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TMD factorization
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Leading region has contribution from
soft momentum states

Need to regulate rapidity divergences
present in beam and soft functions
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Drell-Yan leading region [Collins, 2011]
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Bare soft function:
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Soft Wilson line:
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Lightlike vectors:
n=(1,0,0,1),

n? =0, i
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Off lightcone regulator

Spacelike Wilson lines: Timelike Wilson lines:
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One loop result in Minkowski space

One-loop result in Collins scheme:

S(bi,e ya yB)
14 a;CF <1 [l (Wbi,u%e“)> {2 = } + O0(a?)
T \¢€

[Ebert, et. al., 2019]
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TMD evolution and Collins-Soper kernel

Evolution kernel:

dlog f, (x, bi,pu, g)
dlog

(1, €) =

Collins-Soper (CS) kernel:

dlog f, (x B, u, c)
’)’q(bL: [l) = W

Sq (bJ_,}/A»}/B, ,u,) =5 (bJ_’ ’u,) eYalbi:p)(ya—ye) (1 +0 (e_Z(YA_}/B))>

Wayne Morris (NYCU) October 9, 2025



Relevance to lattice extraction of TMDPDFs

In the LaMET framework:

V SI (bJ_aM) Fr(Xa bJ_7 PZ?M)

(2xP?)?

> 1
= f(x, b1, u,C) Hr (x, P%, 1) exp [2|og c Yq (b, 1)

+0 (AQCD : )

xPz 7 b (xP?)

[Ebert, et. al., 2019], [Ji, Liu, Liu, 2020], [Ebert, et. al, 2022]

o Intrinsic soft function: S o TMDPDF: f
[Ji, Liu, Liv, 2020]  § Pertyrbative hard kernel: Hy

e quasi-TMD beam function: fr o CS kernel: g
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Soft function and CS kernel from lattice computations

o CS kernel from ratios of quasi-TMD matrix elements
[Ji, et. al, 2015], [Ebert, et. al, 2019, ], [Ji, et. al, 2020], [Bollweg, et. al, 2025]

o Soft function with timelike regulator using HQET
[Ji, et. al, 2020], [Liu, 2022]

Euclidean space directional vectors with purely imaginary time components

fia = (in,0,0,n3), fAg = (in%,0,0,n3)
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Soft function in Euclidean space at one loop

Calculation in coordinate space at one loop:
5(1) (bla €, Ia, rb)
asCr (1 5 5 (ra=1)(rp—1)
= -+ b E 241
(ﬁ“(” LHoe™) | 125108 |6 ) (7 1)

2 rat o

rafp + 1}

|fap] > 1, n%n%(rarb +1)>0

After mapping, we obtain result from [Ebert, et. al., 2019]
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Auxiliary field definition of the Wilson line

Write Wilson line in terms of one dimensional ‘fermions’ that live along the path:

pns s [ e

:ZJI/DT/’DQ/_”/”/_WXP{ig/s'fdsd_)iasqp_1/_),7.,41/,}

[Gervais, Nevau 1980], [Aref’eva 1980]

Aucxiliary field propagator:

Euclidean space
) —

in- DH,(y) = 6(y —ifi- DeHz(y) = 6(y),

Meaningful solution only obtained with a UV cutoff
[Aglietti, et. al. 1992], [Aglietti, 1994] J
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Butterfly loop

o Large 7 form of butterfly loop from UV cutoff effects:

T8 eZTrT(ra+rb)/a/T4

§bﬂy = §(bJ_7 a, ra, rbaT)

b
NS

T T

o Cutoff effects cancel in the ratio

o g(bJ_,lv a, Ia, rbaT)

Rsingle (bJ_,17 bJ_,2a a, ra, Ip, T) - =
S (bL,Qv a, ra, v, T)
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Treatment of divergences

- §(bl,1,a,r1,r1,L)/ biia,n,m,l)

Sdouble (b1,1,b1 2,8, 11,1, L) (b 0
1,2,4d, 2,2,

- § (bJ_,2a a, rn,n, L)
=exp[(vq (bL,1,a) — Vg (bL2,2))2(y1 — y2)]

bJ_Yl bJ_,Z

bl’2 bL,l
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Double ratio

o For large lattice time:

~ Siat (b Siat (b
Sdouble (bJ_,la bJ_727 a,n,nr, T) = "'lat ( SuLL L rl) ”’lat ( SULL r2)
Stat (b1 2,a,11,11)/ Siat (bi2,a,m, 1)

+O b%—bg 1 . 1 32 I’1,2—1
72 n—1 rn—1 ’ ’r1,2+1

o Match between lattice and continuum renormalization schemes

Sdouble (b1 1, b1 2,18, 11, 1) = C (11,12, 1t,a) X Sdouble (b1,1, b1 2,8, 11, )

o We can then extract the CS kernel relative to it's value at another value of b :

1

5 10g (Sdoubte (b1,1, b1 2, i, 11, 12))
: . 2 double (D11, D12, K; 11,
- (bJ"l"LL) - (bJ-’2’N)+ |0g(r1+1/r2+1)

r171 rzfl
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Details of lattice calculation for double ratio

o Use auxiliary field definition of the Wilson line
[Gervais, Nevau 1980], [Aref’eva 1980], [Aglietti, et. al. 1992], [Aglietti, 1994], [Horgan, et. al., 2009]

o Using quenched configurations [Detmold, Endres, 2018]

] LB3xT \ a(fm) \ Neonfig \
243 % 48 0.081 400
323 x 64 0.060 400
403 x 80 0.048 250
483 x 96 0.041 341
643 x 128* 0.03 200

*In progress

o Computation performed with 2048 sources per configuration
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Matching procedure for double ratio

o Need at least one perturbative value of vy, since:

2 log (Saouble (b1,1. b1 2, 1,11, 12))

Yq (b1, 1) = Vg (b e2 H“) + Jors (r1+1/r2+1)

rlfl I’zfl

o Another perturbative value of 4 is needed, because ‘r' gets renormalized due
to the breaking of O(4) symmetry. Obtain renormalized rapidity factor
through:

| < rien 4 1/ rien 4 1) 3 log (gdouble (b1, bi2,n,r, 3))
og ren ren -
-1 et -l (bﬁei 7u) — Y (bie?,u)

(’Yq (bl,lv 0‘5(/1«0)) - 4/ d:, lMcusp (OCS(H ))) = (’Yq (bL,2a Oés(,ll«o)) — 4/M %rcusp (as(p,/))>
Ko

Ho

=Yg (bi,1,as(po)) —vq (b2, as(p0)) < RG invariant

o Matching window: 3a < b, < 0.2 fm chosen to reduce discretation error while
remaining in a perturbative region of b
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Butterfly loop, time dependence
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Butterfly plot with by = 3a and r = 1.001
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Single ratio, time dependence

S(bii1,a,n,n,7)

Reingte (b1, b1 2,3,1,7) = E(bro o)
1,2,4d, 11,71,

§ 243 x 48, @ = 0.081 fm
~f 323 % 64, a = 0.060 fm
g 403 x 80, a = 0.048 fm

§ 483 % 96, a = 0.041 fm
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Single ratio plot with b, ; = 4a, by » = 3a, and n = 1.001
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Single ratio, b, dependence
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Single ratio plot with b, > = 3a, and r, = 1.001. Using values obtained from fit to 7 plateau.
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Double ratio, b; dependence

Rsingte (bL,1,b1 2,3, 1)
Riingle (bL,1,b1 2,2, 1)
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Double ratio plot with b, » = 3a, n = 1.002, r, = 1.001
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Bare vs renormalized rapidity fact
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CS kernel
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CS kernel extracted at different byert,1, bpert,2 Within matching window
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CS kernel with systematic error
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Conservative estimate of systematic error from matching points within fit window and variation of UV scale
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Comparison with other results

10 NALL, 0 flavors, i = 2 GeV | 1of === NLo IPyz3- AW B
444444 A
40% x 80, a = 0.048 fm MAPNN25S EEC24 ART2S T This Work
0.5 L i 48% %96, a=0041fm 0.5 MAP22 ASWZ24
— £y
< 00 = -
3 rﬁ‘ﬁkﬁm.fﬂ.ﬂw}un T T T ILAILT S
= AT AN A1 S ) 8 (1 0 1 s
< 05 E -o0s
-1.0
~15 .
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
by (fm) by [fm]
Our result Other recent results presented in

[Bollweg, et. al., 2025]

Accounting for scale variation and variation in matching points, we give a conservative
estimate of the systematic uncertainty.

We obtain results competitive with recent lattice extractions of the Collins-Soper kernel.

The dominant systematic error is expected to be further shrunk with data at a = 0.03 fm,
which are now being processed.
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Conclusion and outlook

o Euclidean space calculation of soft function has a direct mapping to
Minkowski space result

o High precision lattice data ‘butterfly’ loop
o Double ratio method gives high precision computation of difference of
CS kernel: vq (b1, p) —vq (b, 1)

o Uncertainty of CS kernel extraction dominated by systematic effects in
matching to perturbative computation

o Can be improved with higher precision perturbative computations or
with finer lattices

Ongoing work:
o 643 x 128 lattice

o Perform analysis with interpolated data for better comparison between
lattices

o A more rigorous estimate of systematic error
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Thank you!
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