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3D hadron structure: from PDF to TMD PDF

@ Parton distribution function (PDF): f;/4(x)

- probability of finding a parton i in hadron h

carrying momentum fraction x — longitudinal

@ Transverse-momentum-dependent PDF (TMD PDF):

fi/n(x, kr), or coordinate-space firn(x, br) = /dQI?TeiET'ETﬁ(x, kr)

- probability of finding parton i with fraction x and

transverse momentum kr — longitudinal and transverse

(or the Fourier conjugate br)

= Rich hadron 3D internal structure in TMD PDFs!
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Collins-Soper kernel

@ TMD PDFs can be determined in various processes

need ability to relate different energy scales Semi-Inclusive DIS Drell-Yan Dihadron in eve-
0 Hy
o Q. //‘ . /'
'7 v PR
/‘ll Dibuon o_.z,w?;,o }’W‘g
@ Evolution of TMD PDFs: @) Fommereen i <Q

1. UV renormalization scale ;1 2. rapidity scale ¢

The evolution kernels are universal (independent of external hadron h)

ﬁ/h(Xy bT,/L, C) = fi/h(X7 bT7 Ko, CO)
a d ! i ’ 1 i
X exp [L j (1 ,Co)] eXp[zvg(u, br)In CCO]

0

UV anomalous dimension rapidity anomalous dimension
(Collins-Soper kernel)

@ UV anomalous dimension v,, is perturbative as long as scales are large

But CS kernel 74 is always nonperturbative for by 2 /\chD

(even if the evolution variables are perturbative)
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Quark Collins-Soper kernel

@ Our group’'s LQCD calculation of quark CS kernel:
(A. Avkhadiev's talk at ~ 20 mins ago)

1.0 : —
M oL B BLNY M Pavialo M ART23

= _
0.5 CiLoep M svio M avap2e M Fyos

(br, =2 GeV)

MS,

ot
i

q

0.0 0.2 0.4 0.6 0.8 1.0
Avkhadiev, Shanahan, Wagman, Zhao, PRD 108 (2023) 11, 114505
PRL 132 (2024) 23, 231901
- First such calculation with systematic control of quark mass, operator mixing,

and discretization effects
(Jin-Xin’s talk for another syst. controlled calculation)

- Model-dependence in pheno. parameterizations is significant

lattice results are precise enough to discriminate between different models
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Gluon Collins-Soper kernel

What about gluon CS kernel?

o Experimentally:

lack of data for gluon TMDs. But can expect in the near future from EIC

o Theoretically:

- perturbative region: 1-loop result is

+ O(a3)

o b3 2 {CF, quark

br)= -5
'YC(:U'» T) p n4672’YE Ca, gluon

only differ by a group theory factor (Ca v.s. Cr), almost the same as quark

- non-perturbative region: nobody knows!

@ This work: extend our calculation to the gluon CS kernel
it will be the first lattice prediction for future experiments

4/22



Quasi-TMDs

o Light-cone TMDs can be related to Quasi-TMDs via LaMET

Quasi-TMDs pert. matching light-cone TMDs CS kernel
f(x, br, u, P? ; 1 2xP?)?
Flx, br, p P7) = H(p. xP")f(x, br, p, ) exp Eﬂ/g(bT,/t)lnu
5,(b”r. ;1) C
1 M?  Ajep
1—
Soft factor +0 |:(XPZbT)2 ) (XPZ)2 ) (XPZ)2 + (X - X)

Ji, Liu & Liu, PLB 811, 135946 (2020)
Ebert, Schindler, Stewart & Zhao, JHEP 04, 178 (2022)

@ CS kernel extracted from ratio with different momenta P; and P,

1

_ f(vaTnu: 'Dlz)

n|= + 6v¢(x, ., P, P5) + p.c.
[f(vaTh“’vPQZ)] ( : ' 2) P

with 0-¢(x, . P, P5) computed from pert. matching kernel
@ Power corrections need to be under control — x away from 0 and 1
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Staple-shaped Operator

o Operators for the gluon quasi-TMDs : :
v,po v b j o b
OLP7 (b) = G (5) Wb, 1) G” (_5)
¢ Uh
2 2
@ For the unpolarized case, four operators are c(w%)
multiplicatively renormalizable (same as gluon PDF) Ny &
Gm(”’? rh g
oW = %0 O = O3 |

1 s .
0 = Liop? 1 0y, o = o3

Zhang et al, PRL 122, 142001 (2019)
= renormalization cancelled in the ratio Zhu et al, JHEP 02, 114 (2023)

@ Symmetry properties: by Hermiticity and translation invariance
05" (b) = [0 ()] = 05" (~b)

= These operators are real and symmetric under b — —b
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Quasi-TMDs

@ Two observables can be used to compute the CS kernel on lattice

- Quasi-beam functions from 2pt and 3pt functions

B(b*, br, £, P*) = (h(P*)|O(by,0,0)|h(P?))
Staple-shaped operator O
- Quasi-TMD wavefunctions (WFs) from 2pt functions

w(bzvbTv‘gv PZ) = <0‘O(bH77P27£)|h(PZ)>

o For quark CS kernel, quasi-TMD WFs are used

- lower computational cost for 2pts

o For gluon CS kernel, we prefer quasi-beam functions

- 3pts can be computed by correlating 2pts with gluon operator

- No quark disconnected contractions
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Lattice setup

@ Ensemble: clover-on-HISQ A B t al. (MILC)
. azavov et al.

L x T =32 %48, a=0.15 fm, m, = 170 MeV PRD 87 (2013) 054505
Netg X Nre = 1097 x 2048 =~ 2M (and will be increased to ~ 8M)

@ CS kernel is universal — independent of hadronic state
pion state is the primary target (suppressed power corrections M? /(xP?)?)

nucleon state is much noisier and requires different optimal smearing

@ All multip. renormlizable operators calculated

7 values of £ € [1.05,3.45] fm to control finite-¢ effect

5 values of P? =0.77,1.03,1.29,1.55,1.81 GeV
("*=3-17)
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Lattice setup

More about two-point correlator:

o Kinematically enhanced interpolating operators are used
R. Zhang et al. PRD 112 (2025) L051502

@ Details about momentum smearing
in order to have more measurements, a single smearing momentum is used
27 .
K?* = = n® with n® = 4.5
L
then do inversion from this source, and projected to different momentum

@ Best choice of smearing fraction for pion is around { ~ 0.8
G. S. Bali et al. 2016 and our test

- For larger momentum n* = 6,7, the fraction is close to optimal

- For smaller momentum n* < 5, signal-to-noise problem is less significant
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Workflow

CS kernel from ratio:

: /dzi e’XF’leZN(Pf)ZIim B(bz,bT,& Plz)AS(bTv/)
T — 00
Y (b, 1) = "
In(P?/ P? Z . pzyz ~ A
n(P;/P3) /db P N(PZ) tim B(b, br, £, PZ)RS(br, 1)
21 £— 00

+ 0vye(x, p PELPS) 4 pec.

Quasi-soft factor AS(by, 1) is a Wilson loop
to remove the linear divergence ~ | + b1

1. Position-space MEs
{ — oo extrapolation

2. x-space MEs CS kernel ~v¢(br, 1
. . == < ) — Repeat for each br

integral range bj,. (x ~ 0.5 with p.c. under control)

3. Ratio of MEs

with pert. matching

1-loop matching for gluon available in
Schindler et al., JHEP 08, 084 (2022)
Zhu et. al, JHEP 02, 114 (2023)
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Operators

Oél) = 0% rel. error ~ 10% Oéz) = 07" rel. error ~ 40%

by = 0.3 fm b =0 by =0.3 fm b =0

(=10a 03l n=3 (=10a

= ~ 53
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'R \i = —i G117
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o . R
0. 0.
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3 0i,3i 3i,0i : ) — o3p3u 0
(’)é) = 1093 + 03, very noisy Og’ = O, rel. error ~ 20%
o
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n=3 (=10a 0s] m=3 (=10a
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Results shown below are using O = O (most precise)
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Position-space MEs

Position-space matrix elements: ¢-dependence

@ stronger at large br
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br=015fm  n =4

0.020 0.020 0.020
& oo1s & oos a, o015 — =0
£ o010 £ o010 £ o010 I
0.005 S 0005} 7 — =6

Z Q %

H— 0.000 0. — =9

-0.005 -0.005 0.00

5 10 15 20 25 30 5 5 10 15 20 25 30
t ¢ t

0.025 o
0.020 0.020
& oors 0.015
£ o010 0.010
E -
= 0.005 0.005
Q /i ¢
[ =rr = 0.000E2
" /
-0.005 4L -0.00
5 10 15 20 25 30 5

extrapolate to £ — oo using B(¢) = B({ — o0) + ¢/f? for each b and P?
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Position-space MEs

@ MEs as function of b*P*

Numerically real and symmetric after averaging over all staple orientations

Before ¢ — oo extrapolation after extrapolation
0.03 by = 0.3 fm 0.03 by = 0.3 fm
;: n* =4 . =7 E n =4
" 002 H 1=10 002
£ } 1 . 1=13 £
L 001 d}t( f}ﬂ . 1=14 % 001 1 }
Q : # 2 . 1217 & i i
000 Mﬂ”H?MM ﬂmwmm . 1=20 ooobs 1 Bopg et
. 1=23
o s o s 10 -10 -5 0 5 10
P*b* P2b*

- Small P? need longer staple length £ ~ 20a = 3 fm

- Most of the contribution is from the region of b*P* <5

tails are not very important within current precision (will show later)
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Quark vs. Gluon

@ Comparison of quark and gluon cases
- br = 0.3 fm with similar staple length fmax ~ 3 fm

- Small P* =3 x 2r =0.77 GeV

L
Quark: few % errors with 1.7 x 10* meas Gluon: 10% errors with 2 x 10° meas
= 4 by = 0.30 fm a=0.15 fm R
= P* = 0.77 GeV h=2Cev 0.03¢ br =03 fm |
g 2 s | o 1 & n* =3
= e ® " 0.02F 1
< o eoesee® Cepesees 1 S E E
N -
< 8y 0.01F .
gE -of ] = : )
= PXXXXIXx%] EXXIXIXEX
- O ¢a=21 O gla=2 0.00
_af 1
‘:d 5 . L L L L
-20 -10 0 10 20 10 s P s 10
b P? i

@ More than two orders of magnitude stats are needed for a similar precision
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Quark vs. Gluon

2w
o Large P* =7 x T = 1.81 GeV
less staple length dependence, ¢ ~ 1.5 fm is sufficiently long
Gluon: before extrapolation after extrapolation, 30% error
0.020
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oo P . 7 ~ oois =7
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o At large momentum the gluon signal is getting significantly worse
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B(z, by, P?)

~ db*
B(x, br, P*) = /
|62 | < bZ 2
- Dependence on b, -
Fourier transformation is saturated for
P?bf.x = 5 with errors
I g
by = 0.3 fm £
X3 n®=4 =
r=0.5
0 ; 1‘0 1‘5
P07

@ Fourier transform to x-space
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MEs as a function of x

tails outside physical range x € [—1,1]

are reduced as P? increases
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Quark vs. Gluon

@ Quark and gluon x-space MEs have different symmetries

- Quark (with pion state) - Gluon
0.020 T T
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Symmetric under x — 1 — x Symmetric under x — —x
momentum fraction of two quarks gluons are their own anti-particles

@ For the gluon, the situation is even worse since the ratio is not taken

around the peak, but at x ~ 0.5.
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CS kernel: ratio of MEs

o CS kernel from ratio:

1 B(Xy bT7 Plz) N z z
br, 1) = n|= + 0vye(x, i, P1, P5) 4+ p.c.
161 = e ) [B(x, br Py | T

currently just LO matching

o)

1

v(br,

0.0 0.2 0.4 0.6 0.8 1.0

didn't plot all the combinations as large P*
is too noisy and might not even be positive

o Still residual x-dependence: need higher-order matching & larger P*
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NLO matching

@ The NLO matching has a singularity near x ~ 0.5 for small P{/P; pairs

Schindler et al., JHEP 08, 084 (2022)
Zhu et. al, JHEP 02, 114 (2023)

of

a2 — 3/4

£ -3 3/5

:.[?; -4t — 4/5

£ — 8/9
-6

hence also need larger momentum pair, which requires more measurements

o Higher-order matching will be useful and can confirm convergence
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Gluon CS kernel

@ Our (very) preliminary result of the gluon CS kernel

o Lattice data

—— PT 1-loop

o Comparable with 1-loop perturbative calculation — proof of concept

@ We'll improve the result and have one more point at by = 4a = 0.6 fm

with more stats

0.1 0.2 0.3 0.4 0.5 0.6 0.7

bT [fm]
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Larger b1

@ Use sqrt of Wilson loop as the quasi-soft factor to remove linear divergence

But it's no longer numerically positive at large bt and ¢

4 b
b
104 /2 T
. by = 0.6 fm .
1000} o0
0
- - 80/ l
£ 100} =
\:T 4 - 6
10} - w0 |
f " ‘ ‘ "staple” divided by sqrt of Wilson
- \d\“ i | loop to remove linear div.
1‘0 . . B . ‘>5 . : B . 2‘0 . . 1 0 1 2 3 4
4

o Either use more configurations, or extrapolate to large ¢ using a function

that guarantees the result is positive

= in any case this indicates gluonic observables are noisy

@ Coulomb gauge method may help!
(Y. Zhao, PRL 2024 & lJinchen and Xiang's talks in the morning session)
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Conclusion and outlook

CS kernel from quark to gluon:

@ In contrast to quark TMDs, gluon TMDs are almost unknown

(both experiments and lattice QCD)

o With current statistics we're able to obtain the CS kernel up to 0.45 fm,

results are comparable with 1-loop perturbation theory

o We'll have more two-points, and also try Coulomb gauge in the future,

gluon operators can be calculated separately and are cheap

Thank you!
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Different operators

o The Oél) = O%"% with trace subtraction has less ¢-dependence

00101 br=03fm nF=4 ool br=03fm n*=5 0010 br=03fm n*=6
< [ T a |
- 0.005 I ‘ - 0.005 J T - 0.005 | —b=0
£ I I £ U £ ]
- R + — ‘ . ; = — =3
= 3 — i = — - = i
& o i & ° m— 5 0 —rT - —b.=6
T T = B l — b=9
-0.005 -0.005L . -0.005
s 10 15 20 25 30 s 10 15 20 25 30 s 10 15 20 25 30
3 3 4

bands are results of fitting to a constant
@ No visible /-dependence even at small momentum (n* = 4)

@ However they are unfortunately too noisy to use



Rapidity divergence

@ Regulators such as dimensional regularization only regulate UV divergences

rapidity divergences arise in soft and collinear need a dedicated regulator

P
Q Hard
ap|d|ty
scalez
UV scale p
Soft
QA |
S p* = i
Q2 QA Q pt

Ebert, Stewart & Zhao, JHEP 09, 037 (2019)
@ A concrete example

L - fpp” 1 [d(p~/p*" L _\ f(ptp~



