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Motivation for the Front Form (FF)

• Relativistic scattering (EIC)

• Rise of quantum computing

Motivation for mywork

• Develop FF framework for quantum comput-
ers

• FF QCD Hamiltonian needs to be renormal-
ized



Outline

• Wick’s diagrams

• Canonical Hamiltonian

• Zero modes, p+ > ϵ+ cutoff

• UV renormalization (tr cutoff)

• IR structure (gluon massmg)

• Self-adjoint extensions



ψ(x) =
∑

σ

∫
dp+d2p⊥

16π3p+
θ(p+)

[
uσ(p)e−ipxbpσ + vσ(p)eipxd†pσ

]

ϕ(x) =

∫
dp+d2p⊥

16π3p+
θ(p+)

[
e−ipxap + eipxa†p

]

Ψ(q) =

∫
dx−d2x⊥ e

i
2
q+x−−iq⊥x⊥ ψ(x)

=
∑

σ

θ(q+)uσ(q)bqσ + θ(−q+)vσ(−q)d†−qσ
|q+|

Φ(q) =
θ(q+)aq + θ(−q+)a†−q

|q+|

Momentum representation of fields
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Canonical Hamiltonian of QCD

Lagrangian density

L = ψ̄ (γµi∂
µ −m)ψ − gψ̄γµψA

µ − 1

4
Fµν cF cµν

Fµν c = ∂µAν c − ∂νAµ c − gf cabAµaAν b

↓
Hamiltonian density

H = Hψ2+A2 + HjA + HA4 + HψAAψ + Hjj↓
Canonical Hamiltonian

Hcanonical =

∫
d3xH



Canonical Hamiltonian of QCD

Hψ2+A2 = N
(
ψ̄
γ+

2

(i∂⊥)2 +m2

i∂+
ψ

)
+ N

{
1

2
Ai a

[
m2
g + (i∂⊥)2

]
Ai a

}

HjA = jaq µA
µa + jag µA

µa

HA4 =
1

4
g2fabcfadeN

(
AbαA

c
βA

αdAβ e
)

HψAAψ =
1

2
g2N

(
ψ̄γiAiaT a

γ+

i∂+
γjAjbT bψ

)

Hjj =
1

2
N

[(
j+aq + 3j+ag

) 1

(i∂+)2
(
j+aq + 3j+ag

)]

jµaq = gN
(
ψ̄γµT aψ

)

jµcg =
g

3
ifabc

[
Aaα(x)i∂µAαb(x) − 2Aαa(x)i∂αA

µb(x)
]



Canonical Hamiltonian of QCD

α, a β, b

γ, c

q3

q1

q2

g

3!

∫
[q1q2q3] δ̃123F

abc
αβγ(q1, q2, q3)G

αa(q1)G
βb(q2)G

γc(q3)

F abcαβγ(q1, q2, q3) = ifabc[(q2γ − q1γ)gαβ + (q3α − q2α)gβγ + (q1β − q3β)gγα]

Jcg µ(q) =
g

3!

∫
[q1q2] δ̃12.q F

abc
αβµ(q1, q2,−q)Gαa(q1)Gβ b(q2)



Canonical Hamiltonian of QCD
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a1, c1 a2, c2

µ, c3

q3

q1

q2

gγµa1a2T
c3
c1c2

N
[
Ψ̄a1,c1(−q1)Ψa2,c2(q2)G

c3
µ (q3)

]

µ, a ν, b

ρ, c

q3

q1

q2

g
3!
F abc
µνρ(q1, q2, q3)

N
[
Gµa(q1)G

ν b(q2)G
ρ c(q3)

]

µ1, c1

µ2, c2 µ3, c3

µ4, c4

q1

q2

q3

q4

g2

4!
F abcd
αβγδ

N
[
Gαa(q1)G

β b(q2)G
γ c(q3)G

δ d(q4)
]

a1, c1 a2, c2

µ, c3 ν, c4

q1

q2
q3

q4
q5

q6

g2

2q+5
[γµγ

+γν ]a1a2 T
c3
c1,c5

T c4c5,c2

N
[
Ψ̄a1,c1(−q1)Ψa2,c2(q2)G

µ c3(q3)G
ν c4(q4)

]

a2, c2 a4, c4

a1, c1 a3, c3

q2

q4
q1

q3
q5

q6

g2

2q+5
[γ+]a1a2 [γ

+]a3a4 T
c5
c1,c2

T c5c3,c4

N
[
Ψ̄a1,c1(−q1)Ψa2,c2(q2)Ψ̄a3,c3(−q3)Ψa4,c4(q4)

]

a1, c1

a2, c2

µ, c3

ν, c4q2

q4
q1

q3
q5

q6

g2

2q+5
[γ+]a1a2

q+3 −q+4
2

gµνT
c5
c1,c2

if c5c3c4

N
[
Ψ̄a1,c1(−q1)Ψa2,c2(q2)G

µ c3(q3)G
ν c4(q4)

]

µ1, c1

µ2, c2

µ3, c3

µ4, c4q2

q4
q1

q2
q5

q6

g2

2q+5

q+1 −q+2
2

gµ1µ2
q+3 −q+4

2
gµ3µ4if

c5c1c2if c5c3c4

N [Gµ1 c1(q1)G
µ2 c2(q2)G

µ3 c3(q3)G
µ4 c4(q4)]

µ, c1

ν, c2

a3, c3

a4, c4q2

q4
q1

q3
q5

q6

g2

2q+5

q+1 −q+2
2

gµν [γ
+]a3a4 if

c5c1c2T c5c3,c4

N
[
Gµ c1(q1)G

ν c2(q2)Ψ̄a3,c3(−q3)Ψa4,c4(q4)
]

Canonical Hamiltonian of QCD



Regulators

• Momentum cutoff ϵ+: |q+| > ϵ+

• UV cutoff tr: e−tr(q
−
1 +···+q−n )2

• IR regulatormg: q− =
m2
g + (q⊥)2

q+



Regulators

• Momentum cutoff ϵ+: |q+| > ϵ+

• UV cutoff tr: e−tr(q
−
1 +···+q−n )2 Regulates

changes of q−

• IR regulatormg: q− =
m2
g + (q⊥)2

q+



Small momentum cutoff p+ > ϵ+

• Cutoff removes zero-mode interactions

ϵ+ → 0

• Zero-mode counterterms (in the future)
What to expect?

→ Shifts of bare masses and coupling constants
[Burkardt, Nucl.Phys. (2000)]

→ Large effective quark masses (χSB)

→ Spin-flip terms, etc.



Canonical Hamiltonian is ill defined

〈
ψ
∣∣ψ

〉
<∞ −→

∥∥H
∣∣ψ

〉∥∥ = ∞
Domain ofH is trivial!

ψ ψ

Unlimited energy!

Introduce UV cutoff:
H → H(Λ)
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0
0tr =

1
Λ2

t = 1
λ2



RGPEP
Renormalization group procedure for effective particles

Ut

Ht Hbare

at = Ut aU †
t , a†t = Ut a† U †

t

Ht = U †
tHbare Ut , U0 = 1

dHt

dt
= [[Hf ,Ht],Ht] , H0 = Hbare

Matrix elements
(Observables)

t = 0 t > 0

Unrenormalized Finite (Infinite) Infinite (Infinite)
Renormalized Infinite (Finite) Finite (Finite)

Hbare(Λ) = Hcanonical +X(Λ)
Counterterms
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Effective Hamiltonians perturbatively

Step 1: Ht = Ht,0 +Ht,1 +Ht,2 + . . .

Step 2: Use Wick’s diagrams.

q2

q4
q1

q5
q3

q6

Da

q1

q5
q3

q6
q2

q4

Db

q2

q4
q3

q6
q1

q5

Dc

q2

q5
q1

q4
q3

q6

Dj

q2

q4
q1

q5
q3

q6

Dk

q2

q4
q1

q5
q3

q6

Dl



Counterterms

• Need to check all matrix elements, but...

• the Hamiltonian is unbounded

→ define its domain:

F0 =
{
|ψ⟩ :

supp(|ψ⟩) in finitely many Fock sectors

and wave functions compactly supported
}

F0 is dense in the Fock space



Counterterms

q1

q5

q3

q2
Dd

q2

q4

q3

q1
De

a1 a2
q1

q2
Dh

q3

q6q1

q2
Df

q3

q6q1

q2
Dm

q1

q2

Di



Counterterms

q2

q4q1

q5q3

q2

q4q1

q5

q2

q4q1

q5

q2

q4q1

q5

− SI
2

∫
[q1q2q3q4q5]δ̃123δ̃45.3

m2
g

[m2
g + (q⊥3 )2]2

√
π

2tr
δ(q+3 )

× N
[
J̃+ c
K (q1, q2)J̃

+ c
L (q4, q5)

]



Infrared structure of front-formQCD

• Gluon massmg to regulate IR singularities

• mg transforms IR into UV (front form!)

• Result: as (mg → 0+)

Color singlets: ⟨ψ|H |ϕ⟩ = finite

Color nonsinglets: ⟨ψ|H |ϕ⟩ ∼ log(mg)

• Serafin, Gustin, Love, arXiv:2606.24699.

• Serafin, Gómez-Rocha, More, G lazek, Phys. Rev. D 109 (2024),
016017.



Casimir operators in QCD

C2 =

8∑

a=1

T̂ aT̂ a , C3 =

8∑

a,b,c=1

dabcT̂ aT̂ bT̂ c

T̂ a =
∑

σ,c1,c2

∫
dp+d2p⊥

16π3p+
θ(p+)[T aF ]c1c2b

†
pσc1

bpσc2

+
∑

σ,c1,c2

∫
dp+d2p⊥

16π3p+
θ(p+)[T aF̄ ]c1c2d

†
pσc1

dpσc2

+
∑

σ,c1,c2

∫
dp+d2p⊥

16π3p+
θ(p+)[T aA]c1c2a

†
pσc1

apσc2 ,

[T aF ]c1c2 = T ac1c2
[T aF̄ ]c1c2 = −T ac2c1
[T aA]c1c2 = −ifac1c2
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Casimir operators in QCD
[
T̂ a, b†pσc

]
=

∑

c′

[T aF ]c′c b
†
pσc′

[
T̂ a, d†pσc

]
=

∑

c′

[T aF̄ ]c′c d
†
pσc′

[
T̂ a, a†pσc

]
=

∑

c′

[T aA]c′c a
†
pσc′

T̂ a |0⟩ = 0

C2b
†
pσc |0⟩ = CF b

†
pσc |0⟩

C2d
†
pσc |0⟩ = CFd

†
pσc |0⟩

C2a
†
pσc |0⟩ = CAa

†
pσc |0⟩

CF = ∑
a,c′

[
Ta
F

]
cc′

[
Ta
F

]
c′c =

N2
c−1
2Nc

= 4
3

CA = ∑
a,c′

[
Ta
A

]
cc′

[
Ta
A

]
c′c = Nc = 3



Casimir operators in QCD

T̂ aT̂ a = N
(
T̂ aT̂ a

)

+

∫
[q]
CF |q+|
q+

N
[
Ψ̄(q)

γ+

2
Ψ(q)

]

+

∫
[q]
CA|q+|
q+

q+N
[

1

2
Gja(−q)Gja(q)

]

Hkinetic =

∫
[q]

m2 + (q⊥)2

q+
N

[
Ψ̄(q)

γ+

2
Ψ(q)

]

+

∫
[q]

m2
g + (q⊥)2

q+
q+N

[
1

2
Gi a(−q)Gi a(q)

]

q1

q5

q3

q2

(d) N
[
Ψ̄1Ψ2G3Ψ̄4Ψ5G6

]

q2

q4

q3

q1

(e) N
[
Ψ̄1Ψ2G3Ψ̄4Ψ5G6

]

q1

q2

(h) N
[
Ψ̄1

γ+

2q+2
Ψ2

]

δm2
t,2 =

CF g
2

16π2
|q+|

√
π

2t

[
log

(
(q+)2

8m4
gt

)
− γ − 7

2

]
+ o(1) (mg → 0,m→ 0)
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Logarithmic confining potential
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Self-adjoint extensions

• Effective Hamiltonian is a form on F0.

• The form likely corresponds to a symmetric
operator.

• Need to extend to a self-adjoint operator.

• Hypothesis: different self-adjoint exten-
sions correspond to different vacuum physics.
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Conclusion

Result: effective renormalized Hamiltonian of QCD

→ Well-defined quadratic form (symmetric operator)
in the color-singlet subspace.

→ We found a Casimir operator times log 1
mg

.

→ No divergences due to the gluon mass and omission
of zero-mode counterterms at the level of matrix ele-
ments (color singlet).

→ Suitable for nonperturbative diagonalization.

Thank you for attention!
arXiv:2606.24699
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