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Two-photon Exchange in Lepton-Proton (ℓ-p) Elastic Scattering Process

TPE potentially resolves fundamental discrepancies of the Low-energy Proton
Structure, e.g., Form factor & Charge Radius Puzzles

Evaluation of the TPE till date has been quite unsatisfactory → Model driven
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Radiative/QED corrections (up to one-loop) in ℓ-p Scattering
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Include soft-γ∗ bremsstrahlung to remove IR-divergent terms from loops
↪→ mandated by the well-known Kinoshita–Lee–Nauenberg (KLN) Theorem
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Charge-even contributions (up to one-loop) to ℓ-p cross section
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Charge-odd contributions (up to one-loop) to ℓ-p cross section
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Low-Q2 ≲ 0.1 (GeV/c)2 higher-order corrs. to
[
dσel
dΩℓ

]
Born

(crude estimates)

1 Two kinds of higher-order corrections: (i) Hadronic (QCD), and (ii) Radiative (QED)

2 Hadronic and radiative corrections are of the same order of magnitude (∼ 30− 40% Born)

3 Soft Bremsstrahlung & Vacuum Polarization corrections constitute the most dominant
radiative corrections (∼ 25% Born)

4 Vertex and Multi-γ Exchange constitute smaller radiative corrections (∼ 10− 15% Born)

5 Largest uncertainties (∼ 1− 2% Born) stemming from Two-Photon Exchange (TPE)
corrections, which resolve bulk of the existing discrepancies (e.g., form factor and radius)

6 Note: At very low-energies only elastic proton TPE intermediate state dominantly
contributes to elastic cross section with insignificant contributions (≲ 0.5% Born) from
inelastic nucleon intermediate states (∆(1232),N∗, ..., etc. resonances)
↪→ In low-energy scattering analysis replace TPE blobs with elastic proton propagators!

p p
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MUon Scattering Experiment@PSI (MUSE)

Simultaneous (unpolarized) scattering of electrons (e∓) and muons (µ∓) with
protons at unprecedented low-Q2 range:[

0.0016 ≲ Q2 ≲ 0.082e(0.079µ)
]
GeV2/c2

Accuracy: Measure elastic cross-section below 1% precision (Target ∼ 0.1%)

Plans at an accurate extraction of TPE via charge asymmetry observable
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dσel(Q
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dΩℓ
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IR-finite parts of TPE and odd Brem. corrections must be first isolated
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Framework: SUf (2) Heavy Baryon Chiral PT (HBχPT)

Low-energy Effective Field Theory of QCD + QED

Model-independent with gauge invariance naturally incorporated

Light D.O.F.s, e.g., γ, e∓, µ∓, π0,±, are treated relativistically

Heavy D.O.F.s like nucleons & baryons, are treated non-relativistically

Hard Scale: All UV physics above ≳ ΛH are integrated out

chiral symmetry breaking scale: ΛH ≡ MN ∼ Λχ ∼ 4πfπ ∼ 1 GeV/c

Power-counting scheme: Ensures control over systematic uncertainties
↪→ Simultaneous perturbative expansion of Feynman amplitudes in powers of Q/MN

in addition to the standard chiral expansion in powers of Q/Λχ ∼ mπ/Λχ

↪→ Allows to include dominant proton’s recoil effects at low-Q2

↪→ Chiral Dimension: M(ν)
πN ∼ O(1/Mν

N) ; ν = 0, 1, 2, 3, · · · (NνLO)

ν = 2Lπ +
∑
n=1

(2n − 2)V (p2n)
ππ +

∞∑
ℵ=1

(ℵ − 1)V
(pℵ)
πN +

∞∑
α=0

α∆
(1/Mα)
N
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Effective Lagrangian → TPE cross section upto NNLO [i.e., O(α3/M2
N)]

Operators constructed by low-energy symmetries (e.g., P, C, T, χ, ...)

LℓπNγ = −
1

4
FµνF

µν + ψ̄ℓ

(
iγµDµ − mℓ

)
ψℓ + Leff

πN , where

Leff
πN =

[
L (p2)

ππ + · · ·
](Rel)

χPT

+

[
3∑

ℵ=1

L(pℵ)
πN + · · ·

](Non−Rel)

HBχPT

For LO [i.e., O(α3)] & NLO [i.e., O(α3/MN)] cross section analyses:
↪→ Involves phenomenological Low-energy Constants (LECs) → gA, ci , κs,v , · · ·

L(p1)
πN = N

[
i(v · D) + gA(u · S)

]
N , N = (p n)T & v = (1, 0)

Bernard, Kaiser, Meißner, Fettes, Stininger, ...

L(p2)
πN = N

[
(v · D)2 − D · D

2MN

−
igA

2MN

{S · D, v · u} + c1Tr(χ+) +

(
c2 −

g2
A

8MN

)
(v · u)2

+ c3u · u +

(
c4 +

1

4MN

)
[Sµ

, Sν ]uµuν + c5Tr

{
χ+ −

1

2
Trχ+

}

−
i

4MN

[Sµ
, Sν ]

{
(1 + κv )f

+
µν +

1

2
(κs − κv )Tr(f

+
µν)

}]
N

Non-linear Pion fields: uµ = i
√
U† ∇µ

(
U
√
U†
)

U(x) =

√
1 − π⃗ 2(x)

f 2π
+ i τ⃗·π⃗(x)

fπ

↪→ Up to NLO chiral order (ν = 0, 1) pions does not appear explicitly: U(x) → 1

↪→ Proton behaves effectively “point-like”
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Effective Lagrangian → TPE cross section upto NNLO [i.e., O(α3/M2
N)]

For NNLO cross section analysis:
↪→ Involves pion-loops and counter-terms that renormalize the pγp vertices

↪→ Generate the Sachs form factors G p
E ,M and rms radii

√
⟨r 2E ,M⟩

Γ
(pγp)
µ (Q2) = Gp

E (Q
2)vµ + 1

MN
[Sµ,Sν ]Qν Gp

M(Q2) ; ⟨r2E ,M⟩ = − 6
dG

p
E,M

(Q2)

dQ2

∣∣∣∣
Q2=0

= + + + +

B10, B20, B̃1

L (2)
ππ =

f 2π
4

[
Tr
(
∇µU∇µU†

)
+ Tr

(
χU† + Uχ†

)]
Bernard, Kaiser, Meißner, Fettes, Stininger, ...

L(p3)
πN =

1

(4πfπ)2
N

[(
B10 − π

2f 2π
1 + 2κv

M2
N

) [
Dµ

, f (v)µν

]
vν + B20

[
Tr(χ+) iv · D + h.c.

]

+

(
B̃1 − π

2f 2π
1 + 2κs

M2
N

) [
Dµ

, v (s)
µν

]
vν + · · ·

]
N

−
i

4M2
N

N

[
(v · D)3 −

1

2

(
D2(v · D) − (v · D†)D†2

)]
N + O

(
1

M3
N

)
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TPE diagrams @LO+NLO (ν = 0&1) in HBχPT and IR-divergence

(e) (f) (g) (h)

(i)

(b) (c) (d)(a)

NLO propagator

NLO vertex

NLO seagull vertex

Contributions to cross section from LO diagrams (a) & (b) are IR-divergent

Contributions to cross section from NLO diagrams (c) - (i) are all finite

O(1/MN) IR-divergences isolated using Dim. Regularization, with ε = (4− D)/2 < 0

↪→ IR-divergence cancels @ O(M0
N), since (Eℓ − E ′

ℓ) ∼ (pℓ − p′ℓ) ∼ O(M−1
N )

IR
(odd)
box (Q2) =

α

π

{
1

ε
− γE + ln

(
4πµ2

m2
ℓ

)}{
Eℓ

pℓ
ln

√
Eℓ + pℓ

Eℓ − pℓ
−

E ′
ℓ

p′
ℓ

ln

√
E ′
ℓ + p′

ℓ

E ′
ℓ − p′

ℓ

}
∼ O

(
1

MN

)
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IR-divergence cancellation: (TPE + Soft-γ∗ Brem.@LO)charge-odd

++

†

γ∗

γ∗

γ∗γ∗

+

2Re

2Re

−→ IR finite

†

+

(a) (b)

Rℓi Rℓf Rpi Rpf

Born

O(1/MN) IR-divergences stem from LO charge-odd Bremsstrahlung diagrams only

↪→ IR-divergence cancels @ O(M0
N), since (Eℓ − E ′

ℓ) ∼ (pℓ − p′ℓ) ∼ O(M−1
N )

IR
(odd)
Brem(Q2) = −

α

π

{
1

ε
− γE + ln

(
4πµ2

m2
ℓ

)}{
Eℓ

pℓ
ln

√
Eℓ + pℓ

Eℓ − pℓ
−

E ′
ℓ

p′
ℓ

ln

√
E ′
ℓ + p′

ℓ

E ′
ℓ − p′

ℓ

}
∼ O

(
1

MN

)

δ
(odd)
TPE+Brem(Q2) = δ

(TPE)
γγ (Q2) + δ

(odd)
Brem(Q2) −→ IR-finite result @LO+NLO
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TPE diagrams @NNLO (ν = 2) in HBχPT with 1-loop Approximation

Includes dominant class of diagrams with proton’s form factor contributions, e.g., (p + pπ) - (s + sπ)
(A)

(B)

(j) (k) (l) (m) (n) (o)

(t)(r) (s)(p) (q)

(pπ) (qπ) (rπ) (sπ)

(v)

(u)

NNLO vertex

NNLO seagull vertex

NNLO propagator

renormalized π − loop

Non-relativistic proton propagator up to NNLO [i.e., O(1/M2
N )]:

iS
(NR)

(p)
(k) =

[
i

v · k + i0+

]
LO

+
i

2MN

[
1 −

k2

(v · k + i0+)2

]
NLO

+
i

4M2
N

[
(v · k)3 − k2(v · k)

(v · k + i0+)2

]
NNLO

+O
(

1

M3
N

)
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Genuine 2-loop TPE diagrams @NNLO (ν = 2) were not considered

Naively 2-loop amplitudes are kinematically suppressed compared to 1-loop amplitudes

Challenging to evaluate analytically with overlapping UV divergences → ongoing work
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TPE results up to NNLO in HBχPT for ℓ-p scattering relevant to MUSE

Lepton momentum (pℓ) in MeV/c 115 153 210

|Q2| in (GeV/c)2 for Electron
Angle θ = 20◦ 0.0016 0.0028 0.0052
Angle θ = 100◦ 0.027 0.046 0.082

|Q2| in (GeV/c)2 for Muon
Angle θ = 20◦ 0.0016 0.0028 0.0052
Angle θ = 100◦ 0.026 0.045 0.080

AIM: TPE contribution to the charge-odd diff. cross section up to NNLO[i.e., O(α3/M2
N)]:[

dσel(Q
2)

dΩℓ

](∓)

TPE

= ±
α2p′

ℓ

pℓQ2

(
1 −

Q2

4M2

)[
1 +

4EℓE
′
ℓ

Q2

]

×
{
δ
TPE(0)
γγ (Q2) + δ

TPE(1)
γγ (Q2) + δ

TPE(2)
γγ (Q2)︸ ︷︷ ︸

}
+ O

(
α3

M3
N

)
Preliminary

δ
TPE(ν)
γγ (Q2) ∼ O

(
α

Mν
N

)

NNLO corrections rely on rms proton’s charge radius rp = 0.855 fm (free parameter):

CREMA (PSI): rp = 0.84087(39) fm Antognini, et al, 2013, Pohl et al. 2013

A1 (MAMI): rp = 0.87± (0.014)stat.± (0.024)syst.± (0.003)mod. fm Mihovilovic et al. 2021
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Numerical TPE results for e−-p and µ−-p scattering up to NNLO
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Large cancellations between box (a) and crossed-box (b) diagrams especially at LO

I (Q|1, 1, 1, 0) ∝ ln2
(

Q2

m2
ℓ

)
from (e) & (f) NLO graphs lead to high-Q2 enhancement for e-p scattering
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Comparison of TPE corrections for e−-p and µ−-p scattering
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Tomalak and Vanderhaeghen (2016): Dispersion Relations

McKinley and Feshbach (1948): Non-relativistic potential scattering of leptons using 2nd Born approximation
Koshchii and Afanasev (2017): QED+hadronic model → diagrammatic, with elastic proton intermediate state invoking Soft Photon Approximation
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Charge-odd Soft-γ∗ Bremsstrahlung diagrams @LO+NLO (ν = 0&1)

AIM: Determine dσ
(odd)
elastic up to NLO [i.e., O(α3/MN)]

Consider only charge-odd products of ℓ−p “exchange” interference bremsstrahlung amplitudes

LO diagrams contribute to IR-divergent cross section while NLO diagrams lead to finite results

Graphs only with final-state proton propagaotors are chirally enhanced

LO

• v ·Q = − Q2

2MN
where Q2 < 0

enhanced

iS
(LO)
p (Q) = i

v·Q+i0+
∼ i

− Q2
2MN



∼ O(MN)

Promoted toO(MN)

NLO enhanced

enhanced enhanced

iS
(NLO)
p (Q) = i

2MN


1− Q2

(v·Q+i0+)
2


 ∼ i

2MN

1


Q4

4M2
N




∼ O(MN)

NLO propagator

NLO vertex

NLO seagull vertex

Promoted toO(M 0
N)

Promoted toO(MN)Promoted toO(M 0
N)
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Charge-odd Soft-γ∗ Brem. @LO+NLO (including ν = 2 topologies)

AIM: Determine dσ
(odd)
elastic up to NLO [i.e., O(α3/MN)]

Consider only charge-odd products of ℓ−p “exchange” interference bremsstrahlung amplitudes

NNLO (chiral order ν = 2) diagrams should naively scale as O(1/M2
N ), instead some are enhanced and

promoted to lower (ν = 0, 1) chiral orders

enhanced enhanced

enhancedenhancedenhanced

NNLO vertex

NNLO seagull vertex

renormalized π − loop

NNLO propagator

iS
(NNLO)
p (Q) = i

4M2
N



(v·Q)3−Q2(v·Q)

(v·Q+i0+)
2


 ∼ O


 1
MN




iS
(LO)
p (Q) = i

v·Q+i0+
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− Q2
2MN



∼ O(MN)
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(NLO)
p (Q) = i

2MN


1− Q2

(v·Q+i0+)
2


 ∼ i

2MN

1


Q4

4M2
N




∼ O(MN)

enhanced

Promoted toO(M 0
N)

Promoted toO
(

1
MN

)

Promoted toO(M 0
N)

Promoted toO
(

1
MN

)
Promoted toO

(
1

MN

)
Promoted toO

(
1

MN

)

Promoted toO
(

1
MN

)
Promoted toO

(
1

MN

)

enhanced enhanced
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Charge-odd Soft-γ∗ Brem. @LO+NLO (including ν = 3 topologies)

AIM: Determine dσ
(odd)
elastic up to NLO [i.e., O(α3/MN)]

Consider only charge-odd products of ℓ−p “exchange” interference bremsstrahlung amplitudes

N3LO (chiral order ν = 3) diagrams should naively scale as O(1/M3
N ), instead some get enhanced and

promoted to ν = 1 chiral order

Promoted toO
(

1
MN

)
Promoted toO

(
1

MN

)
Promoted toO

(
1

MN

)

Promoted toO
(

1
MN

)
Promoted toO

(
1

MN

)

enhanced enhanced enhanced

enhancedenhanced
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Numerical Charge-odd Brem. results for e−-p and µ−-p up to NLO
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Two free parameters inputs:

Detector threshold: ∆γ∗ ≈ 1% of Eℓ (central) & 0.5% Eℓ ≲ ∆γ∗ ≲ 2% Eℓ (yellow band)

Proton’s charge radius rp = 0.855 fm (central) & Error band (not visible):
CREMA (PSI): rp = 0.84087(39) fm Antognini, et al, (2013), Pohl et al. (2013)

A1 (MAMI): rp = 0.87 ± (0.014)stat.± (0.024)syst.± (0.003)mod. fm Mihovilovic et al. (2021)
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Total charge-odd (TPE + Brem.) radiative corrs. ≈ “Physical” TPE results

rp = 0.855 fm, Δγ* = 1 % E
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Two free parameters inputs:

Detector threshold: ∆γ∗ ≈ 1% of Eℓ (central) & 0.5% Eℓ ≲ ∆γ∗ ≲ 2% Eℓ (yellow band)

Proton’s charge radius rp = 0.855 fm (central) & Error band (not visible):
CREMA (PSI): rp = 0.84087(39) fm Antognini, et al, (2013), Pohl et al. (2013)

A1 (MAMI): rp = 0.87 ± (0.014)stat.± (0.024)syst.± (0.003)mod. fm Mihovilovic et al. (2021)
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Charge-even contributions (up to one-loop) in ℓ-p Scattering in HBχPT

AIM: Determine dσ
(even)
elastic [i.e., O(α2/M2

N)OPEπ + O(α3/MN)γ ]

NLO :

LO :

2Re

SEℓi SEℓfBorn OPEπ

†

π

+ + +

VCℓ VP(f=e,µ,τ,π)

+ f

+

R
ℓi

R
ℓf

γ∗

γ∗
+

†γ∗

Rℓi

γ∗

Rℓf

2Re

+

2
γ∗

Rℓi

γ∗

Rℓf

Other terms with proton legs radiating

vanish on Dim. Reg.

N2LO&O(α) LO&O(α2)

LO :

LO&O(α2) LO&O(α2) LO&O(α2)

IR-divergent terms arise ONLY at the LO

IR
(even)
γ−loop

(Q2) = −IR
(even)
Brem

(Q2) =
α

π

 1

ε
− γE + ln

 4πµ2

m2
ℓ


 ν2

ℓ + 1

2νℓ

ln

[
νℓ + 1

νℓ − 1

]
− 1

 ; νℓ =

√√√√
1 −

4m2
ℓ

Q2

δ̄
(even)
Virt+Brem(Q2) = δ

(even)
Virt (Q2) + δ

(even)
Brem (Q2) −→ IR-finite result

NOTE: No chirally enhanced charge-even bremsstrahlung contributions
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Total charge-even (Virtual + Brem.) radiative corrections

rp = 0.855 fm, Δγ* = 1 % E
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Two free parameters input:

Detector threshold: ∆γ∗ ≈ 1% of Eℓ (central) & 0.5% of Eℓ ≲ ∆γ∗ ≲ 2% of Eℓ (yellow band)

Proton’s charge radius rp = 0.855 fm (central) & Error band (not visible):
CREMA: rp = 0.84087(39) fm Antognini, et al, (2013), Pohl et al. (2013)

MAMI A1: rp = 0.87 ± (0.014)stat.± (0.024)syst.± (0.003)mod. fm Mihovilovic et al. (2021)
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Lepton-antilepton (e∓-p & µ∓-p) Charge Asymmetry

Aℓ∓ (Q2) =
δ
(TPE)
γγ (Q2) + δ

(odd)
Brem(Q2)

1 + δ
(even)
OPEπ

(Q2) + δ
(even)
γ−loop(Q

2) + δ
(even)
Brem (Q2)
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Summary

TPE Results in HBχPT up to NNLO:
↪→ Large cancellations are manifest at LO between box and crossed diagrams
↪→ NLO corrections are logarithmically enhanced in the high-Q2 region

↪→ NNLO contributions are tiny with dominant contributions arising from proton’s form factors/radii

Soft-γ∗ Bremsstrahlung Results in HBχPT up to NLO:
↪→ Charge-odd contributions lead to chiral enhancement of amplitudes with final-state proton
propagators
↪→ There is no chiral enhancement in charge-even contributions

Charge Asymmetry Results:
Charge-odd bremsstrahlung contributions are small enough not to preclude an accurate

(≲ 1% level) extraction of the TPE from charge-asymmetry measurements at MUSE

THANK YOU
for your attention
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Back-up Slides
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Charge-even Soft-γ∗ Brem. corrections for e−-p and µ−-p up to NLO
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Free parameters input:

Detector threshold: ∆γ∗ ≈ 1% of Eℓ (central) & 0.5% of Eℓ ≲ ∆γ∗ ≲ 2% of Eℓ (error band)
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Charge-even Virtual corrections (OPEπ + γ-loop) for e−-p and µ−-p

δγ-loop
(even)

δOPEπ

(even) ( rp = 0.885 fm )
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NNLO corrections rely on proton’s rms charge radius rp = 0.855 fm (free parameter):

CREMA (PSI): rp = 0.84087(39) fm Antognini, et al, 2013, Pohl et al. 2013

A1 (MAMI): rp = 0.87 ± (0.014)stat.± (0.024)syst.± (0.003)mod. fm Mihovilovic et al. 2021
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Total corrections (up to one-loop) for e∓-p and µ∓-p Scattering

NNLO corrections rely on proton’s rms charge radius rp = 0.855 fm (free parameter):

CREMA (PSI): rp = 0.84087(39) fm Antognini, et al, 2013, Pohl et al. 2013

A1 (MAMI): rp = 0.87 ± (0.014)stat.± (0.024)syst.± (0.003)mod. fm Mihovilovic et al. 2021
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