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Theoretical Complexity of TMDPDF -- Rapidity Divergence 5

> Rapidity divergence from gluons radiation collinear to lightlike gauge link:

t n_
_ fkTED) d(k—/ k1) flktk™) L ,
Iyiv~ [ dkTdk A = /dk"‘k
° / (kFl=yFe /[k: 50/ A s
1. k* T :
Vi = EIHF Y, — T oco: rapidity divergence
P
Rapidity divergence can be canceled by soft function,
. o 3o 2 1
leaving the rapidity scale { dependence ~ e—%K (b, w)Ins
4
bJ_
Jietal, PRD 71, 034005(2005); y e,

Collins, Vol. 32(Cambridge University Press, 2011). <




Collins-Soper Kernel -- Describe Rapidity Evaluation of TMDs 6

> Evolution of TMDs:

f(x’ bJ_’:u’ g) = f(xa bJ_a,an gO) ‘

*dy , 1 {
,/#0 /.l’ yﬂ(:“ ’50)] eXP[EK(:uv bL) lng

UV anomalous dimension Rapidity anomalous dimension
(Collins-Soper kernel)

X exp

> UV anomalous dimension 7 is perturbative
H

(NLO, NNLO, ...);
> Collins-Soper(CS) kernel K(u, b, ) is
nonperturbative for b, > Ag(y, =~ 0.2fm.

Jietal, PRD 71, 034005(2005);
Collins, Vol. 32(Cambridge University Press, 2011).




CS Kernel -- An Essential Component for Lattice Calculations of TMDs 7

>LaMET frameworK: Ji PRL 110, 262002 (2013); Ji, Sci.China 57 (2014)

Matching kernel
— 1 1
fr(x’ bJ_’ H, Czﬂslz (b_l_’ ”) mi 111"(‘:{ ﬂ)erp [E (bJ_’ I'l)ln_.

Z_je Abcp M2 1
4 g7 (P bILE
Quasi TMDs  Intrinsic soft function Collins-Soper kernel — Light-cone TMDs

/

)

] f(JC, bJ_? H, C) + Q(

Collins-Soper

kernel

- Physical

Lattice QCD \ XX / distribution

Jietal, PLB811(2020),
Ebert et al., JHEP 09 (2019),
Ebert et al., JHEP04(2022),
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« Quasi-TMD Wave Function



From quasi TMDs to Collins-Soper kernel

> At leading power accuracy, CS kernel can be extracted from the P*

dependence of TMDs:
Matchin 1kernel A2 M2 1
~ ot ] _ I—( Z—ie . AQCD
Sr(x,b,pu,¢ 1}-"1 (b, w) = Fr(é’ ) ﬂ)efp FE (b, w)n- ¢ ]f(x’ by, pu, &)+ G e (PRR bicz)

Quasi TMDs  Intrinsic soft function Collins-Soper kernel — Light-cone TMDs

Taking ratio, S; and f cancelled each other, then

HA(E W (x,b,,E
Kb, ) = 1 ( (GG wf(x,b, & m)

n ~
In(P/P5)  \ Hp(§f, ) f (%, by, G5 )

~

fcould be either unsubtracted quasi TMD wave function or quasi TMDPDF.

Ji, PRL 110, 262002 (2013);
Ji, Sci.China 57 (2014)




From quasi TMDs to Collins-Soper kernel 10
N

> At leading power accuracy, CS kernel can be extracted from the P*

dependence of TMDs: Bollweg et al.,PLB852, 138617 (2024);
Matching kernel ] Walter, ‘e; al. (LPC),I:RD.1]1.094507(2024).
| ——N3LL HS024 ART23 ® GI ﬂ 0.0 | From quasi TMDPDE
Z Z1ASWZ24 IFY23 MAP22 € CG |~
Quas 3
5 0r
=
£ ?
_1 L

—— Linear interpolation
la ¥ Kby, from 2306.06488
-1

From quasi TMDWF

1 1 .5_ . | l : : : -
0.2 0.4 0.6 0.8 0.0 0.1 0.2 0.3 0.4 0.5 0.6
b [fm] b, [fm]

~

fcould be either unsubtracted quasi TMD wave function or quasi TMDPDF.

For better signal, the CS Kkernel is extracted from the pion quasi-TMDWEF.




Quasi TMD Wave Function 11

> The quasi-TMD wave functions can be
defined as:

~ +0

dZPz ixz P? ¢ (Za b_]_’ PZ, a’ L)
2r Zo(u, a)\/ZE(ZL +2z,b,u,a)

¥ (x,b,, 4,,) = lim [

—> 00

where the bare quasi-TMD wave function can
be constructed as :

®(z,b,, P*a. L) = (0 |@(zh; + b, A)TUS (L, 2, b,)q(0) | PZ> |

Chu et al.(LPC), PRD109(2024),
Chu et al.(LPC), PRD 106(2022),
Zhang et al., PRL125(2020).




Lattice Setup 12
e

> CLQCD lattice ensembles with multiple lattice spacings and physical pion masses;
> Coulomb gauge fixed wall source propagators;

> HYP smearing.

a/fm /MeV /GeV
C32P29 0.10530 292.4 1.47,1.84, 2,21
C32P23 0.10530 228.0 1.47, 1.84, 2,21
C48P14 0.10530 135.5 0.98, 1.22, 1.47
F32P30 0.07746 303.2 2.00, 2.50,|3.00
H48P32 0.05187 317.2 1.99, 2.59, 2.99

Hu et al. (CLOCD), PRD 109 (2024); Hasenfratz et al., PRD 64, 034504(2001).




Extract Bare Quasi-TMDWF Matrix Elements 13
e

> To determine the bare quasi-TMDWE, we
. . R*(L=28a,z=23a,b, =4a, P*=2.99GeV) on H48P32
construct the non-local two point correlation 0.0160- -
. Re : one — state Re : two — state ¥ Re[R*]
function : 0.0140 - »
¥
1 — ¥ b
Ci(z, by, P.p*, L1, t) = — Y e PFTr(S,(t; X + LAz + bfi,,1; - p?) 5 °1%] Tt e vy Y
ng =
g 0.0100 1 f
X Ug +(L,z,b)[1S,(X + Ll + zfiz, 15t pZ)I‘2> 0.0080 -
> The bare matrix elements can be extracted by 0,005 | /™ Im:one—state Im:two=state ¥ ImR*] |
one-/two-state fit: 00000 4 !
£
+ 2 z — -0.0025 A
R*(z,b,, P*, L,t) = Geb, LD _ &"(z,b,, P, L)e*'7 ¥ 3 % ¥ % % % g Youp
C5(0,0, P=,0,1) 0.0050° \
-0.0075
X [1+¢;(z, by, P7, L)e ] : ; 6 g YR
t/a
LPC, in preparation




Wilson Loop Renormalization of Bare Quasi-TMDWFs 14

> Wilson loop definition:
z+2L

ZE=

> Parameterization:

Zg(n,,n;) HYPO

VAN

25

c

Zg(n,,n;) HYPI

Jietal., PRLI20(11):112001, 2018.

1
“ll by ZE<2L+Z, bJ_) =FT" 0|UJ_<0, bJ_;\lL>UZ<bJ_;\lJ_; (2L+Z);\1z> |0

B el o] A

* o
] i DQDD'DDDD
o

n;=la
n;=2a
n;=3a
n;=4a
n,;=5a

10 15
n, [a]

=5
wn

20 25

LPC, in preparation




Self-Renormalization--a New Scheme to Extract Z, 15
e

Subtracted matrix element
10 — 2
> Renormalization condition: |i(4, 7, b,)|= ®(2bP2=0p) _ =Zo(1/a, ,u)hMS(,u, b,,2) + 0(—)
VZp(z+2L,b,u)  —  mmemssmmsmme——e
o | - r; 1 Joint fit result: c,=0. 020 :
> Parametrization  1nj(a,z,b,) = 2 In|In[1/(aAocp)] | + _.___1_|:'+'g 2Dy T
: Y B | PP In[1/{aAgen)] '
InZo (Cl, ,u) = E In ln[l/(aAQCD)] + C{ + d,(,u
0.20 9(z,b,)-Ind" ﬁo | ] ln[l/(a QCD)]
6 =-0.00003(404)
" d’(n) = —0.448 LPC, in preparation
. fm 0.10530 0.07746 0.05187
7Y - . 58 .3 HYPO 1.064(21) 1.145(20) 1.241(19)
HYP1 0.92208(62)  0.97526(57)  1.03969(53)
Z: For more details, please see Hao-Yang and Mu-Hua’s talks.
T e Deng et al., JHEP 09 (2022); Huo et al. NPB 969(2021)




Result for Quasi-TMDWFs in Coordinate Space 16

®*° (z,b,,P% a,L)

®*(z, P*, L, b, u) =
Zo(u,a)NZg(2L + 2,b,, 1, a)

s Re[e™! 71(13(A,L =6a,b, =2a,P*=1.47GeV)] on C32P29 - Im[e~! ?zd~>(2x,L =6a,b, =2a,P*=1.47GeV)] on C32P29
. : . ~ :
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§ : § o 9 : (OJNG}
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LPC, in preparation




Result for Quasi-TMDWFEs in Coordinate Space

17
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LPC, in preparation




Result for Quasi-TMDWFs in Coordinate Space 18
e

~ Z (Dio (Z, bJ_7PZ7a9 L)
®=(z, P*,L,b, u) =
Zo(u,a)\Ze (2L + z,b ., u, a)
Re[e~#7®(A, L = 12a, P* = 2.49GeV)] on H48P32 03 Im[e~#7 (4, L = 12a, P? =2.49GeV)] on H48P32
: @ bJ. =4 a i
I
A I bl =6a 1
10 s8Te, I b.=8a O {==mmmmm e TEE-
¥ ¥z @ ! @
0.8 . & - ®e 00z i anllgw
-8 7 aiﬁﬁlﬁﬁia —02 % % 8a I g = ¥ %
2 = ! =
sz | *Is §§iivv P vzi§§
0.6 - ¥ | z 37w | w¥ &
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5! i !ﬁ Expa s
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I
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LPC, in preparation




Extrapolation for Large A

> In large A area, a feasible form of asymptotic behavior can be written as:

1.2

1.0 -

0.8 -

0.6

0.4 1

0.2 -

0.0 1

Re[e~#z®(A, b ,, P?, u)] on H48P32

zZL = 12a
= zr =13a
¥ 21 = 14a
¥ 21 =15a
M 21 = 16a

b, =3a,P?=1.99GeV

25

0.2

0.1

0.0 -

—0.1 1

Im[e~#7®(A, b, P?, )] on H48P32

zr=12a
2z =13a
zr =14a
2. =15a
2. =16a
¥ b, =3a P?*=1.99GeV

0 5 10 15 20
A =2P?

25

19

LPC, in preparation




Result for Quasi-TMDWFs in Momentum Space 20
e

T . dz txzP”® z
U= (z,b1, 1, C2) =L11_{f;o/%6 P @ (2, P*, L, b, p)

Re[W(x, P?=1.47GeV, b, =2a)] 005 Im[W¥(x, P?=1.47GeV, b, =2a)]

1.4
[ HYPO

1
12 : @ HYP1 0.00
1
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X X LPC, in preparation




Result for Quasi-TMDWFs in Momentum Space 21

3 dz . e HYP smearing:
U* (2,01, p,C.) = Jim / 5 ¢ @z P L b,u) v Better signal;
v Same physics.

Re[W(x, P?=1.47GeV, b, =2a)] 005 Im[W¥(x, P?=1.47GeV, b, =2a)] A

1.4
[ HYPO

|A\If Yuaveo — Yuvyp1 (graY)

—025{ WWm HYPO = _— TTTTTTTTTTITTTTTSSSSIESSS
______________________ [ HYP1 !
I | | Iyl ' ' ! ' ' !
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i 1
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X X LPC, in preparation




Result for Quasi-TMDWFs in Momentum Space 22

T . dz txzP”® z
U= (z,b1, 1, C2) =L11_{f;o/%6 P @ (2, P*, L, b, p)

1.00 -

0.75 +

0.50 4

0.25 1

0.00 -

—0.25 4

Re[W(x, b, =4a, P?, u)] on H48P32
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0.2
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X

075 100 125 150

LPC, in preparation




Result for Quasi-TMDWEs in Momentum Space

23

0.00

T . dz txzP”® z
U= (z,b1, 1, C2) =L11_{f;o/%6 P @ (2, P*, L, b, p)

Re[W(x, b, P?=2.99 GeV, u)] on H48P32

I bl=4a
= bl=5a

1.75 1

1.50 1

1.25 1

1.00 1

0.75 1
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0.25 1

__________________________________

—0.25 1

bl=63.

—0.50

125 1.50

Im[¥(x, b, P?=2.99 GeV, u)] on H48P32

-bl=4a
-bl=58
bl=63

100 125 150

LPC, in preparation
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>Lattice QCD calculation of Collins-Soper Kernel

« Collins-Soper Kernel



CS Kernel Extracted from Quasi-TMDWFs 25

quasi-TMDWFs

1 h PZ’ lI~Ii ab ) ,PZ
K(bopisa,x, P P5) = —— 1 1n [ AOT 2 (0 Do P
ln(Pl /Pz) h(fo,'u) :t(x, b_L,/«t, P;)

matching kernel

MU e R Kb, =8a,p) on H48P32 K(b, =12a,p) on H48P32
L0 0.50 Lo . ,
S Pi/P5=6/5
06 A PjPi=5/4 000
00

o 1] 3 FHl § Bdel| o
J3si? § e § b
. }Eﬂﬁﬁ%gﬁ%%%%%%ﬁ% j: 5 PiPi=6/5 7 i P}/P3=6/5 §

021
R L 204 @ Pi/P;i=6/4
030 035 040 045 050 055 060 065 070 030 035 040 045 0% 055 060 065 070 T 055 oh0 oms 0% 0% om0 ok ovo
X X X
(For better visualization, we present a subset of points selected LPC, in preparation

from the 200 data points in each of the 3 cases.) Avkhadiev, et al, PRD 108, 114505 (2023),




Large Momentum Limit Extrapolation 26
T

1 | |
Kb, ,u,a,x,P,P5)=K(b,,u;a)+ — Ab,,x,u;,a)
1>+ 2 15 M, Z\2 2\2 2 2 1.X, U,
(PY)* (P3| x*(1—-x)
o K(b, =3a, 1) on H48P32 0.50 K(b, = 6a, p) on H48P32 " K(b, =12a, p) on H48P32
PZ— > .
- T PP;=6/5 025 05
@ PiP;=6/4 '
0.6 1 E  PiP;=5/4 e 0.0 S
0.4- -0.25
~0.51
R e i P ELdhd E g
- o] T2 i 557
ooddond e Al Tl e LT T | 075
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(For better visualization, we present a subset of points selected
from the 200 data points in each of the 3 cases.) LPC, in preparation




Large Momentum Limit Extrapolation 27
e

1 1 1 ... repeat for each b
K(b,,pu;a,x,P;,P5) =K(b,,u;a) + - ] A(by,x, u;a) =
N el - (P> (P> x2(1-x)2" 7 and each ensemble ...
K(b ,
1.0 (b.,p)
0.5 1 A
Y
0.0 Fommmmmmmm g o
=
g@m
®
—0.5
Iu:;i % ﬁ
S
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0.0 0.2 0.4 0.6 0.8 1.0
b,/ fm LPC, in preparation




Continuum Limit and Physical Mass Extrapolation

K(blnu; avmﬂ)
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LPC, in preparation




The Systematic Uncertainty 29
T

> We have considered four sources of systematic uncertainties:
1.the unphysical imaginary part, 2.the large-A extrapolation,
3.the large-momentum extrapolation, 4.the continuum and physical mass extrapolations.




“Imaginary part” of the CS kernel

30

>Systematic uncertainty from the imaginary part of the CS kernel:

ol = \/ K(by, P + Im{K(b,, w)?] — | K(by, )|

>Previous studies have shown that the imaginary part of the CS Kernel primarily
originates from the matching kernel.

0.3

'he unphygical imaginary

0.2 1

S 0.1
G
+
= 0.0
=~
mﬂ 0.1
S
IH/ 0.2 - bJ_ =0.36fm
=t J_
El P ~1.5 4 SVI19 B Kby, p)
= 0.3 1 Py /P =12/8 —— Pavial9 d Koy, p)
Pf/P; =10/8 — SIYY15
_0'40.0 02 0.4 0.6 0.8 1.0 20 0.1 0.2 03 0.4 05 0.6 0.7
bL [fm]

Chu et al. (LPC), PRD 106, 034509

750D -




“Imaginary part” of the CS Kkernel 31
e

> The quasi-TMDWEF factorization formula requires x P°b, > 1, at small b, region,
remain the dependence on b, when computing the matching kernel.

Im[K(D .+, p)]

1.00
0.75 1
0.50 1

NPT AT 5 B

o251 & c32P29
i F32P30
-0.501 1 HA48P32
¢ €32pP23
07571 5 caspia
-1.00 +— - ' ' ' '
0.0 0.2 0.4 0.6 08 Lo LPC, in preparation

b,/ fm

Imaginary parts of the CS kernel are all very close to zero!
Avkhadiev, et al., PRD 108, 114505 (2023).




The Systematic Uncertainty

> We have considered four sources of systematic uncertainties:
1.the unphysical imaginary part, 2.the large-A extrapolation,
3.the large-momentum extrapolation, 4.the continuum and physical mass extrapolations.

> For these extrapolations(2, 3, 4), the difference of the result with different
extrapolation schemes denotes the systematic error.

: large-A large- P* aand m,
MES m extrapolation MEs in extrapolation CS .kernel extrapolation
coordinate momentum at different Result
space space ensembles & on¢scheme

diferent scheme

different result 4

scheme

result 3

result 2
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The Systematic Uncertainty

> We have considered four sources of systematic uncertainties:

1.the unphysical imaginary part, 2.the large-A extrapolation,
3.the large-momentum extrapolation, 4.the continuum and physical mass extrapolations.
Systematic Error Contribution
0.200
[ ] Total systematic error
0.175{ I Imaginary part
W A extrap
0.1501 mmm a and my; extrap
Bl P~ extrap
0.125 1
0.100 1
0.075 1
0.050 1
0.025 -
0.000 -

6 7 8 9 10 11 12 13 14 15 16
b,/0.05187 fm

17 18 19 20
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Final Result 34
-

v Continuum v Physical v b | = 1fm.
K(bll,ll) 05 K(b ., 1)
.i
!
|
---------------------------- e 0.0 Fmmmmm NG oo
!
/
/
51 ;8 i{ i85 ¢ ~0.5 -
~107 === l-loop \\{ { { | I ]. t 4 L0
—-— 2-loop ‘<2 1 !
—— 3-loop N 1 ART 23
¥ SVZES 2l 1N -1 ASWZ 24
~1.51 \ ~1.51
¢ LPC22 \ EEC 24
¥ ASwz23 \ ART 25
§  This work 1 ¢  This work
-2.0 T T T T T -2.0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 ) 0.8 1.0
b,/ fm b,/ fm Scimemi et al., JHEP 06, 137 (2020),
Moos et al., JHEP 05, 036 (2024),
Schlemmer et al., JHEP 08, 004 (2021); Avkhadiev et al., PRL. 132, 231901 (2024);
Chu et al. (LPC), PRD 106, 034509 (2022), Kang et al., arXiv:2410.21435;
Avkhadiev, et al., PRD 108, 114505 (2023). Moos et al., arXiv:2503.11201.




Review of CS Kernel Calculation 35
e

Pion mass Renormalization Fourier transform  Matching x-plateau  Continuum separation (*)
glg\ézfog 014511 (2020) Quenched 1.2 GeV Yes Yes LO Yes No 0.8fm
'555122%7 162001 (2020) 547 MeV N/A N/A LO N/A No 0.3fm
?IYEZPESS (2021), 230206502 422 MeV N/A N/A NLO N/A No 0.5fm
5&1%570%0221(2@2) 827 MeV N/A N/A LO N/A No 0.3fm
§¥¥)21201, 114502 (2022) 580 MeV Yes Yes NLO Yes No 0.5fm
IFTRP[?12026, 034509 (2022) 670 MeV Yes Yes NLO Yes No 0.6fm
5_55%20%, 172 (2023) 220 MeV Yes Yes NLO Yes No 0.6fm
'g‘RSE‘)’:’OZB"”% 4505 (2025 148.8 MeV Yes Yes UNNLL Yes No 0.8fm
QF§|_1V\€>>22,2231901 (2024) 148.8 MeV ves Yes UNNLL Yes I(\{I)?1c}|5e,|0.12,0.09) fm 0-9fm
LPC 25 (preliminary) 135.5 MeV Yes Yes uNLO Yes Yes ~1.0fm
Table adapted/updated from Yong Zhao’s collection (*) Only the results that deviate from 0 by more than 2c are considered.
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>Summary and Outlook



Summary and Outlook 37
- .22
We present the lattice QCD calculation of CS Kkernel:

v Systematic uncertainty have been carefully addressed;
v Physical extrapolation include large momentum, continuum limit and physical mass;

v The CS kernel has been extracted in the long-distance region (b, = 1fm).

In the future, we will:

> Better control of uncertainties;

> Polarized TMDPDFs calculation;

Thank you for your attention!




Backup
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TMDPDFs: 3D tomography of the nucleon 39

Leading Quark TMDPDF's Q—» Nucleon Spin @ Quark Spin

Quark
Polarization Quark Polarization

Un-Polarized Longitudinally Polarized Transversely Polarized

() (L)

fl = @ h’iL = @ N @
Unpolarized Boer-Mulders
g11.= (O = (| by == (O
Helicity Worm-gear

Nucleon N hi = d) — @
Polarization flT = —_ @ gl—]f-r - é . @ Transversity
1
Sivers Worm-gear th = @ - @

Pretzelosity

TMDPDFs are indispensable and multifaceted.
Boussarie et al., TMD Handbook, 2304.03302




Phenomenological vs. Lattice at TMD Observables 40
N

Most recent global data fit-Tensor Charge

> The tensor charge 6q is the first ¢ Phenomenology = Lattice QCD

moment of the quark transversity od ou

Q C O C o W - OCDSF/UKQCD/CSSM (2023)
dlStl’llbllthIl function h(x): \ ' ETM 2021)
; q M - Alexandrou et al. (2020)
oa = — . ™ Gupta et al.(2018)
q dx [hl (x) hl (x)] . - Bhattacharya et al. (2016)
0 . Fad Abdel — Rehim et al. (2015)
. R t M 1 Zeng et al. (2024)
q q q —a—i e JAM (2023)

> There exists a noticeable difference e - D'Ale(sio et al. (2020)

between lattice QCD and T g;;';gfgf;ﬁggfg)

phenomenological results obtained = y e Lin f;“;l-( %01175?

—o— —e— eetat.
from global fits. — Kang et al.(2016)
| . | —e— Radici et al. (2015)
- ———  Goldstein et al. (2014)
——i ——i Anselmino et al. (2013)
+ | e Without COMPASS 2024
P S — With COMPASS 2024
-1.50 -0.75 0.00 0.75 1.50

Zeng et al.,arXiv:2412.18324

High-precision calculations of TMDs on the lattice are urgently needed.




TMDs on Lattice QCD

 Large-momentum effective theory: connecting Euclidean lattice and physical
observables

Lorentz boost

A 4

Ji, PRL110(2013),
RMP93(2021), ...

* Achieved great success in the studies of TMDPDFs:

du(z, p) —dd(x, p)

28} 081 My (MeV) 3 T
“|  ess This Work 1 PZ(GeV) 220 310 Physical &3 nucleon

2.4f JAM 22 : _ , ) 2.4 &5 pion T
ot JAM 20 \ 0.6 i p=2 GeV

161 e (=4 GeV?

1.2} N 0.4 1 1.2 AN

\ 1 N
0.8} | 4 06
0.4} 0.2
-o4g L A A A L L L 00 ‘ T T T T -0.6 2

-0.75 -05 -025 0. 025 05 075 1. 0.0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1
Proton transversity PDF, PRL131(2023) Unpolarized nucleon TMDPDEF, Boer-Mulders Function, arXiv:2502.11807

DD IIL \
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https://arxiv.org/abs/2502.11807

Dispersion Relation

> We use the following fitting formula to
fit the dispersion relation of pion,

where the fit result is b1 = 1.0048 (90),
b2 =-0.055 (16).

3.0 1

2.5

2.0 1

1.5 1

0.5 1

0.0

E/GeV

e b HEH e

C48P14
C32P29
F32P30
H48P32

0.0

0.5 1.0

15 2.0 25
P?/GeV

3.0
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L Dependence 43
e

> The extraction of f’i(x, b,,u,C ) requires L to be large enough. When L
>6a=(0.6fm, the matrix elements remain invariant.

r-i---i dz P~ ixzP? <O |q (Z,ﬁ’z + b—L,ﬁ’—L) 7t75 UC:l:Q(O)| 7T (Pz)>

e
I I
1220 27 \/ZE (2L—|— |z|,bJ_,,u)Zo(1/a,,u)
b=1a b=2a b=3a
0.04
b z=1a
003‘ @ Z:ZQ
YR é i:iz
2 go] ¥ z=5a : -
X o
R R e T S I R ﬁ ------ ﬁ ﬁ ----- SN S— L —
N
3 0011 ] :
& —0.02
<
~0.03 -
~0.04

4 6 8 10 12 4 6 8 10 12 4 6 8 10 12
L/a L/a L/a




HYP smearing

2.00

1.75 A

1.50 A

1.25 +

1.00 A

0.75 -

0.50 -

0.25 -

0.00

<f>bare(L =6a,z=2a,b, =3a,P?= 1.47GeV) noise-to-signal
I

4 hypo
hypl

N _conf =500 $ hyp2

4o {0 ¢ 4% 4T 4% 4@ 0{ 44

2 4 6 8
va

N conf = 500, fix timeslice = 4a, Pz=1.47GeV,
the noise-to-signal ratio of bare-TMDWF

HYP 0 HYP1 HYP 2

(4,0) 0.5509 0.0187 0.0112

(4.,3) 0.8883 0.1231 0.0706

(4,6) 2.0127 0.4808 0.1474

(4,9) 30.4924  0.5352 1.2179

« HYP smearing significantly suppress the noise-to-signal ratio of bare-TMDWF
* The noise-to-signal ratio of HYP smearing 1 times 1s lower than that of without HYP
smearing.
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“Imaginary part” of the CS kernel 45

> The quasi-TMDWEF factorization formula requires x P*b, > 1, (1 — x)sz L >1, at
small b, region, remain the dependence on b, when computing the matching kernel.

Re[H*(x=0.5,b, P% u=2GeV)] Im[H*(x=0.5,b,,P? p=2GeV)]

0.2
115 ! --- Pz=2.0GeV,uNLO ]
n| PZz=2.0GeV, NLO o emmmmmmTTTTTTTT
' PZ=2.5GeV, uNLO =T
1.10 - |‘ P?=2.5GeV,NLO //' —
! --- P?=3.0GeV,uNLO 0.0 ST mmmmmmm T
\ PZ=13.0GeV, NLO RO aPtae
\ / ,/
1054 '} —0.1 1 i,
[IERY 17 s
/74
[ IENY 17¢
‘\ \\ —0.2 1
1004 W\ ' ' --- PZ=2.0GeV,uNLO
NN i P?=2.0GeV, NLO
M —031 [ P? =2.5GeV, uNLO
0.95 1 N / P?=2.5GeV, NLO
________ 044 | --- P?=3.0GeV,uNLO
_____________________ ! P?=3.0GeV, NLO
0'90 L T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
b J_/fm

bL/fm

b-unexpanded matching kernel, PRD 108 (2023)




Different Lorentz Structures 46
e
When P? =1.47GeV

Iy, = Y'vs, Y%¥s, 75 are consistent when the timeslice is large;

* The signal-to-noise ratio of y'ys, yys is greater than that of y..

®pare(L = 6a,z=3a,b, = 4a,P?=1.47GeV) hypl ®pare(L =6a,z=3a,b, =4a,P?=1.47GeV) hypl

0.040
¥ Imsink:yty5 source: yty® ¥ Resink:yly5 source: yty®

¥ Imsink:yty> source: y?y® ¥ Resink:y'y5 source: y?y®

| ]
| 1
0.035 1 1 I v
¥ Imsink:y'y® source: y® 1 ¥ Resink:y'y5 source: y® I
| 0.03 ]
0.030 A - | ]
= | - |
| - |
0.025 A ] 1
I 0.02 = 2Y I
-
K I Y = Y
0.020 = v % %
|
% I
0.015 1 i I 0011 | 1 Y
: Y ¥ Y |
\ 4
1 |
0.010 1 v 1
| 0.00 1 |
| 1
0.005 A Y
| |
| |
0.000 T T T | T T -0.01 T T T | T T T
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Gauge Fixing Accuracy and Lorentz Structure 47
N

®pare(L = 6a,P? = 1.47GeV)/\ Ze hypl Bpore(z, L = 6a, P? = 1.47GeV)/\ Ze hypl
& ® b=2regfix-8 e
1.0 ® B @ b=2,regfix-6 107 ¢ &
= @ = k-
0.8 - 0.8 -
® =3 @ k-4
0.6 - % = 0.6 - z E
0.4 1 ® & 0.4 1 ® -
® o o o
0.2 - & ® 0.2 7 m o
(3 & o T b=2a, Mec =y +iy?)2 w
@ g » VSIC
0.0 1 m@f@ Pym 0.0{ TBE ® b=2a l,=y° . g
—1'0.0 -—7'.5 —SI.O -—2'.5 O.IO 2j5 S.IO 7.'5 10l.0 —1'0.0 —7'.5 —5'.0 —2'.5 O.IO 2j5 5.'0 7.'5 10'.0
A = zP? A= zP?
Left panel : Right panel :We fix I',;,, = ¥'ys ,
. thered: gauge fixing accuracy 107° V'« the red: .= s +1iy%s)/2 v
« the blue: gauge fixing accuracy 107° * theblue: I, =7;




Self-Renormalization--a New Scheme to Extract Z, 48
e

Subtracted matrix element

®°(z,b, Pz =0, p) e a’
_ » Uy ’ —7 la, hMS ,b . Z +0 o
N TSN o(l/a, )y (1t b1, 2) + O(3

> Renormalization condition: |j(a, 7, b))

> Parametrization 7 _ Yo €1
: Inh(a,z,b)) e In -ln[l/(aAQCD)]— + ln[l/(aAQCD)] +g(z,b))
_ Yo €1 '
InZo(a,pu) = Bo In hln[l/(aAQCD)]— + In[1/(ahoco)] +d' ()

Deng et al., JHEP 09 (2022); Huo et al. NPB 969(2021)




Self-Renormalization--a New Scheme to Extract Z, 49
e

Subtracted matrix element
C A ®°(z, b, Pz =0, a’
> Renormalization condition: |ji(a,z, b,) = (2.6, Pz=0p) _ = Z,(1/a, ,u)hMS(,u, b..7)+ 0(_)
\/ZE(Z +2L,b,u)  mmmmmm—m—m———
r; { Joint fit result: ¢ ,=0. 020 :
[d [ ~ L | N B BN 2 B B N =B & &8 § B B B |
> Parametrization  |nj(a,z,b,) = LA lln[l/(aAQCD)] + — +¢(z,D0)
: Bo In[1/(aAqcp)]
o In®(z=0.15fm, b, a) os In®(z=0.2fm, b, ,a) os In®(z = 0.25fm, b, , a)
% Zl zg.;zim ¥ b, =0.15fm 9 b, =0.15fm
044 % bi — 0.25fm 0.4 1 % gi :8;2?::1 047 % Zi :8:§§?m
& b, =03fm 3 b, =03fm & b, =03fm
031 ¥ my;=135.5MeV 034 * m;=1355MeV 031 ¥ m,=135.5MeV
o o [0}
o . 0 B} 02 i}
5 ,, & . = g 014 A ' %
0.1 1 1 7 ' 3 - 3
¥ . 00] § " & i
001 & ¥ -0.14{ % )
—0.1
—0.1 T T T T T T T
2.0 2.5 3.01/8[G2€/ : 4.0 45 5.0 2.0 2.5 3101/a[G§\5/] 40 45 so 02 20 25 3t01/a[G§\5/] 4.0 45 50
Deng et al., JHEP 09 (2022); Huo et al. NPB 969(2021)




Self-Renormalization--a New Scheme to Extract Z,, 50
e

Subtracted matrix element
10 — 2
> Renormalization condition: |;(a, 7,5 ,)|= ® (2.0, Pz =0.p) =Zo(1/a, ,u)hMS(,u,be) + 0(_)
'\/ZE(Z+2L9 baﬂ) ------------ |
o | - r; 1 Joint fit result: c¢,;=0. 020 |
> Parametrization  1nj(a,z,b,) = 2 In|In[1/(aAocp)] | + _|___1_|:“gjz, """""
: VB | PR In[1/{aAgen)] ’
InZo (Cl, ,u) = E In ln[l/(aAQCD)] + C{ + d,(,u
0.20 9@z,b,)-In®* ﬁo i | ln[l/(a QCD)]
6 =-0.00003(404)
" d’(u) = -0.448
e fm 0.10530 0.07746 0.05187
0.00 4 §
¢ 3 HYPO 1.064(21) 1.145(20) 1.241(19)
HYP1 0.92208(62)  0.97526(57)  1.03969(53)
T e Deng et al., JHEP 09 (2022); Huo et al. NPB 969(2021)




