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Introduction

Measurements of the proton radius based upon lepton scattering experiments allows
researchers to reach high measurement precision. However, to achieve this aim,

Tight control of systematic uncertainties is necessary.

Radiative corrections are the most critical component of these systematic
uncertainties.

In data analyses, the proton radius is estimated through the slope of Q2-dependence that is
estimated using a fitting procedure within the bin-by-bin or Moller-integrated method.

The objective of this study is to calculate QED radiative corrections and analyze the
Q2-dependence of specific contributions to the total RC in ep and ee-scattering.

The secondary objective is to identify and review possible ways on how this and other
available calculations can be further improved.
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The Born and lowest order RC: Feynman graphs

The Born cross section and the lowest order RC are defined by diagrams with emission of the
real photon and loop diagrams

The Born matrix element:

k1 k2

p1 p2

One loop diagrams:

k1 k2

p1 p2

k1 k2

p1 p2

Real photon emission:

k

k1 k2

p1 p2

k

k1 k2

p1 p2
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The Born cross section

The Born cross section of unpolarized elastic lp-scattering

l(k1) + p(p1) → l′(k2) + p′(p2)

(k21 = k22 = m2, p21 = p22 = M2) is described by the two kinematical invariants:

S = 2p1k1, Q2 = −(k1 − k2)
2.

and has the form
dσB

dQ2
=

2πα2

λSQ4

(

θ1BF1(Q
2) + θ2BF2(Q

2)
)

,

λS = S2 − 4m2M2 and

θ1B = Q2 − 2m2, θ2B =
S(S −Q2)−M2Q2

2M2
,

F1 = Q2G2
M , F2 = 4M2

G2
E + τpG2

M

1 + τp
,

Kinematic reqion for Q2 is (0, Q2
max), where Q2

max = λS/(S +M2 +m2)
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The lowest order RC: Exact formulae for ep-scattering

dσRC

dQ2
=

α

π
(δIR + δvert + δlvac + δhvac)

dσB

dQ2
+

dσAMM

dQ2
+

dσF

dQ2
.

δIR + δvert = 2

(

(Q2 + 2m2)Lm − 1

)

log
vcut

mM
+

1

2
SLS +

1

2
XLX + Sφ − 2

+

(

3

2
Q2 + 4m2

)

Lm − Q2 + 2m2

√
λm

(

1

2
λmL2

m + 2Li2

[

2
√
λm

Q2 +
√
λm

]

− π2

2

)

.

δlvac =
∑

i=e,µ,τ

δivac =
∑

i=e,µ,τ

[2

3
(Q2 + 2m2

i )L
i
m − 10

9
+

8m2
i

3Q2

(

1− 2m2
iL

i
m

)]

.

dσAMM

dQ2
=

α3m2Lm

2M2Q2λS

[

12M2F1(Q
2)− (Q2 + 4M2)F2(Q

2)

]

,

where

LS =
1√
λS

log
S +

√
λS

S −
√
λS

, LX =
1√
λX

log
X +

√
λX

X −
√
λX

, Lm =
1√
λm

log

√
λm +Q2

√
λm −Q2

and λS = S2 − 4m2M2, λX = (S −Q2)2 − 4m2M2, and λm = Q4 − 4m2Q2,
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The cross section of real photon emission

The real photon emission in lp-scattering

l(k1) + p(p1) → l′(k2) + p′(p2) + γ(k)

requires three additional kinematical variables. We will use:

t = −(k1 − k − k2)2 — true virtual photon momentum

v = (p+ k1 − k2)2 −M2 — inelasticity

φk — angle between scattering and photon production planes, i.e., planes defined by
vectors (k1, k2) and (q, k).

The cross section is

dσF

dQ2
= − α3

2λS

tmax
∫

tmin

dt

vmax
∫

v1

dv

2
∑

i=1

(

Fi(t)

t2

ki
∑

j=1

(Q2+v−t)j−3θij(v, t)−4FIRθBi
Fi(Q

2)

(Q2 + v − t)2Q4

)

This expression is the result of analytic integration in respect of φk.
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The structure of the cross section of real photon emission

dσF

dQ2
= − α3

2λS

vmax
∫

0

dv

tmax
∫

tmin

dt
2
∑

i=1

(

Fi(t)

t2

ki
∑

j=1

(Q2+v− t)j−3θij(v, t)−4FIRθBi
Fi(Q

2)

(Q2 + v − t)2Q4

)

where θij(v, t) are kinematical coefficients that contains 5 types of terms:

terms coming from the propagator in the initial state radiation

terms coming from the propagator in the final state radiation

terms coming from the squared propagator of the initial state radiation (always multiplied by
m2)

terms coming from the squared propagator of the final state radiation (also always
multiplied by m2)

other terms
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The approach to extract Q2-dependence of RC:

The leading Q2-dependence is:

The factorized real and virtual part of RC

δIR + δvert =
Q2

12m2

[

4 log
Q2λS

M2m4
+ 3 +

2S

λS

(

S − 2(S2 − 3m2M2)LS

)

]

.

The vacuum polarization by leptons and hadrons

δlvac =
2

15
Q2

∑

i=e,µ,τ

1

m2
i

Anomalous magnetic moment

dσAMM

dQ2
= −αM2Q2

πS2

dσB

dQ2

Multiple soft photon emission

dσobs

dQ2
= exp

(α

π
δinf

) [

1 +
α

π
(δIR − δinf + δvert + δlvac + δhvac)

] dσB

dQ2
+
dσAMM

dQ2
+
dσF

dQ2
.

where δinf = 2

(

(Q2 + 2m2)Lm − 1

)

log
vmax

mM
≈ 2Q2

3m2
log

vmax

mM
=

2Q2

3m2

(

log qm + Ls

)
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RC due to real photon emission at small Q2

dσF

dQ2
= − α3

2λS

vmax
∫

0

dv

tmax
∫

tmin

dt
2
∑

i=1

(

Fi(t)

t2

ki
∑

j=1

(Q2+v− t)j−3θij(v, t)−4FIRθBi
Fi(Q

2)

(Q2 + v − t)2Q4

)

Recall that the formfactor in
the area of small t or Q2 is
flat, e.g., the dipole formula

GD(Q2) =
1

(1 +Q2/Λ2)2

Therefore, the formfactor can be expanded using Tailor series, e.g.,

GE(t) = GE(Q2) + (t−Q2)G′

E(Q2) + . . .

10−6 2 · 10−6 4 · 10−6

t (GeV2)

10
2

104

106

108

1010

1012

1014

Ebeam = 2.2 GeV

v = 10
−3

GeV
2

Q2 = 10−6 GeV2

Q2 = 2 · 10−6 GeV2

Q2 = 4 · 10−6 GeV2

dσF

dQ2dvdt
(mb GeV−6)
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Details of the calculation

dσF

dQ2
= − α3

2λS

vmax
∫

0

dv

tmax
∫

tmin

dt
(

K1G
2
M (Q2) +K2G

2
E(Q2) + K̄1

(

G2
M (Q2)

)

′

+ K̄2

(

G2
E(Q2)

)

′

)

We calculate these integrals analytically.

To extract an analytic expression for small Q2 asymptotic, we expand specific contributions
by Q2

We hold only leading terms by lepton mass in each coefficient, i.e., we expand the exactly
calculated integrals within the approximation Q2 ≪ m2 ≪ S,M2 resulting in a series over
qm = Q/m

The results are:

K2 gives the largest contribution resulting in resulting in 1/Q2 behavior of dσF /dQ2.

Terms with K1, K̄1, and K̄2 do not contribute to the cross section in this order.
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Details of the calculation

There are four contributions for K2/Q8:

Logarithmic terms from the initial state radiation (Ls = 2 log(S/(mM))):

q3m

(

4qm − 16

5
q2m +

25

9
q3m + Ls(−

16

3
+ 3qm − 8

3
q2m + q3m)

)

Logarithmic terms from the final state radiation:

Lsq
3
m

(

16

3
− 3qm +

8

3
q2m − 5

3
q3m

)

Logarithmic terms from the infrared divergence terms

2(2− qm)q5m

Terms not containing logarithms

4q4m

(

−1− 1

5
qm +

1

3
q2m

)

The sum of these contributions: (

19

9
− 2

3
Ls

)

q6m

The terms O(q3m), O(q4m), and O(q5m) completely cancel, resulting in 1/Q2 behavior of σF .
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Numeric example

The cross section can be expressed through the sum of these four contributions:

dσF

dQ2
=

dσX

dQ2
+

dσS

dQ2
+

dσ0

dQ2
+

dσM

dQ2

Q2 dσX/dQ2 dσS/dQ
2 dσ0/dQ2 dσM/dQ2 dσF /dQ2

1 · 10−04 0.32842 · 1009 −0.11578 · 1009 −0.22115 · 1007 −0.85398 · 1008 0.12504 · 1009

1 · 10−05 0.28041 · 1011 −0.12323 · 1011 0.49904 · 1009 −0.53033 · 1010 0.10913 · 1011

1 · 10−06 0.24476 · 1013 −0.18985 · 1013 0.15947 · 1012 −0.25076 · 1012 0.45785 · 1012

1 · 10−07 0.59225 · 1015 −0.59265 · 1015 0.19813 · 1014 −0.95778 · 1013 0.98308 · 1013

1 · 10−08 0.21326 · 1018 −0.21475 · 1018 0.19765 · 1016 −0.34254 · 1015 0.14349 · 1015

1 · 10−09 0.72230 · 1020 −0.72411 · 1020 0.19462 · 1018 −0.11460 · 1017 0.16576 · 1016

1 · 10−10 0.23404 · 1023 −0.23423 · 1023 0.19328 · 1020 −0.36984 · 1018 0.17408 · 1017

1 · 10−11 0.74605 · 1025 −0.74624 · 1025 0.19283 · 1022 −0.11785 · 1020 0.17784 · 1018

1 · 10−12 0.23654 · 1028 −0.23656 · 1028 0.19271 · 1024 −0.37471 · 1021 0.15894 · 1019

Therefore, numeric evaluation of the asymptotic behavior of the RC cross section at small Q2 can
require an unprecedented accuracy of integration over the real photon phase space.
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Asymptotics of specific Contributions: Summary

The final formulas for the leading qm = Q/m asymptotic, i.e., in the approximation
Q2 ≪ m2 ≪ S,M2 are

dσobs

dQ2
= exp

(α

π
δinf

) [

1 +
α

π
δ
] dσB

dQ2
+

dσF

dQ2
.

where

Born cross section is proportional to Q−4

dσB

dQ2
=

4πα2

Q4
G2

e(0)

Infrared-free cross section of the photon radiation is proportional to Q−2

dσF

dQ2
= − α3

πQ2m2

(

19

9
− 2

3
Ls

)

G2
e(0)

factorized correction δinf and δ are:

δinf =
q2m
3

(

2 log qm + Ls

)

and δ =
q2m
6

(23

10
− Ls

)
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Numeric illustrations

Q2, GeV2 Born nb GeV−2 δmax
V R δcutV R RCmax

F RCcut
F

1 · 10−8 0.41 · 1018 −0.0001 −0.0006 0.0003 −0.12 · 10−8

1 · 10−7 0.41 · 1016 −0.0001 −0.0056 0.0023 −0.12 · 10−7

1 · 10−6 0.41 · 1014 0.0017 −0.0392 0.0111 −0.82 · 10−7

1 · 10−5 0.41 · 1012 0.0080 −0.1249 0.0265 −0.30 · 10−6

1 · 10−4 0.41 · 1010 0.0158 −0.2284 0.0305 −0.56 · 10−6

1 · 10−3 0.41 · 108 0.0237 −0.3339 0.0247 −0.17 · 10−5

1 · 10−2 0.40 · 106 0.0315 −0.4395 0.0181 −0.68 · 10−6

Q2, GeV2 RCAMM δlvac δhvac RCmax
tot RCcut

tot

1 · 10−8 −0.75 · 10−11 0.14 · 10−4 0.18 · 10−9 0.0003 −0.0006

1 · 10−7 −0.71 · 10−10 0.11 · 10−3 0.18 · 10−8 0.0024 −0.0055

1 · 10−6 −0.48 · 10−9 0.87 · 10−3 0.18 · 10−7 0.0137 −0.0383

1 · 10−5 −0.14 · 10−8 0.33 · 10−2 0.18 · 10−6 0.0378 −0.1216

1 · 10−4 −0.23 · 10−8 0.67 · 10−2 0.18 · 10−5 0.0530 −0.2218

1 · 10−3 −0.32 · 10−8 0.10 · 10−1 0.18 · 10−4 0.0587 −0.3237

1 · 10−2 −0.39 · 10−8 0.14 · 10−1 0.18 · 10−3 0.0639 −0.4253
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Numeric illustrations

10−6 10−5 10−4 10−3 10−2 10−1

Q2 (GeV2)

20%

0%

−20%

−40%

−60%

Ebeam = 0.7 GeV

Ebeam = 1.1 GeV

Ebeam = 2.2 GeV

vcut = vmax

vcut = 10−2 GeV2

vcut = 10−3 GeV2

vcut = 10−4 GeV2

δep
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Møller scattering Feynman graphs

Born matrix elements: t and u-channels

k1 k2

p1 p2

k1 k2

p1 p2

Matrix elements of RC in the t-channel

k1 k2

p1 p2

k1 k2

p1 p2

k1 k2

p1 p2

k1 k2

l q-l

p1 p2

k1 k2

l q-l

p1 p2

k1 k2

k

p1 p2

k1 k2

k

p1 p2

k1 k2

p1 k2k

k1 k2

p1 p2k
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Møller scattering: Contributions to RC

Møller scattering

e−(k1) + e−(p1) → e−(k2) + e−(p2)

is described in terms of Mandelstam variables

s = (k1 + p1)
2, t = (k1 − k2)

2, u = (p1 − k2)
2 = 4m2 − s− t.

dσB

dcθ
=

dσt
B

dcθ
+ (t ↔ u),

where

dσt
B

dcθ
=

Mt
bM

+

b

32πs
=

πα2

2s

[

(s− u)2 + t(t− 8m2)

t2
+ 2

(s− 6m2)(s− 2m2)

tu

]

.

dσRC(vcut)

dcθ
=

dσvirt

dcθ
+

dσR

dcθ
=

α

π
δV R

dσB

dcθ
+

α

π

[

δtvirt
dσt

B

dcθ
+ δuvirt

dσu
B

dcθ

]

+
dσF

dcθ

+
dσt

AM

dcθ
+

dσu
AM

dcθ
+

dσt F
2γd

dcθ
+

dσu F
2γd

dcθ
+

dσt F
2γx

dcθ
+

dσu F
2γx

dcθ
,
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Numeric illustrations

Q2, GeV2 Born nb GeV−2 δV R δtvirt δuvirt RCF

1 · 10−8 0.72 · 1010 0.0005 0.0001 −0.27 · 10−06 −0.0004

1 · 10−7 0.72 · 108 0.0047 0.0005 −0.27 · 10−05 −0.0036

1 · 10−6 0.72 · 106 0.0324 0.0021 −0.27 · 10−04 −0.0238

1 · 10−5 0.72 · 104 0.0999 −0.0050 −0.27 · 10−03 −0.0386

1 · 10−4 0.72 · 102 0.1713 −0.0350 −0.29 · 10−02 0.0661

1 · 10−3 1.42 · 100 0.2181 −0.0502 −0.44 · 10−01 0.4357

2 · 10−3 3.42 · 101 0.1815 −0.0044 −0.42 · 10−01 0.1048

Q2, GeV2 RCt
AMM RCu

AMM δbox RCmax
tot RCcut

tot

1 · 10−8 −0.25 · 10−11 0.36 · 10−10 −0.24 · 10−05 0.0016 −0.0002

1 · 10−7 −0.11 · 10−10 0.36 · 10−09 −0.13 · 10−04 0.0156 −0.0014

1 · 10−6 0.79 · 10−09 0.36 · 10−08 −0.63 · 10−04 0.0107 −0.0090

1 · 10−5 0.27 · 10−07 0.36 · 10−07 −0.24 · 10−03 0.0562 −0.0279

1 · 10−4 0.48 · 10−06 0.39 · 10−06 0.49 · 10−04 0.2020 −0.0545

1 · 10−3 0.47 · 10−05 0.46 · 10−05 0.93 · 10−02 0.5789 −0.0875

2 · 10−3 0.58 · 10−06 0.74 · 10−06 0.38 · 10−02 0.2441 −0.0600
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Numeric illustrations

10−6 10−5 10−4 10−3

Q2 (GeV2)

60%

40%

20%

0%

−20%

vcut = vmax

vcut = 10−4 GeV2

vcut = 10−5 GeV2

vcut = 10−6 GeV2

Ebeam = 0.7 GeV

Ebeam = 1.1 GeV

Ebeam = 2.2 GeV

δee
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Possible contributions to at small Q2

Consider t-channel box-type contributions in the approximation −t ≪ m2 ≪ s

Direct boxes:

2sα3

t2

(

2LsLt − xt(π
2 + (Lt − 2)xt

)

− α3

t

(

Ls − L2
s + 7Lt − 12 +

4

3
π2
)

Cross boxes:

−2sα3

t2

(

2LsLt − xt(π
2 + (Lt − 2)xt

)

− α3

t

(

4LsLt + Ls − L2
s − 5Lt + 20 +

1

3
π2
)

their sum

−2α3

t

(

2LsLt + Ls − L2
s + Lt + 4 +

5

6
π2
)

Here:

Ls = log

(

s

m2

)

, Lt = log

(

−t

m2

)

, xt =

√
−t

m
.
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RC to the ep/ee ratio: additional properties

The quantity of interest is R, the ratio of the cross sections for ep and ee scattering.

RC to the ratio is:

δR =
Robs − RB

RB

The difference in the numerator is:

σep
obs

σee
obs

−
σep
B

σee
B

=
σep
B

+ σep
RC

σee
B + σee

RC

−
σep
B

σee
B

≈
σee
B σep

RC
− σep

B
σee
RC

σee
B σep

B

RB = (δep
RC

− δeeRC)RB

Thus,

δR = δep
RC

− δeeRC

Therefore, the conclusion from this analysis is that if a contribution to RC is identical for the cross
sections of ep and ee-scattering then this contribution does not contribute to RC to the ratio R.

Examples of such contributions are a factorized part of box diagrams, soft photon emission (from
all lines), maybe some contributions of the higher orders.
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Lessons from analysis of the small Q2 asymptotics

The Born contribution is of order 1/Q4

The radiative correction is of order 1/(Q2m2)

The large logarithm is still available and contribute to RC as Ls = log
(

S/(mM)
)

RC to the cross sections of ep and Møller scattering are similar

Contributions to RC identical for ep and Møller scattering can be ignored when RC to the
ratio is considered

The resulting behavior 1/(Q2m2) for hard photon contribution is the result of exact
analytical cancellation of specific terms of higher order in respect of Q2, namely, terms of
the order of 1/Q3, 1/Q4, and 1/Q5.

The above behavior is obtained after analytic integration over the polar angle of the real
photon momentum.

These properties impose additional requirements to the approaches involving Monte Carlo
integration over all photon variables at small Q2.
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The contributions to be studies: Box-type diagrams

Most popular approaches to evaluation of the two-photon exchange in ep-scattering include:

approaches involving effective proton vertexes.

This approach approach approximates the two-photon exchange amplitude using a
simplified hadronic model in which

the hadron is treated an elementary structureless fermion that interacts with the virtual
photon through an effective coupling

adjustable photon-hadron coupling is described by a momentum-dependent effective
vertex with phenomenological parameters (e.g., masses of resonances and various
structure functions and form factors) fitted to medium-energy experimental data.

approaches based on ideas of unitarity and involving disperse relations.

Using unitarity, the two-photon matrix element is approximated by inserting
intermediate hadronic states with

the product of two electromagnetic currents with sums over intermediate hadronic
states

This allows the process to be expressed in terms of known quantities: proton form
factors for proton intermediate states and structure functions for hadronic states.

The implementation is in progress. Our preliminary estimates (interference of radiation by leptons
and hadrons with the infrared part of boxes) show that the effect is not large and decrease with Q2
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The contributions to be studies: Box-type diagrams

Specifically, we calculated interference between

k

k1 k2

p1 p2

k

k1 k2

p1 p2

Further possible extensions:
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The contributions to be studies: Higher order effects

The second order effects for ep-scattering include four classes of diagrams with

Two photons in the final state;

A lepton-pair production;

One loop effects with one photon in the final state;

Two-loop effects.

Two photons in the final state:

A lepton-pair production:
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Higher order effects: Feynman graphs

One loop effects with one photon in the final state
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Higher order effects: Feynman graphs

Two-loop effects

The infrared divergence can be canceled only in the sum of the infrared divergence terms
coming from the cross sections of the three processes (i., iii., and iv. classes) so they
cannot be considered separately.

Another problem is evaluation of finite parts that comes from i) integration over the phase
space of radiated hard photons or lepton pairs and ii) two-loop contributions. In both cases
the calculations require multidimensional integration.
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Higher order effects: Approaches

Three levels of evaluating effects of a higher order (NNLO):

Calculate exactly: not feasible from our point of view;
Calculate with one or several alternative approximations;
Estimate the contribution of NNLO to the systematic error due to RC

Our approach involves:

Extension of our calculation for DVCS (Phys. Rev. D, 90(3):033001, 2014) in combination of
one of the approach for two-loop calculation.

Comparison with the results of analytic calculation performed by other groups (e.g., Drs.
Hubert Spiesberger, and/or Aleksandrs Aleksejevs).

Comparison with the results provided by the code McMule.

Evaluation the contribution of NNLO to the systematic error due to RC using multiple soft
photons and the method of structure functions.

An additional note:

The contribution of the higher order RC to the systematic error can be estimated by
comparison of the observed distribution of the cross section vs. vcut with predictions given
by mulple soft photon emission ot the method of electron structure functions.
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Why the method of ESF can work

D(z1 ,Q
2) D(z2 ,Q

2)

k1

z1k1

k2

k2 /z2

p1 p2

The QED radiative corrections to the corresponding cross sections can

be written as a contraction of two electron structure functions and the

hard part of the cross section.

Traditionally, these radiative corrections include effects caused by loop

corrections and soft and hard collinear radiation of photons and e+e-

pairs.
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with ESF D(z1,2, Q2) = Dγ(z1,2, Q2) +

De+e−
N

(z1,2, Q2) + De+e−
S

(z1,2, Q2)

(e.g., Journal of Experimental and Theoretical

Physics, 98(3) 403-416).

Application of ESF to PRad kinematics requires

modifications for the region

Q2 ≪ m2 ≪ S,M2

.
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Conclusions

Radiative corrections in PRad kinematics are on partial control:

The lowest order RC is calculated using alternative approaches, and comparison
between their predictions is in progress.

Both total RC and specific contributions go down with decreasing Q2.

Important property is that the actual result for RC due to hard photon emission is
obtained through mutual cancellation of specific contributions with large effects of
higher orders in respect of 1/Q2.

Further comparison among alternative approaches are still required.

Radiative correction at higher order (NNLO) requires further efforts.

Progress is possible based on the results of mutual comparison of the calculations
obtained using methods involving analytic integration (e.g., our group) and approaches
involving numeric/Monte Carlo integration over the entire phase space (e.g., McMule
group).

The systematic error due to NNLO effects can be studied using multiple soft photons
and electron structure functions in comparison with actual experimental data for
different inelasticity cuts.
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