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Status of gluon generalized patron distributions (GPDs)

The Tomography of the Nucleon - Spa-
tial Imaging of Gluons and Sea Quarks
By choosing particular final states in elec-
tron+proton scattering, the EIC will probe
the transverse spatial distribution of sea
quarks and gluons in the fast-moving pro-
ton as a function of the parton’s longitudinal
momentum fraction, x. This spatial distri-
bution yields a picture of the proton that is
complementary to the one obtained from the
transverse-momentum distribution of quarks
and gluons, revealing aspects of proton struc-
ture that are intimately connected with the
dynamics of QCD at large distances. With
its broad range of collision energies, its high
luminosity and nearly hermetic detectors,
the EIC could image the proton with un-
precedented detail and precision from small
to large transverse distances. The accessible
parton momentum fractions x extend from
a region dominated by sea quarks and glu-
ons to one where valence quarks become im-

portant, allowing a connection to the precise
images expected from the 12 GeV upgrade
at JLab and COMPASS at CERN. This is
illustrated in Fig. 1.4, which shows the pre-
cision expected for the spatial distribution of
gluons as measured in the exclusive process:
electron + proton → electron + proton +
J/Ψ.

The tomographic images obtained from
cross-sections and polarization asymmetries
for exclusive processes are encoded in gen-
eralized parton distributions (GPDs) that
unify the concepts of parton densities and
of elastic form factors. They contain de-
tailed information about spin-orbit correla-
tions and the angular momentum carried by
partons, including their spin and their orbital
motion. The combined kinematic coverage
of the EIC and of the upgraded CEBAF as
well as COMPASS is essential for extracting
quark and gluon angular momentum contri-
butions to the proton’s spin.
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Figure 1.4: The projected precision of the transverse spatial distribution of gluons as obtained
from the cross-section of exclusive J/Ψ production. It includes statistical and systematic uncer-
tainties due to extrapolation into the unmeasured region of momentum transfer to the scattered
proton. The distance of the gluon from the center of the proton is bT in femtometers, and the
kinematic quantity xV = xB (1 +M2

J/Ψ/Q
2) determines the gluon’s momentum fraction. The

collision energies assumed for Stage-I and Stage-II are Ee = 5, 20 GeV and Ep = 100, 250 GeV,
respectively.
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The Tomography of the Nucleon - Spa- 
tial Imaging of Gluons and Sea Quarks

EIC white paper (projection)
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Gluon GPDs from  theory or experiment almost unknown (no LQCD calculation yet)

Number of independent observables in experiments is typically insufficient to fully isolate and 
constrain all 8 gluon GPDs

In experimental processes, gluon GPDs enter indirectly, only through higher-order effects 



Toward determination of gluon GPDs from LQCD
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Schoenleber, RSS, Izubuchi, Yang [PRD 2025] 

Lorentz-covariant parameterization of the matrix elements in terms of a linearly 
independent basis of tensor structures

Projection of LQCD matrix elements onto light cone distributions

LQCD calculation in progress Jakob Schoenleber**, Michael Engelhardt, Taku Izubuchi, Tanjib 
Khan, Huey-Wen Lin, Sergey Syritsyn and students/postdocs to sign up for

Are projections of  LQCD gluonic matrix elements onto light cone distributions unique?

Is LQCD matrix element with one set of operator better than the other?

Given experience from gluon helicity PDF, is it possible to isolate all 8 gluon GPDs in LQCD 
calculations?



 Questions related to choice of operators for gluon PDFs 
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A combination of matrix elements on the lattice:

Balitsky, Morris, Radyushkin, et al [PLB 2020]

M0i;i0 = hp|G0i(z) [z, 0]Gi0(0) |pi = 2 p20Mpp + 2Mgg

Mji;ij = �2Mgg

M0i;i0 +Mji;ij = 2p20 Mpp

i, j ! x, y

Other choices of multiplicatively renormalizable operators Zhang, et al [PRL 2019] 
Li, Ma, Qiu p[PRL 2019]
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to phenomenological results, a tentative look at the first
nucleon gluon quasi-PDF from the data with the best
signal, and an early exploration of Coulomb gauge fixing
to improve the signal. The final conclusions and future
outlook can be found in Sec. V.

II. THEORETICAL BACKGROUND

A. Gluon Operators

Obtaining a lightcone PDF using LaMET starts with
the matrix elements of some coordinate-space correlator
O(z) having separation in the z-direction,

hB(z, Pz) = →H(Pz)|O(z)|H(Pz)↑, (1)

where |H(Pz)↑ is the ground state of the hadron H
with boost momentum Pz. For the gluon PDF, there is
some freedom in the choice of O(z), minding multiplica-
tive renormalizability. The form of the operators should
be [46–48]

Oµω(z) = Fµε

a
(z)W (z, 0)F ω

a,ε
(0) (2)

or a combination of such operators, where Fµϑ

a
= ωµAϑ

a
↓

ωϑAµ

a
↓gfabcA

µ

b
Aϑ

c
is the gluon field strength tensor, and

W (z, 0) = P exp

[
↓ig

∫
z

0
dz→Az(z→)

]
(3)

is the Wilson line for gauge invariance with Az = Az

a
ta.

Only some choices of operator indices and summations
are known to be multiplicatively renormalizable [46, 47].
We will focus on three operators for the unpolarized
gluon PDF

O(1)(z) = F zi(z)W (z, 0)F z

i
(0) (4)

O(2)(z) = F zµ(z)W (z, 0)F z

µ
(0) (5)

O(3)(z) = F ti(z)W (z, 0)F t

i
(0)↓ F ij(z)W (z, 0)Fij(0).

(6)

Here, the repeated µ terms denote summation over all
Lorentz indices, while i, j means summation over only the
transverse indices (x, y). Multiplicative renormalizability
at the one-loop level was shown for the first two operators
in Ref. [46] and for the last operator in Ref. [47].

We choose O(1) and O(2), as these are the only two op-
erators that have hybrid-ratio scheme matching relations
derived, and O(3), as it has been shown to produce good
signal in the many pseudo-PDF studies [35–41].

B. Renormalization Procedure

The hybrid-ratio–renormalized[49] matrix elements are
defined

hR(z, Pz) =

{
h
B(0,0)

hB(0,Pz)
h
B(z,Pz)
hB(z,0) z ↔ zs

h
B(0,0)

hB(0,Pz)
h
B(z,Pz)

hB(zs,0)
↗ e(ϖm+m0)(z↑zs) z > zs

,

(7)

where zs is some scale distance typically chosen to be less
than about 0.3 fm, and εm and m0 are the mass renor-
malization and the renormalon ambiguity terms needed
to renormalize the linear divergence from the Wilson line
self energy. If zs ↘ ≃, we recover the standard ratio-
scheme renormalization, which does not take into account
the Wilson-line self energy. The quasi-PDF for the gluon
has never been studied directly from lattice data in either
renormalization scheme, so we are interested in seeing
the hybrid-ratio and ratio-scheme results. With multiple
lattice spacings, εm and m0 can be fit independently [49–
51]; however, with only a single lattice spacing, it is sim-
pler to fit the sum εm + m0 as one term by matching
the Pz = 0 bare matrix elements to the perturbatively
calculated “Wilson coe!cients”. The Wilson coe!cients
have only been explicitly calculated for operators O(1)

and O(2). Following Ref. [52], we write these as

H(i)
(
0, µ2z2

)
= 1 +

ϑs

2ϖ
CA

(
↓A(i)Lz +B(i)

)
(8)

where Lz = ln
(

4e→2ωE

µ2z2

)
and

A(1) =
11

6
B(1) = 4

A(2) =
11

6
B(2) =

14

3
.

We fit εm+m0 at short distances using the form

(εm+m0)z ↓ I0 ⇐ ln
[
H(z, µ)/hB(z, 0)

]
, (9)

where I0 is a constant not dependent on z. Typically, one
would want to fit using three data points {z↓a, z, z+a},
where a is the lattice spacing, but for coarse lattices,
interpolation must be used between data points to get a
reasonable fit.

C. The Quasi-PDF and Lightcone Matching

The Fourier transform of the renormalized matrix el-
ements defines the quasi-PDF, which gives the leading-
order behavior of the PDF:

xg̃(x, Pz) =

∫ ↓

↑↓

dz

2ϖPz

eixPzzhR(z, Pz). (10)

It is important to have matrix elements at large enough
distances for the integral to converge. In many cases this
is not tractable, since the noise in the lattice matrix el-
ements increases exponentially with distance; however,
based on minimal assumptions on the small-x form of
the lightcone PDF, a model involving an exponential de-
cay can be used for a large-distance extrapolation [49].
Obtaining signal at far enough distances to reliably make
this extrapolation is still di!cult in the gluon case.
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FIG. 12: Ratio renormalized matrix elements for the HYP5 smearing data for the strange nucleon, light nucleon, ωs,
and ε (rows top to bottom) for each operator O(1,2,3)(z) (columns left to right).

by the lightcone matching. Overall, we are able to get
the first gluon quasi-PDF from lattice data, but this re-
quired guess work for the hybrid renormalization due to
the missing Wilson coe!cient and a much heavier than
physical pion mass and a large amount gauge-link smear-
ing, both which likely a”ect the physics. Nonetheless,
this shows that we are very close to being able to extract
a gluon PDF through LaMET. Further signal improve-
ments will be necessary to make a more confident ex-
trapolation of the matrix elements and improve the error
bars.

D. Exploration of Coulomb Gauge Fixing

It has been recently suggested and shown for quark
PDFs and transverse momentum distributions (TMDs)
that fixing to the Coulomb gauge and removing the Wil-

son line from the operator definitions reduces noise in the
calculation, results in consistent lightcone PDFs, and sees
minimal systematic uncertainty from Gribov copies [58–
60]. We wish to explore this for the gluon, naively fol-
lowing the methodology of Ref. [58]. We consider only
Wilson-3 smeared data for the light nucleon for this pre-
liminary study. After applying the smearing, we fixed to
the Coulomb gauge to an accuracy of 10→7 and measured
each operator defined in Eqs. 4, 5, and 6 with the Wilson
lines removed.

We plot the bare matrix elements for Coulomb gauge
(CG) (opaque markers) and gauge invariant (GI) (lighter
markers) operators in Fig. 23 for each operator. We see,
as expected, the z = 0 GI and CG matrix elements all
agree well within statistical errors, except for the small-
est two, nonzero, momenta for O(2). Whatever, the cause
of this disagreement, it is reduced at larger momenta.
Interestingly, the Pz = 0 and 0.427 GeV CG matrix el-

Good, Hasan, Lin [J. Phys. G [2025]
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→Mpp(ω, z
2 = 0) =

1

2

∫ 1

→1
dx e→ixω xg(x)

2

helicity GPD calculation of the proton [33], and a quasi-TMD calculation in the pion [34]. However, there are fewer
lattice calculations of gluon distribution functions than that of quark distributions. Lattice calculations include the
gluon momentum fraction [35, 36], the gluon contribution to the nucleon spin [37], gluon gravitational form factors
of the nucleon and the pion [38]. Recently, there have been attempts to calculate gluon PDFs in the nucleon [39, 40]
and in the pion [41].

In this work, we apply the pseudo-PDF approach [18] to extract the gluon PDF in the nucleon. We calculate the
Io↵e-time pseudo-distribution function (pseudo-ITD), M(⌫, z2) [18, 42, 43], where the Io↵e-time [44] is a dimensionless
quantity that describes the length of time that the DIS probe interacts with the nucleon, in units of the inverse
hadron mass. The related pseudo-PDF, P(x, z2) can be determined from the Fourier transform of the pseudo-ITD.
The pseudo-PDF and the pseudo-ITD are the Lorentz invariant generalizations of the PDF and of the Io↵e-time
distribution function (ITD) [45] to non-zero separations, z2 > 0, respectively. In renormalizable theories, the pseudo-
PDF has a logarithmic divergence at small z-separations that corresponds to the DGLAP evolution of the PDF.
The pseudo-PDF and the pseudo-ITD can be factorized into the PDF and perturbatively calculable kernels, similar
to the factorization framework for experimental cross-sections. There have been a number of lattice calculations
implementing the pseudo-PDF method [46–51]. Our calculation applies the reduced pseudo-ITD approach, in which
the multiplicative UV renormalization factors are canceled by constructing a ratio of the relevant matrix elements [48].
This ratio, the reduced pseudo-ITD, removes the Wilson-line related divergences, as well as various other systematic
errors. We determine the gluon PDF from the reduced pseudo-ITD through the short distance factorization (SDF).

The unpolarized gluon PDF must be extracted from our lattice results by inverting the convolution that relates the
PDF to the lattice matrix elements. We have access to a limited number of discrete and noisy values of the matrix
element on the lattice, so this inversion problem is ill-posed. A number of techniques have been proposed to overcome
this inverse problem [52], such as discrete Fourier transform, the Backus-Gilbert method [51, 52], the Bayes-Gauss-
Fourier transform [30], adapting phenomenologically-motivated functional forms [24], and finally the application of
neural networks [53, 54], which provide more flexible parameterizations of the PDFs. Here, we parameterize the
reduced pseudo-ITD using Jacobi polynomials [23, 55]. We vary the parameterization of the lattice matrix elements
to incorporate di↵erent correction terms and to compare multiple functional forms for the gluon PDF to study the
parameterization dependence.

The rest of this paper is organized as follows. In Sec. II, we first identify the matrix elements needed to calculate
the unpolarized gluon parton distribution, construct the reduced pseudo-ITD from the matrix elements and lay out
the position-space matching that relates the reduced pseudo-ITD to the light-cone ITD. In Sec. III, we describe
the construction of the gluonic currents associated with the matrix elements and the nucleon two-point correlators.
Sec. IV contains the details of our lattice setup. In Sec. V, we demonstrate the consistency of the nucleon two-point
correlators by extracting the energy spectra. Sec. VI describes the methodology we implement to calculate the reduced
pseudo-ITD from the three-point correlators. In Sec. VII, we extract the gluon PDF from the reduced pseudo-ITD
and compare our results with the phenomenological distributions. Sec. VIII contains our concluding remarks.

II. THEORETICAL BACKGROUND OF GLUON PSEUDO-DISTRIBUTIONS

A. Matrix Elements

To access the unpolarized gluon PDF, we calculate the matrix elements of a spin-averaged nucleon for operators
composed of two gluon fields connected by a Wilson line, which have the general form

Mµ↵;��(z, p) ⌘ hp|Gµ↵(z)W [z, 0]G��(0) |pi . (1)

Here, zµ is the separation between the gluon-fields, pµ is the 4-momentum of the nucleon, W [z, 0] is the standard
straight-line Wilson line in the adjoint representation,

W [x, y] = Pexp
n
igs

Z 1

0
d⌘ (x� y)µÃµ

�
⌘x+ (1� ⌘)y

�o
, (2)

for the gauge field Aµ, where P indicates that the integral is path-ordered. The matrix elements can be decomposed
into invariant amplitudes, Mpp, Mzz, Mzp, Mpz, Mppzz and Mgg using the four-vectors, pµ and zµ, and the metric
tensor gµ⌫ [56]. These amplitudes are functions of the invariant interval z2 and the Io↵e-time p · z ⌘ �⌫ [44].

The light-cone gluon distribution is obtained from

g
↵�

M+↵;�+(z�, p) = �2p2+ Mpp(⌫, 0) , (3)

X. Ji [PRL 2013]For unpolarized gluon PDF:
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A new calculation with LaMET matching Good, Yao, Lin  [arXiv: 2505.13321]

Operator choice as in Balitsky, et al [PLB 2020]

Large power corrections (for fixed momentum, starts to deviate after                       )?
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FIG. 2: Hybrid renormalized matrix elements for the Wilson-3 (left column) and HYP5 (right column) smearing for the strange
(top row) and light (bottom row) nucleons compared to the matrix elements reconstructed from the CT18 gluon PDF [28]

FIG. 3: Large-ω extrapolation of the hybrid renormalized
Pz = 1.71 GeV matrix elements, using the data from z →
[9a, 16a], the extent of which is shown by the two dashed,
vertical lines.

seen in the quark PDFs, but this is can be partially ac-
counted for due to the di!erence in the factors CF = 4/3
and CA = 3 in front of the NLO term in the matching
for the quark and gluon PDFs respectively. The nega-
tive portion of the quasi-PDF is mostly removed by the
matching, with the light-front PDF having a slightly neg-
ative central value from x ↭ 0.6, which is mostly within
1ω of zero. Another striking e!ect of the matching is that

the errors seem to be significantly reduced. It could be
that the oscillation in the errors of the quasi-PDF un-
dergo some level of destructive interference through the
matching. We expect that the di!erences between the
quasi- and light-front PDFs may be reduced as error re-
duction at large-z make the matrix element extrapolation
more stable.

As a general look at the physical relevance of our PDFs,
we compare our PDF to the CT18 [28] and JAM24 [29]
gluon PDFs, which are fairly di!erent global fits from
each other, in Fig. 5. We see that on the lower side of
the region that we trust, we have quite good agreement
with the CT18 PDF and similar sized errors; however,
the CT18 PDF falls o! much more slowly as x → 1 than
ours. We see that our PDF actually agrees quite well
with the JAM24 gluon PDF in the middle of our trust-
worthy region. It is easy to imagine that, with better
control over the lattice systematics, including the large
pion mass and large amount of smearing, that our PDF
will become positive in this region, and could be in good
agreement with JAM24, or this could just be a coinci-
dence of the systematics. It will be very interesting to
see what occurs when the noise reduction techniques that
a!ect the physics (the large pion mass and smearing)
are replaced with those that do not a!ect the physics as
much. Overall, this shows that despite the slightly nega-
tive central value, our PDF falls reasonably close to the
range of possible PDFs provide by di!erent global fits.
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zmax → 1.1 fm, pz → 2.15 GeV

Does not show         has small             corrections
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A more complicated problem related to gluon helicity PDF

“Contamination term” present in LQCD matrix element

6

2

of alleviating one of the challenging problems to determine gluon PDFs which requires data in a larger range than
available from present day LQCD calculations.

To determine �g(x) from LQCD, one needs to calculate matrix elements of gluon field Gµ⌫ and its dual eG�� =
(1/2)✏��⇢�G⇢� separated by a spatial Wilson line W [z, 0] [33, 55]:

�Mµ↵;��(z, p, s) = hp, s|Gµ↵(z)W [z, 0] eG��(0) |p, si

�(z ! �z), (1)

where z is the separation between the gluon fields, p is the nucleon four-momentum, and s is the nucleon polarization.
The combination which gives access to gluon helicity correlation with the least number of contamination terms is
�M00(z, pz) ⌘ �M0i;0i(z, pz)+�Mij;ij(z, pz); i, j = x, y being perpendicular to the nucleon boost in the z-direction,
p = {p0, 0?, pz} [55]. Leveraging the multiplicative renormalizability of the link-related UV divergences by forming
the following ratio,

�M(z, pz) ⌘ i
[�M00(z, pz)/pzp0]/ZL(z/aL)

M00(z, pz = 0)/m2
p

, (2)

we obtain the renormalization group invariant reduced pseudo Io↵e-time distribution. Here,M00(z, pz) ⌘ [M0i;i0(z, pz)+
Mji;ij(z, pz)] is the spin averaged matrix element related to the unpolarized gluon correlation [50, 56] and the factor
1/ZL(z/aL) is determined in [55] to cancel the UV logarithmic vertex anomalous dimension of the �M00 matrix
element. As a function of Lorentz invariant variables, z2 and ! ⌘ zpz (known as the Io↵e time [46] or quasi light-front

distance [57]), �M can be expressed in terms of invariant amplitudes, �M
(+)
sp and �Mpp [55]:

�M(!, z2) = [�M
(+)
sp (!, z2)�

✓
1 +

m2
p

p2z

◆
!�Mpp(!, z

2)]

(3)

In contrast, the light-cone correlation that gives access to x�g(x, µ) at a scale µ is

�Ig(!, µ) ⌘ i[�M
(+)
sp (!, µ)� !�Mpp(!, µ)]

=
i

2

Z 1

�1
dx e�ix!x�g(x, µ), (4)

and does not contain the additional term (m2
p/p

2
z)!�Mpp as in Eq. (3). A natural choice to suppress this contami-

nation term is to calculate the matrix element in Eq. (3) at a very large momentum. However, even for the physical
nucleon mass, mp = 0.938GeV and pz ⇡ 3 GeV, which will be challenging to achieve in the near future LQCD calcula-
tions at the physical point with reasonable signal for gluonic matrix elements [58], the suppression factor m2

p/p
2
z ⇡ 0.1

and the contamination term dominates the matrix elements as ! increases. An alternative expression of �M(!, z2)
shows this matrix element is nonvanishing at pz = 0 [54] and the following subtraction

�Mg, sub(!, z
2) = �M

(+)
sp (!, z2)� !�Mpp(!, z

2)

�!
m2

p

p2z
[�Mpp(!, z

2)��Mpp(! = 0, z2)], (5)

removes the O(!) contamination but residual higher order contamination can become significant at large !.
In this work, we propose a method to analytically eliminate the (m2

p/p
2
z)!�Mpp contribution. We take advantage

of the fact that di↵erent lattice boosts are related by pn = 2⇡n/(La), where a = 0.094 fm is the lattice spacing and
L = 32 is the spatial extent of the lattice used in this calculation. For simplicity, we omit the subscript z and write
p ⌘ pz in the rest of the paper and note that di↵erent lattice boosts pk and pl are related by the ratio r = k/l.
Utilizing this relation and multiplying Eq. (3) by corresponding lattice squared-momentum p2k, we get

p2k�M(!)
��
pk

= p2k[�M
(+)
sp (!)� !�Mpp(!)]

�m2
p!�Mpp(!) , (6)

and another set of matrix elements by corresponding p2l (l < k and pk = rpl), we arrive at the following relation after
subtraction:

�Mg(!) ⌘ �M
(+)
sp (!)� !�Mpp(!)

=
r2�M(!)

��
pk

��M(!)
��
pl

r2 � 1
. (7)

Balitsky, Morris, Radyushkin [JHEP 2022] 
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where z is the separation between the gluon fields, p is
the nucleon four-momentum, and s is the nucleon polar-
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gences by forming the following ratio,
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M00(z, pz = 0)/m2
p

, (2)

we obtain the so-called reduced pseudo Io↵e-time dis-
tribution. M00(z, pz) ⌘ [M0i;i0(z, pz) + Mji;ij(z, pz)] in
Eq. (2) is the spin averaged matrix element related to
the unpolarized gluon correlation [50, 56] and the factor
1/ZL(z/aL) is determined in [55] to cancel the UV loga-
rithmic vertex anomalous dimension of the�M00 matrix
element. As a function of Lorentz invariant variables, z2

and ! ⌘ zpz (known as the Io↵e time [46] or quasi light-
front distance [57]), �M can be expressed in terms of

invariant amplitudes, �M
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to x�g(x, µ) at a scale µ is
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=
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Z 1
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dx e�ix!x�g(x, µ), (4)

and does not contain the additional term
(m2

p/p
2
z)!�Mpp as in Eq. (3). A natural choice to

suppress this contamination term is to calculate the
matrix element in Eq. (3) at a very large momen-
tum. However, even for the physical nucleon mass,
mp = 0.938GeV and pz ⇡ 3 GeV, which will be
challenging to achieve in the near future LQCD cal-
culations at the physical point with reasonable signal
for gluonic matrix elements [58], the suppression factor
m2

p/p
2
z ⇡ 0.1 and the contamination term dominates

the matrix elements as ! increases. An alternative
expression of �M(!, z2) shows that this matrix element
is still nonvanishing at pz = 0 [54] and the following
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removes the O(!) contamination but residual higher or-
der contamination can become significant at large !.
In this work, we propose a method to analytically elim-

inate the (m2
p/p

2
z)!�Mpp contribution. We take advan-

tage of the fact that di↵erent lattice boosts are related by
pn = 2⇡n/(La), where a = 0.094 fm is the lattice spac-
ing and L = 32 is the spatial extent of the lattice used in
this calculation. For simplicity, we omit the subscript z
and write p ⌘ pz in the rest of the paper and note that
di↵erent lattice boosts pk and pl are related by the ratio
r = k/l. Utilizing this relation and multiplying Eq. (3)
by corresponding lattice squared-momentum p2k, we get

p2k�M(!)
��
pk

= p2k[�M
(+)
sp (!)� !�Mpp(!)]

�m2
p!�Mpp(!) , (6)

and another set of matrix elements by corresponding p2l
(l < k and pk = rpl), we arrive at the following relation
after subtraction:

�Mg(!) ⌘ �M
(+)
sp (!)� !�Mpp(!)

=
r2�M(!)
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pk

��M(!)
��
pl

r2 � 1
. (7)

Finally, �Mg(!) is free of the contamination term and
can be matched to �Ig(!, µ). The immediate challenge
of implementing Eq. (7) is that the subtractions between
multiple data sets of pn require continuous functions in
! and values of �M at the same ! with di↵erent pn,
whereas LQCD data are obtained at discrete ! values
and the ranges of ! vary with pn. In [54], a fit to data
using an expansion in moments was performed in an at-

tempt to isolate [�M
(+)
sp (!)�!�Mpp(!)] and to obtain

a continuous distribution in ! among di↵erent momenta.
An attempt to add only the second moment in the fit
to the contamination term containing �Mpp(!) resulted
in an uncontrolled error and one needed to use the first
moment as a Bayesian prior before the error in �Mg(!)
would blow up. Moreover, instead of using i = 0, 1 in

the expression for odd moments
P

i
(�1)i

(2i+1)!ai!
2i+1, had

it been used i = 0, 1, 2, the �Mg(!) result in [54] would
diverge upward as have been demonstrated in [59, 60].
Therefore, the downward trend of the fitted �Mg(!) and
its divergent behavior toward negative value completely
depends on the truncation of the number of moments and
is therefore biased. Similar arguments go for a fit to the
very noisy �Mg,sub(!) data using moments.
To solve this problem of parametrization using mo-

ments and to determine a contamination-free �Mg(!),
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culate matrix elements of gluon field Gµ⌫ and its dual
eG�� = (1/2)✏��⇢�G⇢� separated by a spatial Wilson line
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�Mµ↵;��(z, p, s) = hp, s|Gµ↵(z)W [z, 0] eG��(0) |p, si

�(z ! �z), (1)

where z is the separation between the gluon fields, p is
the nucleon four-momentum, and s is the nucleon polar-
ization. The combination which gives access to gluon he-
licity correlation with the least number of contamination
terms is �M00(z, pz) ⌘ �M0i;0i(z, pz) +�Mij;ij(z, pz);
i, j = x, y being perpendicular to the nucleon boost in the
z-direction, p = {p0, 0?, pz} [55]. Leveraging the multi-
plicative renormalizability of the link-related UV diver-
gences by forming the following ratio,

�M(z, pz) ⌘ i
[�M00(z, pz)/pzp0]/ZL(z/aL)

M00(z, pz = 0)/m2
p

, (2)

we obtain the so-called reduced pseudo Io↵e-time dis-
tribution. M00(z, pz) ⌘ [M0i;i0(z, pz) + Mji;ij(z, pz)] in
Eq. (2) is the spin averaged matrix element related to
the unpolarized gluon correlation [50, 56] and the factor
1/ZL(z/aL) is determined in [55] to cancel the UV loga-
rithmic vertex anomalous dimension of the�M00 matrix
element. As a function of Lorentz invariant variables, z2

and ! ⌘ zpz (known as the Io↵e time [46] or quasi light-
front distance [57]), �M can be expressed in terms of

invariant amplitudes, �M
(+)
sp and �Mpp [55]:

�M(!, z2) = [�M
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sp (!, z2)� !�Mpp(!, z

2)]
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In contrast, the light-cone correlation that gives access
to x�g(x, µ) at a scale µ is

�Ig(!, µ) ⌘ i[�M
(+)
sp (!, µ)� !�Mpp(!, µ)]

=
i

2

Z 1

�1
dx e�ix!x�g(x, µ), (4)

and does not contain the additional term
(m2

p/p
2
z)!�Mpp as in Eq. (3). A natural choice to

suppress this contamination term is to calculate the
matrix element in Eq. (3) at a very large momen-
tum. However, even for the physical nucleon mass,
mp = 0.938GeV and pz ⇡ 3 GeV, which will be
challenging to achieve in the near future LQCD cal-
culations at the physical point with reasonable signal
for gluonic matrix elements [58], the suppression factor
m2

p/p
2
z ⇡ 0.1 and the contamination term dominates

the matrix elements as ! increases. An alternative
expression of �M(!, z2) shows that this matrix element
is still nonvanishing at pz = 0 [54] and the following
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�Mg, sub(!, z
2) = �M

(+)
sp (!, z2)� !�Mpp(!, z

2)

�!
m2

p

p2z
[�Mpp(!, z

2)��Mpp(! = 0, z2)], (5)

removes the O(!) contamination but residual higher or-
der contamination can become significant at large !.
In this work, we propose a method to analytically elim-

inate the (m2
p/p

2
z)!�Mpp contribution. We take advan-

tage of the fact that di↵erent lattice boosts are related by
pn = 2⇡n/(La), where a = 0.094 fm is the lattice spac-
ing and L = 32 is the spatial extent of the lattice used in
this calculation. For simplicity, we omit the subscript z
and write p ⌘ pz in the rest of the paper and note that
di↵erent lattice boosts pk and pl are related by the ratio
r = k/l. Utilizing this relation and multiplying Eq. (3)
by corresponding lattice squared-momentum p2k, we get

p2k�M(!)
��
pk

= p2k[�M
(+)
sp (!)� !�Mpp(!)]

�m2
p!�Mpp(!) , (6)

and another set of matrix elements by corresponding p2l
(l < k and pk = rpl), we arrive at the following relation
after subtraction:

�Mg(!) ⌘ �M
(+)
sp (!)� !�Mpp(!)

=
r2�M(!)
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pk

��M(!)
��
pl

r2 � 1
. (7)

Finally, �Mg(!) is free of the contamination term and
can be matched to �Ig(!, µ). The immediate challenge
of implementing Eq. (7) is that the subtractions between
multiple data sets of pn require continuous functions in
! and values of �M at the same ! with di↵erent pn,
whereas LQCD data are obtained at discrete ! values
and the ranges of ! vary with pn. In [54], a fit to data
using an expansion in moments was performed in an at-

tempt to isolate [�M
(+)
sp (!)�!�Mpp(!)] and to obtain

a continuous distribution in ! among di↵erent momenta.
An attempt to add only the second moment in the fit
to the contamination term containing �Mpp(!) resulted
in an uncontrolled error and one needed to use the first
moment as a Bayesian prior before the error in �Mg(!)
would blow up. Moreover, instead of using i = 0, 1 in

the expression for odd moments
P
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(�1)i

(2i+1)!ai!
2i+1, had

it been used i = 0, 1, 2, the �Mg(!) result in [54] would
diverge upward as have been demonstrated in [59, 60].
Therefore, the downward trend of the fitted �Mg(!) and
its divergent behavior toward negative value completely
depends on the truncation of the number of moments and
is therefore biased. Similar arguments go for a fit to the
very noisy �Mg,sub(!) data using moments.
To solve this problem of parametrization using mo-

ments and to determine a contamination-free �Mg(!),
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eG�� = (1/2)✏��⇢�G⇢� separated by a spatial Wilson line
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�Mµ↵;��(z, p, s) = hp, s|Gµ↵(z)W [z, 0] eG��(0) |p, si

�(z ! �z), (1)

where z is the separation between the gluon fields, p is
the nucleon four-momentum, and s is the nucleon polar-
ization. The combination which gives access to gluon he-
licity correlation with the least number of contamination
terms is �M00(z, pz) ⌘ �M0i;0i(z, pz) +�Mij;ij(z, pz);
i, j = x, y being perpendicular to the nucleon boost in the
z-direction, p = {p0, 0?, pz} [55]. Leveraging the multi-
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gences by forming the following ratio,
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we obtain the so-called reduced pseudo Io↵e-time dis-
tribution. M00(z, pz) ⌘ [M0i;i0(z, pz) + Mji;ij(z, pz)] in
Eq. (2) is the spin averaged matrix element related to
the unpolarized gluon correlation [50, 56] and the factor
1/ZL(z/aL) is determined in [55] to cancel the UV loga-
rithmic vertex anomalous dimension of the�M00 matrix
element. As a function of Lorentz invariant variables, z2
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=
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and does not contain the additional term
(m2

p/p
2
z)!�Mpp as in Eq. (3). A natural choice to

suppress this contamination term is to calculate the
matrix element in Eq. (3) at a very large momen-
tum. However, even for the physical nucleon mass,
mp = 0.938GeV and pz ⇡ 3 GeV, which will be
challenging to achieve in the near future LQCD cal-
culations at the physical point with reasonable signal
for gluonic matrix elements [58], the suppression factor
m2

p/p
2
z ⇡ 0.1 and the contamination term dominates

the matrix elements as ! increases. An alternative
expression of �M(!, z2) shows that this matrix element
is still nonvanishing at pz = 0 [54] and the following
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removes the O(!) contamination but residual higher or-
der contamination can become significant at large !.
In this work, we propose a method to analytically elim-

inate the (m2
p/p

2
z)!�Mpp contribution. We take advan-

tage of the fact that di↵erent lattice boosts are related by
pn = 2⇡n/(La), where a = 0.094 fm is the lattice spac-
ing and L = 32 is the spatial extent of the lattice used in
this calculation. For simplicity, we omit the subscript z
and write p ⌘ pz in the rest of the paper and note that
di↵erent lattice boosts pk and pl are related by the ratio
r = k/l. Utilizing this relation and multiplying Eq. (3)
by corresponding lattice squared-momentum p2k, we get
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pk
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(+)
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and another set of matrix elements by corresponding p2l
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Finally, �Mg(!) is free of the contamination term and
can be matched to �Ig(!, µ). The immediate challenge
of implementing Eq. (7) is that the subtractions between
multiple data sets of pn require continuous functions in
! and values of �M at the same ! with di↵erent pn,
whereas LQCD data are obtained at discrete ! values
and the ranges of ! vary with pn. In [54], a fit to data
using an expansion in moments was performed in an at-

tempt to isolate [�M
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sp (!)�!�Mpp(!)] and to obtain

a continuous distribution in ! among di↵erent momenta.
An attempt to add only the second moment in the fit
to the contamination term containing �Mpp(!) resulted
in an uncontrolled error and one needed to use the first
moment as a Bayesian prior before the error in �Mg(!)
would blow up. Moreover, instead of using i = 0, 1 in

the expression for odd moments
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it been used i = 0, 1, 2, the �Mg(!) result in [54] would
diverge upward as have been demonstrated in [59, 60].
Therefore, the downward trend of the fitted �Mg(!) and
its divergent behavior toward negative value completely
depends on the truncation of the number of moments and
is therefore biased. Similar arguments go for a fit to the
very noisy �Mg,sub(!) data using moments.
To solve this problem of parametrization using mo-

ments and to determine a contamination-free �Mg(!),
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How Lattice QCD & ML can help determining gluon helicity PDF
LQCD + ML tends to rule out negative gluon helicity PDF in the mid-to-moderately large      region

LQCD + Neural Network: only positive gluon helicity PDF
Liu, Khan, RSS  [PRD 2023] 

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

JAM Collaboration global fit (PRD 2022) 
positive and negative solutions

X

Negative        leads to negative cross-sections for Higgs boson production (de Florian, Forte, Vogelsang [PRD 2024])
<latexit sha1_base64="HFuFWxU4HM4G42h63dxCvqF0Q94=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtJ9BGxOoBxwn4ERsoEQrO0Ert7i1IZHTQK1fcqjsDXSZeTiokR71X/ur2Y55GoJBLZkzHcxP0M6ZRcAmTUjc1kDA+YgPoWKpYBMbPZvdO6IlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzp9nvaFBo5ybAnjWthbKR8yzTjaiEo2BG/x5WXSPKt6F9Xz+/NK7TqPo0iOyDE5JR65JDVyR+qkQTiR5Jm8kjfn0Xlx3p2PeWvByWcOyR84nz9+r4+g</latexit>

�g

JAM re-analysis 
(PRL 2024)

4

0 20 40
eigendirection

0

5

10

�
2 i

�g > 0

�g < 0

baseline + LQCD

0 20 40
eigendirection

+ high-x DIS

FIG. 2. Comparison of �2 contributions for positive (red
dots) and negative (blue dots) �g mean theory predictions
for LQCD data versus eigendirection; �2

i represents the i-th
lattice data point.

ized DIS data are included in the fit, along with the neces-
sary underlying theory to describe it. While the positive
�g replicas remain relatively stable with the addition of
each successive data set, the negative �g replicas yield a
significantly worse fit, consistently underestimating the
data at large pT values. In particular, for the LQCD
data the �2

red
⇡ 0.6 for the positive solutions remains un-

changed, but increases from ⇡ 1.2 to 3.9 for the negative
�g replicas. A worsening is also seen in the polarized jet
data, with �2

red
increasing to ⇡ 1.44, and similar e↵ects

across all other polarized datasets. We also performed
an analysis including the high-x polarized DIS data in
the absence of the LQCD data, to check if the LQCD
data were entirely necessary to see this reduction in the
quality of the fit. In that case, there was no significant
discrepancy in �2

red
between the positive and negative

�g replicas for any of the datasets. This suggests that
to fully rule out the negative �g solution requires a si-
multaneous analysis of polarized jets, LQCD, and high-x
polarized DIS data.

The tension between the LQCD data and the negative
�g solution in the full fit is further illustrated in Fig. 2,
where we show the contributions to the total �2 from
each eigendirection of the covariance matrix for the posi-
tive and negative solutions. Since for the LQCD data we
only have access to the covariance matrix between the
48 lattice points rather than individual uncertainties on
each point, we rotate the residuals in the eigenspace of
the covariance matrix [27]. Compared with the “base-
line+LQCD” scenario, there is clearly a larger disagree-
ment between the theory predictions and the LQCD data
across a majority of the data points after the addition of
the high-x DIS data.

Turning to the polarized gluon PDF itself, in Fig. 3 we
display the positive and negative �g solutions for each of
the replica sets for the baseline, baseline + LQCD, and
baseline + LQCD + high-x DIS scenarios, along with the
unpolarized gluon PDF for comparison. The negative �g
replicas for the “+ high-x DIS” fit are not shown, having
been ruled out by the combination of all the datasets.
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FIG. 3. Monte Carlo replicas for the polarized gluon PDF
x�g and the unpolarized gluon PDF xg at Q2 = 10 GeV2.
The “baseline” and “+ LQCD” cases are cut o↵ at x ⇡ 0.53,
corresponding to a W 2 > 10 GeV2 cut for polarized DIS.

By reducing the W 2 cut on the polarized DIS data from
10 GeV2 to 4 GeV2 in the “+ high-x DIS” case, we are
able to accurately characterize the polarized gluon PDF
at higher values of x without the need for extrapolation.
The uncertainties on �g are also slightly reduced follow-
ing the progressive addition of the new data.

Higgs production.— As a somewhat indirect constraint
on the sign of the gluon helicity, de Florian et al. [28] ob-
served that the negative �g replicas corresponding to
the JAM22 analysis (our “baseline”) would result in un-
physical cross sections for Higgs production in polarized
pp collisions at RHIC, and could therefore be ruled out.
To leading order the double-helicity asymmetry for Higgs
production is dominated by the gluon-gluon channel,

AH

LL
(⌧) =

[�g ⌦ �g]

[g ⌦ g]
+ O(↵s), (4)

where ⌧ = m2

H
/s for the Higgs mass mH and

p
s =

510 GeV is the RHIC center of mass energy. Computing
the magnitude of the asymmetry |AH

LL
|, de Florian et al.

found this exceeded unity for the negative �g replicas,
especially at large (unphysical) values of mH .
Repeating the calculation of AH

LL
at next-to-leading

order as in Ref. [28] for the physical Higgs mass, mH =
125 GeV, in Fig. 4, we show a histogram of results for
negative �g replicas for the “baseline” and “+ LQCD”
scenarios. For the “baseline” fit, we confirm the observa-
tions [28] that the asymmetry exceeds unity for most of
the replicas. On the other hand, for the “+ LQCD” case,
the vast majority of the replicas give rise to AH

LL
< 1, so

that this observable does not rule out negative �g val-
ues. The negative �g solutions for the “+ LQCD” case
shown in Fig. 3 are therefore viable solutions which de-
scribe all of the data in the “baseline” fit and respect

LQCD (+ ML)  
predictions hold

Q
2 = 10 GeV2
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FIG. 7. Monte Carlo replicas for the spin-dependent gluon PDF x�g at Q2 = 10 GeV2 fitted

under various theory assumptions according to the SU(2) (yellow lines), SU(3) (blue lines) and

SU(3)+positivity (red lines) scenarios, with 300 replicas randomly selected from the total of 723,

647 and 639 for the three scenarios, respectively. The vertical lines indicate the range of parton

momentum fractions x constrained by data.

as well as with small negative �g values, which would generally produce very small ALL

values, in contradiction with the data in Fig. 5. While the numbers of negative solutions

found in the SU(2) and SU(3) scenarios are relatively smaller than the positive ones, their

ability to describe well the data indicates that at present the negative solutions cannot be

ruled out on phenomenological grounds.

In addition to the scenarios discussed above, we also note that some replicas give unphys-

ical values for the polarized DIS asymmetry at kinematics x & 0.8 and momentum transfer

Q
2

> 50 GeV2 that are outside the currently measured region, but which could be probed at

a future Electron-Ion Collider [71]. After removing these replicas, the result shown in Fig. 6

for the SU(2) scenario indicates that the main e↵ect is observed at high x for the quark

distributions, while the e↵ect on �g is negligible. Similarly for the other two scenarios,

the impact of imposing the observable positivity on ALL outside measured regions is only
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where Nc = 3, ū → (1 ↑ u), ωE is the Euler–Mascheroni
constant, !Bgq = 1 ↑ (1 ↑ u)2, and ↓x↔g(µ = 2 GeV) is
chosen as 0.427 from [23]. Current statistics for the glu-
onic matrix elements do not allow us to observe any log-
arithmic z2-dependence and thus it is not implemented
while extracting !Mg. We choose z = 2a and µ = 2
GeV in the matching Eq. (12) and ignore the e”ect of the
singlet-quark contributions (which requires separate cal-
culations). Taking the singlet distribution from a global
fit, e.g. NNPDF [70], we find almost no observable im-
pact on the matched !Ig. Similarly, varying values of z
or µ has minimal e”ects on the matched !Ig within the
current statistical uncertainty. This can be seen from the
proximity of ↓x↔g!Mg and !Ig bands shown in Fig. 6.

From Fig. 6, it is evident that the LQCD calculation
of !Ig disfavors the ITD constructed from the negative
x!g(x) solution from the global analysis in [26]. Deter-
mination of ITDs from the negative solution in [26] with
varying the lower x-limits, for example, 0.01 ↗ x ↗ 0.99
or 0.1 ↗ x ↗ 0.99 can still be shown to be ruled out by
our calculation in the ε ↗ 10 region. This is the most
important physics outcome of this LQCD calculation re-
garding the constraint on the large negative gluon helicity
PDF in the moderate to large-x values.

In principle, the gluon helicity in the proton can be
obtained from the ITD [50], !G(µ) →

∫→
0 dε !Ig(ε, µ).

On the other hand, integrating !Ig(ε, µ) up to εmax =
10 from our calculation, we obtain

!GL(µ) →

∫ ωmax

0
dε !Ig(ε, µ) = 0.405(196) . (13)

!GL(µ) is of course limited by the upper limit of the
integration. While !GL(µ) in Eq. (13) is a well-defined
LQCD measure, the long-tail of the ITD governed by
the Regge behavior outside εmax can lead to an un-
derestimation (for a long positive tail) or an overesti-
mation (for a negative tail) or some cancellations (for
sign change in the tail) of this moment. An example of
such an underestimation of the Gegenbauer moment in
the pion distribution amplitude calculation can be seen
in [71]. One can also try to extrapolate the ITD be-
yond εmax = 10 using NN or perform phenomenolog-
ical/model extrapolation of the Regge tail outside the
LQCD data [61, 72] and get an estimate of the change
in !GL. However, the !GL obtained here is expected
to depend on the pion mass, lattice spacing, and finite
volume and we refrain from extrapolating !GL. On the
positive side, a phenomenological analysis [62] found that
ITD in ε ↗ 6 is the most a”ected region for di”erent val-
ues of !G ↘ [0.2, 0.4]. The !GL(µ) = 0.405(196)(081),
where the second uncertainty is the systematic uncer-
tainty arising from variations of the neural network anal-
ysis, is about 3.8-sigma away from the !G(µ) = ↑0.9(2)
obtained from the negative gluon helicity solution in [26].
Moreover, the only LQCD calculation [73] at the phys-
ical pion mass, continuum, and infinite volume limits
obtained !G = 0.251(47)(16) using a local matrix ele-
ment [74]. Although the calculation in [73] is not free of

a large matching systematic error, it is most likely that
including various systematics in future refined calcula-
tions will not alter the sign of !G. It is remarkable that
!G obtained from this calculation using nonlocal opera-
tor and that obtained using a local operator in [73] both
result in positive contribution.

FIG. 6. Comparison of the light cone gluon helicity ITD
!Ig(ω, µ) with phenomenological results by the NNPDF [19]
(left panel) and the JAM [26] (right panel) Collaborations.

The orange !I(+)
g and the blue !I(→)

g bands represent
the gluon helicity ITD corresponding to the JAM positive
and negative x!g(x) solutions, respectively. Pseudo-ITD,
→x↑g!Mg(ω) is shown for comparison by the red band in the
left-panel figure.

Next, we determine x!g(x, µ) from !Ig(ε, µ). Un-
like many previous LQCD calculations (for references
see [42]), we avoid constraining the x-dependence of PDF
using the functional form xε(1 ↑ x)ϑ or an extension to
this basic-fit form with one or two additional parameters.
It should be emphasized that no functional form for the

PDFs can be successfully used before or without remov-
ing the contamination term. Therefore, simple functional
forms, such as the xε(1↑ x)ϑ ansatz for the PDFs or its
variations, cannot be utilized to remove the contamina-
tion term and extract the gluon helicity PDF. This is
why the gluon helicity PDF extraction was not possi-
ble in the previous study. Furthermore, as shown above,
the moments expansion cannot remove the contamina-
tion term over a larger range of Io”e time, and the sub-
sequent PDF ansatz fitting cannot extract meaningful
PDFs. In addition, for currently available LQCD calcu-
lations in a limited ε range, these functional forms can
be biased, leading to unreliable ϑ2/d.o.f., and underes-
timation of uncertainties. For example, the same two-
parameter form to parametrize xg(x) leads to a diverging
PDF in [53] and a converging PDF in [54], whereas none
of these lattice ITDs reach anywhere close to the Regge
region or have much sensitivity to the small-x physics.
This is true for any LQCD calculation in a limited ε
range [33, 50]. In [54], ϖ ≃ 0 constraint was imposed in
a Bayesian fit, motivated by a phenomenological analysis
in [62]. Otherwise, it would have resulted in a diverging
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Next, we determine x!g(x, µ) from !Ig(ε, µ). Un-
like many previous LQCD calculations (for references
see [42]), we avoid constraining the x-dependence of PDF
using the functional form xε(1 ↑ x)ϑ or an extension to
this basic-fit form with one or two additional parameters.
It should be emphasized that no functional form for the

PDFs can be successfully used before or without remov-
ing the contamination term. Therefore, simple functional
forms, such as the xε(1↑ x)ϑ ansatz for the PDFs or its
variations, cannot be utilized to remove the contamina-
tion term and extract the gluon helicity PDF. This is
why the gluon helicity PDF extraction was not possi-
ble in the previous study. Furthermore, as shown above,
the moments expansion cannot remove the contamina-
tion term over a larger range of Io”e time, and the sub-
sequent PDF ansatz fitting cannot extract meaningful
PDFs. In addition, for currently available LQCD calcu-
lations in a limited ε range, these functional forms can
be biased, leading to unreliable ϑ2/d.o.f., and underes-
timation of uncertainties. For example, the same two-
parameter form to parametrize xg(x) leads to a diverging
PDF in [53] and a converging PDF in [54], whereas none
of these lattice ITDs reach anywhere close to the Regge
region or have much sensitivity to the small-x physics.
This is true for any LQCD calculation in a limited ε
range [33, 50]. In [54], ϖ ≃ 0 constraint was imposed in
a Bayesian fit, motivated by a phenomenological analysis
in [62]. Otherwise, it would have resulted in a diverging
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Toward determination of gluon GPDs from LQCD
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mass is one of the major goals of the EIC physics program and lattice QCD calculations [69–71]. Various transversity
GPDs provide information on the transverse polarization of gluons in transversely and longitudinally polarized nucle-
ons. They also provide information on the 3D spin-orbit picture and can give insights into the connections between
transverse polarization and orbital angular momentum [21].
Additionally, understanding the gluonic structure of the pion is of particular theoretical interest, as the pion is

the lightest QCD bound state and the Goldstone mode is associated with dynamical chiral symmetry breaking.
The gluon GPD of the pion remains essentially unknown from experiments, yet understanding it holds significant
phenomenological implications for hadronic physics [72–74]. Because of the special role of the pion in QCD, there
have been sustained efforts to explore its gluon distribution, along with that of the nucleon, one of the main goals of
the upcoming EIC [33].
Despite the above-mentioned fundamental importance of gluon GPDs, knowledge of various gluon GPDs is rather

unknown [9, 21] from experiments. Since gluon GPDs are accessible in DVCS only at higher orders in αs it is a
difficult task to extract gluon GPDs from the data. Isolating different gluon GPDs from experimental data also
poses a significant challenge [75]. Moreover, transversity gluon GPDs are more difficult to probe experimentally than
non-helicity-flip gluon GPDs (although there have been some suggestions, e.g. [76, 77]). Additionally, reconstructing
the x dependence of GPDs by measuring the Q2 dependence of exclusive processes at fixed ξ is challenging [33, 78]
and presents a significant difficulty in extracting information from experimental data.
In contrast to recent progress in the lattice QCD (LQCD) calculations of various quark GPDs [79–91], a few

calculations of the unpolarized gluon PDFs in the nucleon, pion, and kaon [92–99], as well as matrix element cal-
culations toward the gluon helicity Ioffe-time distribution [100], and the first LQCD determination of the gluon
helicity PDF [101], there has not been any LQCD calculations of the gluon GPDs. In fact, a formalism based on the
Lorentz-covariant parameterization of the Euclidean off-forward gluon matrix elements in terms of Lorentz-invariant
amplitudes and their appropriate projection onto various light-cone gluon GPDs have not been performed in the liter-
ature. As the number of independent observables in experiments is typically insufficient to fully isolate and constrain
all eight gluon GPDs, LQCD calculations of all these gluon GPDs are of tremendous importance. The goal of this
paper is to identify a set of projection matrices, to be applied to the spacelike separated bilocal gluonic operator,
that correspond to each one of the eight leading-twist gluon GPDs respectively. Moreover, the projections shall be
“exact” in the sense that there are no so-called “contaminations”. This concept will be introduced more clearly in
Sec. IV. While this is not strictly necessary, it is useful, because the z2 dependence of the Lorentz-invariant amplitudes
are then “disentangled” from contaminations and may be studied explicitly on the lattice. This strategy was first
introduced in [102] for the forward unpolarized gluon PDF and is here extended to the off-forward case for generic
polarizations. As a side remark, we will also demonstrate that such projections are not unique in the sense that they
depend on the basis chosen for the Lorentz decomposition of the matrix element. This is of particular relevance in
the off-forward case, where the set of all possible Lorentz structures is generically overcomplete, which leads to an
ambiguity in the basis choice.

III. DEFINITIONS AND KINEMATICS

In principle, all the information about gluon GPDs is contained within the following off-forward quasi-GPD hadronic
matrix element [46]:

Mµω;αβ
s′s (z) = →p→, s→|Gµω(−z/2)W (−z/2, z/2)Gαβ(z/2) |p, s〉 . (5)

The momenta p, p→, and spin projections s, s→ of the incoming and outgoing hadrons respectively are different in
general. In the rest of the paper, we use the Minkowski spacetime notation. We use the following definitions:

P =
p+ p→

2
, ∆ = p→ − p, m2 = p2 = p→

2
, t = ∆2. (6)

Formally, we always assume that we are in a frame where the hadron is highly boosted in the 3 direction. Denoting
by ẑµ = (0, 0, 0, 1)µ, the unit vector in the 3 direction, this means that

P3 = ẑ · P ↔ m2,−t. (7)

Note that t < 0 kinematically. Furthermore, we introduce the light cone vectors

nµ =
1

2
(t̂µ + ẑµ), n̄µ = t̂µ − ẑµ, (8)

General matrix element:

For spatial vector         <latexit sha1_base64="J9GyXyAUyx4UZV4s5feofkhXNQo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY9OIxinlAEsLspDcZMju7zMwKcckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbqZ+8xGV5pF8MOMYuyEdSB5wRo2V7p/OesWSW3ZnIMvEy0gJMtR6xa9OP2JJiNIwQbVue25suilVhjOBk0In0RhTNqIDbFsqaYi6m84unZATq/RJEClb0pCZ+nsipaHW49C3nSE1Q73oTcX/vHZigqtuymWcGJRsvihIBDERmb5N+lwhM2JsCWWK21sJG1JFmbHhFGwI3uLLy6RxXvYuypW7Sql6ncWRhyM4hlPw4BKqcAs1qAODAJ7hFd6ckfPivDsf89ack80cwh84nz9UTI09</latexit>z,
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IV. PROJECTION FOR THE SPIN-0 HADRON

For simplicity, we begin by focusing on the case of a scalar (spin-0) hadron. We can then drop the spin projection
indices in Eq. (5). By Lorentz covariance, Mµω;αβ must be generated by tensors that can be built out of gµω , εµωρσ

and the three available Lorentz vectors Pµ,∆µ, zµ. Parity symmetry further implies that the Levi-Civita tensor εµωρσ

cannot appear. This applies regardless of whether the hadron is a scalar or pseudoscalar, as the in- and outgoing
hadronic states in the matrix element have the same intrinsic parity, causing any possible phase to cancel. Thus we
have to include in a decomposition

Mµω;αβ(ω, η, t, z2) =
∑

&

M&(ω, η, t, z
2)T µω;αβ

& (ω, η, t, z2) (17)

all the possible tensors that can be built out of the metric gµω and Pµ,∆µ, zµ.

In Eq. (17) the M& are functions of the Lorentz invariants ω, η, t,m2, z2. Note that the M&’s suffer from UV
divergences and they must be renormalized, resulting in a dependence on a renormalization scale µ. The nature of
these UV divergences changes depending on z2. Generally one can expect multiplicative renormalization for zµ → ẑµ

and nonlocal (convolutive) renormalization for zµ → nµ. We do not discuss the issue of UV divergences in this work
and we always tacitly assume that M& are appropriately renormalized in some way. For definiteness, we take that
M& at z2 = 0 to be renormalized in the MS scheme with the usual nonlocal GPD kernels. The renormalization
procedure for z2 < 0 is standard [107] using the ratio [49] and hybrid renormalization [108] schemes and will be a
subject for future study with the determination of appropriate matching kernels within the LaMET and short-distance
factorization based approaches.

Note that further symmetries of the matrix element in Eq. (5), e.g. permuting the gluon operators (µ, ν, z) ↔
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f
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2
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The list of possible tensors that may occur in the decomposition Eq. (17) reads

Tgg = gωνgβµ → gωµgβν,

TPP = PωPµgβν → P βPµgων → PωP νgβµ + P βP νgωµ,

TP∆ = Pω∆µgβν → P β∆µgων → Pω∆νgβµ + P β∆νgωµ,

T∆P = Pµ∆ωgβν → P ν∆ωgβµ → Pµ∆βgων + P ν∆βgωµ,

T∆∆ = ∆ω∆µgβν →∆β∆µgων →∆ω∆νgβµ +∆β∆νgωµ,

TPP∆∆ = P βP ν∆ω∆µ → PωP ν∆β∆µ → P βPµ∆ω∆ν + PωPµ∆β∆ν ,

TPz = Pωzµgβν → P βzµgων → Pωzνgβµ + P βzνgωµ,

T∆z = ∆ωzµgβν →∆ωzνgβµ →∆βzµgων +∆βzνgωµ,

TPP∆z = P βP ν∆ωzµ → P βPµ∆ωzν → PωP ν∆βzµ + PωPµ∆βzν ,

TP∆∆z = →P β∆ω∆µzν + Pω∆β∆µzν + P β∆ω∆νzµ → Pω∆β∆νzµ, (19)

TzP = Pµzωgβν → P νzωgβµ → Pµzβgων + P νzβgωµ,

Tz∆ = ∆µzωgβν →∆µzβgων →∆νzωgβµ +∆νzβgωµ,

TPPz∆ = P βP ν∆µzω → PωP ν∆µzβ → P βPµ∆νzω + PωPµ∆νzβ,

TP∆z∆ = →P ν∆ω∆µzβ + P ν∆β∆µzω + Pµ∆ω∆νzβ → Pµ∆β∆νzω,

Tzz = zωzµgβν → zβzµgων → zωzνgβµ + zβzνgωµ,

TPPzz = P βP νzωzµ → PωP νzβzµ → P βPµzωzν + PωPµzβzν ,

TP∆zz = →P β∆µzωzν + Pω∆µzβzν + P β∆νzωzµ → Pω∆νzβzµ,

T∆Pzz = →P ν∆ωzβzµ + Pµ∆ωzβzν + P ν∆βzωzµ → Pµ∆βzωzν ,

T∆∆zz = ∆ω∆µzβzν →∆β∆µzωzν →∆ω∆νzβzµ +∆β∆νzωzµ.

We emphasize that contrary to the forward case [102], where the tensors involving ∆ are absent, the set of these
tensors is not linearly independent. Given the absence of additional insights, potential linear relations between the
tensors can be derived systematically by using the Gram-Schmidt procedure with respect to the inner product

(u, v) = uµν;ωβv
µν;ωβ , (20)

where u, v are linear combinations of the T$ in Eq. (19). Note that, while this inner product is linear and symmetric,
it is indefinite. In particular, (u, u) = 0 does not imply u = 0. Thus, if we encounter a u that has (u, u) = 0 in
the Gram-Schmidt algorithm, we need to check whether u is actually zero. In this way, one can find a single linear
relation

0 = →∆2
1η

2ω2Tgg +
(
4ξ2ω2 →∆2

1z
2
3

)
ξ2TPP + 2ηξ2ω2(TP∆ + T∆P ) + η2ω2T∆∆ → ξ2z23TPP∆∆

→ ξ2tωTPz + 2ηξ2P 2ωT∆z → 2ηξ2ωTPP∆z → ξ2ωTP∆∆z → ξ2tωTzP + 2ηξ2P 2ωTz∆ (21)

→ 2ηξ2ωTPPz∆ → ξ2ωTP∆z∆ → ξ2P 2tTzz + ξ2tTPPzz + ξ2P 2T∆∆zz,

which holds for z2 < 0 as well as z2 = 0. Written in this way, the relation is nontrivial only if ξ,∆1,ω "= 0. After
dividing by ξ2, we can take the limit ξ → 0, so we obtain a nontrivial relation also at ξ = 0. Note that the situation
is quite different if ∆1 = 0, in which case ∆ is linearly dependent on P and z, so the tensors involving ∆ in Eq. (19)
can be dropped so that the remaining tensors form a linearly independent set. Then we have the same basis as in the
forward case [102].
We focus for now on the case where ∆1 "= 0. We can then eliminate by the virtue of Eq. (21) one tensor from

Eq. (19) to obtain a basis of 18 elements. The generalized Ioffe-time distribution (GITD) F(ω, ξ, t) is then determined
in terms of the corresponding invariant amplitudes M$|z2=0 and coefficients f$ = f$(ω, η, t) through

F = zµzωgνβM
µν;ωβ|z2=0 =

∑

$

f$M$|z2=0. (22)

Note that the Fourier transform of F with respect to ω gives a GPD of a spin-0 particle

Hg/h(x, ξ, t) =

∫ →

−→

dω eiωxF(ω, ξ, t), (23)
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which holds for z2 < 0 as well as z2 = 0. Written in this way, the relation is nontrivial only if ξ,∆1,ω "= 0. After
dividing by ξ2, we can take the limit ξ → 0, so we obtain a nontrivial relation also at ξ = 0. Note that the situation
is quite different if ∆1 = 0, in which case ∆ is linearly dependent on P and z, so the tensors involving ∆ in Eq. (19)
can be dropped so that the remaining tensors form a linearly independent set. Then we have the same basis as in the
forward case [102].
We focus for now on the case where ∆1 "= 0. We can then eliminate by the virtue of Eq. (21) one tensor from

Eq. (19) to obtain a basis of 18 elements. The generalized Ioffe-time distribution (GITD) F(ω, ξ, t) is then determined
in terms of the corresponding invariant amplitudes M$|z2=0 and coefficients f$ = f$(ω, η, t) through

F = zµzωgνβM
µν;ωβ|z2=0 =

∑

$

f$M$|z2=0. (22)

Note that the Fourier transform of F with respect to ω gives a GPD of a spin-0 particle

Hg/h(x, ξ, t) =

∫ →

−→

dω eiωxF(ω, ξ, t), (23)
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Toward determination of gluon GPDs from LQCD
The projection problem:

7

For instance, if we eliminate the T∆∆ structure, we obtain

F = →2ω2MPP |z2=0 + 4ξω2 (MP∆|z2=0 +M∆P |z2=0) + ω2∆2
1MPP∆∆|z2=0, (24)

whereas if we eliminate the Tgg structure we obtain

F = →2ω2NPP |z2=0 + 4ξω2 (NP∆|z2=0 +N∆P |z2=0) + ω2∆2
1NPP∆∆|z2=0 → 8ξ2ω2N∆∆|z2=0. (25)

We have used different symbols N instead of M in order to emphasize that the Lorentz-invariant amplitudes, which
are defined to be the coefficients of the basis tensors transform accordingly when changing the basis (so that M is
invariant, see below), i.e. Nω "= Mω in general.
The “projection problem” is now to find a projection Pµν;αβ , so that

(P ,M) = Pµν;αβM
µν;αβ =

∑

ω

fωMω. (26)

Note that P has to be a tensor, since fω and Mω are Lorentz invariant by construction. Furthermore, since we
have removed the linearly dependent structure in Eq. (19), the existence of P is guaranteed, since by construction
det(Tω, Tω′)ωω′ "= 0. Clearly, the projection problem corresponds to solving a system of linear equations, whose solution
can be obtained, for example, by inverting the matrix (Tω, Tω′)ωω′ . If P does not solve the projection problem, the
remainders 0 "= (P ,M)→

∑
ω fωMω = O(z2) are commonly referred to as contaminations.

However, since we only demand that the projected matrix element
∑

ω fωMω agrees with the GITD at z2 = 0, P is
not unique in the sense that it depends on the basis. More precisely, two projections P , P → that satisfy Eq. (26) may
differ by terms of O(z2), that is

(P → P →,M) = O(z2). (27)

Such differences correspond to the change of basis. Consider a Lorentz-invariant “rotation” R defined by

Sr =
∑

ω

RrωTω ≡ (R T )r, (28)

which must be invertible and be decomposed as

R = R̄+ R̂, (29)

where R̄ = R̄(ω, η, t,m2) does not depend on z2 and R̂ = R̂(ω, η, t,m2, z2) = O(z2). For example, choosing a different
tensor to be eliminated by the virtue of Eq. (21) corresponds to such a rotation. We have to demand that M is
invariant under such a rotation

M =
∑

ω

MωTω (≡ MTT ) =
∑

r

NrSr (≡ N TS), (30)

so that N T = MTR−1. Also F must be invariant, which implies

F =
∑

ω

Mω|z2=0fω (≡ MT |z2=0f) =
∑

r

Nr|z2=0gr (≡ N T |z2=0g), (31)

so that g = R̄f . Now, suppose P [F] and P →[F] solve the projection problem in the bases given by Tω and Sr respectively,
that is

(P [F],M) = MT f, (P →[F],M) = N T g. (32)

Then, we must have

(P [F]→ P →[F],M) = MT f →MTR−1R̄f = MTR−1R̂f = O(z2). (33)

Moreover, anytime we have a projection P that solves the projection problem up to δM ≡ z2MTh, where h =
O((z2)0), in some basis, i.e. (P ,M) = MT f + δM, there exists a transformation of basis R = I+O(z2) such that P
solves the projection problem in the new basis, i.e. (P ,M) = N T f . Indeed, it is easy to see that R is given such that
(R→ I)(f + z2h) = →z2h.

For the pion (e.g. two possibilities):
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We now discuss an explicit example. Let Tω denote the basis obtained by removing T∆∆ from Eq. (19) and Sr be the
basis obtained by removing Tgg . Further, let P [F] and P →[F] be the projections that solve the projection problem (26)
in the bases Tω and Sr respectively. The system of equations can be solved analytically, most conveniently by using a
symbolical computer algebra program. One obtains

(P [F],M) =
z23ξ

2

η2
(M0i;0i +Mij;ij) +

4ωξ2(ξ → η)z3
η2∆1

(M02;12 +M12;02) (34)

and

(P →[F],M) =
z23ξ

2

η2
M0i;0i +

ξ2[16ω2ξ(ξ → η) + z23(4ξ
2P 2 → t)]

2η2∆2
1

Mij;ij +
4ωξ2(ξ → η)z3

η2∆1
(M02;12 +M12;02). (35)

The difference between the projections is

(P [F]→ P →[F],M) =
ξ2

η3∆2
1

[
16ω2ξ2(ξ → η)→ z23

(
tη + 4P 2ξ2(3η → 4ξ)

)]
Mgg

∆→0→→ ω2

p20
Mgg. (36)

Note that while P [F] reproduces the projection from [102] in the forward limit

(P [F],M)
∆→0→→ ω2

p20
(M0i;0i +Mij;ij) = →2ω2MPP , (37)

P →[F] becomes

(P →[F],M)
∆→0→→ ω2

p20

(
M0i;0i +

1

2
Mij;ij

)
= →2ω2NPP = →2ω2

(
MPP → 1

p20
Mgg

)
. (38)

We conclude that the change of basis given by eliminating Tgg rather than T∆∆ corresponds to absorbing the con-
taminating amplitude Mgg into MPP

MPP → NPP = MPP → 1

p20
Mgg (∆ = 0) (39)

in the forward limit.
The conclusion is that the projection problem does not provide a justification that certain projections “reduce”

O(z2) power corrections. Nevertheless, it is useful to identify, given a choice of basis, the linear combinations of
invariant amplitudes that gives the light cone distribution at z2 = 0, so that their z2 dependence may be studied
explicitly on the lattice. For this we propose the basis obtained by eliminating Tgg, leading to the projection P in
Eq. (34), since on the one hand, the result is simpler than P → in Eq. (35), and on the other hand P reproduces the
projection from [102] in the forward limit, obtained by taking the most simple “canonical” basis.

V. PROJECTION FOR THE SPIN- 1
2
HADRON

The case of the spin- 12 hadron is much more complicated than that of the spin-0 hadron since one has an order of
magnitude more Lorentz structures. To work out a Lorentz-covariant decomposition of the form

Mµν;αβ
s′s =

1

2m

∑

ω

MωT µν;αβ
ω s′s , (40)

we can use various symmetries and Gordon identities, i.e. the equations of motion (/p→m)us(p) = ūs′(p→)(/p→→m) = 0.
The factor 1

2m is conventional. As for the spinor structures ūs′(p→)Γus(p) (which must appear in each term exactly
once), we can use the basis Γ ∈ {1, γ5, γµ, γµγ5,σµν}. A great simplification is due to the parity symmetry. Since M is
parity-even, the Levi-Civita tensor can only appear with ūs′(p→){γ5, γµγ5}us(p) and vice versa. However, implementing
these symmetries in the decomposition is not strictly necessary, since we will eventually determine all linear relations
between the Tω’s systematically by the Gram-Schmidt procedure.
Using only the Gordon identities, which are discussed in Appendix A, together with the parity symmetry one can

readily see that we can decompose Ms′s as

Ms′s = fS ūs′(p
→)us(p) + fT ūs′(p

→)iσ

(no P)︷︸︸︷
↔↔ us(p), (41)
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We now discuss an explicit example. Let Tω denote the basis obtained by removing T∆∆ from Eq. (19) and Sr be the
basis obtained by removing Tgg . Further, let P [F] and P →[F] be the projections that solve the projection problem (26)
in the bases Tω and Sr respectively. The system of equations can be solved analytically, most conveniently by using a
symbolical computer algebra program. One obtains

(P [F],M) =
z23ξ

2

η2
(M0i;0i +Mij;ij) +

4ωξ2(ξ → η)z3
η2∆1

(M02;12 +M12;02) (34)

and

(P →[F],M) =
z23ξ

2

η2
M0i;0i +

ξ2[16ω2ξ(ξ → η) + z23(4ξ
2P 2 → t)]

2η2∆2
1

Mij;ij +
4ωξ2(ξ → η)z3

η2∆1
(M02;12 +M12;02). (35)

The difference between the projections is

(P [F]→ P →[F],M) =
ξ2

η3∆2
1

[
16ω2ξ2(ξ → η)→ z23

(
tη + 4P 2ξ2(3η → 4ξ)

)]
Mgg

∆→0→→ ω2

p20
Mgg. (36)

Note that while P [F] reproduces the projection from [102] in the forward limit

(P [F],M)
∆→0→→ ω2

p20
(M0i;0i +Mij;ij) = →2ω2MPP , (37)

P →[F] becomes

(P →[F],M)
∆→0→→ ω2

p20

(
M0i;0i +

1

2
Mij;ij

)
= →2ω2NPP = →2ω2

(
MPP → 1

p20
Mgg

)
. (38)

We conclude that the change of basis given by eliminating Tgg rather than T∆∆ corresponds to absorbing the con-
taminating amplitude Mgg into MPP

MPP → NPP = MPP → 1

p20
Mgg (∆ = 0) (39)

in the forward limit.
The conclusion is that the projection problem does not provide a justification that certain projections “reduce”

O(z2) power corrections. Nevertheless, it is useful to identify, given a choice of basis, the linear combinations of
invariant amplitudes that gives the light cone distribution at z2 = 0, so that their z2 dependence may be studied
explicitly on the lattice. For this we propose the basis obtained by eliminating Tgg, leading to the projection P in
Eq. (34), since on the one hand, the result is simpler than P → in Eq. (35), and on the other hand P reproduces the
projection from [102] in the forward limit, obtained by taking the most simple “canonical” basis.
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ω s′s , (40)
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The factor 1

2m is conventional. As for the spinor structures ūs′(p→)Γus(p) (which must appear in each term exactly
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We now discuss an explicit example. Let Tω denote the basis obtained by removing T∆∆ from Eq. (19) and Sr be the
basis obtained by removing Tgg . Further, let P [F] and P →[F] be the projections that solve the projection problem (26)
in the bases Tω and Sr respectively. The system of equations can be solved analytically, most conveniently by using a
symbolical computer algebra program. One obtains

(P [F],M) =
z23ξ

2

η2
(M0i;0i +Mij;ij) +

4ωξ2(ξ → η)z3
η2∆1

(M02;12 +M12;02) (34)

and

(P →[F],M) =
z23ξ

2

η2
M0i;0i +

ξ2[16ω2ξ(ξ → η) + z23(4ξ
2P 2 → t)]

2η2∆2
1

Mij;ij +
4ωξ2(ξ → η)z3

η2∆1
(M02;12 +M12;02). (35)

The difference between the projections is

(P [F]→ P →[F],M) =
ξ2

η3∆2
1

[
16ω2ξ2(ξ → η)→ z23

(
tη + 4P 2ξ2(3η → 4ξ)

)]
Mgg

∆→0→→ ω2

p20
Mgg. (36)

Note that while P [F] reproduces the projection from [102] in the forward limit

(P [F],M)
∆→0→→ ω2

p20
(M0i;0i +Mij;ij) = →2ω2MPP , (37)

P →[F] becomes

(P →[F],M)
∆→0→→ ω2

p20

(
M0i;0i +

1

2
Mij;ij

)
= →2ω2NPP = →2ω2

(
MPP → 1

p20
Mgg

)
. (38)

We conclude that the change of basis given by eliminating Tgg rather than T∆∆ corresponds to absorbing the con-
taminating amplitude Mgg into MPP

MPP → NPP = MPP → 1

p20
Mgg (∆ = 0) (39)

in the forward limit.
The conclusion is that the projection problem does not provide a justification that certain projections “reduce”

O(z2) power corrections. Nevertheless, it is useful to identify, given a choice of basis, the linear combinations of
invariant amplitudes that gives the light cone distribution at z2 = 0, so that their z2 dependence may be studied
explicitly on the lattice. For this we propose the basis obtained by eliminating Tgg, leading to the projection P in
Eq. (34), since on the one hand, the result is simpler than P → in Eq. (35), and on the other hand P reproduces the
projection from [102] in the forward limit, obtained by taking the most simple “canonical” basis.

V. PROJECTION FOR THE SPIN- 1
2
HADRON

The case of the spin- 12 hadron is much more complicated than that of the spin-0 hadron since one has an order of
magnitude more Lorentz structures. To work out a Lorentz-covariant decomposition of the form

Mµν;αβ
s′s =

1

2m

∑

ω

MωT µν;αβ
ω s′s , (40)

we can use various symmetries and Gordon identities, i.e. the equations of motion (/p→m)us(p) = ūs′(p→)(/p→→m) = 0.
The factor 1

2m is conventional. As for the spinor structures ūs′(p→)Γus(p) (which must appear in each term exactly
once), we can use the basis Γ ∈ {1, γ5, γµ, γµγ5,σµν}. A great simplification is due to the parity symmetry. Since M is
parity-even, the Levi-Civita tensor can only appear with ūs′(p→){γ5, γµγ5}us(p) and vice versa. However, implementing
these symmetries in the decomposition is not strictly necessary, since we will eventually determine all linear relations
between the Tω’s systematically by the Gram-Schmidt procedure.
Using only the Gordon identities, which are discussed in Appendix A, together with the parity symmetry one can

readily see that we can decompose Ms′s as

Ms′s = fS ūs′(p
→)us(p) + fT ūs′(p

→)iσ

(no P)︷︸︸︷
↔↔ us(p), (41)

Difference between these projections:

The projection problem does not provide a justification that certain projections “reduce” power 
corrections. Nevertheless, it is useful to identify, given a choice of basis, linear combinations  
of invariant amplitudes that gives the light cone distribution, so that their      -dependence  
may be studied explicitly on the lattice.

<latexit sha1_base64="iC4yFIPMy/7tWZYbGyHdIL8bWFg=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1C1CPRi0eM8khgJbPDLEyYnd3M9Jog4RO8eNAYr36RN//GAfagYCWdVKq6090VJFIYdN1vZ2V1bX1jM7eV397Z3dsvHBw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD66nffOTaiFjd4yjhfkT7SoSCUbTS3dNDuVsouiV3BrJMvIwUIUOtW/jq9GKWRlwhk9SYtucm6I+pRsEkn+Q7qeEJZUPa521LFY248cezUyfk1Co9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmk7cheIsvL5NGueSdlyq3lWL1KosjB8dwAmfgwQVU4QZqUAcGfXiGV3hzpPPivDsf89YVJ5s5gj9wPn8AEamNqw==</latexit>
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Projection onto Ẽg∶

!P½Ẽg#;MÞ ¼ −
4mξz3!4ω2!ξ − ηÞ þ ξz23!4m2 − tÞÞ

3Δ1η2tω3
tr½M02;12#

−
4mξz3!16ξ2ω4!η − ξÞ þ 4ω2z23!4ηm2ξ2 þ t!−ηξ2 þ ηþ ξÞÞ þ ξz43!4m2 − tÞ!4m2ξ2 − ξ2tþ tÞÞ

3Δ1η2tω3!4ξ2ω2 − Δ2
1z

2
3Þ

tr½M12;02#

þ
8mz23

!
8ξ2

4ξ2ω2−Δ2
1z

2
3

− 1
ω2

"

3ξt
tr½M12;12#

þ 1

4Δ2
1η

3t2ω4
mξ2

!
−32ξω4!η − ξÞ!4m2ξ2 − ξ2tþ tÞ − 4ω2z23!32m4ξ3!η − 2ξÞ þ 4m2ξt!η!4 − 5ξ2Þ

þ 9ξ3 − 6ξÞ þ t2!η!3ξ2 − 4Þξ − 5ξ4 þ 6ξ2 − 1ÞÞ þ z43!128m6ξ4 − 16m4ξ2!7ξ2 − 4Þt

þ 4m2!8ξ4 − 8ξ2 þ 1Þt2 þ !−3ξ4 þ 4ξ2 − 1Þt3Þ
"
tr½iγ5M01;02#

−
mξ2!z23!8m2ξ2 þ !2 − 3ξ2ÞtÞ þ 8ξ2ω2Þ!4ω2!ξ − ηÞ þ ξz23!4m2 − tÞÞ

2Δ1η3t2ω3z3
tr½iγ5M01;12#

−
mξ2z23!4ω2!4m2ξ3!ξ − ηÞ þ t!ηξ3 − ξ4 þ 1ÞÞ þ z23!16m4ξ4 þm2!4 − 8ξ4Þtþ !ξ4 − 1Þt2ÞÞ

4Δ2
1η

3tω4
tr½iγ5M02;01#

−
4Δ1mz3

!
4ω2!η−ξÞ

ξ þ z23!t − 4m2Þ
"

t2!ωz23!t − 4m2Þ − 4ω3Þ
tr½iγ5M03;02# −

8mξ!η − ξÞ
ηt2

tr½iγ5M03;12 þ iγ5M13;02#

þ 16mξω!4ω2!ξ − ηÞ þ ξz23!4m2 − tÞÞ
Δ1t2z3!z23!t − 4m2Þ − 4ω2Þ

tr½iγ5M13;12# þ
4mξ!η − ξÞ!z23!5m2 − 2tÞ þ 5ω2Þ

3Δ2
1η

2tω2
tr½iσ10M02;12#

−
4mξ!z23!5m2 − 2tÞ þ 5ω2Þ!4ξ2ω2!η − ξÞ þ Δ2

1z
2
3!ηþ ξÞÞ

3Δ2
1η

2tω2!4ξ2ω2 − Δ2
1z

2
3Þ

tr½iσ10M12;02#

þmξ2z23!4ω2!ξ − ηÞ þ ξz23!4m2 − tÞÞ
4Δ2

1η
3ω4

tr½iσ20M12;01# −
mξ2z23
Δ2

1η
2ω2

tr½iσ21M01;02 − iσ21M02;01#

−
mz23!z23!5m2 − 2tÞ þ 5ω2Þ!4ξ2ω2 þ Δ2

1z
2
3Þ

3η2tω4!z23!!ξ2 − 1Þt − 4m2ξ2Þ − 4ξ2ω2Þ
tr½iσ30M12;12#

þ 20m!η − ξÞ
3Δ2

1ηt
tr½iσ31M02;12# þ

20m!4ξ2ω2!η − ξÞ þ Δ2
1z

2
3!ηþ ξÞÞ

3Δ2
1ηt!Δ2

1z
2
3 − 4ξ2ω2Þ

tr½iσ31M12;02#

−
!Δ2

1mξz53 þ 4mξ3ω2z33Þ
8Δ1η2ξ2ω5 − 2Δ3

1η
2ω3z23

tr½iσ31M12;12# þ
mξ2z23!η − ξÞ

Δ2
1η

3ω2
tr½iσ32M01;12#: !B16Þ

Projection onto Hg
T∶

!P½Hg
T #;MÞ ¼ −

mξz23!4m2ξ2!η − ξÞ þ t!−ηξ2 þ ηþ ξ3ÞÞ
Δ2

1η
2tω2

tr½iγ5M01;02 þ iγ5M02;01#

þ 2mξ2z3!η − ξÞ
Δ1η2tω

tr½iγ5M01;12 þ iγ5M12;01#: !B17Þ

Projection onto Eg
T :

!P½Eg
T #;MÞ ¼ 8mξ2z23!t − 4m2Þ

3Δ2
1η

2tω2
tr½M01;01 −M02;02 þM12;12# þ

4m3ξz23
Δ2

1ηtω
2
tr½iγ5M01;02 þ iγ5M02;01#

×
4mξz23!2t − 5m2Þ

3Δ2
1η

2tω2
tr½iσ30M01;01 − iσ30M02;02 þ iσ30M12;12#: !B18Þ
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Perturbative matching in progress with Jakob Schoenleber (LaMET and SDF)

LQCD calculation in progress [with Engelhardt, Izubuchi, Lin, Schoenleber, Syritsyn]

Gluon GPDs of the nucleon from LQCD

Basis of 72 linearly independent tensors

ONLY LQCD data will tell which operators have small power corrections 
or better than other choices
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Toward hadronic structure of the “resolved” photon from LQCD

QCD allows photon to exhibit a hadronic structure due to quantum fluctuations!R M Godbole 

Figure 3. 'Direct' and 'resolved' contributions to jet production in 7P (eP) 
collisions. 

Figure 4. Experimental separation between 'direct' and 'resolved' contributions to 
inclusive jet production at HERA. 

difference between the two is clear: only for the resolved processes does one have a 
remnant jet activity in the direction of the photon (i.e. the electron). This, along with the 
other two original predictions [9], viz., that the 'hard' resolved jets will be closer to the 
proton direction than for the 'direct' process and that the former will dominate upto large 
values of Pr, were qualitatively confirmed by the earliest measurements. The dijet an- 
gular distributions expected in the LO direct(resolved) contribution are I1 - cos 0* I -~(-z) 
corresponding to the spin 1/2(1) exchange in the subprocess responsible for the jet 

_oBs in figure #(a), taken from ref. [11], is essentially the fraction of the production. The ~7 
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values of Pr, were qualitatively confirmed by the earliest measurements. The dijet an- 
gular distributions expected in the LO direct(resolved) contribution are I1 - cos 0* I -~(-z) 
corresponding to the spin 1/2(1) exchange in the subprocess responsible for the jet 

_oBs in figure #(a), taken from ref. [11], is essentially the fraction of the production. The ~7 
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Test of QCD factorization “breaking” (or lack of understanding of resolved photon structure) 

October 30, 2018 18:36 WSPC/INSTRUCTION FILE paper

Review of factorization breaking in diffractive photoproduction of dijets 3

γ

e

p

∗)(

IP

Jet
Jet

Remnant

Y

γ

γ

x

zIP

xIP
p

e

(v)

(u)
Jet
Jet

Remnant

Remnant

Y

X}

( )∗

M12

Fig. 2. Diffractive production of dijets with invariant mass M12 in direct (left) and resolved
(right) photon-pomeron collisions, leading to the production of one or two additional remnant
jets.

calculable in perturbative QCD. This question is the subject of the current debate
in diffractive physics and is of particular interest for the prospects of discovery of
new particles such as the Higgs boson in diffractive reactions at the LHC 7,8,9.

For the inclusive DIS process, factorization has indeed been proven to hold 10,
and on this basis DPDFs have been extracted at Q2 →= 0 3,4,5 from high-precision
inclusive measurements of the process ep → eXY using the usual DGLAP evolution
equations. The proof of the factorization formula, usually referred to as the validity
of QCD factorization in hard diffraction, also appears to be valid for the production
of specific final states in DIS, as e.g. the production of jets or heavy-flavor particles,
and for the direct part of photoproduction (Q2 # 0) or low-Q2 electroproduction of
jets 10. However, factorization does not hold for hard processes in diffractive hadron-
hadron scattering. The problem is that soft interactions between the ingoing hadrons
and/or their remnants occur in both the initial and the final state. This agrees with
experimental measurements at the Tevatron 11. Predictions of diffractive dijet cross
sections for collisions as measured by CDF using DPDFs determined earlier by the
H1 collaboration 12 at HERA overestimate the measured cross section by up to
an order of magnitude 11. This large suppression of the CDF cross section can be
explained by the rescattering of the two incoming hadron beams, which, by creating
additional hadrons, destroy the rapidity gap 13.

Jet production with real photons involves direct interactions of the photon with
quarks or gluons originating from the proton or pomeron, respectively, as well as
resolved photon contributions leading to parton-parton interactions with an addi-
tional remnant jet coming from the photon as reviewed in 14 (see Fig. 2). For the
direct interactions, we expect factorization to be valid as in the case of inclusive
DIS, as already mentioned, whereas we expect it to fail for the resolved process
as in hadron-hadron scattering. For this part of photoproduction we would there-
fore expect a similar suppression factor (sometimes also called rapidity-gap survival
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Fig. 3. Differential cross sections for diffractive dijet photoproduction as measured by H1 and
compared to NLO QCD without (R = 1) and with (R = 0.42) global suppression (color online).

times larger for R = 1. In particular, the third data point agrees with the R = 1
prediction. This means that the suppression decreases with increasing Ejet1

T . Such
a behavior points in the direction that a suppression of the resolved cross section
only would give better agreement with the data, as we shall see below. The same
observations can be made by looking at dσ/dM12 in Fig. 3e. The survival proba-
bility R = 0.42± 0.06 agrees with the result in 25, which quotes R = 0.50 ± 0.10,
determined by a fit to the double ratio of measured to predicted cross section in
photoproduction by the corresponding ratio in DIS given as a function of W . In this
double ratio many experimental errors and theoretical scale errors cancel to a large
extent. This double ratio is also insensitive to the detailed shape of the diffractive
gluon density. From our comparison we conclude that the H1 data show a global
suppression of the order of two in complete agreement with the results 20,21 and

Differential cross sections for  
dijet photo production measured  
by H1 and ZEUS [Phys. Lett. 2008] 
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Fig. 7. Differential cross sections for diffractive dijet photoproduction as measured by ZEUS and
compared to NLO QCD with global, resolved, and resolved/direct-IS suppression.

conclusion in the publication by the ZEUS collaboration.
Second, we demonstrated that the H1 (ZEUS) data (in particular the ET -

distributions and somewhat less the xγ-distributions, which are unfortunately sub-
ject to large hadronization uncertainties) can be described almost equally well by
applying a suppression factor of about one-third (one-half) to the resolved-only
contribution. We showed that this could be consistently done by suppressing also
the direct intial-state singular part without a big impact on the suppression factor
with the added advantage of preserved factorization-scale invariance. Alternatively,
we admitted for the possibility that a global suppression factor might be Ejet

T -
dependent, although a theoretical motivation is only known for the first scenario
and the suppression factor obtained is in good agreement with absorptive-model
predictions.
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LQCD calculation of moment and formalism for calculating 4-pt functions

Critically important for EIC and constraining gluon PDF [Chu, Aschenauer, Lee 2017]

X. Ji, C. Jung [PRL 2001, PRD 2001] 

First LQCD calculation of quasi-PDF in collaboration with Atlantis Moses* (NMSU), Masaaki Tomii**(BNL),  
Taku Izubuchi, Luchang Jin

4

FIG. 1. Preliminary matrix element, hf (z, p) for length of the Wilson line, z = 2a and boost pz = 4ω
La .

The plot shows results as a function of ty for fixed tx = 3a, where tx and ty indicate the source and sink
separations relative to the Wilson line operator.

II. COMPUTATIONAL STRATEGY

It was shown that QCD matrix elements in the photon state can be extracted from Euclidean
correlation on the lattice (for both unpolarized and polarized cases), and moments of unpolarized
quark distribution were calculated in quenched approximation [4, 23]. In this proposal, we propose
to directly calculate the parton distribution associated with the photon’s hadronic or QCD structure
within the quasi-PDF framework [24]. For that purpose, we will calculate the following three-
point functions. Considering the photon as an eigenstate of the combined electromagnetic and
strong interaction Hamiltonian and considering the electromagnetic potential as the interpolating
field for the photon, due to the smallness of the electromagnetic coupling, one can evaluate the
electromagnetic part of the Green’s function in the lowest-order perturbation theory and can write
the matrix element →ω(εp)|Of (z, 0) exp

[
↑ieqf

∫ z
0 Aµ(t)dtµ

]
|ω(εp)↓ as:

hf (z, εp) = ↑
1

2
e
2
∫

d
4
x

∫
d
4
y

∑

ω=1,2

e
|εp|(xt→yt)→iεp·(εx→εy)

→Jω(x)Of (z, 0)Jω(y)
†
↓, (2)

where e is the renormalized electric charge unit, Jµ =
∑

f efϑfωµϑf is the electromagnetic current
operator of the quarks summing over all flavors f , and a spatial Wilson-line operator

Of (z, 0) = q̄f (z)ω4U(z, 0)qf (0), (3)

with a quark flavor f , the Wilson line U(z, 0), and ϖ the photon helicities summed over the
transverse direction to z–along the direction of the boost pz. In this study we only consider
z = (0, 0, z3, 0) and U(z, 0) is a product of the four link variables U3(0), U3(e3), . . . , U3(z↑ e3) with
the lattice unit vector e3 for direction 3.

In Fig. 1, we present a preliminary calculation of such a matrix element calculated on the
RBC/UKQCD 163 ↔ 32, ϱ = 2.13, mstrange = 0.040 domain-wall fermion ensemble. This prelimi-
nary calculation was conducted to evaluate the feasibility of the approach and estimate statistical
uncertainties for lattice ensembles with smaller lattice spacings.

For this proposal, we plan to use the light- and strange-quark propagators already generated
by the RBC and UKQCD collaborations with O(1,000) randomly chosen point sources per con-
figuration and compute a stochastic Fourier transform with given quark propagators. While we
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RBC/UKQCD domain wall fermion

<latexit sha1_base64="R5MJ4SWgF8AKip5zgTHmqe3kMF4=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSEjaUl0W3bisYB/QxDKZTtqhM0mYmYgl9Bvc+CtuXCji1pU7/8Zpm4W2HrhwOOde7r3HjxmVyra/jZXVtfWNzdxWfntnd2/fPDhsySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsfXU399j0RkkbhrRrHxONoENKAYqS01DNLTu2u4irKiYSVsnsGi8hFcSyiB2hbjhZSV3AY8EmpZxZsy54BLhMnIwWQodEzv9x+hBNOQoUZkrLr2LHyUiQUxYxM8m4iSYzwCA1IV9MQ6Ru8dPbSBJ5qpQ+DSOgKFZypvydSxKUcc193cqSGctGbiv953UQFF15KwzhRJMTzRUHCoIrgNB/Yp4JgxcaaICyovhXiIRIIK51iXofgLL68TFply6lZ1ZtqoX6ZxZEDx+AEFIEDzkEdXIMGaAIMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+AO+Fmyg=</latexit>

163 → 32 (a ↑ 0.12 fm)
<latexit sha1_base64="7twD/nLl8CYDLqqCU4llz/oQY1s=">AAACE3icbVDLTsJAFJ3iC/FVdelmIjFBQ0gLBF0S3bjERB4JrWQ6TGHCTNvMTI2k4R/c+CtuXGiMWzfu/BsH6ELBk9zk5Jx7c+89XsSoVJb1bWRWVtfWN7Kbua3tnd09c/+gJcNYYNLEIQtFx0OSMBqQpqKKkU4kCOIeI21vdDX12/dESBoGt2ocEZejQUB9ipHSUs88q5TvKo6inEhYqzpFWEAOiiIRPkCrZNUqTjFxBIc+n5z2zLyWZoDLxE5JHqRo9Mwvpx/imJNAYYak7NpWpNwECUUxI5OcE0sSITxCA9LVNED6CDeZ/TSBJ1rpQz8UugIFZ+rviQRxKcfc050cqaFc9Kbif143Vv6Fm9AgihUJ8HyRHzOoQjgNCPapIFixsSYIC6pvhXiIBMJKx5jTIdiLLy+TVrlk10rVm2q+fpnGkQVH4BgUgA3OQR1cgwZoAgwewTN4BW/Gk/FivBsf89aMkc4cgj8wPn8Aduibaw==</latexit>

323 → 64 (a ↑ 0.063 fm) ] Data analysis

3rd ensemble with a different lattice spacing

Preliminary matrix elements:
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Possible choices of renormalization

Self renormalization [Ji, et. al. NPB 2021]

Ratio-renormalization [Radyushkin 2017] might not be suitable

3

discuss issues to be addressed in further studies.

II. RENORMALIZATION IN PERTURBATION
THEORY

According to the standard renormalization in local
quantum field theories [48], the renormalization of the
matrix elements of an operator does not depend on the
external states but is only related to the short-distance
property of the operator itself. Therefore, one can study
the renormalization property of the operator in pertur-
bative Green’s functions, or o↵-shell quark and gluon
matrix elements. For LaMET applications to PDFs,
we are interested in the non-local operator O�(z) =
 ̄(0)�U(0, z) (z) in Eq. (2). There are two types of
divergences: The linear divergence associated with the
Wilson link (its self-energy) and the logarithmic diver-
gences associated with the renormalization of the vertices
involving the Wilson line and light quark. The renormal-
ization is multiplicative, and only the linear divergence
has a (linear) z dependence. Therefore the renormalized
operator is [36–39]

O�(z)R = Z�1
O e�m̄zO�(z), (4)

where e�m̄z contains the linear divergence and ZO the
logarithmic ones. �m̄ is not uniquely defined apart from
the linear divergence, introducing a subtraction scheme
dependence which a↵ects the z-dependence of the renor-
malized operator [39].

The linearly-divergent mass renormalization can be
calculated in perturbation theory. At one-loop order, the
result is independent of lattice action [43],

�m̄ =
2⇡

3a
(↵s +O(↵2

s) + ...) . (5)

The energy scale of ↵s can be chosen as 1/a to match the
lattice results,

↵s(1/a,⇤QCD) =
2⇡

b0 ln[1/(a⇤QCD)]
, (6)

where b0 = 11� 2
3nf (we will take nf=3) is the QCD �

function at one-loop order with nf species of fermions.
⇤QCD is the non-perturbative QCD scale. Including
higher-orders in the � function will lead to a more com-
plicated expression. Di↵erent choices of energy scale
amount to including high-order corrections. ⇤QCD and
higher-order ↵s terms in �m̄ also depend on the lattice
action.

The perturbation theory does not converge due to in-
frared renormalons, see from example [49–52]. The exis-
tence of the renormalons signals a non-perturbative term
in �m̄ which is independent of a,

�m̄ = m�1(a)/a�m0 , (7)

where the minus sign is just a convention. The uncer-
tainty in summing the perturbation series to get m�1(a)

is compensated by the same uncertainty in the non-
perturbative m0, leaving the total independent of the
renormalon uncertainty.
Additional uncertainty in m0 comes from the subtrac-

tion scheme, or equivalently from the matching to the
continuum scheme. To reduce the subtraction scheme
dependence, we require the renormalized lattice correla-
tion function to be consistent with the MS result from
continuum perturbation theory at short-distances z. To
be more concrete, we determine m0 by matching the lat-
tice result to the MS one within a window a ⌧ z < zS ,
where zS < 1/µ is the point beyond which perturbation
theory ceases to work and µ is a perturbative scale. The
condition a ⌧ z ensures that the discretization e↵ect
on lattice results is small. For this special choice m0c,
the LaMET expansion does not have a linear term in
1/P z [39].
At one-loop order and in dimensional regularization,

the renormalization factor of the logarithimic divergence
is [8, 53],

ZO = 1 +
3CF↵s

2⇡

1

4� d
, (8)

where CF = 4/3 is the Casimir operator for the funda-
mental representation of SU(3) and d is the space-time
dimension. One can resum the logarithimic divergence
through solving the renormalization group equation,

dZO(✏, µ)

d ln(µ)
= �ZO(✏, µ), (9)

where ✏ = (4 � d)/2 and � = �
3CF
2⇡ ↵s(µ,⇤QCD) is the

leading anomalous dimension, which is independent of
the regularization method. The form of the leading-
order solution of Eq. (9) is independent of regularization
scheme and, on the lattice, is

ZO(1/a, µ) =

✓
ln[1/(a⇤QCD)]

ln[µ/⇤QCD]

◆ 3CF
b0

, (10)

where the bare ultraviolet (UV) cut-o↵ is 1/a, and the
renormalization scale is µ.
If one considers the contributions from sub-leading log-

arithms to the anomalous dimension � when solving the
renormalization group equation Eq. (9), we obtain [54]

ZO(1/a, µ) =

✓
ln[1/(a⇤QCD)]

ln[µ/⇤QCD]

◆ 3CF
b0

✓
1 +

d

ln[a⇤QCD]

◆
,

(11)

where ⇤QCD and the constant d depend on the specific
lattice action.

III. LATTICE MATRIX ELEMENTS AND
SIMULATION SETUP

The standard non-perturbative renormalization of lat-
tice matrix elements is through calculating some auxil-
iary matrix elements of the operator (which can also be

Renormalization

Other ideas

Thank you!

LQCD calculation of the Hadronic tensor [K.F. Liu, PRL 94] 
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(a) ω (b) ω → ff (c) ω → V (JPC = 1−−)

direct resolved

point-like hadron-like

Fig. 2. The different appearances of the photon. Shown are (a) the direct or
bare photon, and (b,c) the resolved photon, which can be either point-like, (b),
or hadron-like, (c).

For the production of quark pairs the situation is more complex, since the
spectrum of fluctuations is richer, and QCD corrections have to be taken
into account. Therefore, the photon interactions receive several contributions
shown in Figure 2. The leading order contributions are discussed in detail. The
reactions of the photon are usually classified depending on the object which
takes part in the hard interaction. If the photon directly, as a whole, takes part
in the hard interaction, as shown in Figure 2(a), then it does not reveal a struc-
ture. These reactions are called direct interactions and the photon is named
the direct, or the bare photon. If the photon first fluctuates into a hadronic
state which subsequently interacts, the processes are called resolved photon
processes and structure functions of the photon can be defined. The resolved
photon processes are further subdivided into two parts. The first part, shown
in Figure 2(b), is perturbatively calculable, as explained in Section 3.4, and
called the contribution of the point-like, or the anomalous photon. Here the
photon perturbatively splits into a quark pair of a certain relative transverse
momentum and subsequently one of the quarks takes part in the hard inter-
action, which for deep inelastic electron-photon scattering in leading order is
the process ωωq → q. The second part, where the photon fluctuates into a
hadronic state with the same quantum numbers as the photon, as shown in
Figure 2(c), is usually called the hadron-like, or hadronic contribution 4 . The
photon behaves like a hadron, and the hadron-like part of the hadronic pho-
ton structure function F γ

2 can successfully be described by the vector meson
dominance model, VMD, considering the low mass vector mesons ρ,ω and φ,
as outlined in Section 3.5.

The leading order contributions are subject to QCD corrections due to the
coupling of quarks to gluons. The hadronic photon structure function F γ

2 re-
ceives contributions both from the point-like part and from the hadron-like
part of the photon structure, discussed in detail in Section 3.4.

4 In this review the two parts of the resolved photon will be called point-like and
hadron-like to avoid confusion with the term hadronic structure function of the
photon which is used for the full F γ

2 .

3
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FIG. 14. Reduced pseudo Io↵e time distribution �Mg(!) after removing contamination term
m2

p

p2z
!�Mpp(!) from LQCD

matrix elements �M(!) using RF, GBT, and XGB machine learning algorithms. Note that �Mg(!) has to be normalized by
gluon momentum fraction < x >g (µ) before converting to �Ig(!, µ).

FIG. 15. Polarized gluon light-cone Io↵e-time distributions from various generative models of machine learning after removing

contamination term
m2

p

p2z
!�Mpp(!) from LQCD matrix elements �M(!) using RF, GBT, and XGB machine learning algo-

rithm and the implementation of the perturbative matching kernel in the MS renormalization scheme at 2 GeV. �Mg(!) has
been normalized by the gluon momentum fraction < x >g (µ) before converting to �Ig(!, µ). We compare our results to
phenomenological ITD constructed from the polarized gluon PDFs in NNPDF3.1 global fit [60].

Here emphasize on the z  4a LQCD data points used in the ML fit.
Machine learning is a data-dependent algorithm where the decision process depends on the data pattern. Su�cient

data is one necessary condition to reveal and understand the data pattern. Because there is insu�cient data to reveal

LQCD  can provide strong constraint on the gluon helicity PDF

22

here. Rather, we concentrate on the PDF reconstructions for di↵erent ranges of ! 2 [10, 14] which have the largest
e↵ects on the resulting PDFs.

Based on the outcomes in Sec. IV, we consider the ITDs from the two best fits, from RF and GBT. In Fig. 18,
we present x�g(x) reconstructed from the ITD data up to !max = 10, 12, 14 and compare them with that presented
in [53].

FIG. 18. Neural network reconstruction of the polarized gluon PDF x�g(x) from the ITDs generated with RF and GBT
machine learning algorithms. The neural network reconstructions of the PDFs have been done for three di↵erent values of
!max = 10, 12, 14 of the ITD, �Ig(!, µ). The grey band is obtained from the NNPDF global analysis in [53].

From Fig. 18, we can observe that the reconstructed PDFs are very di↵erent from the prefit function (20) which
supports the discussion above. Since the data only cover a finite range of ! and the PDF at small x is more sensitive
to large ! extrapolation of the ITD, the NN reconstruction of the PDF breaks down when x is small and we only
present the distribution for x > 0.05. On the other hand, the distribution function at large x is small and thus requires
higher numerical precision. For e�ciency, we only fit the distribution up to x = 0.95 and the endpoint at x = 1 is
fixed to zero by the parametrization. Therefore, we constrain the fit in the range of [0.05  x  0.95]. When using
a neural network to extract the x�g(x), it attempts to match the ITD data within a limited range, inferring the
missing information beyond this range based on the features learned from the available data. The inverse problem we
are solving is analogous to a Fourier transform, where x�g(x) can be thought of as a distribution over frequencies.
If the range of ! is restricted, it is similar to a truncation of the Fourier series, which will introduce oscillations in
the reconstructed function, as can be observed from the extracted distribution around x ⇠ 0.5. These oscillations are
due to the inability to perfectly resolve x�g(x) from a finite set of data. More discussions about the significance of
the resulting PDFs will be discussed in the following Sec. VII.

Similarly, for the unpolarized gluon distribution, we take the prefit function from a fit in [42],

h0(x) = xg+0(x) + xg�0(x), (22)

and parametrized xg(x) as h0(x) multiplied by an NN. The architecture of the NN is the same as the one for the
polarized distribution above, but the last layer is normalized and shifted to return values between 0 to 10, a range large
enough to cover any reasonable results of the PDFs. Our parametrization has assumed that the unpolarized gluon
distribution is positive definite. As discussed above, the GBT algorithm fails to fit the LQCD data. We, therefore,
use the ITDs from the RF and XGB algorithms for the reconstruction of the PDFs and present the results in Fig. 19
for the ITD data up to !max = 10, 12, 14.

As pointed out in Sec. II, the restricted functional form of the PDFs can be biased and severely underestimate
uncertainties. Therefore, we avoid such PDF reconstructions. However, if the ITD data is not available in a su�ciently
large !-domain, the PDF reconstruction can be challenging and produce large errors. In this regard, the ML-generated
ITD outside the LQCD accessible ! range can be very useful for the reconstruction of the PDFs using the NN.
The corresponding results are shown in Fig. 20. Here are some important remarks: One has to be careful as the
reconstructed PDFs in the region x . 0.2 have smaller uncertainties for the ITD with !max = 7 compared to the ITD
with !max = 14. This indicates the possibility that the ML-generated ITD data are not highly sensitive to the xg(x)
distribution in the x . 0.2 domain. One therefore must be cautious and not consider the xg(x) distribution highly
reliable in the x . 0.2 domain.

In contrast, as shown in the PDF reconstruction in Fig. 20, it is immediately evident that the ITD with !max = 14
is much more e↵ective for PDF reconstruction compared to the ITD with !max = 7 in constraining uncertainties in
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FIG. 10. The reconstruction of �Mg(!) from the �M(!) generated using three machine learning models. The �M(!)
generated using the Random forest model produces smoother �Mg(!). Based on the training error, the RF was determined
to be the best-performing model. Here, only the mean values have been shown.

g. Curve fitting: We used the curve fitting method to find the best-fitted model for mean and standard deviation
of M(!) and the fitted model is used to generate mean and standard deviation for new !. We used dose-response [68]
based curve fitting models to fit mean values. 10 models are used to fit a curve, and the best-fitted model is selected
using AIC (Akaike Information Criterion) log-likelihood. Fig. 12 shows the best-fitted curve for each pz.

The blue line in Fig. 13 shows the standard deviation curve for each pz. We tried di↵erent non-linear functions
(square, cube, and square root) to fit the non-linear standard deviation curves. The square root function shows the
best approximation to the real curve. The fitted standard deviation curve for each pz is represented as a function
f(pz,!) = ↵z ⇥

p
! where ↵z is a weight factor. The value of ↵z is estimated for the best-fitted curve using the

gradient descent method. TABLE II shows the estimated ↵z for each pz and Fig. 13 shows the best fitted standard
deviation in orange.

pz 1 2 3 4 5 6
↵z 0.00274 0.00263 0.00321 0.00226 0.00201 0.00217

TABLE II. The values of the fitted parameter for the matrix elements at each pz.

The synthetic data is generated using the fitted mean and the standard deviation. The rest of the steps ((a)

After perturbative matching 

Fourier transform using 
Neural Network
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ML application to unpolarized gluon PDF
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the mid- and large-x regions of the constructed PDF. Specifically, the LQCD data is expected to be most sensitive
to the PDF’s mid-x region, where significantly smaller uncertainties can be achieved with the ITD with !max = 14
compared to the ITD with !max = 7. Another significant achievement is that the ML-generated ITD can reduce
uncertainties in the mid to large x ⇠ 0.9 region. A precise estimate of xg(x) at large x is crucial for generating
accurate predictions of both signal and background in searches for new massive particles at the LHC [69]. Since there
is a di↵erence between the ITD from the NNPDF dataset and ITD from the LQCD calculation at an unphysical pion
mass and a coarse lattice spacing (see Fig. 17), we expect the reconstructed PDF to di↵er from the NNPDF. The
major advantage highlighted here is that with the LQCD and the ML-generated data up to ! = 14, the impact on
constraining the xg(x) distribution at mid to large x can be significant.

FIG. 19. Neural network reconstruction of the unpolarized gluon PDF xg(x) from the ITDs generated with RF and GBT
machine learning algorithms. The neural network reconstructions of the PDFs have been done for three di↵erent values of
!max = 10, 12, 14 of the ITD, Ig(!, µ). The grey band is obtained from the NNPDF global analysis in [53].

FIG. 20. Neural network reconstruction of the unpolarized gluon PDF using the RF-generated data for !max = 7 and 14. We
compare our results with the gluon PDFs extracted from NNPDF3.1 global fit [53]. The prefit function (22) is also plotted.

VII. IMPACTS OF THE POLARIZED AND UNPOLARIZED GLUON DISTRIBUTION RESULTS

In the first LQCD determination of the gluon helicity PDF [36], it was predicted that the gluon helicity PDF is
positive in the mid- to large-x region within uncertainty. This contrasts with two global analyses [70, 71], which
reported that both positive and negative solutions for x�g(x) were equally capable of describing the experimental
data. Subsequently, a similar conclusion from [36] was also found in [72] with the fundamental requirement that the

Caution: Physical pion mass, continuum and infinite volume limits to be considered in future 
calculations

Kamruzzaman (Sandia National Lab), RSS, et al   
[2409.17234] 
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Impact of LQCD calculations on polarized gluon PDF

Negative gluon polarization is disfavored at the level of matrix elements

RSS , Liu, Khan [PRD 2023] Only LQCD  (with application of machine learning) calculation
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which can be seen from the proximity of hxig�Mg and
�Ig bands shown in FIG. 2.

From FIG. 2, it is evident that LQCD calculation of
�Ig disfavors the ITD constructed from negative x�g(x)
solution in [26]. An exercise by calculating ITDs with
varying lower x-limits, for example, 0.01  x  0.99 or
0.1  x  0.99 from [26], confirms that the negative ITD
is still ruled out by our calculation in !  10 region.
This is an important outcome of this LQCD calculation
regarding the constraint on the large negative gluon he-
licity PDF in the moderate to large x-values.

In principle, the gluon helicity in the proton can be ob-
tained from ITD [46], �G(µ) ⌘

R1
0 d! �Ig(!, µ). Inte-

grating �Ig(!, µ) up to !max = 10 from our calculation,
we obtain

�GL(µ) ⌘

Z !max

0
d! �Ig(!, µ) = 0.405(196) . (9)

�GL(µ) is of course limited by the upper limit of the
integration. While �GL(µ) in Eq. (9) is a well-defined
LQCD measure, the long-tail of the ITD governed by the
Regge behavior outside !max can lead to underestimation
(if the tail remains positive) or overestimation (for a neg-
ative tail) or some cancellations (for sign change in the
tail) of this moment. An example of such underestima-
tion of the Gegenbauer moment in the pion distribution
amplitude calculation can be seen in [68]. One can try
to extrapolate ITD beyond !max = 10 using NN or use
phenomenological/model extrapolation of the Regge tail
outside the LQCD data [57, 69] and get an estimate of
change in �GL. However, the �GL obtained here is ex-
pected to depend on pion mass, lattice spacing, finite vol-
ume and on the value of hxig used from a di↵erent lattice
ensemble. Since the present work focuses on the method-
ology and not on the precision study, with these limita-
tions, we refrain from any extrapolation of �GL. On
the positive side, a phenomenological analysis [60] found
ITD in !  6 is the mostly a↵ected region for di↵erent
values of �G 2 [0.2, 0.4]. Moreover, the only LQCD cal-
culation [70] at the physical pion mass, continuum and
infinite volume limits obtained �G = 0.251(47)(16) us-
ing a local matrix element [71]. Although the calculation
in [70] is not free of a large matching systematic error,
it is most likely that the inclusion of various systemat-
ics in future calculations will not alter the sign of �G.
It is remarkable that �G obtained from this calculation
using nonlocal operator and that obtained using a local
operator in [70] both result in positive contribution.

Next, we determine x�g(x, µ) from �Ig(!, µ). Un-
like many previous LQCD calculations (for references
see [58]), we avoid constraining the x-dependence of PDF
using functional form x↵(1� x)� or an extension to this
basic fit form with one or two additional parameters. For
currently available LQCD calculations in limited ! range,
these functional forms can be biased, lead to unreliable
�2/d.o.f., and underestimate uncertainties. For exam-

FIG. 2. Comparison of light-cone gluon helicity ITD
�Ig(!, µ) with phenomenological results by the NNPDF [19]
(left panel) and JAM [26] (right panel) collaborations. The

orange �I(+)
g and the blue �I(�)

g bands represent the gluon
helicity ITD corresponding to JAM positive and negative
x�g(x) solutions, respectively. Pseudo-ITD, hxig�Mg(!) is
also presented by the red band in the left panel figure.

ple, the same 2-parameter form to parametrize xg(x) led
to a diverging PDF in [49, 53] and a converging PDF
in [50], whereas none of these lattice ITDs reach any-
where close to the Regge region or have much sensitivity
to the small-x physics. This is true for any LQCD cal-
culation in a limited ! range [33, 46]. In [50], ↵ � 0
constraint was imposed in a Bayesian fit, motivated by
a phenomenological analysis in [60]. Otherwise, it would
have resulted in a diverging PDF as in [49, 53]. We,
therefore, propose an alternative method to determine
x�g(x) from lattice data which is independent of any
functional form of PDFs. It can be shown that x�g(x)
is related to �Ig(!, µ) by the following relation:

x�g(x, µ) =
2

⇡

Z 1

0
d! sin(x!) �Ig(!, µ) , (10)

which allows us to obtain x�g(x, µ) point-by-point in
x-space as shown in FIG. 3 without relying on any con-
straint or prior information. Accuracy of the determina-
tion of x�g(x, µ) in this way depends on the available
!max but gives a true representation of the lattice data
and the extracted PDF exactly reproduces the uncer-
tainty of the ITD. It is assuring to see from FIG. 2 that as
!max increases, x�g(x, µ) shifts more towards the global
analyses results, e.g. the NNPDF and JAM(+) fits shown
in the figure. With increasing !max, the accuracy of the
determination of PDFs can be systematically improved.
It is important to highlight that this calculation does not
have a solid constraint on the small-x gluon helicity PDF
which is associated with large uncertainties in �G and
x�g(x) [19, 25] due to lack of experimental data. It is the
large negative solution in [26] that exists in the moderate
to large x region, is ruled out by our calculation.
In conclusion, we have presented a new methodology

of how x�g(x, µ) can be determined by isolating the
leading-twist dominated component of the gluonic cor-
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onic matrix elements do not allow us to observe any log-
arithmic z2-dependence and thus it is not implemented
while extracting �Mg. We choose z = 2a and µ = 2
GeV in the matching Eq. (10) and ignore the e↵ect of the
singlet quark contributions (which requires separate cal-
culations). Taking the singlet distribution from a global
fit, e.g. NNPDF [71], we find almost no observable im-
pact on the matched �Ig. Similarly, varying values of z
or µ has minimal e↵ects on the matched �Ig within the
current statistical uncertainty. This can be seen from the
proximity of hxig�Mg and �Ig bands shown in FIG. 2.

From FIG. 2, it is evident that the LQCD calculation
of �Ig disfavors the ITD constructed from the negative
x�g(x) solution from the global analysis in [26]. Deter-
mination of ITDs from the negative solution in [26] with
varying the lower x-limits, for example, 0.01  x  0.99
or 0.1  x  0.99 can still be shown to be ruled out by
our calculation in the !  10 region. This is the most
important physics outcome of this LQCD calculation re-
garding the constraint on the large negative gluon helicity
PDF in the moderate to large x-values.

In principle, the gluon helicity in the proton can be
obtained from the ITD [50], �G(µ) ⌘

R1
0 d! �Ig(!, µ).

On the other hand, integrating �Ig(!, µ) up to !max =
10 from our calculation, we obtain

�GL(µ) ⌘

Z !max

0
d! �Ig(!, µ) = 0.405(196) . (11)

�GL(µ) is of course limited by the upper limit of the
integration. While �GL(µ) in Eq. (11) is a well-defined
LQCD measure, the long-tail of the ITD governed by the
Regge behavior outside !max can lead to an underesti-
mation (for a long positive tail) or an overestimation (for
a negative tail) or some cancellations (for sign change in
the tail) of this moment. An example of such an underes-
timation of the Gegenbauer moment in the pion distribu-
tion amplitude calculation can be seen in [72]. One can
also try to extrapolate the ITD beyond !max = 10 using
NN or perform phenomenological/model extrapolation of
the Regge tail outside the LQCD data [61, 73] and get
an estimate of the change in �GL. However, the �GL

obtained here is expected to depend on the pion mass,
lattice spacing, and finite volume and we refrain from ex-
trapolating �GL. On the positive side, a phenomenolog-
ical analysis [63] found that ITD in !  6 is the most
a↵ected region for di↵erent values of �G 2 [0.2, 0.4].
The �GL(µ) = 0.405(196)(081), where the second un-
certainty is the systematic uncertainty arising from vari-
ations of the neural network analysis as shown in the Sup-
plemental Materials [64], is about 3.8-sigma away from
the �G(µ) = �0.9(2) obtained from the negative gluon
helicity solution in [26]. Moreover, the only LQCD cal-
culation [74] at the physical pion mass, continuum, and
infinite volume limits obtained �G = 0.251(47)(16) us-
ing a local matrix element [75]. Although the calculation
in [74] is not free of a large matching systematic error,

it is most likely that including various systematics in fu-
ture refined calculations will not alter the sign of �G.
It is remarkable that �G obtained from this calculation
using nonlocal operator and that obtained using a local
operator in [74] both result in positive contribution.

FIG. 2. Comparison of the light-cone gluon helicity ITD
�Ig(!, µ) with phenomenological results by the NNPDF [19]
(left panel) and the JAM [26] (right panel) collaborations.
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g bands represent
the gluon helicity ITD corresponding to the JAM positive
and negative x�g(x) solutions, respectively. Pseudo-ITD,
hxig�Mg(!) is shown for comparison by the red band in the
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Next, we determine x�g(x, µ) from �Ig(!, µ). Un-
like many previous LQCD calculations (for references
see [42]), we avoid constraining the x-dependence of PDF
using the functional form x↵(1 � x)� or an extension to
this basic fit form with one or two additional parame-
ters. For currently available LQCD calculations in a lim-
ited ! range, these functional forms can be biased, lead-
ing to unreliable �2/d.o.f., and underestimation of un-
certainties. For example, the same two-parameter form
to parametrize xg(x) leads to a diverging PDF in [53]
and a converging PDF in [54], whereas none of these lat-
tice ITDs reach anywhere close to the Regge region or
have much sensitivity to the small-x physics. This is true
for any LQCD calculation in a limited ! range [33, 50].
In [54], ↵ � 0 constraint was imposed in a Bayesian fit,
motivated by a phenomenological analysis in [63]. Oth-
erwise, it would have resulted in a diverging PDF as
in [53]. We, therefore, propose an alternative method
to determine x�g(x) from the lattice data, independent
of any functional form of the PDFs. It can be shown that
x�g(x) is related to �Ig(!, µ) by the following relation:

x�g(x, µ) =
2

⇡

Z 1

0
d! sin(x!) �Ig(!, µ) , (12)

which allows us to obtain x�g(x, µ) at each point in the
x-space as shown in FIG. 3 without relying on any con-
straint or prior information. Accuracy of the determi-
nation of x�g(x, µ) in this way depends on the !max

but gives a true representation of the lattice data and
the extracted PDF exactly reproduces the uncertainty of
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R1
0 d! �Ig(!, µ).
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�GL(µ) ⌘

Z !max

0
d! �Ig(!, µ) = 0.405(196) . (11)
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