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GPDs — Skewness

@ Internal structure of hadrons — simplest way: PDFs

@ A generalization of PDFs: GPDs — more information than PDFs

@ GPDs give access to:

o Three-dimensional image of hadrons
e Angular momentum of partons

o Pressure and shear forces inside hadrons
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GPDs — Skewness

e GPDs — off-foward hadron matrix element — P!* # P
e x — fraction of the hadron’s momentum carried by a parton
o t = A? — square of the momentum transfer 4-vector A#

o £ — skewness, quantifies the fraction of momentum transferred in
the longitudinal direction
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GPDs — Amplitudes

@ Vector matrix element for unpolarized spin 1/2 hadron:

F#(Za PvA) = <Pf7>‘/‘1z(_§)7# W(_%’ %)¢(%)|P,,/\>

@ Matrix element decomposition in A; = A;(z-P, z-A, A?, z?)

pr N
Fh(z, P, A) = T(pr, \') [7A1 £ mzt Ay £ DA+ imot A,
m m

STYA Pr zA AHj zA
10 10 . 10
A5 + A6 + mz“/oZAA7 +

m

Ag} u(pi, \)

m

z A zA T aff — i[.«
ol =o"z,, oM'==0"N, o7 =02,/ Jﬂ:§[7 Y

]
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GPDs — Amplitudes

"] f = —A3/2P3
@ Lorentz-invariant definition for twist-2 coordinate-space quasi-GPDs:
Hir = A1 — 28A;
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GPDs — Amplitudes

@ Only longitudinal momentum transfer: A = (Ay, 0,0, A3)
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GPDs — Longitudinal Momentum Transfer Case

@ Only longitudinal momentum transfer: A = (Ay, 0,0, A3)

@ New decomposition F*:
pr
Frb(z, P, AL) = U(Pr, X) | — A} + mz" A5 + ima** Af | u(P;, \)
m

° Af, Aé, Aﬁ are linear combinations of A;, i=1,...,8
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GPDs — Longitudinal Momentum Transfer Case

@ Only longitudinal momentum transfer: A = (Ag, 0,0, A3)

@ New decomposition F*:
pH
Fol(z, P, AL) = a(Pf, \) ?Af + mzH AL + imaHZ AL u(P;, N)

° Af, Aé, Aﬁ are linear combinations of A;, i =1,...,8

@ New relation between GPDs and amplitudes

1 —(z:A)(z-P
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GPDs — Longitudinal Momentum Transfer Case

@ Only longitudinal momentum transfer: A = (Ao, 0,0, A3)
@ New decomposition F*:
L - I p L Al : pz AL
Fri(z, Py AL) = a(Pr, \') ?Al + mz"A; + imot? Ay | u(Pi, A)
° Af, Aé, Aﬁ are linear combinations of A;, i =1,...,8
@ New relation between GPDs and amplitudes
1 —(z-A)(z-P

e Small ¢ = small a — H GPD approximately given A%
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GPDs — Amplitudes and Matrix Elements

@ Amplitudes are found from:

Matrix element — M,(T,) = K Tr [FV (W> Fr (W)}

2m 2m

[

r0 - (1+,YO) i’y5’7ka k= 172a3

2

1
- (1 M ==
4(+70), k=7

K — 2m
VErE(Er + m)(E; + m)

pu AH
Fr(z,P,A) = [7A1 + mzlAy + —— As + imot? A,
m m

johd prigza Atjg?

As + As + mzHic*A A7 +
m

AS}
m

- pH
Frlt(z,P,AL) = [Ag + mzM AL + ima“zAﬁ}
m
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GPDs - Lattice QCD

e Compute nucleon MM,(I",) from Lattice QCD

e Each M,(T,) is computed for kinematical setup Pr and P;
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GPDs — Asymmetric frame

@ Asymetric frame: .
Pr = (0,0, P7)

P, =P; — A= (-AY, -A% P} - A%
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GPDs — Kinematical Setup

o Lattice kinematic setup

€ |t (GeV?)|(Ar, Az, As)| Nuncas | Pis| Py
“0445 | (0,0,£2) | 30720
—0.686 | (1,0,+2) | 30720
12 —0.914 | (1,1,+2) | 61440

—1.337 (2,0,£2) 30720 | 1| +3
—1534 | (1,2,42) |122880
—2.253 | (3,0,42) | 30720
—0.089 (0,0, il) 30720
Z0.205 | (L,0,£1) | 30720
Lygs| 0498 | (,1,21) | 61440

—0.865 (2,(l,il) 30720 | £2| £3
—1.041 | (1,2,%1) [122880
—1.696 | (3,0,%1) | 30720
—0.061 | (0,0,%1) | 30720
—0.203 | (1,0,¥1) | 30720
yyr | 03 (1,1,¥1) | 61440

—0.613 (2,0,F1) | 30720 |+4| %3
0745 | (1,2, F1) |122880
—1.248 | (3,0,%1) | 30720
—0.089 | (0,0,%1) | 6080

1/5 [ —0.366 | (1,1,¥1) | 12160 |+3| +2
—0.628 | (2,0,¥1) | 6080

1/2 | —0.679 | (1,1,%2) [ 12288 |+3[ %1
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GPDs — Kinematical Setup

£ |t (GeV®)|(A1, Az, As)| Nimeas | Pis| Py
—0.445 | (0,0,+£2) | 30720
—0.686 | (1,0,+£2) |[30720
i —0.914 | (1,1,%2) | 61440

—1.337 | (2,0,%2) |30720 |+1|+3
—1.534 | (1,2,42) [122880
—2253 | (3,0,%2) | 30720
—0.089 | (0,0,£1) |[30720
—0.295 | (1,0,%1) | 30720
s —0.493 | (1,1,£1) |61440

—0.865 | (2,0,%1) |30720 |+2| +3
—1.041 | (1,2,41) [122880
—1.696 | (3,0,%1) | 30720
—0.061 | (0,0,1) |[30720
—0.203 | (1,0,F1) | 30720
17 —0.343 | (1,1, 1) | 61440

—0.613 | (2,0,F1) |30720 |+4|+3
—0.745 | (1,2,F1) [122880
—1.248 | (3,0,F1) | 30720
—0.089 | (0,0,F1) | 6080

1/5 [ —0366 [ (1,1,%1) | 12160 |+3|+2
—0.628 | (2,0,F1) | 6080

1/2 | —0.679 | (1,1,%2) | 12288 [+3|£1

@ Same t only when At =0:

§=+1, t=-0.089 Gev?
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GPDs — Kinematical Setup

£ |t (GeV?)|(A1, Az, As)| Nueas | Pis | Pys
—0.445 | (0,0,42) | 30720
—0.686 | (1,0,42) | 30720
Lup| 0| (L) e
(2,0,42) | 30720 | 41|43
(1,2,42) 122880
(3,0,4£2) | 30720
(0,0,£1) | 30720
(1,0,+1) | 30720
s (L1,+1) | 61440
(2,0,41) | 30720 | 2| 43
(1,2,41) 122880
(3,0,41) | 30720
—0.061 | (0,0,%1) |30720
—0.203 | (L,0,¥1) |30720
v | 0H8 | (L el
—0.613 (2,0, |l) 30720 |+4|+3
—0.745 | (1,2,¥1) [122880
_1248 | (3,0,¥1) | 30720
—0.089 | (0,0,¥1) | 6080
1/5 [ —0.366 | (L 1,¥1) | 12160 |+3| 42
—0.698 | 2.0,%1) | 6080
1/2 | —0679 | (L1,72) | 12288 |+3[ 1

@ Same t only when At =0:
@ Problem in studying & dependence of results — solution: use similar

values of t

¢=+1 t=-0.089 Gev>
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Numerical results — Bare Amplitudes

o Bare amplitudes; t = —0.493 GeV?; after —z,+z average:

1.01%s : a3 oAl oo Pz 8 4| 10 A3 24y
h zAg zA4
— L
T 057 el 0.5 05
= 0.0 e, 0.0 %% 0.0
: S UL E LTS 1411 HEHCLLLIS
@#?%%%59
-0.5 -0.5 -0.5
+ A - PozA; § z2a; Az ZAg
0.2 0.2 A, 0.2 28,
= fitg
< LT .
E 00i., L esussess| 00 §% - ﬁ%iﬁﬁﬁé 0.0
,*-iii‘. %%m
-0.2 -0.2 -0.2
0 5 10 15 0 5 100 15 10 15
zla zfa zla
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Numerical results — Bare Amplitudes

e Bare amplitudes; t = —0.493 GeV?; after —z,+z average:

1.01%2 2 A F oAl 10 P oA § 24| 10 As A
.‘-, TozAg ZAy
T 05 et 0.5 0.5
= teis. %
b R I 11 LR
-0.5 -0.5 -0.5
+ A boAs iz A, Az 2hq
0.2 0.2 F 0.2 24,
< i , .
S A S oo
EITT LA {¥m
-0.2 -02 -0.2
0 5 10 15 0 5 10 15 0 5 10 15
z/a zla z/la

@ A;, As — main contributions
e zA,, zAs, z°A; — suppressed
o Asj, ZA4, ZAg:
° 520 — A3 =zA;, =zAs =0
o No such condition at £ # 0 — consistent with zero for this kinematic
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Numerical results — Bare Amplitudes

@ Amplitudes and skewness (values of t are as similar as possible)

i 1 ] 15 I
1 0811y
i 154t sij
t - t . 06] ¢f —
5 N ¥ = - i
< 1.0 < <
i = i Foaf =z oA
] € s 1 “‘“ L €£p5{ =
: : 3 "3,
“gaaag - b 4 0.0 i PR e . e
3§ L 0.0 Tpgereranes xxt 0.0 e T L L]
o 5 10 0 5 10 5 10 0 5 10
A=2zP; A=zP;3 A=zP;3 A=zP3
. L EEIEE . 0.0~
,J,]}i” 0.0 : .]_1“”” 0.0 & l;uuu xi,nl Iil“““
51 _ e il .
3 i —-02 i -0 vl — 02 St
t i < i < L < ¢ gl
; £ it -0z o t !
| f o4 1 - I t ~ _0a i i
i i = il i
=0.6
o 5 10 0 5 10 5 10 4] El 10
A=zPy A=2zPy A=zP; A=zP;
I A=(11-1) I A-(02
t=-0.343 GeV? £=7} t=-0.6BE GeV? §=—;
A=(1,1,3) A=1(2,0,3)
t=-0.337 GeV? £=0 t—-0.654 GeVZ£-1D
A=(101) t A-(20-1)

t=-0.295 GeV? £=—

t=-0.613 Ge¥? £ =1
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Numerical results — Bare Amplitudes

o Faster decay: |¢] = 1/5 (largest |¢]), t = —0.295 GeV? (largest t)
o Faster decay: |¢] = 1/2 (largest |¢]), t = —0.686 GeV? (lowest t)

i 1 3 15 ]
1.00{% 1 os{li
H 1s{'t 't,i l
075 1 . [ _ 061 1t _1ofid
el 1 7ol b = . 5 i
Sosol 1 Loty Soaf 3|
= 5 n(05 i xuz 3 =05 1
0.25 i 44 . = R 1
¥ ¥ =
0.00 pcpaanaens g 0.0 B T
. i 0.0 tppprarraes o 0.0 Mawriitvwaes
0 5 10 0 5 10 0 5 10 0 5 10
A=2zP; A=2zP; A=zP; A=2zPy
0.09+ i Ay PEPEEE 0.01~ U}-i—-“”“ 0.0]+ H_,m.!”l”“ 0.0{+ !‘th §ierE
. £ ER ! i
—01 51 ¥ _ T Y r
= 3 I = -02{ 4 III - 01 1 —-02 L II
t i < Pt < P
< g2 i s i = : il = Bl
E i E it E-02] A i E : [i
- T —04{F%-1 - T _oa
03 i} EIIl —o3| 1 { ! l
el Lol M ff i
0 5 10 0 5 10 o 5 10 1] 5 10
A=2zP;3 A=2zP;y A=2zP; A=2zP;
i A=(11-1 P A-(1,02)
t=-0.343 GeV? £=§ t=-0.6BE GV £= —;
A=(1,1,3) A=(2,0,3)
t=-0.337 GeV? =0 t—-0.651 GeVZ £—0
A=(1,0,1) I A-2,0-1)
t=-0.295 GeVZ £ = -} t=-0.613 GeV2 £ =1
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Numerical results — Bare Amplitudes

o Faster decay: |¢] = 1/5 (largest |¢]), t = —0.295 GeV? (largest t)
o Faster decay: |£] = 1/2 (largest |¢|), t = —0.686 GeV? (lowest t)

o Faster decays cannot be attributed to the values of t
@ ¢ is the variable that plays a role in the rate of decay of the

amplitudes
i 1 1 15 ¥
b 1 08qlg
1 15{H {i '
] _ 4 _06] &l —10{%{
) } = N £ T
H %” i %na R %: 4
K1 o 1 x i <os5{ %
Fhygprarvee e 0.0 Appersrires 00 e T 0.0 Tl g
0 5 10 0 5 10 0 5 10 0 5 10
A=zP; A=zPy A=zP3 A=2zPs
H ",i'{mulll 0.0{- },H““ 0.0 _.-‘“I"lunux 0.0 E'v-l“"I,unn
1 b o1l ® Y . X ]l
i —-02 E: = © ot —-02 I
LI £ SN (LA = R
E i E-02] i B d
[ I -04{ & ! l i t _0.4 i ]
i bl ~L i
=06
0 5 10 0 5 10 0 5 10 0 5 10
A=2zP; A=zPy A=2zP; A=2zPs
i A=(11-1 t E-(.02)
t=-0.343 Gev? £ =3 t=-0.6BE GeV? = —;
A=(1,1,3) £=12,0,3)
t=-0.337 GeV2 £=0 t—0.654 GeV2 £ -0
A=(1,0,1) i K-(0-1)

t=-0.295 GeV? £ = —é

t=-0.613 Gev2 £=}
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Numerical results — Bare Quasi-GPDs in Coordinate Space

@ Magnitude of GPD increases as t increases

2.5 2.5 }
2.0 2.0
B
—15 — 15 ¥
T, |5 LR
o 1.0{5ex e 1.01 g 2
- E S
05{,5E %, 0.5{%0q %yt
“’ﬁg‘i LY
0.0 !l.ll-ul--lnui 0.0 mas;!""“" f  t=-0.09 Gevi(H')
0 2 4 6 8 0 2 4 6 8 $ t=-0295 Gev?
A=zPs A=zP; 7 t=-0.493 GeV?
0.1 0.1 % t=-0.865 GeV’
I t=1.041GeV’
0.01{= GEE!"ul- 0.0 -m ﬁgi!!iii. G t=-1.696 GeV?
@
017 ¥ glks ~0.17 £g 8234
= 80, 0k = 8 65004
T EO0f Eaf m i i
=_02] tgi Bk =02 fgfn; :
E L E LRS!
-0.3 " —-0.3 I
=0.4 =0.4
-05 -0.5
0 2 4 6 8 0 2 4 6 8
A_ZP3 .A_ZP:;
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Numerical results — Bare Quasi-GPDs in Coordinate Space

@ Magnitude of GPD increases as t increases
o H and H! have identical behaviours, if small o, H- ~ H

1
= _ AL _ —(zA)zP)
HLI: (H+§a€(H+E))LI_A1’ a_m
25 25 i
2.0 2.0 ;{E
i
T 15 — 1.5 8
s x bk £p 0
g10{le: Tl ke g§
i £
Egrz ﬂm ;i
" mnEiéii - ranet,
0.0 !“""'"""' 0.0 “cERdsanannss ¥ t=-0.09 GeV(H")
0 : : 6 8 0 2 4 6 8 $  t=-0.295 GeV?
A= A=2zPy T t=-0.493 Gev?
. 01 ¥ t=-0.865 GeV’
0.01= see 0.0]= _ F t=-1.041 GeV?
e mEEl'.. . ggﬁi!'ii' B t=-1.696 GeV?
_ 01 §o sist -0.11 kg ¢f@§§
=z IR ) #5058 g8
= 02{ fz.-E2 U oo2f figqify
E wgiz E ; ‘g i
03 g§§ -0.3 ;i}i
-04 o4
L o e s
A=2Ps A=2zP;
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Numerical results — Bare Quasi-GPDs in Coordinate Space

e Symmetry of GPDs under £ «+— —¢ for different but similar t

2.5 I RelH](t= — 0295 GeV?, £=-1) I RelE] (t= - 0295 GeV?, £=-1)
2.0 RelH] (t= - 0.366 GeV?, £=1) i RelE] (t= - 0.366 GeV?, £=1
§ ImIM]{t= - 0295 GeV?, E=~1) ER I Im[E] (t= —0.295 GeV?, E=~})
1.5 £ ImIM] (= = 0366 Gev’, £=1) Y1 i ImIE] (= =0.366 GeV?, £=})
1.0{ 7 . ! ;
¥
0.5 . -
', L M
0.0 R ...:..=..'...._._,.,., e R i‘:;i IR
4 =" FERE L
-0.5
0 4 6 8 0 2 4 6 8
A=zPs A=zPs
2.0
§  Re[H][t= —0.295 Gev?, E=-1) I RelE](t= -0.295 Gev? £=-1)
H 7
15 1 RelH] (t= —0.366 Gev?, £=}) I I B i RelE] (t= - 0.366 Gev?, £=})
i ImlH] (t= - 0295 GeV? £=-1) 1 } t ImE] (t= - 0295 Gev?, £=-1)
1.0 l i ImIH] (t= — 0366 GeV?, £=1) i % I ImIE](t= —0.366 GeV?, £=1)
0.5 _ i I
0.0 I e SR e
fe sEE fIT 1§ii!?’
-0.5 T
0 2 4 6 0 2 4 6
A=2zPy A=2zP;3
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Numerical results — Bare Quasi-GPDs in Coordinate Space

@ Symmetry of GPDs under £ «+— —¢ for same ¢

15

1.0

0.5

0.0

-0.5

i

i

|

]

i1
it
i

¥
L

Re[H'] (t= —0.089 GeV?, £=—1)
Re[H'] (t= —0.089 GeV?, £=1)
Im{H"] (t= ~0.089 Gev?, £=-1)
Im[H"] (t= — 0080 GeV?, £=1)

w
L
L.
';;n!v-!'r

e E
-3

2

4 6 8
/\=ZP3
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Numerical results — GPDs

@ Renormalization — regularization independent momentum
(RI/MOM) — common way to renormalize lattice data
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Numerical results — GPDs

@ Renormalization — regularization independent momentum
(RI/MOM) — common way to renormalize lattice data

@ Coordinate-space quasi-GPDs — momentum-space quasi-GPDs

o Fourier transform — discrete lattice data — inverse problem
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Numerical results — GPDs

@ Renormalization — regularization independent momentum
(RI/MOM) — common way to renormalize lattice data

e Coordinate-space quasi-GPDs — momentum-space quasi-GPDs

e Fourier transform — discrete lattice data — inverse problem

o Backus-Gilbert (BG) method is used — model independent, stable
(noise control) continuous reconstruction from noisy discrete
measurements.
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Numerical results — GPDs

@ Renormalization — regularization independent momentum
(RI/MOM) — common way to renormalize lattice data

@ Coordinate-space quasi-GPDs — momentum-space quasi-GPDs

o Fourier transform — discrete lattice data — inverse problem

o Backus-Gilbert (BG) method is used — model independent, stable
(noise control) continuous reconstruction from noisy discrete
measurements.

e RI/MOM and BG
o Used in previous £ = 0 studies
e Focus of this work was on £ # 0, not improving these methods

o Improvement planned in follow-up work
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Numerical results — GPDs

@ Matching to the infinite momentum frame — large momentum
effective field theory

@ Quasi-GPDs and light-cone GPDs differ at UV scale

o Difference at the UV scale:

o Computed by perturbation theory
o Up to higher-twist corrections

o One-loop order is chosen in this work
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Numerical results — Light-Cone GPDs

2.5
B light-cone | t= —0.613 GeV? 4| M light-cone |t= —0.613 GeV?
2.0+ quasi £=1 quasi &=1
154 3
I |
T 1.0 w2 \
0.5 1 !
0.0 ="y ~ ___/ \
0  —
—05 ; } ! |
1.0 05 0.0 0.5 1 -1.0 -05 0.0 0.5 1.
X X
2.5
B light-cone |t= —0.865 GeV? 4| W light-cone |t= —0.865 GeV?
1 i 1 i 1
2.0 quasi g=-1 quasi £E=-1
1.5 3
T 1.01 -\ w2
-
0.0{=—— t \\ e
0 P
—0.5
~1.0 -05 0.0 0.5 1.0 -1.0 =05 0.0 0.5 1.0
X X
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Numerical results — Light-Cone GPDs

@ 5 Missing regions:
o Backus-Gilbert — unreliable quasi-GPD region near x =0

25
m light-cone = —0.613 GeV? 4 W light-cone = —0.613 GeV?
2.01 quasi E=% quasi E=%
151 3
I |
T 101 2 \
0.5 1 f
e —
0.0 ! __—/ \
0 ) ~—
—0.5
-1.0 —0.5 0.0 0.5 1 —-1.0 -0.5 0.0 0.5 1.
X X
25
B light-cone | t= —0.865 GeV? 4 { MW light-cone |t= —0.865 GeV?
2.0 quasi g=-1 quasi g=-1
151 3
T 1.0 =\ 2
]
0.0 = ’ AN ___—-—d
0 N
—0.5
—1.0 —0.5 0.0 0.5 1.0 —1.0 -0.5 0.0 0.5 1.
X X

0
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Numerical results — Light-Cone GPDs

@ 5 Missing regions:
o Backus-Gilbert — unreliable quasi-GPD region near x = 0
o Breaking down of perturbation theory at x — £1 and x — +£
o Different matching in ERBL/DGLAP region boundary: x — ££

25
light-cone | t= —0.613 GeV? 4| W Jight-cone | t= —0.613 GeV?
2.04 quasi £=1 quasi £=3
151 3
T 1.0 2
0.5 1
0.0
0
-0.5 T T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1
x x
25
light-cone | t= —0.865 GeV? 4| W light-cone | t= —0.865 GeV?
2.09 —_1 —_1
quasi g=-1 quasi g=-1
154 3
T 1.0 2
0.54 1
0.0
0
-0.5
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
x x
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Conclusions

@ Generalization of the previous zero-skewness GPD paper

o Decomposition of bilocal matrix element into amplitudes
e Find coordinate-space quasi-GPDs
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Conclusions

o Generalization of the previous zero-skewness GPD paper

o Decomposition of bilocal matrix element into amplitudes
e Find coordinate-space quasi-GPDs

@ Purely longitudinal transfer yields H and E combination; here it
effectively gives H.
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Conclusions

@ Generalization of the previous zero-skewness GPD paper
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Conclusions

@ Generalization of the previous zero-skewness GPD paper

o Decomposition of bilocal matrix element into amplitudes
e Find coordinate-space quasi-GPDs

@ Purely longitudinal transfer yields H and E combination; here it
effectively gives H.

@ £ — —¢& symmetry confirmation

@ Discontinuities induced matching and x-space reconstruction — 5
unreliable regions

37/42



Conclusions — Path forward

@ Path forward:
o Improve matching:

o Larger momentum boosts — suppress higher-twist effects

@ Combining quasi- and pseudo-GPDs with artificial neural networks —
see talk on 10th of October at 12:15 by Min-Huan Chu
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Conclusions — Path forward

e Path forward:
o Improve matching:

@ Larger momentum boosts — suppress higher-twist effects

@ Combining quasi- and pseudo-GPDs with artificial neural networks —
see talk on 10th of October at 12:15 by Min-Huan Chu

o More denser/longer lattice-points coverage or artificial neural
networks — reduce the discontinuity induced by Backus-Gilbert
method

o Improved renormalization (e.g. hybrid scheme) — better
continuous-space extrapolation

o Broaden kinematics coverage of GPDs

o More statistics to reduce statistical fluctuations
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