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Introduction

Electromagnetic (EM) form factors provide the electric and magnetic
distributions within the proton/neutron

Proton EM form factors known experimentally at high precision
Neutron EM form factors are lesser-known compared to proton:
obtained indirectly through electron-deuteron or electron-helium

scattering

Beyond the light-quark contributions the strange quark contributions
can study the virtual particle dynamics in the non-perturbative regime
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Why are nucleon EM FFs important for LQCD?

* Benchmark observables for hadron structure:
- Experimentally accessible and theoretically clean

% Precision physics:
- Proton charge radius under intense scrutiny for more than a decade;
- Lattice QCD can provide an independent ab initio determination

% A measure of the maturity of lattice hadron structure:
- Beyond exploratory calculations (continuum-limit, physical-mass,
accuracy, etc)

Significant efforts from lattice QCD and new developments
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Nucleon Characterization

Wigner distributions
% Fully characterize partonic structure of hadrons

% Provide multi-dim images of the parton distributions in phase space

Wigner Distributions
Wz, kr,br)

Impact Parameter
Distributions
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Nucleon Characterization

Wigner distributions
% Fully characterize partonic structure of hadrons

% Provide multi-dim images of the parton distributions in phase space
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M. Creutz

K. Wilson

% Space-time discretization on a finite-size 4-D grid

[~ e \
% Serves as a regulator of theory: Ny

— UV (hard momentum) cut-off (finite integrals): g
. . . S /X////
inverse lattice spacing (a1) - da TSI LN
momentum and energy < |r/q| J dp — [ L = 5;%%1
—00 wila 27 e\is aorans
\>< = ;%’/ P

/,/ ™~ 7:///

— IR cut-off (finite number of d.o.f): inverse lattice size (V-1/4)

[d F(p) %‘ 27Z'F( N 27m)
9 — —
pr(p 7 Po I3

n

% Removal of regulator
L—> o, a—0
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Accessing the partonic structure of hadrons

% Parton model: physical picture valid for infinite momentum frame
[R. P. Feynman, Phys. Rev. Lett. 23, 1415 (1969)]

% PDFs via matrix elements of nonlocal liaht-cone operators (—t> + 7> = 0)

f@) = o [ dy e =Y (P Sl Wil P 5)

* Light-cone correlations inaccessible from Euclidean lattices (z* + 7> = 0)

%
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Accessing the partonic structure of hadrons

% Parton model: physical picture valid for infinite momentum frame
[R. P. Feynman, Phys. Rev. Lett. 23, 1415 (1969)]

% PDFs via matrix elements of nonlocal liaht-cone operators (—t> + 7> = 0)

1 . _ _
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* Light-cone correlations inaccessible from Euclidean lattices (z* + 7> = 0)
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A. Mellin moments (local OPE expansion) local operators
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Accessing the partonic structure of hadrons

% Parton model: physical picture valid for infinite momentum frame
[R. P. Feynman, Phys. Rev. Lett. 23, 1415 (1969)]

% PDFs via matrix elements of nonlocal liaht-cone operators (—#> + 7> = 0)
f@) = o [ dy e =Y (P Sl Wil P 5)

* Light-cone correlations inaccessible from Euclidean lattices (z* + 7> = 0)

. 4 $
A. Mellin moments (local OPE expansion) local operators
o0
_ 1 T o -
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® Frame independence
(multiple values of —¢ (Q?) at same comp. cost)

@) Statistical uncertainty can be controlled
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“Traditional” calculations

of Mellin moments of GPDs
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Matrix element:

Form factors:

Radii:

Lattice QCD Calculation

(N®', ) julN(p, s)) = \/EN(;)%N(@ un(p',s") |:'7uF1(q2) + %Fz(qz)
2
Ce(@) = Fi(¢) + 3 F2(¢®)  Gu(@®) = Fi(¢) + B(d)
N
2\f _ BGfX(QZ)
(TX> = —6 aqz 42=0

] un(p,s)
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Matrix element:

Form factors:

Radii:

Lattice QCD Calculation

e Dipole fit

® z-expansion

e Galster-like fit
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(Relatively) Recent Developments

[Constantinou et al., Prog.Part.Nucl.Phys. 121 (2021) 103908 ]
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2 2 2 2
Q" (GeVr) Q% (GeV?)
Ref. Sea quarks  |Valence quarks| Renormalization |[Na:| a (fm) M. (MeV) | ML

ETMC’18 (Alexandrou et al., 2019a) |2f & 2+1+1f TM| twisted mass RI-MOM 3 |0.080, 0.094|130-139 MeV |3.0-4.0
ETMC’17 (Alexandrou et al., 2017c) 2f TM twisted mass RI>MOM 3 0.094 130 MeV 3.0

LHPC’14 (Green et al., 2014) 2+1f clover clover Schrodinger functional| 3 | 0.09-0.116 | 149-356 |3.6-5.0
LHPC’17 (Hasan et al., 2018) 2+1f clover clover vector charge 3 0.093 135 4.0
PACS’18 (Shintani et al., 2019) 241f clover clover Schrédinger functional| 4 0.085 146 8.0
PNDME’19 (Jang et al., 2018) 24+1+1f HISQ clover RI-MOM 4 0.09 138 3.9
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(Relatively) Recent Developments

[Constantinou et al., Prog.Part.Nucl.

Phys. 121 (2021) 103908 ]
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* Despite progress,
further refinement
necessary for
reliable estimate
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(Relatively) Recent Developments

[Constantinou et al., Prog.Part.Nucl.Phys. 121 (2021) 103908 ]
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More Recent Developments

% Percent-level precision achieved

* Inclusion of disconnected contributions

* Addressing systematic uncertainties

% Chiral and continuum extrapolations

T
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Djukanovic et al. Phys.Rev.D 109 (2024) 9
Djukanovic et al. Phys.Rev.D 110 (2024) 1
arXiv:2507.20910
Alexandrou et al., arXiv:2603.26591
Rodekamp et al, Lattice 2025

Alexandrou et al.,
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Results from the Mainz Group

ID a[fm] T/a L/a MyMeV] MzL tsp[fm] Netg
H102 9 32 (35D 4961 035 043 052, 0.6, 0.69, | 2005
HI05 1 0gg | 96 32 | 280 3-93 111678 0.86, 0.95, 1.04, 1.12 1027
cior | 96 48 | 225 473 | [0 1 ras rar 2000
N101 128 48 | 281 5.91 | Lo b9 19 1596
5400 128 32 | 350 133 |, 2873
Nd5l || 128 48 | 286 5.31 | |0.31, 0.46, 0.61, 0.76, 0.92, 1011
D450 | 128 64 | 216 5.35 | |1.07, 1.22, 1.37, 1.53 500
D452 128 64 | 153 3.79 | - J 1000
N203 128 48 | 346 5.41 1543
N200 128 48 | 281 4.39 1712
D200 |0.064 | 128 64 | 203 4.22 [8'36’10629’101'21’102'84’104'177’] 2000
E250 192 96 | 129 404 O 109, 116, 1.29, L. 400
$201 128 32 | 293 3.05 2093
N302 128 48 | 348 122 9201
J303 10050 | 192 64 | 260 4.19 @'g’ (1)'3’101'4’102'5’10?;6’103;3’ O'ﬂ 1073
E300 192 64 | 174 421 | ([0t b ba Loy L 570

% Ensembles allow investigation of
systematic uncertainties:

[Djukanovic et al. PRL 132 (2024) 21;
Djukanovic et al. PRD 109 (2024) 9;
Djukanovic et al. PRD 110 (2024) 1]
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Results from the Mainz Group

ID a[fm] T/a L/a MyMeV] MzL tsp[fm] Netg
H102 9 32 (35D 4961 035 043 052, 0.6, 0.69, | 2005
HI05 1 0gg | 96 32 | 280 3-93 111678 0.86, 0.95, 1.04, 1.12 1027
cior | 96 48 | 225 473 | [0 1 ras rar 2000
N101 128 48 | 281 5.91 | Lo b9 19 1596
5400 128 32 | 350 433, 2873
Nd5l || 128 48 | 286 5.31 | |0.31, 0.46, 0.61, 0.76, 0.92, 1011
D450 | 128 64 | 216 5.35 | |1.07, 1.22, 1.37, 1.53 500
D452 128 64 | 153 3.79 | ~ / 1000
N203 128 48 | 346 5.41 1543
N200 128 48 | 281 4.39 1712
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% Ensembles allow investigation of
systematic uncertainties:

- Excited-state effects;

[Djukanovic et al. PRL 132 (2024) 21
Djukanovic et al. PRD 109 (2024) 9;
Djukanovic et al. PRD 110 (2024) 1]
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Results from the Mainz Group
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% Ensembles allow investigation of
systematic uncertainties:

- Excited-state effects;

- Chiral extrapolation;
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Results from the Mainz Group

Both connected and disconnected quark contributions
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Results from the Mainz Group

Proton Neutron
CSSM/QCDSEF/ | I .
UKQCD14
PACS19q &+ — - — —— - — >
ETMC19 q +e+ —+— < i e
ETMC20 - H—t—]
Experiment /PDG a HEH FOH X X M
Mainz21(u —d) | -
+ exp.(n)
This work(u — d) | - B
+ exp.(n)
This work - - N - Ba 1 - "
SN I N\ 90 29 O % o

Va2 (fm] Vri)? [m] i (r2)" [fm?] (r)™ [fm]

e Electric radius and magnetic moment consistent among lattice results,
as well as with experiment

e Some tension in the magnetic radii and the magnetic moments of the
proton and neutron
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Results from the Mainz Group

Include both connected and disconnected contributions

Proton Neutron

CSSM/QCDSF/- o— 14 B : . +— - r—e‘
UKQCD14

PACS19 A

ETMC20 -

Experiment /PDG

Mainz21(u —d) |

+ exp.(n)
This work(u — d) |

exp.(n)

. This work 1

I.
4z 4 F  F |
N/ ; _V'
b wr _
| )
X { [

MR '

V2 m] V(ri)? [fm)] His (r2)™ [fm?] (r}p)™ [fm] Hir

e Electric radius and magnetic moment consistent among lattice results,
as well as with experiment

e Some tension in the magnetic radii and the magnetic moments of the
proton and neutron
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Results from ETMC

[Alexandrou et al., arXiv:2507.20910; Alexandrou et al., arXiv:2603.26591]

Ensemble (£ x (£) p a [fm] myx [MeV] m,L

cB211.072.64 (B) 64° x 128 1.778 0.07957(13) 140.2(2) 3.62
cC211.060.80 (C) 80% x 160 1.836 0.06821(13) 136.7(2) 3.78
cD211.054.96 (D) 96° x 192 1.900 0.05692(12) 140.8(2) 3.90
cE211.044.112 (E) 112° x 224 1.960 0.04892(11) 136.5(2) 3.79

% Physical point: no chiral extrapolation

% Investigation of excited-states effects,
continuum extrapolation,
finite-volume effects

% Strange-quark contributions

LTl
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Results from ETMC

Elaborated investigation of systematic effects: the case of excited states

20a ® 22a * 24a ©® 26a

@® 10a V 12a A 1l4a

16a » 18a

:EEIT

0.716(18) A

. § a

3.412(45) 1

IO e IE T e

2.20}

BE [E ke L e

2.352(14) -

2.60r
2.40r
o
+
52 2.20¢
O

2.001

1.80t

2.389(22) |

tins — ts/2 [fm]

ts(tins = ts/2) [fm]

e ————————
Excited states are important to be eliminated at the precision era

tlow [fm]

tx o ow ow il
\ \ "\‘ ‘\. p ~ e Y M
F gl 1‘3 b L T 02 10a 102 102
a a a a
2a 2a 2a 2a
2a 2a 2a 2a 5a 3a 4a 2a
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2a 2a . 2a B1% 17.2% 22.87% 42.94%
4.25% 42.94% 0.0% 0.0% 5.51% 17.2% 22.87% 42.94%
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 04 06 08 10 1.2 0.6 0.8 10° 10! 102

Probability(%)
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Results from ETMC

Elaborated investigation of systematic effects: the case of finite spacing
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o |
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Q% [GeV?]

(rg)P [fm?]
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Continuum extrapolation
enhances errors
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Results from ETMC

P a=0.080fm a=0.068fm WY a=0.057fm

z-exp Continuum with max probability

z-exp Continuum with max probability — - Experiment Galster-like at qut =0.3 GeV? I Experiment I a=0_08 a=0068 i a=0_057 I a=0_049
3.00 T T T
1.00
250 F
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o Hﬁ
% 060 ‘:‘g % ; _,F_‘... “d
GHas
0.40 -
1.00
0.20 |- 0.50
0.00 L L 0.00 !
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) - E - _t = 4 9 i‘f‘
0.02 F _Y el N i —0.020 .
1150 F .
0.00 E 1 1 1 1
-1.75 T 0.0 0.2 0.4 0.6 0.8 1.0
0% 0?1 0?2 053 074 0.5 2000 072 074 0:6 0:8 1.0 Q2 [GeV2]
Q? [GeV?] Q? [GeV?]

% LQCD results for the neutron electric FF are more precise than

experimental data

% The strange EM FFs can be reliably determined from LQCD

T
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Summary of radii and magnetic moment
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> = qT > e Strange-quark contributions
0006 —0.003 T0.02_—0.01 0.06 —0.04 —0.02 tlny but can be extracted
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— M. Constantinou, NREC 2026



(Preliminary) Results from RQCD

[Rodekamp et al, Lattice 2025]

21 ensemblesmaet&[O 098, 0.039] fmylmlue[1 30, 430] MeV,n
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Further analysis needed to examine systematic effects and extract radii
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Alternative avenues to
calculate form factors

from lattice QCD
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Accessing the partonic structure of hadrons

A. Mellin moments (local OPE expansion) local operators
= o — 1 —~ O'(_)Ol Ha
Q(_%z)7 W[_%za %z] Q(%z) — Z Ezou e Ry, [Q'Y D™ ...D nQ]

n=0 """

A o

my

n—1 . _ 1., n—1 LA WA G
(N(PH|OY N (P))Ng {WAM---MP’““~--P“"‘1}An,i(t) —i AM---AMF"“I---F“"‘I}Bn,i(t)} T Cn,o(A"’)]neven)} FA A A Cno(A?)

my

© o VCP)

@D Frame independence (multiple values of —¢ (Q?) at same comp. cost)
@ Statistical uncertainty can be controlled

&) contain physical information

LTl
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Accessing the partonic structure of hadrons

A. Mellin moments (local OPE expansion) local operators
o0
B - 1 B 0_<—> —
q(—%z)'y W[—%z, %z] q(%z) = Z — Za1 - Zan [q'y D™ ...Da“q]
n=0 """

of P AFAHL ... AHn—1
Ba0™ i ...AmP"’“...P“"’I}Bn,i(t)} Laran A Cno(A2)| )} . Cn,O(N)’ne en] U(P)
n even Vi

2mN my mN

n—1
(VPO NP~ (ol Pt P )

@D Frame independence (multiple values of —¢ (Q?) at same comp. cost)
@ Statistical uncertainty can be controlled

&) contain physical information

@ No direct access to x

& skewness independent
® Power-divergent mixing for high Mellin moments (derivatives > 3)

® Signal-to-noise ratio decays with the addition of covariant derivatives

@ Number of GFFs increases with order of Mellin moment
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I][I M. Constantinou, NREC 2026 m



Accessing the partonic structure of hadrons

A. Mellin moments (local OPE expansion) local operators
o0
1 — —
— 1 1, 1 1 ~ n
q(—52) YV W|—352,52]q(52) = Z:O — Zay - - Zay, [q'y"Do‘1 ...D"“ q]
n—=
(N (PO 1IN (P)) Ng {7@ AM L ARPRELLUP A () —iA"n‘Z:{” NCRNC -t .ﬁ“"-l}Bn,i(t)} +A“N1n'z;v' A3 Cno(A?)| )} F NAM”;' A Cro(A?) . even] U(P)

@D Frame independence (multiple values of —¢ (Q?) at same comp. cost)
@ Statistical uncertainty can be controlled

&) contain physical information

® No direct access to x

& skewness independent

® Power-divergent mixing for high Mellin moments (derivatives > 3)

® Signal-to-noise ratio decays with the addition of covariant derivatives
@ Number of GFFs increases with order of Mellin moment

Reconstruction of PDFs/GPDs very challenging
IS —m—5,8th v

mpl
I][I M. Constantinou, NREC 2026 m




Accessing the partonic structure of hadrons

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)

(N(P) | B(2) T W (2,0)¥(0) | N(P),

Nonlocal operator with Wilson line
1w A,
sz

— — AP
U(P) {7 H (@, &1) + 22=—B(x,&,) | U(P) + I,

my

(N(P)|Ov ()N (P))

T(P) {'y“H(:c, £.1) + E(z,, t)} U(P) + ht,

(N(P)|O4(z)|N(P))

Sl -V

. (A V| PYAY wWp” _

U(P) {wWHT(x,g,t)ﬂ A% Bz, 6,t) + ——Hr(z,6,1) + X ET(:c,f,t)}U(P)+ht
2mpy my my

(N(P")|O7’(2)|N(P))
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Accessing the partonic structure of hadrons

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)

(N(P) | B(2) T W (2,0)¥(0) | N(P),

Nonlocal operator with Wilson line
1w A,
sz

— ~ AHF
T(P) {7l (@, 1) + 22=B(a,&,0) | U(P) +ht,

my

(N(P)|Ov ()N (P))

T(P) {'y“H(:c, £.1) + E(z, ¢, t)} U(P) + ht,

(N(P)|O4(z)|N(P))

Sl -V
_ _ LAY PYAY yWP"
(P {zg#VHT(:c,ﬁ,t)+72mN By(a, 6 0) + = Hr(@,6,8) + T—Er(@.6,0) y U(P) + 1

(N(P")|O7’(2)|N(P))
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Accessing the partonic structure of hadrons

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)

(N(P) | B(2) T W (2,0)¥(0) | N(P),

Nonlocal operator with Wilson line
1wt A,
sz

_ _ Ab
T(P') {7#751{(3:, £,1) + ;‘;’nN E(a,¢, t)} U(P) +ht,

(N(P)|OH@)IN(P) =T(P) {¥H(z,6,0) + Z—=LE(a,&,1) | U(P) + 1t

(N(P)|O4(z)|N(P))

V] F[M AVl 554

[ [
U(P,) {’I:O'uVHT(SC,f,t) + V“A ET(IL', §, t) + HT(x,§7 t) + ’7”

~

(N(P")|O7’(2)|N(P)) Er(z,€, t)} U(P) + ht

2
2mpy my my

Calculation challenges

+ Standard definition of GPDs in symmetric frame
separate calculations at each t

+ Statistical noise increases with P5, ¢
Projection:
billions of core-hours for physical point at P, =3GeV
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Accessing the partonic structure of hadrons

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)

(N(P) | B(2) T W (2,0)¥(0) | N(P),

Nonlocal operator with Wilson line
1wt A,
sz

—_ — AHF
U(P) {7#751{(1;, £,t) + ;‘;’nN E(z,€, t)} U(P)+ ht,

(N(P)|OH@)IN(P) =T(P) {¥H(z,6,0) + Z—=LE(a,&,1) | U(P) + 1t

(N(P)|O4(z)|N(P))

V] F[M AVl 554

= Z [
U(P,) {’I:O'uVHT(.'I?,f,t) + 7 A ET(J,', §, t) + 2 HT($,§, t) + 7

~

(N(P")|O7’(2)|N(P)) Er(z,€, t)} U(P) + ht

2mpy my my

Calculation challenges

+ Standard definition of GPDs in symmetric frame
separate calculations at each t

+ Statistical noise increases with P5, ¢
Projection:
billions of core-hours for physical point at P, =3GeV

C. Other methods See next slide

T
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Novel Approaches

% Hadronic tensor [K.F. Liu, S.J. Dong, PRL 72 (1994) 1790, K.F. Liu, PoS(LATTICE 2015) 115]
Auxiliary scalar quark [U. Aglietti et al., Phys. Lett. B441, 371 (1998), arXiv:hep-ph/9806277]
Fictitious heavy quark [W. Detmold, C. J. D, Lin, Phys. Rev. D73, 014501 (2006) |
Auxiliary scalar quark [V. Braun & D. Mueller, Eur. Phys. J. C55, 349 (2008), arXiv:0709.1348]
Higher moments [Z. Davoudi, M. Savage, Phys. Rev. D86, 054505 (2012) |

Quasi-distributions (LaMET)  x.Ji, PRL 110 (2013) 262002, arXiv:1305.1539; Sci. China PPMA. 57, 1407 (2014)]
Compton amplitude and OPE  [a. chambers et al. (QCDSF), PRL 118, 242001 (2017), arXiv:1703.01153]

Pseudo-distributions [A. Radyushkin, Phys. Rev. D 96, 034025 (2017), arXiv:1705.01488]
Good lattice cross sections [Y-Q Ma & J. Qiu, Phys. Rev. Lett. 120, 022003 (2018), arXiv:1709.03018 |
PDFs without Wilson line [Y. Zhao Phys.Rev.D 109 (2024) 9, 094506, arXiv:2306.14960]

Moments of PDFs of any order [a. shindler, Phys.Rev.D 110 (2024) 5, L051503, arXiv:2311.18704 ]
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Novel Approaches

% Hadronic tensor [K.F. Liu, S.J. Dong, PRL 72 (1994) 1790, K.F. Liu, PoS(LATTICE 2015) 115]
Auxiliary scalar quark [U. Aglietti et al., Phys. Lett. B441, 371 (1998), arXiv:hep-ph/9806277]
Fictitious heavy quark [W. Detmold, C. J. D, Lin, Phys. Rev. D73, 014501 (2006) |
Auxiliary scalar quark [V. Braun & D. Mueller, Eur. Phys. J. C55, 349 (2008), arXiv:0709.1348]
Higher moments [Z. Davoudi, M. Savage, Phys. Rev. D86, 054505 (2012) |

Quasi-distributions (LaMET)  x.Ji, PRL 110 (2013) 262002, arXiv:1305.1539; Sci. China PPMA. 57, 1407 (2014)]
Compton amplitude and OPE  [a. chambers et al. (QCDSF), PRL 118, 242001 (2017), arXiv:1703.01153]

Pseudo-distributions [A. Radyushkin, Phys. Rev. D 96, 034025 (2017), arXiv:1705.01488]
Good lattice cross sections [Y-Q Ma & J. Qiu, Phys. Rev. Lett. 120, 022003 (2018), arXiv:1709.03018 |
PDFs without Wilson line [Y. Zhao Phys.Rev.D 109 (2024) 9, 094506, arXiv:2306.14960]

Moments of PDFs of any order [a. shindler, Phys.Rev.D 110 (2024) 5, L051503, arXiv:2311.18704 ]

* Reviews of methods and applications

- A guide to light-cone PDFs from Lattice QCD: an overview of approaches, techniques and results
K. Cichy & M. Constantinou (invited review) Advances in HEP 2019, 3036904, arXiv:1811.07248

- Large Momentum Effective Theory
X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang, and Y. Zhao (2020), 2004.03543

- The x-dependence of hadronic parton distributions: A review on the progress of lattice QCD
T M. Constantinou (invited review) Eur. Phys. J. A 57 (2021) 2, 77, arXiv:2010.02445
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Well-studied “novel” methods for PDFs/GPDs in LQCD

Matrix elements of non-local operators (space-like separated fields)
with boosted hadrons

M(P;, P, 2) = (NP | BT W (2,0)¥(0) | N(P),

LTl
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Well-studied “novel” methods for PDFs/GPDs in LQCD

Matrix elements of non-local operators (space-like separated fields)
with boosted hadrons

M(P;, P, 2) = (NP | BT W (2,0)¥(0) | N(P),

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002] quasi-PDFs N pseudo-ITD [A. Radyushkin, PRD 96, 034025 (2017)]
[X. Ji, Sci. China Phys. M.A. 57 (2014) 1407] 4 Ny

3 dz . 2 =
quD(x, t, 5, P3’ Iu) — J4—ﬂe Pyz %(Pf, Pi’ Z) E’Jz(ya 59 t, Z3) — %(0,0,0, Zz) (V =7 p)
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Well-studied “novel” methods for PDFs/GPDs in LQCD

Matrix elements of non-local operators (space-like separated fields)
with boosted hadrons

M(P;, P, 2) = (NP | BT W (2,0)¥(0) | N(P),

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002] quasi-PDFs pseudo-ITD [A. Radyushkin, PRD 96, 034025 (2017)]
[X. Ji, Sci. China Phys. M.A. 57 (2014) 1407] Ny

MW, & 15 73)

. dz .. L2\
quD(x’ t’ 5’ P3’ ﬂ) = J4_ﬂe P%(Pf7 Pl’ Z) S’Jz(l/, t’ Z3) _ %(0,0,0; Z2) (V =21 p)

Matching in momentum space
(Large Momentum

Effective Theory ) O, u?) = [ dx e™q(x, u?)
Light-cone PDFs & GPDs -

Matching in v space

LTl
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Well-studied “novel” methods for PDFs/GPDs in LQCD

Matrix elements of non-local operators (space-like separated fields)
with boosted hadrons

M(P;, P, 2) = (NP | BT W (2,0)¥(0) | N(P),

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002] quasi-PDFs

pseudo-ITD [A. Radyushkin, PRD 96, 034025 (2017)]
[X. Ji, Sci. China Phys. M.A. 57 (2014) 1407]

, atching resembles:
factorization:
opis(x, Q%) = Z |Hiys ® f] (x, 0%)

l

MW, & 15 73)

- dz .. L2\

Matching in momentum space
(Large Momentum

Effective Theory ) O, u?) = [ dx e™q(x, u?)
Light-cone PDFs & GPDs -

Matching in v space

LTl
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Quasi-GPDs: contact with light-cone quantities

% Non-local operators with Wilson line fully renormalizable to all orders
[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019] [X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)

— M. Constantinou, NREC 2026



Quasi-GPDs: contact with light-cone quantities

% Non-local operators with Wilson line fully renormalizable to all orders
[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019] [X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)

A number of non-trivial steps

hadronic Matching to
matrix elements light-cone GPDs
quasi
Identification of distribution x-dependence

ground state

a approach g)

Renormalizati% ‘%form factors”
N

" dlsentanglemeny

reconstruction |
J
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Light-cone GPDs

H — GPD
2.5
2.0
mm -t=0.17 GeV?
L5 —t = 0.33 GeV?
' pm —t = 0.64 GeV?
~ —t = 0.80 GeV?
X 1.0
T ' o —t=1.16 GeV?
-t =1.37 GeV?
0.5 1 —t = 1.50 GeV?
B -t=2.26 GeV?
0.0
—-0.5 1
_10 T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X
6
5 4
4 mm —-t=0.17 GeV?
—t = 0.33 GeV?
3. o -t =0.64 GeV?
= —t = 0.80 GeV?2
v} mm —t=1.16 GeV?
2 -t = 1.37 GeV?
—t = 1.50 GeV?
1 Em -t =2.26 GeV?
0
_1 T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
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Light-cone GPDs

3.0

2.5

2.0 A

1.5 1

H(x)

0.5 A1

0.0

—0.5 4

-1.0

1.0 A

-1.00 -0.75 -0.50 -0.25 0.00

X

E(x)

0

-1

1_

-1.00 -0.75 -0.50 -0.25 0.00

¢ : . .
H. . E 2026

H - GPD

mm -t=0.17 GeV?
—t = 0.33 GeV?
o —t = 0.64 GeV?
—t = 0.80 GeV?
o —t=1.16 GeV?
-t = 1.37 GeV?
—t = 1.50 GeV?
B -t =226 GeV?

1.00

E — GPD

mm —-t=0.17 GeV?
—t = 0.33 GeV?
pmm —t = 0.64 GeV?
—t = 0.80 GeV?
o —t=1.16 GeV?
-t = 1.37 GeV?
—t = 1.50 GeV?
B -t=2.26GeV?

1.00

Caution:

% +X region: quarks
-X region: anti-quarks

% anti-quark region
susceptible
to more systematic
uncertainties

% small- and large-x region

not reliably extracted

% large -t values unreliable
but free




Mellin moments from non-local operators

VAURNRE)

(v=2z-p)
7(0.0.0:22) P

M(Py, P, z) = (N(Pp) | W(2) T 7' (2,0)¥(0) | N(P)), M, &, 1;23) =

% Leading-twist factorization formula

(x") + @(AQCDZ )

F . pyn (MS(,,2.2
HP.A) =2 &0 :Z( izP)" CMS(u%2?)

F(z,P=0,A =0) - n! C(W(quzz)

% Avoid power-divergent mixing of multi-derivative operators

% Wilson coefficients known to NLO (or NNLO)

Y Both isovector and isoscalar

1
/ dex"HY(z,& = 0,t) = ZAn-i—lz(t)
~1

even

1
/ dex"EY(z,& = 0,1) Z Bl ()
~1

even
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Mellin moments from non-local operators

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507]

Parameters
Ensemble B a [fm] | volume L® x T Ny mx. [MeV] | Lm, | L [fm]
cA211.32 | 1.726 | 0.093 32° x 64 u,d,s,c 260 4 3.0

M. Constantinou, NREC 2026



Mellin moments from non-local operators

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507]

Parameters
Ensemble | f3 a [fm] | volume L® x T Ny mx. [MeV] | Lm, | L [fm]
cA211.32 | 1.726 | 0.093 323 x 64 u,d, s, c 260 4 3.0
3
1.00r% 4= A ¥ This work u—d, By ™ zExp, —1€[0,1.0]GeV?
$ ETMCTI ZExp, —t€[0, 1.5]GeV?
0.75¢ 2 m Dipole, —1 € [0, 1.0]GeV?
W Dipole, —1€10,1.5]GeV?
0.50r
0.25¢
0.00+
3
u+d, Ay
2 L
1 L
0% 1 3
—1 [GeV?]
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Mellin moments from non-local operators

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507]

Parameters
Ensemble | f3 a [fm] | volume L® x T Ny mx. [MeV] | Lm, | L [fm]
cA211.32 | 1.726 | 0.093 323 x 64 u,d, s, c 260 4 3.0
3
1.00r% 4= A & This work w—d, By, W zExp,—1€[0,10]GeV?
$ ETMCTI ZExp, —t€[0, 1.5]GeV?
0.75¢ 2+ m Dipole, —1 € [0, 1.0]GeV?
Dipole, —1€10,1.5]GeV?
0.50F
0.25}
0.00+
3
u+d, Ay
2 L
1 L
0% 1 2 3 015 1 2 3
—1[GeV?] —1[GeV?]

 EEEEE————————
% Extraction of radii can be obtained from the parameterizations
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Mellin moments from non-local operators

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507]

0.5
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 Dipole, —t €0, 1.0]GeV?
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0.2r
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0.1
0.0- . L 0.0
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0.0% i 2 3 015 i 2 3
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0.04} 0.02}
0.02 0.0 .00 ' ' .00
0.20 0.15 0.10 0.06
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Mellin moments from non-local operators

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507]
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N % Access to higher Mellin

0oL . . 0oL moments is desirable
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Mellin moments from non-local operators

[H. Dutrieux et al., JHEP 08 (2024) 162]

ID a (fm) m, (MeV) B mzL L3x Np Netg  Nges k(D)
a094m358  0.094(1) 358(3) 6.3 5.4 323 x 64 348 4 64
PRD 105, 054505 (2022) PRD 105, 054505 (2022)
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$
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M. Constantinou, NREC 2026



Mellin moments from non-local operators

[H. Dutrieux et al., JHEP 08 (2024) 162]

ID a (fm) m, (MeV) B mzL L3x Np Netg  Nges k(D)
a094m358  0.094(1) 358(3) 6.3 54 323x64 348 4 64
e PRD 105, 054505 (2022) e PRD 105, 054505 (2022)
0.7 - o Ggl(t) 3.5 - 1 o Gpult)
$
ol N
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0 o
04 7 .$ 2 0 i ‘.
¢* | v
0.3 * + @
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0.1- M Lo Y + %%
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% Comparison with FFs from local operators reveals the need to

study systematic uncertainties

% (Comparison for different ensembles)

T
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Synergistic activities
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LQCD results with experimental data

[H. Atac et al., Nature Comm. 12, 1759 (2021)] [H. Atac et al., Eur. Phys. J. A 57, 65 (2021)]
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Summary

Calculations of EM form factors and radii using local
operators have been refined

Percent level has been achieved with systematic
uncertainties addressed.

Comparison between lattice data from different
formulations, as well as with experiments have improved

Extraction of EM form factors using non-local operators
with boosted hadrons is an alternative avenue.

Synergy with global analysis is an exciting prospect
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