ,os( ))

Collinear Soft Hard



qT subtraction at N3LO:

F+jets
do (IjV)NLO = H(FN)NLO ® do fo + [d‘f (zx;r)JLto do (N)LO]

do“" = dojo ® 2 (gr/Q) d°

P = F+jets
Note that dU(N)NLO l qr#0 — da(N)LO

qT resummation gives



qT subtraction at N3LO:

do’ dyy [pb]

Ratio to NNLO

25

15

1@

-
.

ONDOOO= =N O

HN3LO + NNLOJ pp—=H+X vs = 13 TeV
T T T T T T T
=3 N3L0o
E="—"—4 NNLO
NLO
LO
H [l-la;llr] s (*v*"‘) "H
-
1 1
T T T T T T T
i . g — = S AR S AN o7 2 — s
/ // Z // = // / / ‘
= 1 1 1 1 1 | 1
%) 8.5 1 1.5 2 2.5 3 3.5 4



True Result for Higgs

6(2) = 619 (2) + aS&NLO?—I— a%&NNL09+ a36V3LO (2) + O(al)

% LHC

PDFALHC.0

20 PP > HeX
U=l € [my/4,mp)

my=125 GeV

LO 15.05 £+ 14.8% 10;

NLO | 38.2+16.6%
NNLO | 45.1 +8.8% T

8 9 10 1 12 13

N3LO | 45.2+1.9% pb :/;[Te

V]

Anastasiou,Duhr, Dulat and Mistleberger



IR structure, Resummation




Multi-loops and Multi-legs




Infrared divergences

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

IntheLimit k —p (ps or pp) Mg, My << Q

Real emission

I 1

(p+ k)2 2pOk0 (1 — cos6)

o /

kY — 0 Soft divergence

Virtual

cost — 0 Collinear divergence



Catani’s Proposal

[ Yennie, Frautschi, Suura; Weinberg]

UV Renormalised on-shell QCD amplitudes | M., (e, {p})}

Universal Infrared Structure



Catani’s Proposal

[S. Catani]

Universal IR Subtraction Operator is Universal up to Two loop |

_ . -
1- -;—;I(l)(e) _ (%-{) 1<2>(e)_ (Ma(e, {p})) = IMu(e, {P}) > finite
At one and Two loops IR Finite

eeyE

IM(e) = F(I_E)Z:(G%Jr;_}%)zn-zz}.( 2 )e

1®(e) = e_e}z(f(_le_) 2) (K & @) 1D (2¢)

Lo (100+2) + 5 0

Colour matrices satisfy . T} |Ma(e, {p})) = 0.



Catani’s Proposal (Catani

8

:1 ;; I(l)(e) _ (ﬁ)zl(z) (6): |Mn(€, {p})>

Upto Two loop !

Universal IR Subtraction operators - Process independent

Depend only on "~ Soft and Collinear” Anomalous Dimensions



Sterman and Tejeda-Yeomans

[G. Sterman, M Tejeda-Yeomans]

2 N 2
Mizy (ﬂj, g <u2>,e) => My (ﬁm < (u2>,e) (L)
L=1

M \@/ ” < {-‘_>” \ / \/
: Lo}
R =) ~ ‘;;,.;;;; X
Factorisation

Ml (ﬁj D () ) ﬁﬂzl (_ o (2 ))Sﬂ(g,Qf,gj, (;ﬂ),e) [H[f] (ﬁg,Qj,gj, (uz)ﬂ

Collinear Soft Hard




Renormalisation Group Equation for IR

[Sterman]

Factorisation of IR singularities:
IR singular

2

Pi - Py Pi - Pj Pi by M

M( 2]7as(u2)7€):z > as(pg),€ | X H | =51, 5, as(pf)
z pro g

Introduces Arbitrary Factorisation Scale U [
Amplitudes are independent of this scale

Renormalisation Group Invariance
(RGE)




Three loop conjecture

[Becher, Neubert, Gardi, Magneal]

Matrix valued solution

Z pz—gj, ozs(u?c), € | = Pexp
Hy

B /Oﬂf %F (papj,()és(ﬂ)}

Conjecture for IR anomalous dimension in QCD

T T 112 z_

L=D =5 Yeusp(as) In =+ 3 7()
(4,5)
Soft

Di-pole Soft +Collinear

Scale dependent |

Only Di-pole part Depends on Kinematics



itude
Iti-parton amplitu
Multi-

T - T;
- (zzj:) 2 — A[(CLS)
Yeusp )
" — 2B (as) + fi(as
y
uv
: Vg
Yq CF Ag Cusp
. ; Collinear
Bg
Bq,
CF

I Soft
fq — C—A g



Three loop conjecture

All order Conjecture of QCD:

fyZ(OCS) are independent of Sij

T - T
I = (E ) > %usp(as) In
i,J

_szJ +2_ 7 (@)

Three loop non-planar in =4 SYM  known 1S
1 L | de Ve = (L) = A
12 T g T S

AL = AQ) — 0

AP = fabe fode [T"'T"T3T4 S(z) Breakdown of Conjucture
+T“T"T0Td8(1/m)] S(x) are dependent on s;; at three loop level
AY = —Cfuefure Y, {T%TETITS.
1<gik<4
7. k#1
-~

_ ,u?c N ;

All order Resumed 2 2

H =H P ex —TI'(\
Prediction: (1) (o) P 12 A (A)

70 _




Small qT Resummation for DY

do doap

1 1
dq2 (QT,M,S)=Z/dX1/dX2 Fym(x1, 1F) Foml X2, 1F) = 2 (1, M, 3,5, 1k, 15)
a,bv0 0

For g — 0, aZlog™(M?%/q%) > 1

l dé _ dg\"™  dg'™
g7 dq  dqt

=)=

h2(p2) Fopho(*25 HF) | da-('es) M?
dg> 5

/ db bJo(qu)W(b M)

Wi(b,M) = Hu(as) x exp {Gn(as, L)} L = log(M?b?)

On(ag, L) = Lg( )(asL)+g(2)(a5L)+ ?g'(\?)(asl,)+. -



Small qT Resummation for DY

DO data for the Z g1 spectrum compared
with perturbative results.

0.12 ~rr—vT—v— —r— r—r —
| | ]
:: 7~ 0-0200 ITflfi IIITIllt 1 thtr
CE oo Uinwe 0.0100
0.10 |~ NLL+LO, 0.0050
™ w \ '
A P B 0.0020
o L B X\ ) d
b 0008 ___’, ,I ¢ 0.0010 ‘ s
8 : J d BNLL+#NLON '\ 0.0005 = -
& [ % ooooz— N 3 4
T 0.06 - ¢0,0001 Lo locaton i NN ]
S [y * 20 40 60 80 100 1204
Y ) W |
< ¥ R L DO e'e”
= 0,04 NN,
o RS ¥ Dou'u
al R
Al ~ NS
0.02# pp 20 +X-1*1"+X TS
"i Vs=1.06 TeV MSTW2008 Q Ky, fig veriations
0.00 & L gl 8 .} I [T YRR [ | ] O Y YS! | l L4 4 3
0 5 10 15 20

qr (GeV)



Small qT Resummation for Higgs

do/dqy (pb/GeV)

1.50

1.25

1.00

0.75 I
0.50

0.25¢

0.00

qr (GeV)

g MRST2004 NNLO!.
[ 3—loop ag -
( —— NNLL+NLO :
" - NLO g
e _
T TN T B Uiy e o
25 50 75 100 125 150

1.50

| NNLL+NLO My=125 GeV |
1.25 - -

” —— NNLL+NLO
1.00 E— -
0.75 |-/ i
0.50 H =
0.25 K —
0.00 b lias, i T e R

0 25 50 75 100 125 150

qr (GeV)



Small qT Resummation for Higgs

NNLOJETeSCET pp < H+20jt m=125 GeV Vs =13 TeV

LOeNLL &==0 NLOaNNLL == NNLOeN3LL &=

0O 20 40 60 80 100 120 140 160 180
Pr (GeV]

200



Soft gluons dominance

Why Threshold corrections?

Catant et al, Harlander, Kilgore

1 d m2
2S doP1P2 (1,mp,) = Z/ g () 28d6°" (=, my) r=—h
£ £

ab ' T

® Parton flux ®,p () becomes large when

5 PARTON FLUX
10 ET T T T T T T T | T T T T | T T T T

TR LHC _ e Dominant contribution to Higgs production
| ] comes from the region when  —

e |t is sufficient if we know the partonic cross
sectionwhen x — T

® xr — T iscalled softlimat.

e Expand the partonic cross section around
L = T.

10 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1
0.01 0.02 0.03 0.04

t=Q%S

Gluon flux is largest at LHC

e Dominantly come from virtual and soft gluon
emission processes (SV)



Rapidity Distribution

Rapidity Distribution of any colorless particle:

dz1 dz2 9 Y A
A 1 L2 2\ AT 2 2
O_B Z / Cbb ) » U d,ab (21,22,(] y [ )
:130 Z9 21 <92

ab=q,q,9

do (1,9%,y
DY production of lepton pairs o' = (dq2 ) :

Higgs through gluon (bottom anti-bottom), o' = (") (7, q, y) -

Rapidity: — L (eze) —1p (% — 202
pidity: Y > T n 20 ) T = T{T5

Partonic Scaling variables:

O 0]
L1 L2
<1 = 7o <1 = 7,



Soft and Virtual terms

AL =6(1—21)0(1 — 29) + as{cgl)cS(l — 21)0(1 — 29)

In(1 —
‘|‘C;1) < ni ZZ1)> —+ R(l)(zl, ZQ) + Z1 22} -+ O(a?)
— 21 N

ACIi(Zl, 22) — ACIl,SV(21.22) “u Aé,hard(Zh 22)

-

1 1
XISV Ny —1 Na—1 A I,SV
A (w):/ dz127" / dzozs 2" "AY Y (21, 22)
0 0

.




Resummation to NNLL

. .
Logarithms that are resummed in Y4

Resummed
terms:

Function that
resums .

LL

-

1I12(N1N2)

~

NLL

CLm+1 In"™ (NlNQ)

Asgq3




Soft Gluon Resummation

Double Mellin Transformation:

1 1
XISV Ny —1 No—1 A I,SV
A (w):/ dz12y" / dzoz5 2" "AY (21, 22)
0 0

Resumed Rapidity distribution:

SSV.I, N~
AL (w) = gg(as) exp (g

Ni independent

Ni dependent

é(as,w))




Rapidity of Higgs at NNLO + NNLL

14
LO NLO NNLO LO+LL NLO+NLL NNLO+NNLL
12
M, = 125 GeV
.—:.LO w=[M7/2,2M]
Q MMHT2014
oy
— 8 LHC 13
>
3
s 6
i)
4

\\

N

y

g 2 NLO/LO NNLO/LO NLO+NLL/LO+LL NNLO+NNLL/LO+LL
B
@
|
X
-4 -3 -2 -1 0 1 2 3 4
Y

AT NNLO+NNLL result
stabilises convergence of
Mp/2 < prprp <2Mg — perturbation series |

Fixed order CS Resummed CS



o o o W
L) n
(a®D/qd] Lp/bp/o,P




Parton Model in QCD

Inclusive cross section:

1
T
O'A(T, m%) — o'A:(O) (“%2) Z / dy @ab(y,p%)A‘:b (—, m%,“%,u%)

- Y
a.b=q,q.9

T

Partonic Flux:

L dp . :
diab(y,ﬂ%') = / ?fa(m,p,%-v)fb (%,p%.) : Partonic cross section:

Y

A1SV ,hard
A (2, 6% 1 ) <AL (2, P b DK DGy 2, 4%, i ) O

Soft + Virtual Hard



[VR]
Factorisation of universal IR configuration leads to Exponentiation

Soft+Virtual:

. o In*(1 — 2)
Mellin Convolution in z-space: D; =
l—2 |,

Cef®) = §(1—2) + ll!f(z) + Elif(z) B



Resummation at N3LL for Higgs

Higgs cross section: gluon fusion OO
60 ! | | | | | | | | ™ - - -
. my = 125 GeV
LHC 13 TeV
o |l SRR I PP )

: .4

& 30 F---c-eeriee e e e * ................................................. -

o I -
20 } ............................................................................... ._:
10 _{ ...... + .................................................................... ]
ol

NLO+NLL' |
NLO+NNLL
NNLO+N3LL
NNLO+N3LL' [

NNLO+NNLL'



Pseudoscalar Higgs at N3LO(A) + N3LL

Pseudo-scalar production cross section

70» I | | ] I ! 1
My = 200 GeV
BT - N (————
: uozmA - } l
Bg bsisonrsaassan f _ . * |

E N

o
1
+

-

-

-y

‘ -4
-

.

o [pb / cot?B]
&
——

N
o
'] LA B J v, 9 o ¥ LA 2 |

{ N-soft <

y-soft (default) —o—
y-soft (no constants in the exponent) —*—
-soft (all constants in the exponent)
dQCD envel?pe

—
o
‘x"‘

|

LO -
NLO
NNLO |-

<

9
™

=

NLO+NLL' |-
NNLO+NNLL'
NNLO+N3LL'
N3LOA+N3LL' |



Amplitudes in N=4 Super YM theory

N = 4 Super Yang-Mills (SYM) theory

- A renormalizable gauge theory in four dimensional Minkowski space.

- Apart from having all the symmetries of QCD there are two extra features, namely
supersymmetry and conformal symmetry.

- The on-shell amplitudes have a simpler analytical structure in comparison to
QCD amplitudes.

AdS/CFT correspondence

- one to one correspondence between maximally SYM theory in four dimensions
and gravity in five-dimensional anti-de Sitter space

- quantities in the strong coupling limit of N = 4 SYM can be related to those in
the weakly coupled gravity

-quantities computed in a perturbative expansion should add up to some simple
expression



BDS conjecture:

Bern-Dixon-Smirnov (BDS) conjecture:
Based on the results of 4-point three loop and 5-point two loop amplitudes N=4 SYM,

BDS conjectured that “n-point m-loop amplitudes” is related to their one loop counterpart.

Alday and Maldacena provided a connection between on-shell scattering amplitudes
in the strong coupling and Wilson loops defined in dual coordinate space with light
like segments.

Drummond, Korchemsky, and Sokatchev demonstrated the equality of results of
Wilson loop with four light-like segments and the one-loop four point maximally helicity
violating (MHV) amplitude and the equality was established between n-sided polygon
and one-loop n-point MHV amplitude.

Later Alday and Maldacena showed that their Wilson loop calculation does not agree with
BDS ansatz when the number of legs is large



K+G Sudakov Equation

K+G equation: d In FP — l [K,p n Gp] Dimension reqularization
d In Q2 / / d—4 4+ ¢

Solution

Cusp Anomalous dimension

Universal - operator independent

Collinear Anomalous dimension

Process dependent




Leading Transcendentality principle

Example-1 Half-BPS operators
UV finite to all orders, protected by SUSY
IR divergent due to massless particles

Transcendentality in

d=4+4¢ Te”]

T'log" (_
In d-dimensions: [ ( )] -

—

| I |

Uniform transcendental structure at every order in per’rurba‘rive expansion
In on-supersymmetric SU(N) when Cf=Ca=nf, the leading transcendental terms
agree with N=4 SYM
Example-2: The Konishi operator
UV as well as IR divergent
At 3-point 3-loop and 4-point 2-loops,the leading transcendental terms
agree with those of counterparts with Half-BPS FF.



Conclusions:

- Perturbative predictions from QFT is important

for physics studies at the collider experiments

- Large number of Feynman diagrams

* multi-leg , multi-loop amplitudes,

* Feynman integrals, Phase space integrals

- Integration By Parts (IBP) identities to get Master Integrals

- Solving MIs using the method of Differential Equations
- Infrared Structure of on-shell Amplitudes in QCD and SYM

* Catani's proposal
* BDS conjecture

* Leading Transcendentality principle



Drell-Yan at N3LO (SV)
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