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16 2 Introduction

approaches employing multi-component wave functions. Another powerful technique borrowed from nuclear
physics involves the use of hyperdistance and spherical symmetry for three-, four-, and five-body systems.

Contemporary hadron spectroscopy relies heavily on two complementary fields. The first is lattice gauge
theory, which has recently reached the point where sufficiently large volumes and small quark masses allow
reliable chiral and infinite-volume extrapolations. The second consists of efforts to relate spectroscopy to
partonic observables, chiefly through light-front (LF) quantization.

partonic 
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quark 
model  

spectroscopy

gluon dynamicschiral dynamics
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Fig. 2.3 A sketch illustrating the "bridge” to be discussed.

The project described in this review was motivated by the substantial conceptual gaps that still separate
two major subfields. On one side lie models of mesons, baryons, tetraquarks, and pentaquarks formulated
in terms of a fixed number of quarks. Their wave functions are eigenstates of appropriate Hamiltonians,
mutually orthogonal, and built from color, flavor, and spin degrees of freedom, subject to Fermi statistics.
On the other side lie partonic descriptions in which hadrons are composed of an indeterminate number of
quarks, antiquarks, and gluons. These models, developed since the 1970s, rely on empirical parton distribution
functions (PDFs) extracted from fits to hard-scattering data. Because PDFs include only partial information,
as they are summed over all variables but one parton momentum.

Indeed, PDFs are density matrices, as as such they naturally possess nonzero entropy [Kharzeev and Levin, 2017].
Our attempt to bridge these two worlds required learning from both literatures and developing new ele-

ments as needed. These ideas are scattered through multiple papers, and the present review aims to assemble
them in a coherent and pedagogical manner. We are aware that this approach is necessarily incomplete and
may have omitted relevant contributions; we apologize to their authors for any such oversights. The review
remains subjective and limited in scope, with the additional constraint that we deliberately chose not to
involve students or postdocs except when absolutely necessary, in order to proceed quickly.

A crucial step in the program is the boosting of hadronic spectroscopy from the center-of-mass frame to
the light front. This effort was pioneered by J. Vary and collaborators under what is now known as the BLFQ
approach. To clarify the distinction between their program and ours, recall that solving a quantum-mechanical
problem generally proceeds through three main steps: selecting the variables, choosing the Hamiltonian, and
choosing the solution method. Our approach and BLFQ differ at each stage. We employ Jacobi coordinates
to cleanly separate the center-of-mass motion; we adopt simple kinetic-plus-confinement Hamiltonians rather
than those tailored to Brodsky’s specific variable combinations such as p2

?/x; and we emphasize that physical
results must ultimately be independent of the solution method. The BLFQ basis is a technical tool that
brings issues of truncation and convergence, and thus requires comparison to alternative methods. Such
alternatives exist: for mesons and baryons one may directly solve the corresponding light-front Schrodinger

Project as a bridge



Why repeat the QCD spectroscopy  
on the light front?

connection to partonic observables, DA, PDFs,GPDs, formfactors
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(24) describes a non-relativistic and linearly con-
fined particle of variational mass m, with coordi-
nates Zµ = (�i, ⇢i) in D = 6 dimensions as per
the last relation. We have rescaled the coordinatep
mZ ! Z and string tension �̃T =

p
3�T /

p
m, for

convenience.
An estimate of the mass spectrum can be obtained

using the WKB approximation,
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with the end points rL,S solution to the cubic equa-
tion
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For zero orbital motion l = 0, the WKB radial en-
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Once combined with the extra terms in (24), we can
carry the minimization in m, and set its value at the
minimum. The ensuing WKB radial mass spectrum
of the star baryon Mn0 in the rest frame, Reggeizes
for large n linearly

↵0M2
n0 ⇡ 2

p
3n (27)

with ↵0
= 1/2⇡�T . We recall that the meson Regge

trajectory is ↵0M2
= 1. So, in the same units our

“star-shaped" baryons have a slope 2
p
3 ⇡ 3.46,

compared to the mesons. It is close but not equal to
the number 3, naively corresponding to the number
of strings. This WKB radial Regge trajectory calcu-
lated in the rest frame, has similar but not identical
slope to that derived from the light front (see (61)
below).

For large orbital excitations l, the motion is classi-
cal, and an estimate can be obtained by noting that
for the confining potential the virial theorem gives

E0l ⇡ K + V = 3K =
3l2

2R2

with R = (l2/�̃T )
1
3 fixed by the force equation. Af-

ter fixing m by minimization, the mass spectrum of
the star baryon is seen to Reggeize linearly in large
orbital momentum l as well,

↵0M2
0l ⇡

6

⇡
l (28)

with a slope 6/⇡ ⇡ 1.91, so the linear Reggeization
is not the same in n and l! This is in disagreement
with the experimental data for light baryons, as we
have demonstrated above for the isobars.

The results for model A follows from those for
model Y through the rescaling (21). In particular,
the Reggeized trajectories in the semi-classical ap-
proximation are

↵0M2
n0 ⇡ 3n
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0l ⇡

3
p
3

⇡
l (29)

in comparison to (27) and (28), respectively.

IV. THE HAMILTONIAN ON THE
LIGHT-FRONT

The kinetic part of the LF Hamiltonian has the
form

X
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in which the transverse and longitudinal momenta
appear differently. As in our previous papers, we
rewrite it in the following form
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The first quadratic term in the last line lead to a
transverse oscillator, and the second term is called a
nonfactorizable potential Ṽ , it mixes transverse and
longitudinal variables. It will be included by differ-
ent methods to be defined below.

The confining part of the LF Hamiltonian is built
from terms linear in coordinates. For example Y

in the rest frame, nonrelativistic approximation only works 
if masses are much larger than momenta, 

on the LF p_t^2 appear as a sum with m^2 
and it does not matter which one is larger 

=> same setting from Upsilons to light quark hadrons
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Philosophy: start with “bare bone” LF Hamiltonian  
constituent quarks + confinement 

and solve it as accurate as possible,  
with no arbitrary assumptions/approximations
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our continuous instanton formulae do. To resolve
the issue one perhaps need an instanton model with
a realistic size distribution, and also finer lattices.

In conclusion: Good agreement is shown be-
tween the instanton-induced and lattice potentials
for large-enough triangles, but not for “long" ones.
Of all the three models Y,V,A discussed, model-
A t seems to be closer to the evaluated instanton-
induced potentials, even for “long" geometry.

III. PRELIMINARIES

A. Jacobi coordinates

The LFWFs for baryons discussed in literature so
far consider quarks as independent, so those are a
function of 9 coordinates (or 9 momenta). The spu-
rious CM motion is implicitly present: in some cases
the corresponding energy is subtracted, but correc-
tions to the wave functions are simply ignored.

However, there is no need for this. Exact kinemat-
ics with appropriate conditions can be satisfied by a
well known change of variables, widely used in many
few-body applications. Total momentum is subject
to three conditions

~ptot? = ~p1? + ~p2? + ~p3? = 0

x1 + x2 + x3 = 1 (15)

so the system is in fact 6-dimensional.
The main idea of the approach we use is to work in

momentum representation, with kinetic term of the
Hamiltonian treated as a “potential", and the confin-
ing part (in which coordinates are used as derivative
over momenta ~ri = i@/@~pi

For transverse momenta we introduce two
(slightly modified) Jacobi momenta variables

~p⇢? =
1p
2
(~p1?�~p2?), ~p�? =

1p
6
(~p1?+~p2?�2~p3?)

(16)
in term of which

~p1? = (

p
6~p�? + 3

p
2~p⇢?)/6,

~p2? = (

p
6~p�? � 3

p
2~p⇢?)/6,

~p3? = �
p
6~p�?/3 (17)

Now the total transverse momentum ~ptot = ~p1+~p2+
~p3 vanishes automatically.

The longitudinal momentum fractions are defined

FIG. 3. The three-quark potentials V (GeV ) versus

x (fm) defined in (11), for "equilateral", "direct" and

"long" triangles, top to bottom. The open points cor-

respond to lattice simulation , the closed points to our

calculation in the “dense instanton liquid" model. Lin-

ear predictions of the models V and A are shown by the

dashed and solid lines, respectively.

similarly

x1 = (

p
6�+ 3

p
2⇢+ 2X)/6

x2 = (

p
6�� 3

p
2⇢+ 2X)/6

x3 = (�
p
6�+X)/3 (18)

Note that X = x1+x2+x3: unlike in the transverse
direction for which X = 0, here X should be set
to 1. Therefore, the physical domain is the three-
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no need for “CM motion subtraction”
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compared to the mesons. It is close but not equal to
the number 3, naively corresponding to the number
of strings. This WKB radial Regge trajectory calcu-
lated in the rest frame, has similar but not identical
slope to that derived from the light front (see (61)
below).
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the Reggeized trajectories in the semi-classical ap-
proximation are

↵0M2
n0 ⇡ 3n

↵0M2
0l ⇡

3
p
3

⇡
l (29)

in comparison to (27) and (28), respectively.

IV. THE HAMILTONIAN ON THE
LIGHT-FRONT

The kinetic part of the LF Hamiltonian has the
form

X

i

~p2i? +m2
i

2pi long

in which the transverse and longitudinal momenta
appear differently. As in our previous papers, we
rewrite it in the following form

p21? +m2
Q

x1
+

p22? +m2
Q

x2
+

p23? +m2
Q

x3
=

3

X

i

(p2i? +m2
i ) +

X

i

(p2i? +m2
i )

✓
1

xi
� 3

◆

The first quadratic term in the last line lead to a
transverse oscillator, and the second term is called a
nonfactorizable potential Ṽ , it mixes transverse and
longitudinal variables. It will be included by differ-
ent methods to be defined below.

The confining part of the LF Hamiltonian is built
from terms linear in coordinates. For example Y
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dimensional space

H ! 1

2m

�
~p2� + ~p2⇢

�

+

p
3�T (~r

2
� + ~r2⇢)

1
2 +

✓
3

2

m2
Q

m
+

3

2
m

◆

!
p2µ
2

+ �̃T |Zµ|+
✓
3

2

m2
Q

m
+

3

2
m

◆
(24)

(24) describes a non-relativistic and linearly con-
fined particle of variational mass m, with coordi-
nates Zµ = (�i, ⇢i) in D = 6 dimensions as per
the last relation. We have rescaled the coordinatep
mZ ! Z and string tension �̃T =

p
3�T /

p
m, for

convenience.
An estimate of the mass spectrum can be obtained

using the WKB approximation,

Z rL

rS

dr

✓
2E � 2�̃T r �

l(l +D � 2)

r2

◆ 1
2

=

✓
n+

1

2

◆
⇡

(25)

with the end points rL,S solution to the cubic equa-
tion

2�̃T r
3 � 2Er2 + l(l +D � 2) = 0

For zero orbital motion l = 0, the WKB radial en-
ergy levels can be found to be

En0(m) =

✓
3⇡

2
p
2

◆ 2
3
✓
n+

1

2

◆ 2
3

�̃
2
3
T ⌘ Ẽ0n

m
1
3

(26)

Once combined with the extra terms in (24), we can
carry the minimization in m, and set its value at the
minimum. The ensuing WKB radial mass spectrum
of the star baryon Mn0 in the rest frame, Reggeizes
for large n linearly

↵0M2
n0 ⇡ 2

p
3n (27)

with ↵0
= 1/2⇡�T . We recall that the meson Regge

trajectory is ↵0M2
= 1. So, in the same units our

“star-shaped" baryons have a slope 2
p
3 ⇡ 3.46,

compared to the mesons. It is close but not equal to
the number 3, naively corresponding to the number
of strings. This WKB radial Regge trajectory calcu-
lated in the rest frame, has similar but not identical
slope to that derived from the light front (see (61)
below).

For large orbital excitations l, the motion is classi-
cal, and an estimate can be obtained by noting that
for the confining potential the virial theorem gives

E0l ⇡ K + V = 3K =
3l2

2R2

with R = (l2/�̃T )
1
3 fixed by the force equation. Af-

ter fixing m by minimization, the mass spectrum of
the star baryon is seen to Reggeize linearly in large
orbital momentum l as well,

↵0M2
0l ⇡

6

⇡
l (28)

with a slope 6/⇡ ⇡ 1.91, so the linear Reggeization
is not the same in n and l! This is in disagreement
with the experimental data for light baryons, as we
have demonstrated above for the isobars.

The results for model A follows from those for
model Y through the rescaling (21). In particular,
the Reggeized trajectories in the semi-classical ap-
proximation are

↵0M2
n0 ⇡ 3n

↵0M2
0l ⇡

3
p
3

⇡
l (29)

in comparison to (27) and (28), respectively.

IV. THE HAMILTONIAN ON THE
LIGHT-FRONT

The kinetic part of the LF Hamiltonian has the
form

X

i

~p2i? +m2
i

2pi long

in which the transverse and longitudinal momenta
appear differently. As in our previous papers, we
rewrite it in the following form

p21? +m2
Q

x1
+

p22? +m2
Q

x2
+

p23? +m2
Q

x3
=

3

X

i

(p2i? +m2
i ) +

X

i

(p2i? +m2
i )

✓
1

xi
� 3

◆

The first quadratic term in the last line lead to a
transverse oscillator, and the second term is called a
nonfactorizable potential Ṽ , it mixes transverse and
longitudinal variables. It will be included by differ-
ent methods to be defined below.

The confining part of the LF Hamiltonian is built
from terms linear in coordinates. For example Y

transverse 
two 2d oscillators

non-factoriwable 
“cup potential” 

which is mostly zero 
except near the edges 

forcing LFWFs to vanish
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model with three strings going to the junction at
the center has a sum of linear terms

VY = �T

3X

i=1

|~ri|

Like we did for mesons in our previous papers, we
again introduce en einbine trick with a variational
parameter a which allows to re-write the linear po-
tential as quadratic one.

Furthermore, as in our previous papers, we use
the Hamiltonian in the momentum representation.
Therefore the coordinate vectors are interpreted as
~r = i@/@~p, and therefore the confining part ⇠ vecr2

will play the role normally attributed to the kinetic
energy. Quadratic confinement thus leads to a sec-
ond order Schroedinger-like equation for the eigen-
functions.

The same logics is applied to the transverse and
longitudinal coordinates ~r?, rlong, so the immediate
task is to write the Laplacian operator, both in Ja-
cobi coordinates in transverse and in our curved map
(35). Both tasks are performed, as explained in Ap-
pendix C.

Let us focus for now on longitudinal momenta.
In variable �, ⇢, X (18) the line element defining the
metric tensor in the new coordinates, is diagonal and
simple

dl2 = d�2 + d⇢2 + dX2/3 (30)

The Laplacian (which we encounter in the confining
term of the Hamiltonian) in the original coordinates
also takes a simple form

r2
=

X

i

@2

@x2
i

! @2

@�2
+

@2

@⇢2
+ 3

@2

@X2
(31)

Since we work on constant X = 1 we need only the
first two terms.

Therefore, the first problem we encounter is to de-
fine eigenfunctions of the Laplacian on the triangu-
lar physical domain in the ��⇢ variable. As we will
show below, for the equilateral triangle this problem
can in fact be solved analytically.

The main difficulty is related with the non-
factorizable potential Ṽ . Its structure is schemat-
ically given by the combination

Ṽ ⇠
✓

1

x1
+

1

x2
+

1

x3
� 9

◆
, (32)

assuming ((~p?i )2 +m2
i ) can be approximated by its

average and factor out. The main feature of Ṽ is

that it is small near the center of the triangle, but
becomes large at all boundaries, see e.g. its contour
plot shown in Fig.4. Therefore we call it a “trian-
gular cup". The singular nature of Ṽ at the bound-
aries, leads to divergences in matrix elements, un-
less the wave functions vanish there. Therefore, the
problem we set to solve must have Dirichlet bound-
ary conditions  i(�, ⇢) = 0 at the boundaries for all
functions.

Quantum mechanics on a triangle with the po-
tential Ṽ will be solved below, by two numerical
methods. But before we do so, it is always useful
to start with less accurate but much simpler varia-
tional method.
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FIG. 4. The contour plot of the “triangular cup" poten-

tial V (�, ⇢) on �, ⇢ plot.

To exclude divergences on the boundaries, the
wave function should vanish, so we simply include
linear suppression factors and assume that

 (�, ⇢) =
⇥Y

i

xi(�, ⇢)
⇤
�(�, ⇢) (33)

with some regular � (This procedure is known in
nuclear and condensed many-body physics, through
the use of Jastrow type wave functions). Let us then
take this regular function to be a Gaussian centered
in the triangle

�(�, ⇢) = exp

✓
�A

✓
�2 +

✓
⇢� 1p

6

◆2◆◆
(34)

with a variational parameter A. We use (33), evalu-
ate the average of the Laplacian and of the potential
V , and plot the result as a function of A in Fig 5.
As expected, increasing A – that is making the wave

longitudinal variables 
are defined on equilateral triangle

3

FIG. 1. equilateral triangle formed by cube x1, x2, x3 2
[0, 1]3 cut by momentum normalization condition x1 +
x2 + x3 = 1

A4. A pentachoron with 5 corners, 10 edges and 10
triangular faces also referred to as a “starfish".

The singular kinetic energy term forces the wave-
function to vanish at these boundaries (Dirichlet
boundary condition). The shape of the effective “cup
potential" is shown in Fig.2 for the baryons.

To solve this problem, we proceed in three steps.
First, we unwind the square roots by using the ein-
bein trick

NX

i=1

����
i@

@xi

���� =
NX

i=1

1

2

✓
1

eiL
+ eiL

✓
i@

@xi

◆2◆

!
1

2

✓
3

eL
+ eL

NX

i=1

✓
i@

@xi

◆2◆
(4)

and assume equal eiL = eL at the extrema, in the
steepest descent approximation. Second, we diago-
nalize the free Laplacian after isolating the center
of mass coordinate, using normal mode coordinates
(analogue of Jacobi coordinates) see below. Third,
we minimize the energies with respect to eL.

The Hamiltonian and wave functions use the mo-
mentum representation and Jacobi coordinates (so,
unlike the work carried by Vary’s group, we do not
have any issue with the center-of-CM motion, which
is set to zero from the onset.).

There are two methods to do quantum mechanics
for such a Hamiltonian:
(i) One, derived earlier for a triangle, is to work out
the complete set of eigenfunctions for the Laplacian
(the second term), and then represents the second
term as a matrix. In some truncated form it can be
diagonalized.
(ii) For a triangle, one can numerically solve the

FIG. 2. Effective potential for equilateral triangular
domain for N = 3, as defined in [8].

Schrodinger equation, with the laplacian and a cup
potential included. For the reader convenience, the
main points in this approach can be found in Ap-
pendix A. Recently, for pentaquarks we were able to
numerically diagonalize this Hamiltonian by using
a set of determinantal wavefunctions [13]. Here we
will develop a variational approximation, as well as
a simplex-motivated derivation.

III. PENTAQUARKS ON THE LIGHT
FRONT

The first step in conventional spectroscopy (in the
CM frame) is the selection of appropriate coordi-
nates, excluding the fictitious motion of the center
of mass. In the momentum representation and for
momentum fractions, this is captured by the lon-
gitudinal momentum constraint (3). In both cases
the problem was solved for us long ago, by choos-
ing Jacobi coordinates. For baryons (N=3) they are
traditionally called ⇢,�

x1 = (
p
6�+ 3

p
2⇢+ 2X)/6

x2 = (
p
6�� 3

p
2⇢+ 2X)/6

x3 = (�
p
6�+X)/3 (5)

Note that Laplacian in Jacobi coordinates is
3X

i=1

✓
i@

@xi

◆2

=

✓
i@

@�

◆2

+

✓
i@

@⇢

◆2

+ 3

✓
i@

@X

◆2

(6)

and because the total momentum does not change,
only the two first terms remain. So, without a cup



Confining Hamiltonian on LF can be desribed by:

Nambu-Goto string
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whatever coordinates or basis is used, one cannot
simply invent a convenient Hamiltonian in those
coodinates, plus whatever motivations. In particu-
lar, the Laplacian in the original coordinates should
be re-written using the pertinent expressions from
differential geometry. For the s, t map given above,
the Laplacian is involved and listed in Appendix C.

V. NAMBU-GOTO STRING AND
CONFINEMENT

A. Confining light front Hamiltonian

Ignoring Coulomb and spin effects, we start by
focusing on confinement by a relativistic string. The
action in the first quantized form can be written as

S[✓] =

Z T

0
d⌧

3X

i=1

✓
eim

2
i +

1

4ei
ẋ2
i

◆
(37)

+�T

3X

i=1

Z T

0
d⌧

Z 1

0
d�i

q
Ẋ2

i X
02
i � (Ẋi ·X 0

i)
2

In the first term, describing endpoint masses, we
use the “einbein trick" which we will use consis-
tently throughout these papers to get rid of un-
wanted square roots. Note that if one performs min-
imization with respect to the three einbein param-
eters ei, it yields back the standard free relativistic
action for massive particles (in Euclidean signature).

The string world-sheet action in the Nambu-Goto
action includes derivatives over internal coordinates
⌧,� shown by a dot and prime, respectively. The
world-sheets themselves can be described by the so
called “ruled surfaces", parametrized by

Xµ
i (⌧,�i; ✓) = zµ(⌧, ✓) + �ir

µ
i

rµi = (ri?, ri3, 0) (38)
zµ(⌧, ✓) = (0?, sin✓⌧, cos✓⌧)

and zµ(⌧, ✓) being the world-line of the string junc-
tion. (Our notations for the coordinates are 1,2 for
transverse, 3 for longitudinal beam direction , and 4
for time.)

For baryons in the so-called star configuration,
the string junction and the end-points follow par-
allel trajectories, sloped at angle ✓ with respect to
the 4-direction. For ✓ = 0, the analysis corresponds
to a star baryon in the rest frame. For arbitrary
✓ with subsequent analytical continuation ✓ ! �i�,

the analysis corresponds to a star baryon on the light
front.

As already explained above, to factor out spurious
motion of the center of mass, we use Jacobi coordi-
nates. For equal quark masses

m1 = m2 = m3 = mQ ,

the center of mass coincides with the location of the
string junction zµ. Also, although the einbeins are
arbitrary and fixed only by minimization for the free
part, symmetry suggests that the minima are equal
or e1 = e2 = e3 = e, with only e to minimize, by
steepest descent. This will be assumed throughout.

The specific form of the Jacobi coordinates for the
end-points is

rµ1 =
1p
6
rµ� +

1p
2
rµ⇢

rµ2 =
1p
6
rµ� � 1p

2
rµ⇢

rµ3 = �
p
2p
3
rµ� (39)

with a kinetic contribution

Z T

0
d⌧

✓
3em2

Q +
3

4e
+

1

4e
(ṙ�

2
+ ṙ⇢

2
)

◆
(40)

in (37). The Nambu-Goto string contribution is

Z T

0
d⌧ �T

3X

i=1

|⇠i(✓)| (41)

with the invariant distances

|⇠i(✓)| = (r2i? + cos
2✓r2i3)

1
2 ,

or, in the Jacobi coordinates

⇠21(✓) =
1

6
r2�? +

1

2
r2⇢?

+
1

6
r�? · r⇢? + cos

2✓

✓
1p
6
r�3 +

1p
2
r⇢3

◆2

⇠22(✓) =
1

6
r2�? +

1

2
r2⇢?

�1

6
r�? · r⇢? + cos

2✓

✓
1p
6
r�3 �

1p
2
r⇢3

◆2

⇠23(✓) =
2

3
r2�? +

2

3
cos

2✓r2�3 (42)
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The full action (prior to analytical continuation) is
(40) plus (41)

S[✓] !
Z T

0
d⌧

✓
3em2

Q +
3

4e

+
1

4e
(ṙ�

2
+ ṙ⇢

2
) + �T

3X

i=1

|⇠i(✓)|
◆

(43)

B. Going to the light front frame

For ✓ ! �i� and T ! iTM , (43) analytically
continues to the light front Hamiltonian or squared
mass

HLF =

3X

i=1

✓
k2i? +m2

Q

xi

+2�T

�
|i@/@xi|2 +M2r2i?

� 1
2

◆
(44)

with the constraints: transverse
P3

i=1 ki? = P? = 0

and longitudinal
P3

i=1 xi = 1, with the standard
momentum fractions xi = k+i /P

+.

C. A digression to 1+1 space-time

The Hamiltonian derived above contains non-
factorizable interaction between the longitudinal and
transverse coordinates which make the problem dif-
ficult. So, before we will address it in full, let us
discuss its longitudinal part alone. The Hamiltonian
(44) is then reduced to

HLF,L =

3X

i=1

✓
m2

Q

xi
+ 2�T |i@/@xi|

◆
(45)

For a baryon in the star configuration, (66) yields a
longitudinal squared mass spectrum M2

n, and parton
amplitudes 'n[x]

3X

i=1

✓
m2

Q

xi
+ 2�T |i@/@xi|

◆
'n[x] = M2

n'n[x]

(46)

Modulo the effective string tension from the 3-
dimensional reduction, (46) is similar to the baryonic
equation derived in 2-dimensional QCD [12, 13].

(46) can be regarded as the eigenvalue problem,
for 3 identical particles with parton-x coordinates,
moving in a box 0  xi  1. If one naively substi-
tutes the potential by vanishing ( Dirichlet ) bound-
ary condition 'n(xi = 0, 1) = 0, the eigenstates are
standing waves, e.g.

'n[x] ⇡ 2
3
2

✓
sin(n1⇡x1)sin(n2⇡x2)sin(n3⇡x3)

◆

(47)

with eigenvalues

M2
n ⇡ 2⇡�T (|n1|+ |n2|+ |n3|) (48)

that reggeize along the diagonal n1,2,3 = n � 1 as

↵0M2
n ⇡ 3n (49)

The factor of 3 reflects on the star configuration with
three strings.

Unfortunately, this solution is very naive, for sev-
eral reasons. The most obvious is that the indepen-
dent quantization of three quarks in a box, ignores
the important momentum conservation constraint

X = x1 + x2 + x3 = 1

and therefore contains spurious center of mass mo-
tion. As already discussed in the previous section,
one can use other coordinates which are center of
mass free. In particular, the Jacobi coordinates lead
to a problem with two particles inside the equi-
lateral triangle.

To solve this problem, we proceed in two steps.
First, we unwind the square roots by using the ein-
bein trick once again

3X

i=1

����
i@

@xi

���� =
1

2

✓
1

eiL
+ eiL

✓
i@

@xi

◆2◆

! 1

2

✓
3

eL
+ eL

3X

i=1

✓
i@

@xi

◆2◆
(50)

and assume equal eiL = eL at the extrema, in the
steepest descent approximation. Second, we isolate
the center of mass coordinate, using Jacobi coordi-
nates (18). The 3-particle laplacian in those coordi-
nates is the sum of a 2-particle reduced Laplacian,
plus derivative of the center of mass variable

3X

i=1

✓
i@

@xi

◆2

=

✓
i@

@�

◆2

+

✓
i@

@⇢

◆2

+ 3

✓
i@

@X

◆2

(51)
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use the einbein trick to get rid of the square roots in
the confining term

HLF ⇡
3X

i=1

✓
k2i? +m2

Q

xi

+�T

✓
3a+

1

a

3X

i=1

(|i@/@xi|2 + (3mQ)
2b2i?

�◆◆

(64)

with M ⇡ 3mQ used on the right-hand-side to close
the mass squared operator. Again, we assumed
equal einbeins ai ! a in (64) by steepest descent.
To the first kinetic term we add and subtract its
value at xi =

1
3 , producing an oscillator with fixed

frequency, and a residual potential Ṽ which is close
to zero at the center of the triangular cup.

In terms of the Jacobi coordinates, the diagonal-
izable part reads

H0LF = 3(~p2⇢ + ~p2� + 3m2
Q) (65)

+
�T

a

✓
|i@/@�|2 + |i@/@⇢|2 + (3mQ)

2
(~b2� +~b2⇢)

◆

where the all the vectors are in the transverse plane,
and ~b�,~b⇢ are coordinates conjugate to the corre-
sponding momenta. To elucidate the dependence on
a we rewrite it as

M2
0 (n�, n⇢, nL,mL) = (3mQ)

2

+
�Tp
a
M2

?(n�, n⇢) +
�T

a
M2

L(mL, nL) + 3�Ta

(66)

with

M2
L(nL,mL) = eDnL,mL

M2
?(n�, n⇢) =

6
p
3mQp
�T

(n� + n⇢ + 2) (67)

The einbein in (66) minimizes the squared mass, and
is solution to the quartic Ferrari equation

6
p
a
4 �M2

?
p
a� 2M2

L = 0

For large longitudinal quantum numbers nL,mL �
1 the squared mass reggeizes

M2
0 ⇡ 2

p
3�TML

as we noted earlier. However, for large transverse
quantum numbers n�, n⇢ � 1 the squared mass does
not

M2
0 ⇡ 18�T

✓
M2

?
6�T

◆ 2
3

(68)

Recall that the results following from H0LF are
still to be modified by the additional residual contri-
butions, stemming from ṼLF to be added below, but
which are independent of our variational parameter
a. Therefore the minimization over a can already be
performed numerically. With our standard values
for the string tension �T = (0.4GeV )

2, and quark
masses b, c, s, q, we show in Fig. 8 the dependence
on a of the lowest eigenvalue for each species.

FIG. 8. The lowest eigenvalue of H0LF in GeV
2

versus

the (dimensionless) “einbine parameter" a, for b, c, s, q

quarks. Using this plot we perform the minimization in

a.

VI. THE NON-FACTORIZABLE
POTENTIAL Ṽ

The non-factorizable part of the potential is

Ṽ =
~p21 +m2

Q

x1
+

~p22 +m2
Q

x2

+
~p23 +m2

Q

x3
� 3(~p21 + ~p22 + ~p23)� 9m2

Q (69)

coord’s 
are derivative 
over momenta

the square root 
 In momentum representation 

coordinates are derivatives, 
that is how we get a Laplacian
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with the spin-part including both the pertur-
bative and non-perturbative instanton contri-
butions. As we noted earlier, in the dense in-
stanton vacuum, the central part is hardly dif-
ferentiable from the linear confining potential
at intermediate distances.

The first contribution H0

H0 =
�T

a

✓
� @2

@x2
�b

@2

@~k2?

◆
+�Ta+4(m2

Q
+k2?)

(37)
is diagonal in the functional basis used [17].
In this form, we make use of the momentum
representation, with ~k? as variable. Similarly,
one can use the coordinate representation with
~b? as a variable, and ~k? = i@/@~b?. The lat-
ter choice is much more convenient when dis-
cussing states with nonzero angular momenta,
in relation to the azimuthal angle coordinate
� in the transverse plane (see more on that in
Appendix).

The second contribution Ṽ

Ṽ (x,~k?) ⌘ (m2

Q
+ k2?)

✓
1

xx̄
� 4

◆
(38)

has nonzero matrix elements hn1|V (x,~k?)|n2i
for all n1, n2 pairs. The perturbative part Vperp

for heavy quarks is the Coulomb term, with
running coupling and other radiative correc-
tions. Finally, the last term Vspin contains ma-
trices in spin variables and in orbital momenta,
which we will consider later.

We truncate the basis set to a 12⇥ 12 ma-
trix, and diagonalize H0 + Ṽ , to find its eigen-
values as a function of the remaining parame-
ter a. The results for the three lowest states
n = 1, 2, 3 are shown in Fig. 4 (top). We see
that while the minima in a exist, they are not
at the same value. Thus the dilemma: one can
either select di↵erent a for di↵erent states, and
then somehow re-orthogonalize them, or one
can use some “optimal” value of a common for
all states, and then be sure that all states are or-
thogonal. Since the dependence on a is rather
flat, we opt for the second approach and use
a = 25.
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FIG. 4. Top: Squared masses M
2
n for b̄b mesons

for n = 1, 2, 3 versus the variational parameter a.
Bottom: Squared masses for n = 0..5 (left to right)
and orbital momentum m = 0, 1, 2 (down to up),
calculated from the light front Hamiltonian HLF

(red triangles), and shifted by a constant, M2
n+1 �

5GeV
2. For comparison, the blue-circles show the

squared massesM2
n+1 calculated from Schroedinger

equation in the CM frame, with only linear plus
centrifugal potentials.

The calculated masses (shifted by a constant
“mass renormalization”, to make n = 0,m = 0
states the same) are shown in Fig.4. The
bottom part shows good agreement between
the masses obtained solving the Shroedinger
equation in the rest frame (blue circles), and
the masses following from the light-front frame
(red-triangles). The slope is correct, and is de-
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and orbital momentum m = 0,1,2 (down to up),  
calculated from the light front Hamiltonian HLF  
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the blue-circles show the squared masses M2  

calculated from Schroedinger  
n+1 

equation in the CM frame, with only linear plus       
centrifugal potentials.  

red triangles are Upsilon masses 
from light front Hamiltonian 

same method, 12*12 matrix diagonalized 
higher states affected by a cutoff 

note: orbital is not L but 2d m
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Philosophy:  in momentum representation 
confinement produces derivative terms 
leading to Schreodinger-like equation
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model with three strings going to the junction at
the center has a sum of linear terms

VY = �T

3X

i=1

|~ri|

Like we did for mesons in our previous papers, we
again introduce en einbine trick with a variational
parameter a which allows to re-write the linear po-
tential as quadratic one.

Furthermore, as in our previous papers, we use
the Hamiltonian in the momentum representation.
Therefore the coordinate vectors are interpreted as
~r = i@/@~p, and therefore the confining part ⇠ vecr2

will play the role normally attributed to the kinetic
energy. Quadratic confinement thus leads to a sec-
ond order Schroedinger-like equation for the eigen-
functions.

The same logics is applied to the transverse and
longitudinal coordinates ~r?, rlong, so the immediate
task is to write the Laplacian operator, both in Ja-
cobi coordinates in transverse and in our curved map
(35). Both tasks are performed, as explained in Ap-
pendix C.

Let us focus for now on longitudinal momenta.
In variable �, ⇢, X (18) the line element defining the
metric tensor in the new coordinates, is diagonal and
simple

dl2 = d�2 + d⇢2 + dX2/3 (30)

The Laplacian (which we encounter in the confining
term of the Hamiltonian) in the original coordinates
also takes a simple form

r2
=

X

i

@2

@x2
i

! @2

@�2
+

@2

@⇢2
+ 3

@2

@X2
(31)

Since we work on constant X = 1 we need only the
first two terms.

Therefore, the first problem we encounter is to de-
fine eigenfunctions of the Laplacian on the triangu-
lar physical domain in the ��⇢ variable. As we will
show below, for the equilateral triangle this problem
can in fact be solved analytically.

The main difficulty is related with the non-
factorizable potential Ṽ . Its structure is schemat-
ically given by the combination

Ṽ ⇠
✓

1

x1
+

1

x2
+

1

x3
� 9

◆
, (32)

assuming ((~p?i )2 +m2
i ) can be approximated by its

average and factor out. The main feature of Ṽ is

that it is small near the center of the triangle, but
becomes large at all boundaries, see e.g. its contour
plot shown in Fig.4. Therefore we call it a “trian-
gular cup". The singular nature of Ṽ at the bound-
aries, leads to divergences in matrix elements, un-
less the wave functions vanish there. Therefore, the
problem we set to solve must have Dirichlet bound-
ary conditions  i(�, ⇢) = 0 at the boundaries for all
functions.

Quantum mechanics on a triangle with the po-
tential Ṽ will be solved below, by two numerical
methods. But before we do so, it is always useful
to start with less accurate but much simpler varia-
tional method.

FIG. 4. The contour plot of the “triangular cup" poten-

tial V (�, ⇢) on �, ⇢ plot.

To exclude divergences on the boundaries, the
wave function should vanish, so we simply include
linear suppression factors and assume that

 (�, ⇢) =
⇥Y

i

xi(�, ⇢)
⇤
�(�, ⇢) (33)

with some regular � (This procedure is known in
nuclear and condensed many-body physics, through
the use of Jastrow type wave functions). Let us then
take this regular function to be a Gaussian centered
in the triangle

�(�, ⇢) = exp

✓
�A

✓
�2 +

✓
⇢� 1p

6

◆2◆◆
(34)

with a variational parameter A. We use (33), evalu-
ate the average of the Laplacian and of the potential
V , and plot the result as a function of A in Fig 5.
As expected, increasing A – that is making the wave

Full set of Eigenfunctions of the Laplacian  
on the equilateral triangle  

can be found both analytically (6 standing waves) 
and numerically with Mathematica
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For fixed center of mass X = 1, (18) maps the con-
fining box-region B = [0, 1]3 for the coordinates xi,
to an equi-lateral triangle ⌃(x) of side L =

p
2, with

corners located at

(�, ⇢) =

✓
�

r
2

3
, 0

◆
,

✓
1p
6
,
1p
2

◆
,

✓
1p
6
,� 1p

2

◆

The corners correspond to one particle carrying all
the momentum, with the two others at rest.

The eigensystem of the first two terms in the
Laplacian (now free from the center of mass mo-
tion!), amounts to solving

�
✓

@2

@�2
+

@

@⇢2

◆
'mL,nL(�, ⇢) = emLnL'mL,nL(�, ⇢)

(52)

inside the triangle ⌃, with Dirichlet boundary con-
dition 'mL,nL(@⌃) = 0. Remarkably, although the
solutions are not available for generic triangles, they
are in fact known for equi-lateral triangles in closed
form, found in [14]. Their existence is due to the
finite number of ray reflections, which make a closed
set, as explained in Appendix E. The spectrum of
the Laplacian is given by

eDmLnL
=

✓
4⇡

3L

◆2✓✓
mL � nL

2

◆2

+
3

4
n2
L

◆
⌘ ẽDmLnL

⇡2

(53)

with integer valued longitudinal quantum numbers
mL, nL, restricted by mL � 2nL. The states with
mL > 2nL are doubly degenerate, with normalized
eigenstates [14]

'Dc
m,n(�, ⇢) =

4

L 3
3
4


cos

✓
2⇡(2mL � nL)⇢

3L

◆
sin

✓
2⇡nL�̃p

3L

◆

�cos

✓
2⇡(2nL �mL)⇢

3L

◆
sin

✓
2⇡mL�̃p

3L

◆

+cos

✓
2⇡(mL + nL)⇢

3L

◆
sin

✓
2⇡(mL � nL)�̃p

3L

◆�

'Ds
m,n(�, ⇢) =

4

L 3
3
4


sin

✓
2⇡(2mL � nL)⇢

3L

◆
sin

✓
2⇡nL�̃p

3L

◆

�sin

✓
2⇡(2nL �mL)⇢

3L

◆
sin

✓
2⇡mL�̃p

3L

◆

�sin

✓
2⇡(mL + nL)⇢

3L

◆
sin

✓
2⇡(mL � nL)�̃p

3L

◆�

(54)

with �̃ = � + L/
p
3. Their symmetry properties

include e.g. ⇢ mirror symmetry

'Dc,s
mL,nL

(�,�⇢) = ±'Dc,s
mL,nL

(�, ⇢) (55)

The Dirichlet states with mL = 2nL are non-
degenerate, with normalized eigenstates [14]
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Since (54-56) are separable in (�, ⇢) and harmonic,
they are readily seen to solve (51). The proof that
these solutions form an orthonormal set on the tri-
angle is nontrivial, but we checked a number of cases
explicitly. Implicitly, it follows from the observation
that the mode number following from (53), saturates
the so called Weyl area rule [14].

We identify the ground state from the tower of
states (56) with nL = 1, and its radial excitations
with nL > 1. In Fig. 7 we show the probability
distributions for nL = 1, 2.

FIG. 7. Probability distribution |�D
2nL,nL

|2 for nL =
1 (upper) and nL = 2 (lower) in the �, ⇢ plane, with

manifest mirror symmetry in ⇢.

These states are shown to Reggeize below. We fur-
ther note that (56), can be recast as three standing
waves with three “momenta" k̃
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(57)

in the triangular domain limited by the sides

k̃0 =

p
3L/2 k̃± = �̃±

p
3⇢ = 0
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explicitly. Implicitly, it follows from the observation
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use the einbein trick to get rid of the square roots in
the confining term

HLF ⇡
3X

i=1

✓
k2i? +m2
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3a+

1

a

3X

i=1

(|i@/@xi|2 + (3mQ)
2b2i?

�◆◆

(64)

with M ⇡ 3mQ used on the right-hand-side to close
the mass squared operator. Again, we assumed
equal einbeins ai ! a in (64) by steepest descent.
To the first kinetic term we add and subtract its
value at xi =

1
3 , producing an oscillator with fixed

frequency, and a residual potential Ṽ which is close
to zero at the center of the triangular cup.

In terms of the Jacobi coordinates, the diagonal-
izable part reads

H0LF = 3(~p2⇢ + ~p2� + 3m2
Q) (65)

+
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2
(~b2� +~b2⇢)

◆

where the all the vectors are in the transverse plane,
and ~b�,~b⇢ are coordinates conjugate to the corre-
sponding momenta. To elucidate the dependence on
a we rewrite it as

M2
0 (n�, n⇢, nL,mL) = (3mQ)

2

+
�Tp
a
M2

?(n�, n⇢) +
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L(mL, nL) + 3�Ta

(66)

with

M2
L(nL,mL) = eDnL,mL

M2
?(n�, n⇢) =

6
p
3mQp
�T

(n� + n⇢ + 2) (67)

The einbein in (66) minimizes the squared mass, and
is solution to the quartic Ferrari equation

6
p
a
4 �M2

?
p
a� 2M2

L = 0

For large longitudinal quantum numbers nL,mL �
1 the squared mass reggeizes

M2
0 ⇡ 2

p
3�TML

as we noted earlier. However, for large transverse
quantum numbers n�, n⇢ � 1 the squared mass does
not

M2
0 ⇡ 18�T

✓
M2

?
6�T

◆ 2
3

(68)

Recall that the results following from H0LF are
still to be modified by the additional residual contri-
butions, stemming from ṼLF to be added below, but
which are independent of our variational parameter
a. Therefore the minimization over a can already be
performed numerically. With our standard values
for the string tension �T = (0.4GeV )

2, and quark
masses b, c, s, q, we show in Fig. 8 the dependence
on a of the lowest eigenvalue for each species.

FIG. 8. The lowest eigenvalue of H0LF in GeV
2

versus

the (dimensionless) “einbine parameter" a, for b, c, s, q

quarks. Using this plot we perform the minimization in

a.

VI. THE NON-FACTORIZABLE
POTENTIAL Ṽ

The non-factorizable part of the potential is

Ṽ =
~p21 +m2

Q

x1
+

~p22 +m2
Q

x2

+
~p23 +m2

Q

x3
� 3(~p21 + ~p22 + ~p23)� 9m2

Q (69)

transverse oscillator 
plus longitudinal Laplacian
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+
�Tp
a
M2

?(n�, n⇢) +
�T

a
M2

L(mL, nL) + 3�Ta

(66)

with

M2
L(nL,mL) = eDnL,mL

M2
?(n�, n⇢) =

6
p
3mQp
�T

(n� + n⇢ + 2) (67)

The einbein in (66) minimizes the squared mass, and
is solution to the quartic Ferrari equation

6
p
a
4 �M2

?
p
a� 2M2

L = 0

For large longitudinal quantum numbers nL,mL �
1 the squared mass reggeizes

M2
0 ⇡ 2

p
3�TML

as we noted earlier. However, for large transverse
quantum numbers n�, n⇢ � 1 the squared mass does
not

M2
0 ⇡ 18�T

✓
M2

?
6�T

◆ 2
3

(68)

Recall that the results following from H0LF are
still to be modified by the additional residual contri-
butions, stemming from ṼLF to be added below, but
which are independent of our variational parameter
a. Therefore the minimization over a can already be
performed numerically. With our standard values
for the string tension �T = (0.4GeV )

2, and quark
masses b, c, s, q, we show in Fig. 8 the dependence
on a of the lowest eigenvalue for each species.

FIG. 8. The lowest eigenvalue of H0LF in GeV
2

versus

the (dimensionless) “einbine parameter" a, for b, c, s, q

quarks. Using this plot we perform the minimization in

a.

VI. THE NON-FACTORIZABLE
POTENTIAL Ṽ

The non-factorizable part of the potential is

Ṽ =
~p21 +m2

Q

x1
+

~p22 +m2
Q

x2

+
~p23 +m2

Q

x3
� 3(~p21 + ~p22 + ~p23)� 9m2

Q (69)

represented  by a matrix  
calculated in the eigenstates 

of H0

17

Using the Jacobi coordinates for the transverse and
longitudinal momenta, we get

Ṽ =�
✓
(3(�2p�p⇢(

p
6� 6�)⇢+ 9m2

Q(2�
2
+

p
6�3

+2⇢2 � 3
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2
+ 3
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�◆

⇥
✓

1

�2 + 9�2 + 3
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6�3 + 9⇢2 � 9

p
6�⇢2

◆

(70)

For zero orbital motion, the two oscillators are in-
dependent, and the term hp�p⇢i vanishes on aver-
age. hp2�i and hp2⇢i are directly related to the num-
ber of quanta n�, n⇢, and so one has to calculate
only the matrix entries in terms of all possible lon-
gitudinal quantum numbers hnL,mL|Ṽ |n0

Lm
0
Li, see

Appendix F.

A. Masses of the states

With the evaluation of the matrix Ṽ and its eigen-
values, our technical task is completed. We now can
finally carry the calculation of the full eigenvalues
– squared masses of the flavor symmetric baryons,
for the four quark flavors b, c, s, q. We keep here
longitudinal quantum numbers to their lowest val-
ues nL = 1,mL = 2, and assume that the trans-
verse oscillators are excited as a function of a single
n = (n⇢ + n�)/2.

Our results for squared masses are shown in black-
symbols in Fig. 9. For comparison, we show the
experimental masses in red hexagons. The blue
hexagons are available model predictions for ccc and
bbb baryons. Since a constant in LF Hamiltonian
remains undefined, we fixed one constant for all
masses, so that the mass of the uuu baryon �

++ is
set to experimental one. For definiteness, the plots
corresponds to effective masses of u, s, c, b quarks to
be 0.28, 0.45, 1.5, 4.8GeV , respectively, not specially
fitted to this plot but inherited from meson studies.

Finally, let us remind that all the calculations were
done for traditional “star" or Y model of confine-
ment. Transition to (perhaps more accurate) ansatz
A leads to the same Hamiltonian with a string ten-
sion rescaling (21), downwards by about 13% like
one has observed it in static potentials.
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FIG. 9. Squared masses of baryons M
2
n+1(Q,

3
2 ) in GeV

2
,

versus the principal quantum number n+ 1 = 1..7. The

black circles, triangles, squared and pentagons are re-

sults of our calculations for the flavors b, c, s, q. The red

hexagons are the experimental values of three �++
and

one ⌦�
masses, from PDG. The two blue hexagons are

model predictions for masses of ccc and bbb baryons, from

Table I.

VII. WAVE FUNCTIONS OF THE STATES

Our main results are not the masses of the 3
2

+

states and their radial excitations, but their cor-
responding wave functions. The ground states
in all channels, have a transverse momentum de-
pendence that is about Gaussian, e.g.  (p?) ⇠
exp(��2p2?/2). The scale parameter � is related
to the mass and frequency of the effective oscillator
µ,!,

� =
p
µ! =

✓
a

3m2
Q�T

◆ 1
4

(71)

The mean square of the transverse momentum is ap-
proximately

hp2?i ⇡ ��2 ⇡ 0.942, 0.466, 0.183, 0.104 (GeV 2
)

(72)
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mentum m. Dynamical issues also get less severe. In
particular, on the light front, even light quarks can
be “eikonalized" as they move along approximately
straight lines.

A. Single-flavor baryons

Baryons are just another application of the tools
developed along the lines mentioned above, but this
time for three-quark systems. There are important
technical issues here as well, as the barrier between
“relative motion" in mesons and baryons, is due to
the differences between the obvious variables de-
scribing the relative motion of two particles, and the
nontrivial choices of variable for few-body quantum
mechanics. We will address those below, but before
that let us add some general remarks.

In principle, another (non-technical) issue is re-
lated with the so called “color junction" of three
strings. The quadratic confining potential of a “star"
(or Y ) model fixes the junction at the origin, with
no dynamics. For static potentials we can probe
the effects of the junction by changing its location.
However, the junction is in general dynamical, and
should be treated as a fourth body. In general,
the effective string Lagrangians carry also bound-
ary terms, and a junction-line connecting the three
world-volumes should also be added as a boundary
contribution. The dynamics of the junction can only
be ignored if it is heavy, but in so far there is no em-
pirical indication of that. This problem remains to
our knowledge open.

This notwithstanding, one should note that in the
last decade, we have seen discoveries of multiple new
hadrons in the so-called heavy-light sector, includ-
ing QQq baryons and tetraquarks of the type Q̄Qq̄q
and QQq̄q̄. Calculations for similar states with five
and six quarks are ongoing by many groups. They
will shed more light on the issue of quark-quark in-
teractions. Also, baryons too have a 5-quark sector,
responsible for the antiquark sea, well studied ex-
perimentally in the case of the proton and neutron.
Their flavor structure has been recently discussed by
one of us [4].

Non-relativistic and semi-relativisitc constituent
quark models, have been developed since the 1960’s,
and they exist in numerous versions. One well doc-
umented (and still widely used as a reference point)
approach is that by Isgur and Karl [5], which was
updated for heavy quark states, see e.g. [6]. These

authors treated confinement by an oscillatory poten-
tial, which methodically will turn out to be similar
to our HLF (but for squared mass, not energy). A
well known problem with the model, is its predic-
tions of many more baryonic states than what was
experimentally observed.

The focus of this paper is on on basic baryons
which are completely symmetric in flavor, such as
�

++
uuu,⌦

�
sss,⌦

++
ccc ,⌦

�
bbb. Yes, although only the first

two of them have been observed. (According to esti-
mates, ⌦++

ccc will be discovered in the next LHC run.)
The reason is that flavor asymmetric pairs such as
ud, us, ds... have deeply bound diquark correlations
which will be the subject of our next paper.

General considerations for tthese hadrons are well
known, e.g. summarized in the early note by
Bjorken [7]. If the color part of the wave function
is antisymmetric and the flavor part is symmetric,
then Fermi statistics requires the spin-orbital part
to be symmetric as well. The simplest one, with no
orbital motion, then fixes spins to be e.g. """ and
the global quantum number to be 3

2

+. We will focus
on the sector with zero orbital momentum, thereby
avoiding the inclusion of spin-orbit mixing (on which
we focused in the previous paper [3] for mesons).

In Table I we show the quark and baryon masses,
as well as the binding of the lowest 3

2

+ states accord-
ing to Ref. [6]. We note that as we move from heavy
to light baryons, the binding changes from nega-
tive to positive values (for the sum of the masses).
This is due to the attractive Coulomb interaction at
small distances, whose role dramatically decreases
for lighter quarks, as their states become larger in
size.

TABLE I. Baryon masses and binding energies ( all in

GeV ) for different quark flavors. Two baryon masses in

the last two rows are experimental, all other numbers are

as used in Ref. [6].

mQ M
3/2+

QQQ M
3/2+

QQQ � 3mQ

b 5.2019 14.834 -0.7717

c 1.8182 4.965 -0.4896

s .5553 1.672 0.006

q .2848 1.232 0.3776

The dependence of the masses and wave functions
of these ground state baryons, on the quark mass is
of course only one issue to be considered. Another
is their spectrum, in particular the dependence on

have no “good diquark” correlations  
 between quarks if tHooft-induced

of course, we not just have all masses , 
but all light-front wave functions as well!  

Can be used to calculate PDFs,FFs,GPDs
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This work is a continuation in our series of papers, that addresses quark models of hadronic

structure on the light front. The chief focus of this paper is the quantum-mechanical solution of

the three-quark model Hamiltonian, describing baryons. In Jacobi coordinates, we use a harmonic

oscillator basis for the transverse directions. For the longitudinal momentum fractions xi, the

pertinent basis follows from quantum mechanics in a “triangular cup" potential, which we solve

exactly. We calculate the masses and light front wave functions for the flavor symmetric
3
2

+
baryons

bbb, ccc, sss, uuu.

I. INTRODUCTION

Since this is the fourth paper of the series [1–
3], it does not need an extensive introduction. Its
main goal is to bridge the gaps between subfields of
hadronic physics, with our general direction being
from (I) the vacuum structure in its Euclidean formu-
lation (instantons and lattice), to (ii) the hadronic
structure and quark-quark interactions and result-
ing spectroscopy, to (iii) the hadronic structure on
the light front with its novel Hamiltonians and wave
functions.

The connection between (i) and (ii) is provided by
nonlocal gauge field correlators, such as e.g. correla-
tions of Wilson lines defining static quark potentials.
Using lattice or semiclassical models of the vacuum
fields, one can evaluate them. The connection be-
tween (ii) and (iii) is less developed, as neither spec-
troscopists nor people studying partonic observables
were inclined to study them. (The former commu-
nity is now living through a deluge of new hadrons
discovered lately, and is rather busy.) So, let us em-
phasize some of the reasons for its development.

Standard spectroscopy (in the center of mass or
CM frame) uses rather different tools for states made
of heavy and light quarks. The differences stem from
both kinematical and dynamical reasons.

Kinematically, the heavy quarkonia can be treated
nonrelativistically, using the Schroedinger equation
and perturbative effective theories like pHQCD,
while the light quarks are studied with relativistic
tools such as the Bethe-Salpeter equation and the

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

like. (In fact, even the standard approaches to heavy
quarkonia are not so accurate, as one might get from
textbooks. Say, for charm quark, the typical velocity
is not really small, v ⇠ 1

2 or so.)
Dynamically, there are important differences be-

tween heavy and light quark interactions. Indeed,
light quark physics is tightly bound to the issue
of chiral symmetry breaking, and its root causes –
strong short-range effects described by NJL opera-
tors or instanton-based t’Hooft Lagrangian. Most of
that was well understood in the 1990’s and need not
be repeated here.

However, as we have shown in [1], a dilute instan-
ton ensemble is only one part of the vacuum fluctua-
tions related with gauge topology at low resolution,
and when one studies gauge field observables one
finds larger effects at moderatly higher resolution.
Even for heavy quarkonia, we argued that a “dense
vacuum" with instanton-antiinstanton pairs (incom-
plete tunneling through a topologicl barrier) con-
tributes to Wilson line correlators, with and with-
out magnetic fields, and generates a good fraction of
the central and spin-dependent forces. This raises
a question of how one can include those effects for
light quarks.

Fortunately, both these kinematical and dynam-
ical issues are much less severe on the light front.
The kinematics in this case is simply relativistic for
all masses. There are no sudden changes, as one go
from heavy to light quarks. Quark masses enter the
HLF in a very uniform way and (as we have shown
in the previous papers of the series [1–3]), one can
consistently derive the mesonic properties from b̄b to
light q̄q by the same tools. Indeed, in the first ap-
proximation, the transverse oscillator Hamiltonian
generates near-linear Regge dependences of M2, on
the principal quantum number n and angular mo-
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I. INTRODUCTION

Since this paper is the fifth in our series [1–4], it
does not need an extended Introduction, other than
for issues not considered in the previous papers. So,
we start directly by outlining its content.

The two introductory subsections I A and IB,
are devoted to diquark correlations in baryons and
multiquark hadrons, respectively. Diquark “spec-
trosopy" has a rather long history which includes
empirical facts, and dynamical calculations (NJL
model, instantons, lattice). Furthermore, by iden-
tifying certain four-quark effective interactions, one
naturally can proceed to the evaluation of their role
not only in the 2 $ 2 channels, but also in the 1 ! 3
channel, and in the coupling of the 3q and 5q sectors
in baryons.

The introductory subsection I B outlines our gen-
eral strategy to “bridge" hadronic spectroscopy and
partonic observables. The 1 ! 3 processes are the
first step towards the creation of the “hadronic sea"
of quarks and antiquarks, which complements per-
turbative DGLAP evolution, as it is clear from the
flavor asymmetry of antiquarks.

We start our studies of diquark correlations from
the nonrelativistic setting in section II A, where we
compare the effects of the perturbative Coulomb and
instanton-induced ’t Hooft interactions using some
simple variational approaches. Its main conclusion
is that diquark correlations are strong, and that the
’t Hooft interaction is dominant. In section III, the
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diquark problem is treated on the light front, by
a Hamiltonian similar to the meson one, using a
quasilocal qq interaction. In section IV we present
a simplified analysis of baryons in the CM frame,
using Coulomb and 0t Hooft interactions only.

The next section deals with baryons on the light
front, it starts with VA where we derive the LFWFs
deformation by a heavy quark mass. Note that in
our previous analysis in [4], we only considered flavor
symmetric baryons qqq, sss, ccc, bbb. Here instead,
we consider heavy-light baryons such as ⇤Q = Qud
with a single diquark in V B, before addressing the
diquark pairing in the nucleon in section VI. We fur-
ther elucidate the observable consequences of this
pairing by calculating the formfactors for the isobar
Delta and the Nucleon in section VII.

In section VIII A we show how to 0 bridge the gap0

between the spectroscopic analysis and the partonic
observables, using the chiral processes discussed in
section VIII. More specifically, in VIIIA we moti-
vate the selection of the scale where the chiral the-
ory and perturbative DGLAP evolution match. In
VIII B we detail the empirical information on the fla-
vor asymmetry of the antiquark sea of the nucleon.
We present two mechanisms for this effect, one using
the first order in ’t Hooft Lagrangian VIIIC, and
the other a pion-mediated processe VIII D, each of
which is illustrated in Fig.1. The matching of the
chiral and perturbative evolutions are discussed in
section VIII E.

The last section IX summarizes the main results
of our series of papers. A number of more technical
issues are discussed in the Appendices.
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does not need an extended Introduction, other than
for issues not considered in the previous papers. So,
we start directly by outlining its content.

The two introductory subsections I A and IB,
are devoted to diquark correlations in baryons and
multiquark hadrons, respectively. Diquark “spec-
trosopy" has a rather long history which includes
empirical facts, and dynamical calculations (NJL
model, instantons, lattice). Furthermore, by iden-
tifying certain four-quark effective interactions, one
naturally can proceed to the evaluation of their role
not only in the 2 $ 2 channels, but also in the 1 ! 3
channel, and in the coupling of the 3q and 5q sectors
in baryons.

The introductory subsection I B outlines our gen-
eral strategy to “bridge" hadronic spectroscopy and
partonic observables. The 1 ! 3 processes are the
first step towards the creation of the “hadronic sea"
of quarks and antiquarks, which complements per-
turbative DGLAP evolution, as it is clear from the
flavor asymmetry of antiquarks.

We start our studies of diquark correlations from
the nonrelativistic setting in section II A, where we
compare the effects of the perturbative Coulomb and
instanton-induced ’t Hooft interactions using some
simple variational approaches. Its main conclusion
is that diquark correlations are strong, and that the
’t Hooft interaction is dominant. In section III, the
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diquark problem is treated on the light front, by
a Hamiltonian similar to the meson one, using a
quasilocal qq interaction. In section IV we present
a simplified analysis of baryons in the CM frame,
using Coulomb and 0t Hooft interactions only.

The next section deals with baryons on the light
front, it starts with VA where we derive the LFWFs
deformation by a heavy quark mass. Note that in
our previous analysis in [4], we only considered flavor
symmetric baryons qqq, sss, ccc, bbb. Here instead,
we consider heavy-light baryons such as ⇤Q = Qud
with a single diquark in V B, before addressing the
diquark pairing in the nucleon in section VI. We fur-
ther elucidate the observable consequences of this
pairing by calculating the formfactors for the isobar
Delta and the Nucleon in section VII.

In section VIII A we show how to 0 bridge the gap0

between the spectroscopic analysis and the partonic
observables, using the chiral processes discussed in
section VIII. More specifically, in VIIIA we moti-
vate the selection of the scale where the chiral the-
ory and perturbative DGLAP evolution match. In
VIII B we detail the empirical information on the fla-
vor asymmetry of the antiquark sea of the nucleon.
We present two mechanisms for this effect, one using
the first order in ’t Hooft Lagrangian VIIIC, and
the other a pion-mediated processe VIII D, each of
which is illustrated in Fig.1. The matching of the
chiral and perturbative evolutions are discussed in
section VIII E.

The last section IX summarizes the main results
of our series of papers. A number of more technical
issues are discussed in the Appendices.

phenomenology 
scalar diquarks are deeply bound 

diquarks are baryons in Nc=2 theory 
which has Pauli-Gursey symmetry 

so scalar diquark is degenerate with the pion 
and vector degenerate with vector mesons

Scalar diquarks become  
Cooper pair in dense quark matter 

=> color superconductors

assuming that the standard spin-spin  
interactions are of the form (σ⃗1⃗σ2), 

 this spin interaction can be eliminated
M(1+ud) − M(0+ud) (1) ≈  

(2M (Σ∗Q ) + M (ΣQ )/3 − M (ΛQ ) ≈ 0.21 GeV

the instanton-induced ’t Hooft vertex. 

2

A. Diquark correlations

Diquark correlations of light quarks in nucleons
and hadronic reactions, have been extensively dis-
cussed in the literature in the past decades, see e.g.
[5, 6], and more recently in the review [7]. Here, we
will not cover their phenomenological contributions
to various hadronic reactions, but rather address
some theoretical considerations about their dynami-
cal origins based on semiclassical instantons. We will
also cover recent lattice advances in diquark studies.

In two-color QCD with Nc = 2, diquarks are
baryons. In the chiral limit, QCD with two colors
and flavors, admit Pauli-Gursey symmetry, an ex-
tended SU(4) symmetry that mixes massless baryons
and mesons. In three-color QCD with Nc = 3, di-
quarks play an important role in the light and heavy
light baryons.

The simplest way to understand diquark correla-
tions in hadrons, is in single-heavy baryons where
the heavy spectator quark compensates for color,
without altering the light diquark spin-flavor corre-
lations. A good example are Qud baryons, with ⌃Q

composed of a light quark with a flavor symmetric
assignment I = 1, JP = 1+, and ⇤Q composed of a
light quark pair with a flavor asymmetric assignment
I = 0, JP = 0+ state, the so called bad and good di-
quark states. Note that the latter has no spin, and
thus no spin-dependent interaction with the heavy
quark Q, while the former does. However, assuming
that the standard spin-spin interactions are of the
form (~�1~�2), this spin interaction can be eliminated
as follows

M(1+ud) � M(0+ud) (1)
⇡

�
(2M(⌃⇤

Q
) + M(⌃Q)/3

�
� M(⇤Q) ⇡ 0.21 GeV

with the numerical value thus obtained from experi-
mental masses of cud, bud baryons yields the binding
of two types of light quark diquarks. We note tha
the mass difference between heavy-light baryon and
meson iof m(Qud) � m(Qu) ⇡ 329 MeV , is close to
a constituent quark mass, but does not seem to in-
clude any extra contribution to the kinetic energy of
the extra quark. Apparently, it is cancelled by some
attraction.

With antisymmetric color and spin wave function,
scalar diquarks must also be antisymmetric in fla-
vor: so those can only be ud, us, sd pairs. Those are
called “good" diquarks in the literature, in contrast
to the “bad" ones made of same flavor dd, uu, ...bb
and, by Fermi statistics, with a symmetric spin

S = 1 wave functions.
The role of the light fermionic zero modes induced

by instantons, at the origin of the ’t Hooft effective
Lagrangian for chiral symmetry breaking, and their
importance for pions and other aspects of chiral sym-
metry breaking are well known, for a review see e.g.
[8]. Diquark correlations induced by the ’t Hooft
interaction were found in studies of the nucleons in
instanton ensembles in [9]. In particular, the "good"
diquark mass was found to be m(0+) ⇡ 420 MeV ,
while the “bad" vector diquark mass was found to
be m(1+) ⇡ 940 MeV , with a difference as large as
500 MeV .

Although only a Fiertz transformation is needed
from a meson to a diquark channel, this phenomenon
has been originally considered only by few [10–12],
before the realization that diquarks would turn to
Cooper pairs in dense quark matter, as pointed out
in [13, 14]. (For subsequent review on “color super-
conductivity" see [15].)

Theoretically, it was important to note that in
SU(2) color theory, the scalar diquarks are mass-
less partners of the Goldstone mesons [13]. By con-
tinuation to SU(3) color, one then expects “good"
scalar diquarks to be deeply bound as well. The
ratio of the color factors, between the pseudoscalar
meson (pions or ⌘0) channels, and the scalar diquark
channel, is the same for the perturbative one-gluon
exchange and the instanton-induced ’t Hooft vertex.

Gqq

Gq̄q

=
1

Nc � 1
(2)

Note that it is 1 for SU(2) color, supporting Pauli-
Gursey symmetry between diquarks (baryons in this
theory) and mesons. It is 1/2 for the SU(3) color
case of interest, and zero in the Nc ! 1 limit.

Calculation of (pseudoscalar and vector) meson
and (scalar and vector) diquark DAs using Bethe-
Salpeter equation with NJL kernels were originally
carried in [12], and more recently in [16].

Lattice studies of light diquarks have also a long
history, with the ealy analyses in [17] to recent stud-
ies in [18]. Diquarks are either studied inside dy-
namical baryons, or by tagging a Wilson line to a qq
pair as a heavy-light Qqq-type baryon. We already
noted the mass difference between the vector and
scalar ud diquarks, with the lattice estimate putting
it at m(1+)�m(0+) ⇡ 200 MeV . The lattice studies
show that in Qud baryon, the light quarks are corre-
lated together, but in a region of about r0 ⇡ 0.6 fm
size, which is twice larger than suggested in earlier

so it is 1 for Nc=2 
and 1/2 for Nc=3 

and -1 in QED
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VI. DIQUARK PAIRING IN THE
NUCLEONS

The role of the instanton-induced quasi-local in-
teraction (diquark pairing) in the wave functions of
� and N was already discussed in the paper by
one of us [28]. However several principal and tech-
nical tools were different. In particular, the light
front hamiltonian HLF was different (constructed a
la mesonic Hamiltonian of Vary et al [21]), and the
set of basis functions was completely different.

As in the preceding section, we start with baryons
without quasi-local instanton-induced ’t Hooft inter-
action, namely �++(3/2) = uuu, and proceed simi-
larly by expressing the potential V as a matrix in the
Laplacian basis, and diagonalize HLF = H0 + V . If
we use the basis of 12 such functions, the spectrum
(of squared masses) is

Pairing in the proton p = uud takes place in two
(ud) channels, which we denote as (13) and (23). For
that, it is more convenient to use alternative Jacobi
coordinates ⇢±, �±, rotated from the original ⇢, �
by the “triple symmetry" matrices of the equilateral
triangle

M± =

"
cos(2⇡/3) ±sin(2⇡/3)

⌥sin(2⇡/3) cos(2⇡/3)

#
(42)

The hamiltonian now has two pairing terms, and
each can be written as a matrix in our basis in appro-
priate coordinates using the same form (16), adding
those to the light front hamiltonian HLF and diag-
onalizing it, we obtain the spectrum and the wave
functions. For one choice of the ’t Hooft coupling,
the results for the squared masses of the lowest �, N
baryons are shown in Fig.6.

Recall that these masses are calculated from lim-
ited basis set, with only 12 longitudinal eigenfunc-
tions of the Laplacian. Also note, that neither the
perturbative Coulomb nor the spin-dependent inter-
actions are included. The Delta-N splitting is due
only to the ’t Hooft operator treated in a quasi-local
approximation.

The lower part of the plot shows the light front
wave functions of the lowest mass � and N baryons.
The attractive and quasi-local interaction makes the
wave function of the nucleon N wider than that
of the isobar �, i.e. greater both at the left and
right side of the plot (corresponding to xd ! 1 and
xd ! 0.). This widening effect is similar to that
observed for mesons. The LFWF of vector mesons
is relatively narrow, while that of the pion is nearly

FIG. 6: Upper: Squared masses of the Delta (open
points) and N (closed) resonances versus their

successive quantum number n. The two straight
lines shown for comparison, are the Regge

trajectories fitted to the experimental values of
M2(J) , versus the total angular momentum J ,

with the slope ↵0 = 0.88 GeV 2.
Lower: LFWFs for the lowest Delta (dashed lines)
and N (solid lines). The plots are shown versus the

Jacobi coordinate �, for fixed ⇢ = 0, 0.1, 0.2, 0.3,
top to bottom.

flat. Furthermore, as d participates in two pairings
while each u only in one, this effect is more pro-
nounced for the d quark.

VII. BARYON FORMFACTORS

In the non-relativistic formulation, the formfac-
tors are defined as overlap integrals. This carries to
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value at the center point x1 = x2 = x3 = 1/3 and
call it a “potential" V plus a term depending only
quadratically on ~p?. The latter was used for the
“transverse oscillator" part, defining the basis set of
functions. The potential V was included either in
the form of a matrix in that basis, or found numeri-
cally from solving the Schroedinger-like equation.

The confining (Laplacian) part of the Hamilto-
nian does not depend on masses, but the potential
V does. If masses of the three quarks are the same
(the case discussed in [4]) it has a discrete symme-
try corresponding to maps of the triangle into itself
(rotations by the angle ±2⇡/3). This symmetry is
shared by a Laplacian and thus the resulting wave
functions. In this section we make the first step to-
wards unequal quark masses, where this symmetry
is absent.

We are aiming first at heavy-light baryons of the
type qqQ (with light diquarks either flavor symmet-
ric or antisymmetric), and introduce two dimension-
less parameters

AQ =
hp2

Q?i + m2
Q

�T

, Aq =
hp2

q?i + m2
q

�T

(18)

The denominators contain the string tension, while
in the numerators we substituted the squared trans-
verse momenta by their average. In this approxima-
tion the longitudinal degrees of freedom split from
the transverse ones, with the effective dimensionless
potential

Ṽ (�, ⇢) = Aq(1/x1 +1/x2 �6)+AQ(1/x3 �3) (19)

While it is still defined on the equilateral triangle, it
no longer has the triple 2⇡/3 symmetry. Specifically,
we note that these parameters have very different
magnitude for light and e.g. charmed quarks

(hp2
q?i + m2

q
)/�T ⇡ 1.5, (hp2

c?i + m2
c
)/�T ⇡ 15

For b quarks the ratio is another order of magnitude
larger. So the triple symmetry is very strongly bro-
ken by the leading term with a large heavy quark
mass. The effect is so strong, even for charm quark,
that one can only keep the m2

c
(1/x3 �3) term in the

kinetic energy.
We evaluated the matrix elements of the potential

in the laplacian basis, and got the wave function
of the ⌃Q = Q(ud)1+ baryon. The ground wave
functions represented as a combination of (12) basis
states

 ⌃Q(1) =
X

n

Cn n(⇢,�) (20)

with the coefficients equal to

C⌃
n

= (0.520, 0.025, 0.736, �0.331, �0.167, �0.189,

�0.105, �0.009, �0.024, 0.012, �0.014, �0.008)

Note that several of coefficients are comparable, and
the first coefficient is not even the largest. It hap-
pens because the charm quark mass term creates
such a large perturbation, that the lowest ⌃Q(1)
state is not even close to the lowest state of the
Laplacian.

B. Diquark pairing in ⇤Q baryons

Now we make the second step, to ⇤Q = Q(ud)0+

baryons with a flavor-asymmetric ud diquark. In
addition to what was discussed in the preceding sec-
tion, now there is also the ’t Hooft determinantal
interaction between the ud quarks. The symmetry
1 $ 2 (or ⇢ $ �⇢) of the Hamiltonian and the
LFWFs remains.

We now make use of a simplified and fully local 0t
Hooft interaction

Hud = �Gud�(~ru � ~rd) (21)

The matrix element of the spatial delta functions is
discussed in Appendix B, see (B6). Using it in our
set of basis functions, we performed those integrals
and obtained the Hamiltonian in a form of a 12⇥12
matrix. Multiplying it by the coupling G, adding it
to Hamiltonian detailed in the previous sections and
getting the eigensystem, we generated 12 states of
the ⇤c baryons. We have tuned the coupling so that
the ground states have binding difference between
“good" and "bad" diquark fixed by phenomenology
(1).

After this is achieved, we can compare the ob-
tained ⌃c and ⇤c light front wave functions. One
way to do it is to give the coefficients of the decom-
position in the Laplacian basis functions as we did
above for ⌃c . Those are

C⇤
n

= (0.625, 0.025, 0.725, �0.249, �0.079, �0.089,

�0.052, �0.004, 0.040, �0.020, �0.0272, 0.004)

see Fig.5 . We can see from the upper plot, differ-
ences at larger ⇢ (lowest curves) that are as big as a
factor of 2. However, a better representation of the
shape difference is given by the lowest plot

 e-Print: 2208.04428
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1 (Q2), (GeV 4) versus the momentum
transfer Q2 (GeV 2). The triangles and closed

points correspond to the Delta and Proton LFWFs,
respectively. The red circles are extraction from

the experimental data on the p and n formfactors
mentioned in the text. The solid line shown for

comparison, corresponds to the dipole form factor
Q4/(1 + Q2/m2

⇢
)2.

asymmetry must be related with the asymmetry of
the spin-orbit part of the wave function, which in
our approximations is so far ignored.

Note that the corresponding formfactor for Delta
(triangles) is significantly softer, as one would ex-
pect from the size of the wave function. Recall that
the large difference between the Delta and Proton
formfactors (so well seen in this plot) is completely
due to the ’t Hooft quasi-local pairing ud interaction.
While we do not have Delta targets for experiments,
perhaps its formfactor can be calculated on the lat-
tice, or in other models.

Let us now make a more general comment on pos-
sible improvements of the LFWFs calculated in this
work, and in particular their consequences for form-
factors at large Q2

! 1 and PDFs at large x ! 1.
We treated light quarks as “constituent quarks" with
fixed mass M ⇠ 400 MeV everywhere, including the
“cup potential" ⇠ M2/x diverging at kinematical
edges. As a result, our LFWFs vanish at these edges
in a smooth way. However it is known that M2 de-
creases with virtuality of the quark and vanishes if
it is highly virtual. The instanton-based theory of
chiral symmetry breaking shows how it is related
to the instanton zero modes and describe smooth
transition from on-shell constituent quarks to near-
massless quark-partons. We are planning to include

this effect in subsequent works.
Completing the section on formfactors and trying

to avoid any confusion, let us comment on the rela-
tion between our results and those in the literature
on “hard regime" Q2

! 1 limit. These terminol-
ogy is used in literature in very different settings.
One is physics of heavy boson or quark produc-
tion W, Z, H, t or jet observables at colliders: here
Q2

⇠ (100 GeV )2 and pQCD is fully accountable for
those.

A completely different situation is with exclusive
processes, such as elastic scattering and formfactors.
Specific powers of 1/Q2 and powers of ↵s(Q2) follow
from the lowest orders pQCD diagrams [33]. Fur-
thermore, in some cases (e.g. the pion formfactor)
even the constant in the hard limit can be expressed
in terms of f⇡, so the pQCD asymptotic prediction
is fully known. It is further known for decades, that
in the “semi-hard" domain of current experiments
Q2 < 10 GeV 2 the formfactors are not dominated
by pQCD mechanisms. In our paper on formfactors
[34] we included the instanton contributions in the
hard blocks. While important in the “semi-hard" do-
main, at large Q2 those become exponentially small
⇠ exp(�Q⇢) at Q⇢ � 1. In this series of papers, we
used the ’t Hooft Lagrangian as a quasi � local op-
erator. This means the opposite regime, where the
distance scales considered are large compared to the
instanton size hri � ⇢.

VIII. BRIDGING THE GAP BETWEEN
HADRONIC AND PARTONIC DYNAMICS

A. The matching scale

Before building a bridge, one should have a good
assessment of both sides of the river. Therefore let
us start with a brief summary of what we know on
the two extremes.

Since the 1970’s we know that hard processes de-
fined at some high scale Q2

� 1 GeV 2 can be de-
scribed as a set of independent “partons", g, q, q̄.
The probabilities to find those in a target (or beam)
hadrons are known as PDFs q(x, Q2). Due to high
resolving power in this regime, the pointlike quark-
partons and gluons can emit each other with “split-
ting functions" following directly from the QCD La-
grangian. So PDFs and structure functions at dif-
ferent Q are related by perturbative DGLAP “evo-
lution". Combining these with fits to experimental

N

Delta
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A. Electromagnetic formfactors

This notwithstanding, a number of electromag-
netic and gravitational formfactors of the nucleon,
can be extracted from the present GPDs, allowing
also for estimates of the spin and mass sum rules.
More specifically, the Dirac F1, the Pauli F2 electro-
magnetic formfactors and the axial formfactor GA,
are all tied to the zeroth moment of the GPDs on
the LF, at zero skewness [6] (and references therein)

F1(t) =

Z
dxH(x, 0, t)

F2(t) =

Z
dxE(x, 0, t)

GA(t) =

Z
dxH̃(x, 0, t) (21)

In Fig.3 we show the numerical results for Q
4
F

d
1

versus Q
2 in GeV2, for a struck d-quark, follow-

ing from the integration of the unpolarized d-quark
H GPD, for the nucleon (filled-point) and �-isobar
(open-point). The standard dipole-form factor with
the rho mass is depicted by the solid-curve, using
Q

4
/(1 + Q

2
/m

2
⇢)

2 and m⇢ = 780 MeV. The results
follow the dipole curve below 1 GeV2, and devi-
ate substantially above, to asymptote a constant at
much larger Q2, as expected from the QCD counting
rules for both nucleons. The rescaled formfactor for
the isobar is found to fall faster than the nucleon at
large Q

2, which indicates that the nucleon is more
compact electromagnetically than the isobar, with a
smaller electromagnetic radius.

B. Gravitational formfactors

As we noted earlier, our low-resolution LFWFs are
dominated by the lowest Fock state of three con-
stituent quarks. Hence, the GPD is mostly that of
the constituent quarks. The first moment of the un-
polarized GPDs at zero skewness, is tied to the quark
A,B form factors of the energy-momentum tensor [6]

A(t) =

Z
dx xH(x, 0, t)

B(t) =

Z
dx xE(x, 0, t) (22)

They can be used to quantify the distribution
of momentum, angular momentum and pressure-
like stress, inside the nucleon [14] (and references
therein). More specifically, the total nucleon angu-
lar momentum at this low-resolution, is given by Ji0s

FIG. 3: Scaled Dirac form factor Q
4
F

d
1 (Q

2) in
GeV4 versus Q

2 in GeV2, for the nucleon
(filled-point) and � (open-point), obtained by

integrating the unpolarized d-quark-H GDP. For
comparison we show a “dipole fit" curve

Q
4
/(1 +Q

2
/m

2
⇢)

2 (solid-line).

sum rule [15]

J =
1

2
= A(0) +B(0) (23)

with the non-perturbative gluons implicit in the bal-
ance, as they enter implicitly in the composition of
the LF Hamiltonian (mass, string tension, ...) for
the constituent quarks. Since our LFWFs are so
far unpolarized, we do not have acces to the B-
formfactor, as it involves the overlap between spin
flipped LFWFs. The polarized GPDs together with
the role of the spin forces, will be discussed else-
where.

In Fig.4 (top) we show the numerical results for
Q

4
A

d versus Q
2 in GeV2, for a struck d-quark, fol-

lowing from the integration of the unpolarized d-
quark-A GPD, for the nucleon (filled-point) and �-
isobar (open-point). Again, we observe that the iso-
bar form factor falls faster than the mucleon form
factor, an indication that the nucleon is more com-
pact gravitationally than the isobar, with a smaller
gravitational radius. In Fig.4 (top) we plot the ratio
of the gravitational formfactor relative to the elec-
tromagnetic form factor, for the struck d-quark in
the nucleon (filled-points) and isobar (open-points).
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Zero skewness: 
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GPDs of the nucleon are captured by the off-diagonal formfactors []
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(8)

Here H,E are the unpolarized quark GPDs, and H̃, Ẽ their polarized counterparts. Note that for ⇠ = 0, we
have t = ��2

?, and Ẽ drops out. The generic form of the nucleon wavefunction is

|p⇤i =
Z 3Y

i=1

dxidki?p
xi

�

✓
1�

3X

i=1

xi

◆
�

✓ 3X

i=1

ki?

◆
 
⇤([xi, ki?,�i])|[xip

+
, ki� + xipi?,�i]i (9)

for a nucleon of total momentum p
µ and helicity ⇤ = ±1. The conversion to the Jacobi coordinates is

subsumed, with the delta-functions readily enforced. At low resolution, the nucleon state  ⇤ is a quark-
diquark q[qq]0 Fock state.

To proceed, we note the identities for the matrix elements of the nucleon spinors in (8) on the right-hand-
side,
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2

2mN
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◆
(10)

Inserting the free field decomposition of the good component of the quark field in (8), and carrying the
contractions yield the respective GPDs.
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The kinematical arrangement is as follows: a/ active quark i = 1: x
0
1 = x1 and k

0
1? = k1? + (1 � x1)�?

and �1 = ±1; b/ passive quarks i = 2, 3: and x
0
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Revolution in hadronic spectroscopy -> multiquark hadrons 

since 1960’s they were considered “exotics” with questionable 
experimental support, but not anymore

in axial 1^+-  channel 4 tetras and only one charmonium 
in vector 1^— 9 psi’s out of which only 5 charmonia  

and also 4 tetras 

Tells us about adding quark pair as 
sigma and pion

some of them are hybrids ccg
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FIG. 5. The points show the instanton-induced effective
potential in baryons V (R6), (MeV ) vs R6 (fm).. The
tension force is of the order of 1 GeV/fm (shown by a
line for comparison).

While the results for the ccc baryons are very close
to those found in the previous section for “ansatz A",
those for the uuu baryons are reduced significantly,
and are now much closer to the experimental value
of the first splitting. This means that the instanton-
induced potential is a better representation of the
force at R6 ⇠ 1 fm. The splitting of the 3S state
is too small because the instanton-induced potential
at R6 > 1fm is flat. In order to get it in agree-
ment with the data one would need a potential in
between linear and constant, perhaps growing as a
slower function of the distance.

IV. THE ALL-CHARM TETRAQUARKS

A. Masses and models

Experimentally these type of tetraquarks have
been discovered by LHCb [19] and then by CMS [20]
and ATLAS [21] in J/ , J/ and related channels.
These states are named X(6550), X(6900), X(7280).
For definiteness, we will use the ATLAS masses

M1 = 6620, M2 = 6870, M3 = 7220 (MeV ) (17)

all with errors ±30MeV . These states provide a
good opportunity to check our understanding of
both the multi-particle dynamics and inter-quark
forces.

Among the many models put forth for the
tetraquarks, we note the diquark-antidiquark formu-
lation [22, 23], in which a 4-quark system is rep-
resented as a binary state of diquarks with binary
potentials, equal to that in quarkonium Q̄Q. This
would be true if distances between quarks in di-
quarks (to be called r below) are much smaller than
distances between diquarks R.

Since they are supposed to be comparable for
r ⇠ R in the lowest tetraquark states, we cannot
neglect any of the 6 pair-wise interactions in the
four-body compounds. In this section we use the
four-body approach, with all six binary potentials
included. Lattice studies of four-quark static po-
tentials, with quenched and dynamical quarks, have
been performed in [10]. (Again, the dependence on
the hyper-distance could be determined, but was
not.)

B. The lowest all-charm tetraquark states in
the hyper-distance approximation

The use of the hyper-distance approximation for
all-charm teraquarks was pioneered in [4] (see also
the recent study in [24]). The main idea is that
for the lowest states, one may assume that they
are mostly L = 0 s-shell, with only a small d-shell
admixture. If so, we only need to solve a one-
dimensional radial Schroedinger equation.

For four particles, there are three Jacobi coordi-
nates, or 9-dimensions. We note that in our defi-
nition of these coordinates and hyper-distance (see
Appendix D 1), as well as the ensuing radial equa-
tion, we differ with [24]. Also, our 9-dimensional
wave function is written with a different power

 (R9) = u(R9)/R
4
9 (18)

which allows the elimination of the first deriva-
tive term in the 9-d Laplacian, and also puts
the normalization into the 1-dimensional form ⇠R

dR9|u(R9)|2. The corresponding radial Hamilto-
nian is then

✓
�

d
2

dR
2
9

+
12

R
2
9

◆
1

2M
+ (4M + V ) (19)

in which the second term in the bracket is an-
other “quasi-centrifugal" term, following from the 9-
dimensional Laplacian.

The potential includes the color factors derived in
Appendix D1, which happen to be the same for 3̄3
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other “quasi-centrifugal" term, following from the 9-
dimensional Laplacian.

The potential includes the color factors derived in
Appendix D1, which happen to be the same for 3̄3
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and 66̄ diquark color structures. The other factors
stemming from the angular projection of the inter-
particle distances rij to the hyper-distance R9, are
discussed in Appendix D1 for the Cornell-type po-
tentials. Here we use the Cornell potential as used
for the Upsilons above, with

V = 2 ⇤ (0.773 ⇤ R9 ⇤ 0.113� 1.55 ⇤ 0.64/R9) (20)

As for the mesons and baryons we discussed above,
and in order not to get bogged down by the issue of
the quark mass value and the constant in the poten-
tials, we focus on the level splittings. Solving the
Schroedinger equation (19), we find for the of the
s-shell splittings

M(2S)� M(1S) ⇡ 370MeV

M(3S)� M(1S) ⇡ 689MeV

M(4S)� M(1S) ⇡ 975MeV (21)

and for the p-shell splittings

M(1P )� M(1S) ⇡ 587MeV

M(2P )� M(1S) ⇡ 879MeV (22)

although the latters are not good candidate states
for decaying into J/ pair.

From experimentallly reported (ATLAS fit)
masses of the three ccc̄c̄ resonances, we find for the
splittings

M(2)� M(1) ⇡ 250MeV (23)
M(3)� M(1) ⇡ 600MeV

They are in fair agreement with the S-shell levels
we calculated. As experience shows, this means that
the overall magnitude of the forces in all the 6 quark
pairs, is in reasonable agreement with the reported
observations.

The corresponding wave functions are shown in
Fig. 6. We note again, the very strong suppression
at small hyper-distance, which is due to the quasi-
centrifugal term in the Laplacian. (In [24] it is noted
that it coincides with the centrifugal term for the
L = 3 or F-shell quarkonia.) The r.m.s. sizes of
these states are therefore rather large in GeV

�1,
respectively.

V. INSTANTON-INDUCED FORCES IN
TETRAQUARKS

The problem with the correlators of four Wilson
lines, like for three ones, can either be set for (i)
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FIG. 6. The wave functions u(⇢) for 1S,2S,3S states of
all-charm tetraquarks in hyperspherical approximation,
shown by solid black,blue and red lines, respectively. The
dahsed lines are p-shell states.

arbitrary colors of the quarks, or (ii) for those in a
particular color wave function. In the former case,
the correlator has color indices open and each Wil-
son line is rotated by random matrices UWU

†, with
subsequent averaging over the U using the invari-
ant measure of the SU(3) group. The general case
of eight U is not used, but still discussed in Ap-
pendix E.

The color wave functions built from diquarks are
discussed in Appendix D 1. Applying those at early
and late times, we get certain products of delta in-
dices. The convolution of the color indices is shown
by red lines in Fig.7. The analytic expression for the
3̄3 correlator is

K3̄3(r, R) = (24)
⌧X

C
c01,c

0
2,c

0
3,c

04
3̄3 W

c1
c01

W
c2
c02

W
c03
c3 W

c04
c4 C3̄3,c1,c2,c3,c4

�

y

where the color wave functions are given in (D4).
The sum is assumed over all color indices, and the
averaging corresponds to the 3-dimensional integra-
tion over the instanton center position ~y. Note that
the anti-quark W (assumed here to be 3,4) are shown
as transposed, yet by including the opposite color
charges this is equivalent to Hermitian transposition
of the corresponding unitary matrices. In effect, the
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discussed in Appendix D 1. Applying those at early
and late times, we get certain products of delta in-
dices. The convolution of the color indices is shown
by red lines in Fig.7. The analytic expression for the
3̄3 correlator is

K3̄3(r, R) = (24)
⌧X

C
c01,c

0
2,c

0
3,c

04
3̄3 W

c1
c01

W
c2
c02

W
c03
c3 W

c04
c4 C3̄3,c1,c2,c3,c4

�

y

where the color wave functions are given in (D4).
The sum is assumed over all color indices, and the
averaging corresponds to the 3-dimensional integra-
tion over the instanton center position ~y. Note that
the anti-quark W (assumed here to be 3,4) are shown
as transposed, yet by including the opposite color
charges this is equivalent to Hermitian transposition
of the corresponding unitary matrices. In effect, the

10

correlator corresponds to matrix products in the or-
der indicated in Fig. 7. The same expression with
the sextet wave-function is used for the 66̄ correlator.

Although the diquarks on which the classification
is based are pairs of qq or q̄q̄, the delta functions
connectors are between quarks and antiquarks, like
in mesonic case. Therefore, the resulting structures
consists of product of two traces (upper row) or a
single trace (lower row) of Wilson lines products.
Like in the baryon case, these traces do not change
if W are all rotated by some matrices U . Again
there is no need to use SU(3) averaging of U (via
Weingarten-style formulae).

r
R

1

2

3
4

FIG. 7. The correlators of four Wilson lines in
tetraquarks, connected according to the product of color
wave-functions (D4) at times ±T . The arrow directions
show quarks (1 and 2) and antiquarks (3,4). In the 3̄3
case the convolutions in the second row appears with the
minus sign, and in the 66̄ case all terms have plus sign.

While four W can be located arbitrarily, we have
only calculated the instanton contributions to corre-
lators of four Wilson lines, placed at the corners of a
r⇥R rectangle. The quarks are set to be 1,2 at dis-
tance r from each other, and the distance between
the diquark and the antidiquark is set to be R. The
potential, as usual, is defined as

V3̄3(r, R) = nI+Ī

Z
d
3
y

✓
1� K3̄3(r, R)

◆
(25)

where, we recall that the calculation is basically the
3-dimensional integration over the location of the
instanton center ~y. For the 66̄ case, the same formula
applies, with the pertinent color wave-function. In

Fig. 8 we show only the results for the potential,
from the symmetric “square setting" of charges, r =
R = R9/

p
2, its dependence on the overall size of the

tetraquark, or the hyper-distance in 9 dimensions.
A key question is whether the 3̄3 and 66̄ channels,

support the same effective radial potentials. Our re-
sults in Fig.8, show that 66̄ and 3̄3 potentials are
not identical. An inherent repulsion in the 66̄ chan-
nel generates an extra increase in the potential, es-
pecially at large R9 > 1 fm. We conclude that the
instanton-based forces approximately support equal-
ity of the potentials in both channels, as anticipated
in [4].

As in all similar calculations at small R9 ! 0,
the strong cancellations between the quark and an-
tiquark contributions, lead to a vanishing effective
potential . The overall shape of the potential is sim-
ilar (but not equal) to other instanton-induced po-
tentials (e.g. qqq one in Fig.5).

At large distances, the potentials tend to con-
stants, since the instanton vacuum does not confine.
However, the approach to these constants is from
below, and does not happen even at R9 = 2 fm, the
maximal value shown in the figure.

Finally, we show by a straight line the non-
perturbative part of the Cornell potential used in the
previous section. The overall force (potential gradi-
ent) is quite close to the instanton-induced force.

Using the instanton-induced potentials into the
radial Schroedinger equation in the 3̄3 channel, we
have for the s-level splittings

M(2)� M(1) ⇡ 362MeV (26)
M(3)� M(1) ⇡ 578MeV

M(4)� M(1) ⇡ 657MeV

The comparison to the empirical splittings in (23),
shows satisfactory agreement. We emphasize that
the the calculation of the radial potential does not
involve any free parameters, as we made use of the
same instanton ensemble for also the q̄q and qqq

channels.

VI. SUMMARY AND DISCUSSION

We conclude, by first recalling some of the ques-
tions of hadronic spectroscopy we have tried to ad-
dress. A central one is the nature of the effective
static potential for quarkonia, including the per-
turbative contribution one-gluon-exchange at short
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FIG. 8. Four-quark effective static potentials (in MeV)
versus the hyperdistance R9 (in fm), calculated from the
correlators of four Wilson lines in tetraquarks. The color
indices are connected according to products of color wave
functions at T ! ±1(D4) at times ±T ! ±1. The
results for the 3̄3 channel are shown by triangles, and
that for the 66̄ channel by closed points. The line corre-
sponds to the non-perturbative part of the Cornell po-
tential projected to the hyper-distance R9, as described
in Appendix B.

distance, and the non-perturbative and about lin-
ear contribution at large distance. It has approx-
imately the same tension in quarkonia as deduced
from Regge trajectories of light mesons and baryons.

In this paper we have addressed the effective inter-
action potentials in two types of few-body hadrons
– baryons and tetraquarks. While for the one-gluon-
exchange modifications by color factors can be eas-
ily calculated (resulting e.g. in the known factor 1

2
in baryons), the corresponding factors in the non-
perturbative part is quite nontrivial. It is even un-
clear whether it can or cannot be dominated by a
sum of binary interactions.

For simplicity and symmetry, we usde the so called
“hyperdistance approximation", projecting the rele-
vant multidimensional potentials to a single radial
variable R6 or R9, in the space of Jacobi coordinates.
The squared hyper-distances are proportional to the
sum of the squares of all the binary distances, in
a very symmetric way. Solving radial Schrodinger
equation one finds spectra and wave functions, in
6 and 9 dimensions respectively. We focused on
the splittings between the subsequent s-shell levels,
known to be rather insensitive to the quark masses,

but roughly proportional to the force between the
constituents. We found that the Cornell-type po-
tential, averaged over solid angles in these spaces
and with proper color factors, does indeed generate
reasonable values for uuu = �++ baryons, and for
the recently discovered all-charm tetraquarks.

The static spin-independent potentials are known
to be related to correlators of few (3,4 etc) Wilson
lines, connected in ways depending on the external
color wave functions of the given hadron. Such ob-
jects are very non-local correlators of vacuum fields,
with a non-trivial dependence on the locations of the
quarks. A priori it not possible to use a traditional
notion of the potential energy being a sum of binary
potentials. For corresponding lattice studies, see e.g.
[9] for baryons and [10] for tetraquarks.

The Euclidean gauge fields in the QCD vac-
uum can be, in a semiclassical approximation,
approximated by instantons, 4-dimensional soli-
tons (pseudo-particles) describing tunneling events
through topological barriers which separate configu-
rations with different Chern-Simons numbers. Mod-
els of their ensembles were developed, both us-
ing phenomenology of hadronic correlation functions
(for review see e.g.[12]) and direct lattice studies of
the fields. The instanton fields are special because
they are giving simple analytic answers for Wilson
lines, and therefore one can derive rather simple ana-
lytic expressions for their correlators [15]. Basically,
the Wilson lines are certain rotation in the quark
color spaces, by an angle that depends on the dis-
tance to the instanton center.

In [1] we introduced and used the “dense instanton
liquid model" to evaluate static and spin-dependent
potentials in quarkonia. In this paper we continue
this work, by evaluating the instanton-induced po-
tentials via correlators of Wilson lines, for baryons
and tetraquarks.

The instanton-induced potential for baryons is de-
rived in section III B. Somewhat surprisingly, we
found that the triple-W correlators can be written as
a sum of binary potentials. Furthermore, its shape
happens to be the same as for quarkonia, differing
just by an overall factor. We think that the main
reason for this, is the fact that the instanton fields
are always inside a certain SU(2) subspace of the
SU(3) color group, while the color wave functions of
baryons require that the three quarks carry always
three mutually orthogonal colors.

We have evaluated the instanton-induced poten-
tial for tetraquarks. In this case the color wave

S-wave solid 
P-wave dashed



Novel technique to find multiquark states which obey Fermi statistics 
(started from P-shell and D-shell baryons)

[Miesch and Shuryak, 2024]. 

S-shell (L = 0) pentaquarks has color-spin-flavor dimension 
of ``monom” space 36 × 25 × 25 = 746496, 

P-shell (L = 1) states. another factor of 4, in total O(10^6) monoms 
: 

At first sight, writing operators as matrices in such a large  
space may appear prohibitive, 

 even with the aid of Mathematica. Fortunately, this is not the case, 
And how to enforce Fermi statistics? 

We worked out representations of permutation groups S(n) 
Procedure:   
(1) find 2 generators of S_n group as explicit matrices, 
(2)diagonalize those, 
 (3) find common eigenvectors of them with  eigenvalues  -1
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Fig. 9.3.2 Distribution of monom coefficients for an S-shell state with L = 0, S = 5/2, I = 1/2 (upper panel) and for a P-shell
state with L = 1, S = 1/2, I = 1/2 (lower panel).

each repeated many times. Since there are 4! = 24 quark permutations and three structural terms, the total
occupancy of the histogram is 72 = 24 ⇥ 3. This state is therefore highly regular and far from chaotic.

The lower histogram corresponds to one of the P-shell L = 1 pentaquark states. Its overall shape is
indeed close to a Gaussian, although systematic deviations are clearly visible. The most prominent fea-
ture is a dip near zero amplitude. Such dips are often associated with finite-size effects. (For example in
the Dirac eigenvalue spectrum of lattice or instanton studies of the QCD vacuum.) In the present case,
however, the dip is well understood in chiral random-matrix models [Shuryak and Verbaarschot, 1993b,
Verbaarschot and Zahed, 1993] in terms of finite volume and finite matrix size, and has been confirmed
in numerous lattice simulations. The precise origin of the dip in the present histogram remains unclear.
We only note that the total number of nonzero coefficients is about 14 400 in a monom basis of dimension
746 496, so the wave function is still relatively sparse.

Another notable feature of the lower histogram is the presence of regularly spaced peaks. This may signal
a quantum system whose phase space supports both regular and chaotic motion, with the chaotic component
being dominant.

Quasi-random expansion coefficients in a given basis constitute only one of many possible indicators of
chaos. One may also examine probability distributions of single-particle observables, such as spatial densities
or distributions over single-particle energies, and compare them with predictions of statistical models (for
instance, a Fermi gas characterized by an effective temperature and entropy). Indeed, even a single many-
body eigenstate can admit an effective thermal description at the level of single-particle observables. We
defer such investigations to future work.

In summary, we have presented evidence that a transition toward quantum chaos may occur in pentaquarks
already at the second excitation level, namely in the L = 1 shell.

The onset of chaotic behavior in the L = 1 pentaquark sector has direct consequences for baryon-
pentaquark mixing. As the density of antisymmetric five-quark states increases and their wave functions
become broadly delocalized in the underlying basis, the coupling of a three-quark baryon to the five-quark
sector ceases to be dominated by a small number of well-defined configurations. Instead, the mixing proceeds
through a large set of near-degenerate pentaquark states with statistically distributed amplitudes. In this
regime, individual mixing matrix elements lose predictive power, while their ensemble-averaged properties
constrained by symmetry, sum rules, and the structure of the interaction operators, become the relevant
quantities. Consequently, sizable baryon-pentaquark admixtures arise naturally, even in the absence of nar-
row pentaquark resonances, providing a dynamical mechanism for enhanced five-quark Fock components in
low-lying baryons.
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with i = 1, 2, 3, 4. Symmetry among the quarks in the core implies hL2(1)i = hL2(2)i = hL2(3)i, while the
corresponding value associated with the antiquark (the fourth angle) is different. As shown in Table 9.3.5,
the three selected states exhibit markedly different distributions. The lowest-energy state (state 1) carries
almost no orbital angular momentum on the antiquark and almost no spin on the quarks.

We also computed expectation values of the z-components Lz(i) for i = 1, . . . , 4. All results satisfy the
expected sum rules, X

i=1..4

hL2(i)i = 3L2(1) + L2(4) = 2, (9.15)

X

i=1..4

hLz(i)i = 3Lz(1) + Lz(4) = �1, (9.16)

as required for the L = 1 shell. For completeness, we recall that the spin and isospin components satisfy the
analogous relations

X

i=1..5

hSz(i)i = 4Sz(1) + Sz(5) =
1

2
,

X

i=1..5

hIz(i)i = 4Tz(1) + Tz(5) =
1

2
.

state number 1 7 13
L

2(1) 0.4965 0.6652 0.6547
L

2(4) 0.0258 0.0043 0.0358
Sz(1) 0.0963 0.0562 0.0931
Sz(5) 0.1146 0.2748 0.1272
Iz(1) 0.1523 0.0516 0.0545
Iz(5) -0.1094 0.2934 0.2817

Table 9.3.5 Distribution of selected observables over Fermi-antisymmetric pentaquark states with L = 1, S = 1/2, and
I = 1/2. The operator L

2(i) denotes the squared orbital angular momentum associated with the ith Jacobi solid angle. Mean
z-components of spin and isospin are shown for a representative quark (i = 1) and for the antiquark (i = 5).

9.3.4 Where pentaquarks become chaotic?

Quantum few-body systems are known to undergo a transition to the so-called quantum chaos regime;
see, for example, Ref. [Zelevinsky, 1996] for a review. This phenomenon is well documented in atomic
and nuclear systems with several particles or holes near closed shells. A historically important example
is the cerium atom, which has four valence electrons and thus 12 effective coordinates. It was shown in
Ref. [Flambaum et al., 1997] that even its lowest-energy states display chaotic behavior.

Since this phenomenon is generic, it is natural to expect it to arise in multiquark systems as well. Pen-
taquarks ( the subject of this section) also involve 12 Jacobi coordinates, the same number as the cerium
atom. One may therefore anticipate a similar transition to chaos in these systems. One of us has previously
discussed this issue for baryons, pentaquarks, and their admixture within a light-cone framework, using
different wave functions and basis states [Shuryak, 2019].

The simplest signature of quantum chaos is a random (Gaussian-like) Porter-Thomas distribution of
amplitudes of exact Hamiltonian eigenstates when expanded in a natural basis, such as that of the single-
particle Hamiltonian. In Fig. 9.3.2 we show two such distributions for fixed-energy states, plotted in terms
of their monom coefficients.

The upper histogram corresponds to the S-shell state with L = 0, S = 5/2, I = 1/2, which we obtained
both analytically and numerically. Its wave function consists of three distinct structural terms, multiplied
by permutations. The histogram confirms that only two amplitude values (up to an overall sign) appear,

Quantum few-body systems are known to undergo a transition to the so-called quantum chaos regime 

This phenomenon is well documented in atomic and nuclear systems with several particles or holes near closed 
shells. A historically important example is the cerium atom, which has four valence electrons 

 and thus 12 effective coordinates.  
even its lowest-energy states display chaotic behavior 

both Gaussian and 
regular components



Glueballs, Constituent Gluons and Instantons

Edward Shuryak⇤ and Ismail Zahed†

Center for Nuclear Theory, Department of Physics and Astronomy,
Stony Brook University, Stony Brook, New York 11794-3800, USA

We present a constituent two-gluon description of the lowest-lying glueball states in pure Yang–
Mills theory, calibrated against quenched lattice results. The framework incorporates an instanton-
induced dynamical gluon mass, Casimir-scaled adjoint confinement, the short-distance adjoint
Coulomb interaction, and instanton-induced central and tensor forces. The scalar 0++ glueball
is found to be exceptionally compact, with a radius of order the instanton size, ⇢ ⇠ 1

3 fm, consis-
tent with lattice indications. By contrast, the tensor 2++ state remains spatially extended due to
the centrifugal barrier. We also discuss the role of S–D mixing. A semiclassical analysis further
supports Regge behavior for excited states, in agreement with lattice results.

I. INTRODUCTION

A. Historic remarks

Glueballs are the color-singlet bound states of
non-Abelian gauge theory, composed entirely of glu-
onic degrees of freedom. Their comparison with
mesons provide a unique window into mechanism
of confinement, dynamical mass generation, and
the role of topology in quantum chromodynamics
(QCD).

One of the most obvious question in QCD is why
the observed hadrons are made of quarks and not of
gluons. It appears that glueballs are much heavier
than typical quark- model hadrons, and therefore
they have large widths and/or complicated decay
patterns, making them difficult to find. But why
are glueballs so heavy? What are their masses, radii
and other parameters in a purely gluonic world, and
how do they change if one includes light quarks?

In the pure Yang–Mills (“quenched”) theory, where
quark degrees of freedom are absent, the glueball
spectrum has been extensively determined using lat-
tice gauge theory, which remains the most reli-
able nonperturbative approach to this problem [1–
4]. Early high-precision lattice calculations, par-
ticularly those employing anisotropic lattices, es-
tablished the ordering of the lowest-lying glueball
states and provided quantitative benchmarks for
their masses. These studies identified the scalar 0++

glueball as the lightest state, with mass m0++ ⇡

1.6 GeV, followed by the tensor 2++ state with
m2++ ⇡ 2.2GeV. The pseudoscalar 0�+ state ap-

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

pears at m0�+ ⇡ 2.4 GeV, with higher-spin excita-
tions occurring at significantly larger masses [1, 3].
Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
its robustness across lattice spacings and volumes.
In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC

channels [4].
While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
mean square radius rm.s. ⇡ 0.2 fm. By contrast,
the instanton-induced interaction is repulsive in the
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FIG. 1. Repulsive, neutral and attractive channels in-
duced by instanton-induced effects in Euclidean correla-
tion functions, for mesons and glueballs.

pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.

scalar pseudoscalar tensor
M (GeV) 1.4± 0.2 > 3 ?
rr.m.s. (fm) 0.21 ? 0.61

TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.
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TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.
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ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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and define

f(x, k?) = �2g(⇢ p(x, k?)) , (I7)

The LF scalar instanton interaction has rank-one
form

V
0++

LF (x,k?; x0,k0
?) = � gLF f2(x, k?)f2(x0, k0

?).
(I8)

hence the explicit LF wavefunction

 0++(x, k?) = � gLFCLF
f2(x, k?)

M2 �M2
0(x, k?)

, (I9)

with

CLF =

Z 1

0
dx

Z
d2k?
(2⇡)3

f2(x, k?) 0++(x, k?) .

Eliminating CLF gives the LF scalar root equation

1 = �gLF

Z 1

0
dx

Z
d2k?
(2⇡)3

f4(x, k?)

M2 �M2
0(x, k?)

. (I10)

We now show that gLF = V0 .

Appendix J: LF from CM

The LF mass root equation and in general the LF
wavefunction detailed in Appendix I, are in one-to-
one correspondence with the CM mass root equation
and wavefunction. Indeed, using (I6) and the Jaco-
bian

dx d2k? = d3p
2x(1 � x)

M0(x, k?)
, (J1)

together with f(x, k?) = �2g(⇢p), the scalar glueball
root mass Eq. (I10) maps onto

1 = �V0

Z
d3p

(2⇡)3
�4

2g(⇢p)

2!p (M2 � 4!2
p)

, (I8)

with the identification gLF ⌘ Vo, up to normalization
conventions.

Also, recall that the Bethe-Salpeter reduction in
the rest-frame, yields the equal-time wavefunction

�(p) = NM
�2

2g(⇢p)

2!p(4!2
p � M2)

, (J2)

Using (I6), we can map (J2) onto the the LF wave-
function by

 0++(x,k?) =

r
@kz
@x

�(p(x,k?)) . (J3)
Differentiating kz = (x �

1
2 )M0 yields

@kz
@x

=
M0

2x(1 � x)
. (J4)

Using M
2
0 = 4!2

p in the equal-mass case, yields

 0++(x,k?) = NLF
�2

2g(⇢p(x, k?))

M2 �M2
0(x, k?)

. (J5)

This coincides with the functional dependence of the
LF solution obtained dynamically from the rank-1
LF eigenvalue equation, with the identification

f(x, k?) = �2g(⇢p(x, k?)) .
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We present a constituent two-gluon description of the lowest-lying glueball states in pure Yang–
Mills theory, calibrated against quenched lattice results. The framework incorporates an instanton-
induced dynamical gluon mass, Casimir-scaled adjoint confinement, the short-distance adjoint
Coulomb interaction, and instanton-induced central and tensor forces. The scalar 0++ glueball
is found to be exceptionally compact, with a radius of order the instanton size, ⇢ ⇠ 1

3 fm, consis-
tent with lattice indications. By contrast, the tensor 2++ state remains spatially extended due to
the centrifugal barrier. We also discuss the role of S–D mixing. A semiclassical analysis further
supports Regge behavior for excited states, in agreement with lattice results.

I. INTRODUCTION

A. Historic remarks

Glueballs are the color-singlet bound states of
non-Abelian gauge theory, composed entirely of glu-
onic degrees of freedom. Their comparison with
mesons provide a unique window into mechanism
of confinement, dynamical mass generation, and
the role of topology in quantum chromodynamics
(QCD).

One of the most obvious question in QCD is why
the observed hadrons are made of quarks and not of
gluons. It appears that glueballs are much heavier
than typical quark- model hadrons, and therefore
they have large widths and/or complicated decay
patterns, making them difficult to find. But why
are glueballs so heavy? What are their masses, radii
and other parameters in a purely gluonic world, and
how do they change if one includes light quarks?

In the pure Yang–Mills (“quenched”) theory, where
quark degrees of freedom are absent, the glueball
spectrum has been extensively determined using lat-
tice gauge theory, which remains the most reli-
able nonperturbative approach to this problem [1–
4]. Early high-precision lattice calculations, par-
ticularly those employing anisotropic lattices, es-
tablished the ordering of the lowest-lying glueball
states and provided quantitative benchmarks for
their masses. These studies identified the scalar 0++

glueball as the lightest state, with mass m0++ ⇡

1.6 GeV, followed by the tensor 2++ state with
m2++ ⇡ 2.2GeV. The pseudoscalar 0�+ state ap-
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pears at m0�+ ⇡ 2.4 GeV, with higher-spin excita-
tions occurring at significantly larger masses [1, 3].
Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
its robustness across lattice spacings and volumes.
In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC

channels [4].
While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
mean square radius rm.s. ⇡ 0.2 fm. By contrast,
the instanton-induced interaction is repulsive in the
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they have large widths and/or complicated decay
patterns, making them difficult to find. But why
are glueballs so heavy? What are their masses, radii
and other parameters in a purely gluonic world, and
how do they change if one includes light quarks?

In the pure Yang–Mills (“quenched”) theory, where
quark degrees of freedom are absent, the glueball
spectrum has been extensively determined using lat-
tice gauge theory, which remains the most reli-
able nonperturbative approach to this problem [1–
4]. Early high-precision lattice calculations, par-
ticularly those employing anisotropic lattices, es-
tablished the ordering of the lowest-lying glueball
states and provided quantitative benchmarks for
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pears at m0�+ ⇡ 2.4 GeV, with higher-spin excita-
tions occurring at significantly larger masses [1, 3].
Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
its robustness across lattice spacings and volumes.
In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC

channels [4].
While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
mean square radius rm.s. ⇡ 0.2 fm. By contrast,
the instanton-induced interaction is repulsive in the
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FIG. 1. Repulsive, neutral and attractive channels in-
duced by instanton-induced effects in Euclidean correla-
tion functions, for mesons and glueballs.

pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.

scalar pseudoscalar tensor
M (GeV) 1.4± 0.2 > 3 ?
rr.m.s. (fm) 0.21 ? 0.61

TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.
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lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].
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status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.
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ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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and define

f(x, k?) = �2g(⇢ p(x, k?)) , (I7)

The LF scalar instanton interaction has rank-one
form

V
0++

LF (x,k?; x0,k0
?) = � gLF f2(x, k?)f2(x0, k0

?).
(I8)

hence the explicit LF wavefunction

 0++(x, k?) = � gLFCLF
f2(x, k?)

M2 �M2
0(x, k?)

, (I9)

with

CLF =

Z 1

0
dx

Z
d2k?
(2⇡)3

f2(x, k?) 0++(x, k?) .

Eliminating CLF gives the LF scalar root equation

1 = �gLF

Z 1

0
dx

Z
d2k?
(2⇡)3

f4(x, k?)

M2 �M2
0(x, k?)

. (I10)

We now show that gLF = V0 .

Appendix J: LF from CM

The LF mass root equation and in general the LF
wavefunction detailed in Appendix I, are in one-to-
one correspondence with the CM mass root equation
and wavefunction. Indeed, using (I6) and the Jaco-
bian

dx d2k? = d3p
2x(1 � x)

M0(x, k?)
, (J1)

together with f(x, k?) = �2g(⇢p), the scalar glueball
root mass Eq. (I10) maps onto

1 = �V0

Z
d3p

(2⇡)3
�4

2g(⇢p)

2!p (M2 � 4!2
p)

, (I8)

with the identification gLF ⌘ Vo, up to normalization
conventions.

Also, recall that the Bethe-Salpeter reduction in
the rest-frame, yields the equal-time wavefunction

�(p) = NM
�2

2g(⇢p)

2!p(4!2
p � M2)

, (J2)

Using (I6), we can map (J2) onto the the LF wave-
function by

 0++(x,k?) =

r
@kz
@x

�(p(x,k?)) . (J3)
Differentiating kz = (x �

1
2 )M0 yields

@kz
@x

=
M0

2x(1 � x)
. (J4)

Using M
2
0 = 4!2

p in the equal-mass case, yields

 0++(x,k?) = NLF
�2

2g(⇢p(x, k?))

M2 �M2
0(x, k?)

. (J5)

This coincides with the functional dependence of the
LF solution obtained dynamically from the rank-1
LF eigenvalue equation, with the identification

f(x, k?) = �2g(⇢p(x, k?)) .
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approximation is expected to be comparable to that
for charmonium. Of course, important differences
arising from the distinct coefficients in the Hamilto-
nians.

We begin with the simplest case, with total spin
S = 0, so that the total and orbital angular mo-
menta coincide, J = L. The calculated spectrum
of several JPC = J++ channels is shown in Fig. 5.
At this stage only the Coulomb and confining po-
tentials are included, with no spin-dependent forces,
as is commonly done, for example, in charmonium
studies. The model parameters are chosen to repro-
duce the three higher states in the scalar channel,
which, unlike the lowest n = 0 state, have “normal”
hadronic sizes (see the table of r.m.s. radii) and are
therefore less sensitive to short-distance forces. The
most important parameter obtained in this way is
the effective gluon mass, fitted to be

mg = 0.90GeV. (11)

For comparison, the effective masses of the strange
and charmed quarks are ms ⇡ 0.5 GeV and mc ⇡

1.5 GeV, respectively.
This implies a value of the parameter ⌘—the

enhancement of the gluon mass relative to the
dilute ILM value due to instanton–antiinstanton
molecules—of ⌘ = 6.25. This is close to the value
⌘ ⇡ 7 used in [26] to reproduce the central charmo-
nium potential. That value was originally motivated
by “gradient flow” cooling of lattice gauge configura-
tions [26].

To quantify the sizes and shapes of these states, we
display the corresponding wave functions in Fig. 6
and list the root-mean-square radii,

rr.m.s. =

R
dr 2

n(r) r4

R
dr 2

n(r) r2

�1/2

, (12)

in Table III.

En (GeV) 1.92 2.79 3.29 4.0
rr.m.s. (GeV�1) 2.03 5.0 6.26 6.25

TABLE III. Energies and r.m.s. radii of scalar glueballs
obtained from the Schrödinger equation with the param-
eters defined in the text.

Fixing the model parameters from the masses of
the “normal” 0++ states with n = 1, 2, 3, which have
sizes rr.m.s. ⇠ 5 GeV�1

⇠ 1 fm, we can then con-
sider other channels. The predicted masses for the
higher-J states with J = 4, 6 turn out to be close

FIG. 5. The colored points show the calculated ener-
gies E0, E1, E2, E3 (GeV) of the four lowest states with
L = 0, 2, 4, 6. Small points with error bars are H.Meyer’s
lattice simulations in pure SU(3) gauge theory [23]. We
used JPC lattice states 0++, 2++, 4++, and 6++ (from
bottom to top) as a function of the principal quantum
number n.

FIG. 6. Wave functions (unnormalized)  n(r) for n =
0, 1, 2, 3 as functions of r (GeV�1).

to the lattice values. This is expected, since the
large centrifugal barrier increases their spatial extent
and further suppresses sensitivity to short-distance
forces. When discussing these states one should keep
in mind that, unlike for mesons, the confining po-
tential for glueballs is expected to be screened at
large distances, rendering sufficiently large states un-
stable, formally corresponding to complex energies.
This issue is avoided here by placing the system in-
side a spherical cavity: in our calculations we take
a radius R = 10 GeV�1

⇡ 2 fm and impose Dirichlet
boundary conditions.

note size difference

molecules 
and instanton
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We present a constituent two-gluon description of the lowest-lying glueball states in pure Yang–
Mills theory, calibrated against quenched lattice results. The framework incorporates an instanton-
induced dynamical gluon mass, Casimir-scaled adjoint confinement, the short-distance adjoint
Coulomb interaction, and instanton-induced central and tensor forces. The scalar 0++ glueball
is found to be exceptionally compact, with a radius of order the instanton size, ⇢ ⇠ 1

3 fm, consis-
tent with lattice indications. By contrast, the tensor 2++ state remains spatially extended due to
the centrifugal barrier. We also discuss the role of S–D mixing. A semiclassical analysis further
supports Regge behavior for excited states, in agreement with lattice results.

I. INTRODUCTION

A. Historic remarks

Glueballs are the color-singlet bound states of
non-Abelian gauge theory, composed entirely of glu-
onic degrees of freedom. Their comparison with
mesons provide a unique window into mechanism
of confinement, dynamical mass generation, and
the role of topology in quantum chromodynamics
(QCD).

One of the most obvious question in QCD is why
the observed hadrons are made of quarks and not of
gluons. It appears that glueballs are much heavier
than typical quark- model hadrons, and therefore
they have large widths and/or complicated decay
patterns, making them difficult to find. But why
are glueballs so heavy? What are their masses, radii
and other parameters in a purely gluonic world, and
how do they change if one includes light quarks?

In the pure Yang–Mills (“quenched”) theory, where
quark degrees of freedom are absent, the glueball
spectrum has been extensively determined using lat-
tice gauge theory, which remains the most reli-
able nonperturbative approach to this problem [1–
4]. Early high-precision lattice calculations, par-
ticularly those employing anisotropic lattices, es-
tablished the ordering of the lowest-lying glueball
states and provided quantitative benchmarks for
their masses. These studies identified the scalar 0++

glueball as the lightest state, with mass m0++ ⇡

1.6 GeV, followed by the tensor 2++ state with
m2++ ⇡ 2.2GeV. The pseudoscalar 0�+ state ap-

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

pears at m0�+ ⇡ 2.4 GeV, with higher-spin excita-
tions occurring at significantly larger masses [1, 3].
Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
its robustness across lattice spacings and volumes.
In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC

channels [4].
While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
mean square radius rm.s. ⇡ 0.2 fm. By contrast,
the instanton-induced interaction is repulsive in the
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FIG. 1. Repulsive, neutral and attractive channels in-
duced by instanton-induced effects in Euclidean correla-
tion functions, for mesons and glueballs.

pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.

scalar pseudoscalar tensor
M (GeV) 1.4± 0.2 > 3 ?
rr.m.s. (fm) 0.21 ? 0.61

TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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duced by instanton-induced effects in Euclidean correla-
tion functions, for mesons and glueballs.

pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.

scalar pseudoscalar tensor
M (GeV) 1.4± 0.2 > 3 ?
rr.m.s. (fm) 0.21 ? 0.61

TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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and define

f(x, k?) = �2g(⇢ p(x, k?)) , (I7)

The LF scalar instanton interaction has rank-one
form

V
0++

LF (x,k?; x0,k0
?) = � gLF f2(x, k?)f2(x0, k0

?).
(I8)

hence the explicit LF wavefunction

 0++(x, k?) = � gLFCLF
f2(x, k?)

M2 �M2
0(x, k?)

, (I9)

with

CLF =

Z 1

0
dx

Z
d2k?
(2⇡)3

f2(x, k?) 0++(x, k?) .

Eliminating CLF gives the LF scalar root equation

1 = �gLF

Z 1

0
dx

Z
d2k?
(2⇡)3

f4(x, k?)

M2 �M2
0(x, k?)

. (I10)

We now show that gLF = V0 .

Appendix J: LF from CM

The LF mass root equation and in general the LF
wavefunction detailed in Appendix I, are in one-to-
one correspondence with the CM mass root equation
and wavefunction. Indeed, using (I6) and the Jaco-
bian

dx d2k? = d3p
2x(1 � x)

M0(x, k?)
, (J1)

together with f(x, k?) = �2g(⇢p), the scalar glueball
root mass Eq. (I10) maps onto

1 = �V0

Z
d3p

(2⇡)3
�4

2g(⇢p)

2!p (M2 � 4!2
p)

, (I8)

with the identification gLF ⌘ Vo, up to normalization
conventions.

Also, recall that the Bethe-Salpeter reduction in
the rest-frame, yields the equal-time wavefunction

�(p) = NM
�2

2g(⇢p)

2!p(4!2
p � M2)

, (J2)

Using (I6), we can map (J2) onto the the LF wave-
function by

 0++(x,k?) =

r
@kz
@x

�(p(x,k?)) . (J3)
Differentiating kz = (x �

1
2 )M0 yields

@kz
@x

=
M0

2x(1 � x)
. (J4)

Using M
2
0 = 4!2

p in the equal-mass case, yields

 0++(x,k?) = NLF
�2

2g(⇢p(x, k?))

M2 �M2
0(x, k?)

. (J5)

This coincides with the functional dependence of the
LF solution obtained dynamically from the rank-1
LF eigenvalue equation, with the identification

f(x, k?) = �2g(⇢p(x, k?)) .
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approximation is expected to be comparable to that
for charmonium. Of course, important differences
arising from the distinct coefficients in the Hamilto-
nians.

We begin with the simplest case, with total spin
S = 0, so that the total and orbital angular mo-
menta coincide, J = L. The calculated spectrum
of several JPC = J++ channels is shown in Fig. 5.
At this stage only the Coulomb and confining po-
tentials are included, with no spin-dependent forces,
as is commonly done, for example, in charmonium
studies. The model parameters are chosen to repro-
duce the three higher states in the scalar channel,
which, unlike the lowest n = 0 state, have “normal”
hadronic sizes (see the table of r.m.s. radii) and are
therefore less sensitive to short-distance forces. The
most important parameter obtained in this way is
the effective gluon mass, fitted to be

mg = 0.90GeV. (11)

For comparison, the effective masses of the strange
and charmed quarks are ms ⇡ 0.5 GeV and mc ⇡

1.5 GeV, respectively.
This implies a value of the parameter ⌘—the

enhancement of the gluon mass relative to the
dilute ILM value due to instanton–antiinstanton
molecules—of ⌘ = 6.25. This is close to the value
⌘ ⇡ 7 used in [26] to reproduce the central charmo-
nium potential. That value was originally motivated
by “gradient flow” cooling of lattice gauge configura-
tions [26].

To quantify the sizes and shapes of these states, we
display the corresponding wave functions in Fig. 6
and list the root-mean-square radii,

rr.m.s. =

R
dr 2

n(r) r4

R
dr 2

n(r) r2

�1/2

, (12)

in Table III.

En (GeV) 1.92 2.79 3.29 4.0
rr.m.s. (GeV�1) 2.03 5.0 6.26 6.25

TABLE III. Energies and r.m.s. radii of scalar glueballs
obtained from the Schrödinger equation with the param-
eters defined in the text.

Fixing the model parameters from the masses of
the “normal” 0++ states with n = 1, 2, 3, which have
sizes rr.m.s. ⇠ 5 GeV�1

⇠ 1 fm, we can then con-
sider other channels. The predicted masses for the
higher-J states with J = 4, 6 turn out to be close

FIG. 5. The colored points show the calculated ener-
gies E0, E1, E2, E3 (GeV) of the four lowest states with
L = 0, 2, 4, 6. Small points with error bars are H.Meyer’s
lattice simulations in pure SU(3) gauge theory [23]. We
used JPC lattice states 0++, 2++, 4++, and 6++ (from
bottom to top) as a function of the principal quantum
number n.

FIG. 6. Wave functions (unnormalized)  n(r) for n =
0, 1, 2, 3 as functions of r (GeV�1).

to the lattice values. This is expected, since the
large centrifugal barrier increases their spatial extent
and further suppresses sensitivity to short-distance
forces. When discussing these states one should keep
in mind that, unlike for mesons, the confining po-
tential for glueballs is expected to be screened at
large distances, rendering sufficiently large states un-
stable, formally corresponding to complex energies.
This issue is avoided here by placing the system in-
side a spherical cavity: in our calculations we take
a radius R = 10 GeV�1

⇡ 2 fm and impose Dirichlet
boundary conditions.

non relativistic Schrodinger eqn  
used with instanton-induced potentials V®

note size difference

molecules 
and instanton
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We present a constituent two-gluon description of the lowest-lying glueball states in pure Yang–
Mills theory, calibrated against quenched lattice results. The framework incorporates an instanton-
induced dynamical gluon mass, Casimir-scaled adjoint confinement, the short-distance adjoint
Coulomb interaction, and instanton-induced central and tensor forces. The scalar 0++ glueball
is found to be exceptionally compact, with a radius of order the instanton size, ⇢ ⇠ 1

3 fm, consis-
tent with lattice indications. By contrast, the tensor 2++ state remains spatially extended due to
the centrifugal barrier. We also discuss the role of S–D mixing. A semiclassical analysis further
supports Regge behavior for excited states, in agreement with lattice results.

I. INTRODUCTION

A. Historic remarks

Glueballs are the color-singlet bound states of
non-Abelian gauge theory, composed entirely of glu-
onic degrees of freedom. Their comparison with
mesons provide a unique window into mechanism
of confinement, dynamical mass generation, and
the role of topology in quantum chromodynamics
(QCD).

One of the most obvious question in QCD is why
the observed hadrons are made of quarks and not of
gluons. It appears that glueballs are much heavier
than typical quark- model hadrons, and therefore
they have large widths and/or complicated decay
patterns, making them difficult to find. But why
are glueballs so heavy? What are their masses, radii
and other parameters in a purely gluonic world, and
how do they change if one includes light quarks?

In the pure Yang–Mills (“quenched”) theory, where
quark degrees of freedom are absent, the glueball
spectrum has been extensively determined using lat-
tice gauge theory, which remains the most reli-
able nonperturbative approach to this problem [1–
4]. Early high-precision lattice calculations, par-
ticularly those employing anisotropic lattices, es-
tablished the ordering of the lowest-lying glueball
states and provided quantitative benchmarks for
their masses. These studies identified the scalar 0++

glueball as the lightest state, with mass m0++ ⇡

1.6 GeV, followed by the tensor 2++ state with
m2++ ⇡ 2.2GeV. The pseudoscalar 0�+ state ap-
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pears at m0�+ ⇡ 2.4 GeV, with higher-spin excita-
tions occurring at significantly larger masses [1, 3].
Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
its robustness across lattice spacings and volumes.
In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC

channels [4].
While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
mean square radius rm.s. ⇡ 0.2 fm. By contrast,
the instanton-induced interaction is repulsive in the
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tice gauge theory, which remains the most reli-
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Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
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In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC
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While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
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FIG. 1. Repulsive, neutral and attractive channels in-
duced by instanton-induced effects in Euclidean correla-
tion functions, for mesons and glueballs.

pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.

scalar pseudoscalar tensor
M (GeV) 1.4± 0.2 > 3 ?
rr.m.s. (fm) 0.21 ? 0.61

TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.

scalar pseudoscalar tensor
M (GeV) 1.4± 0.2 > 3 ?
rr.m.s. (fm) 0.21 ? 0.61

TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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and define

f(x, k?) = �2g(⇢ p(x, k?)) , (I7)

The LF scalar instanton interaction has rank-one
form

V
0++

LF (x,k?; x0,k0
?) = � gLF f2(x, k?)f2(x0, k0

?).
(I8)

hence the explicit LF wavefunction

 0++(x, k?) = � gLFCLF
f2(x, k?)

M2 �M2
0(x, k?)

, (I9)

with

CLF =

Z 1

0
dx

Z
d2k?
(2⇡)3

f2(x, k?) 0++(x, k?) .

Eliminating CLF gives the LF scalar root equation

1 = �gLF

Z 1

0
dx

Z
d2k?
(2⇡)3

f4(x, k?)

M2 �M2
0(x, k?)

. (I10)

We now show that gLF = V0 .

Appendix J: LF from CM

The LF mass root equation and in general the LF
wavefunction detailed in Appendix I, are in one-to-
one correspondence with the CM mass root equation
and wavefunction. Indeed, using (I6) and the Jaco-
bian

dx d2k? = d3p
2x(1 � x)

M0(x, k?)
, (J1)

together with f(x, k?) = �2g(⇢p), the scalar glueball
root mass Eq. (I10) maps onto

1 = �V0

Z
d3p

(2⇡)3
�4

2g(⇢p)

2!p (M2 � 4!2
p)

, (I8)

with the identification gLF ⌘ Vo, up to normalization
conventions.

Also, recall that the Bethe-Salpeter reduction in
the rest-frame, yields the equal-time wavefunction

�(p) = NM
�2

2g(⇢p)

2!p(4!2
p � M2)

, (J2)

Using (I6), we can map (J2) onto the the LF wave-
function by

 0++(x,k?) =

r
@kz
@x

�(p(x,k?)) . (J3)
Differentiating kz = (x �

1
2 )M0 yields

@kz
@x

=
M0

2x(1 � x)
. (J4)

Using M
2
0 = 4!2

p in the equal-mass case, yields

 0++(x,k?) = NLF
�2

2g(⇢p(x, k?))

M2 �M2
0(x, k?)

. (J5)

This coincides with the functional dependence of the
LF solution obtained dynamically from the rank-1
LF eigenvalue equation, with the identification

f(x, k?) = �2g(⇢p(x, k?)) .
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approximation is expected to be comparable to that
for charmonium. Of course, important differences
arising from the distinct coefficients in the Hamilto-
nians.

We begin with the simplest case, with total spin
S = 0, so that the total and orbital angular mo-
menta coincide, J = L. The calculated spectrum
of several JPC = J++ channels is shown in Fig. 5.
At this stage only the Coulomb and confining po-
tentials are included, with no spin-dependent forces,
as is commonly done, for example, in charmonium
studies. The model parameters are chosen to repro-
duce the three higher states in the scalar channel,
which, unlike the lowest n = 0 state, have “normal”
hadronic sizes (see the table of r.m.s. radii) and are
therefore less sensitive to short-distance forces. The
most important parameter obtained in this way is
the effective gluon mass, fitted to be

mg = 0.90GeV. (11)

For comparison, the effective masses of the strange
and charmed quarks are ms ⇡ 0.5 GeV and mc ⇡

1.5 GeV, respectively.
This implies a value of the parameter ⌘—the

enhancement of the gluon mass relative to the
dilute ILM value due to instanton–antiinstanton
molecules—of ⌘ = 6.25. This is close to the value
⌘ ⇡ 7 used in [26] to reproduce the central charmo-
nium potential. That value was originally motivated
by “gradient flow” cooling of lattice gauge configura-
tions [26].

To quantify the sizes and shapes of these states, we
display the corresponding wave functions in Fig. 6
and list the root-mean-square radii,

rr.m.s. =

R
dr 2

n(r) r4

R
dr 2

n(r) r2

�1/2

, (12)

in Table III.

En (GeV) 1.92 2.79 3.29 4.0
rr.m.s. (GeV�1) 2.03 5.0 6.26 6.25

TABLE III. Energies and r.m.s. radii of scalar glueballs
obtained from the Schrödinger equation with the param-
eters defined in the text.

Fixing the model parameters from the masses of
the “normal” 0++ states with n = 1, 2, 3, which have
sizes rr.m.s. ⇠ 5 GeV�1

⇠ 1 fm, we can then con-
sider other channels. The predicted masses for the
higher-J states with J = 4, 6 turn out to be close

FIG. 5. The colored points show the calculated ener-
gies E0, E1, E2, E3 (GeV) of the four lowest states with
L = 0, 2, 4, 6. Small points with error bars are H.Meyer’s
lattice simulations in pure SU(3) gauge theory [23]. We
used JPC lattice states 0++, 2++, 4++, and 6++ (from
bottom to top) as a function of the principal quantum
number n.

FIG. 6. Wave functions (unnormalized)  n(r) for n =
0, 1, 2, 3 as functions of r (GeV�1).

to the lattice values. This is expected, since the
large centrifugal barrier increases their spatial extent
and further suppresses sensitivity to short-distance
forces. When discussing these states one should keep
in mind that, unlike for mesons, the confining po-
tential for glueballs is expected to be screened at
large distances, rendering sufficiently large states un-
stable, formally corresponding to complex energies.
This issue is avoided here by placing the system in-
side a spherical cavity: in our calculations we take
a radius R = 10 GeV�1

⇡ 2 fm and impose Dirichlet
boundary conditions.

non relativistic Schrodinger eqn  
used with instanton-induced potentials V®
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to the lattice values. This is expected, since the
large centrifugal barrier increases their spatial extent
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forces. When discussing these states one should keep
in mind that, unlike for mesons, the confining po-
tential for glueballs is expected to be screened at
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We present a constituent two-gluon description of the lowest-lying glueball states in pure Yang–
Mills theory, calibrated against quenched lattice results. The framework incorporates an instanton-
induced dynamical gluon mass, Casimir-scaled adjoint confinement, the short-distance adjoint
Coulomb interaction, and instanton-induced central and tensor forces. The scalar 0++ glueball
is found to be exceptionally compact, with a radius of order the instanton size, ⇢ ⇠ 1

3 fm, consis-
tent with lattice indications. By contrast, the tensor 2++ state remains spatially extended due to
the centrifugal barrier. We also discuss the role of S–D mixing. A semiclassical analysis further
supports Regge behavior for excited states, in agreement with lattice results.

I. INTRODUCTION

A. Historic remarks

Glueballs are the color-singlet bound states of
non-Abelian gauge theory, composed entirely of glu-
onic degrees of freedom. Their comparison with
mesons provide a unique window into mechanism
of confinement, dynamical mass generation, and
the role of topology in quantum chromodynamics
(QCD).

One of the most obvious question in QCD is why
the observed hadrons are made of quarks and not of
gluons. It appears that glueballs are much heavier
than typical quark- model hadrons, and therefore
they have large widths and/or complicated decay
patterns, making them difficult to find. But why
are glueballs so heavy? What are their masses, radii
and other parameters in a purely gluonic world, and
how do they change if one includes light quarks?

In the pure Yang–Mills (“quenched”) theory, where
quark degrees of freedom are absent, the glueball
spectrum has been extensively determined using lat-
tice gauge theory, which remains the most reli-
able nonperturbative approach to this problem [1–
4]. Early high-precision lattice calculations, par-
ticularly those employing anisotropic lattices, es-
tablished the ordering of the lowest-lying glueball
states and provided quantitative benchmarks for
their masses. These studies identified the scalar 0++

glueball as the lightest state, with mass m0++ ⇡

1.6 GeV, followed by the tensor 2++ state with
m2++ ⇡ 2.2GeV. The pseudoscalar 0�+ state ap-

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

pears at m0�+ ⇡ 2.4 GeV, with higher-spin excita-
tions occurring at significantly larger masses [1, 3].
Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
its robustness across lattice spacings and volumes.
In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC

channels [4].
While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
mean square radius rm.s. ⇡ 0.2 fm. By contrast,
the instanton-induced interaction is repulsive in the

ar
X

iv
:2

60
4.

04
80

3v
1 

 [h
ep

-p
h]

  6
 A

pr
 2

02
6

Glueballs, Constituent Gluons and Instantons

Edward Shuryak⇤ and Ismail Zahed†

Center for Nuclear Theory, Department of Physics and Astronomy,
Stony Brook University, Stony Brook, New York 11794-3800, USA

We present a constituent two-gluon description of the lowest-lying glueball states in pure Yang–
Mills theory, calibrated against quenched lattice results. The framework incorporates an instanton-
induced dynamical gluon mass, Casimir-scaled adjoint confinement, the short-distance adjoint
Coulomb interaction, and instanton-induced central and tensor forces. The scalar 0++ glueball
is found to be exceptionally compact, with a radius of order the instanton size, ⇢ ⇠ 1

3 fm, consis-
tent with lattice indications. By contrast, the tensor 2++ state remains spatially extended due to
the centrifugal barrier. We also discuss the role of S–D mixing. A semiclassical analysis further
supports Regge behavior for excited states, in agreement with lattice results.

I. INTRODUCTION

A. Historic remarks

Glueballs are the color-singlet bound states of
non-Abelian gauge theory, composed entirely of glu-
onic degrees of freedom. Their comparison with
mesons provide a unique window into mechanism
of confinement, dynamical mass generation, and
the role of topology in quantum chromodynamics
(QCD).

One of the most obvious question in QCD is why
the observed hadrons are made of quarks and not of
gluons. It appears that glueballs are much heavier
than typical quark- model hadrons, and therefore
they have large widths and/or complicated decay
patterns, making them difficult to find. But why
are glueballs so heavy? What are their masses, radii
and other parameters in a purely gluonic world, and
how do they change if one includes light quarks?

In the pure Yang–Mills (“quenched”) theory, where
quark degrees of freedom are absent, the glueball
spectrum has been extensively determined using lat-
tice gauge theory, which remains the most reli-
able nonperturbative approach to this problem [1–
4]. Early high-precision lattice calculations, par-
ticularly those employing anisotropic lattices, es-
tablished the ordering of the lowest-lying glueball
states and provided quantitative benchmarks for
their masses. These studies identified the scalar 0++

glueball as the lightest state, with mass m0++ ⇡

1.6 GeV, followed by the tensor 2++ state with
m2++ ⇡ 2.2GeV. The pseudoscalar 0�+ state ap-

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

pears at m0�+ ⇡ 2.4 GeV, with higher-spin excita-
tions occurring at significantly larger masses [1, 3].
Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
its robustness across lattice spacings and volumes.
In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC

channels [4].
While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
mean square radius rm.s. ⇡ 0.2 fm. By contrast,
the instanton-induced interaction is repulsive in the

ar
X

iv
:2

60
4.

04
80

3v
1 

 [h
ep

-p
h]

  6
 A

pr
 2

02
6

2

0

-

+

mesons glueballs
<latexit sha1_base64="7Q5Tplyc32+agJW/sN3DF1/ND2A=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPoQcKMKHoMevEYwSyQCaGnpyZp0rPQXRMJMZ/ixYMiXv0Sb/6NneWgiQ8KHu9VUVXPT6XQ6DjfVm5ldW19I79Z2Nre2d2zi/t1nWSKQ40nMlFNn2mQIoYaCpTQTBWwyJfQ8Pu3E78xAKVFEj/gMIV2xLqxCAVnaKSOXfQA2cmZNwBOvQAkso5dcsrOFHSZuHNSInNUO/aXFyQ8iyBGLpnWLddJsT1iCgWXMC54mYaU8T7rQsvQmEWg26Pp6WN6bJSAhokyFSOdqr8nRizSehj5pjNi2NOL3kT8z2tlGF63RyJOM4SYzxaFmaSY0EkONBAKOMqhIYwrYW6lvMcU42jSKpgQ3MWXl0n9vOxelp37i1LlZh5HnhySI3JKXHJFKuSOVEmNcPJInskrebOerBfr3fqYteas+cwB+QPr8wdOAJNi</latexit>

⌘0,~�

<latexit sha1_base64="a1hezvGeRetiuhQ8C8M7acPCl/o=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AIHqTsiqLHohePFewHdJeSTadtaLJZkmyhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTuFtfWNza3idmlnd2+/7B4cNrVMFYUGlVyqdkQ0cBZDwzDDoZ0oICLi0IpGdzO/NQalmYwfzSSBUJBBzPqMEmOlrlsOpIABOQ/GQAM1lF234lW9OfAq8XNSQTnqXfcr6EmaCogN5UTrju8lJsyIMoxymJaCVENC6IgMoGNpTAToMJsfPsWnVunhvlS2YoPn6u+JjAitJyKynYKYoV72ZuJ/Xic1/ZswY3GSGojpYlE/5dhIPEsB95gCavjEEkIVs7diOiSKUGOzKtkQ/OWXV0nzoupfVb2Hy0rtNo+jiI7RCTpDPrpGNXSP6qiBKErRM3pFb86T8+K8Ox+L1oKTzxyhP3A+fwCmjZMV</latexit>

!, ~⇢
<latexit sha1_base64="Aq2RA3Sb5kA+yNIaiScqXsJ9KVo=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgQcquKHosevFYwX5Ady3ZdLYNTbJLkq2Upf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFYUGjXms2iHRwJmEhmGGQztRQETIoRUOb6d+awRKs1g+mHECgSB9ySJGibHSo69ZX5AzfwTUT1i3XHGr7gx4mXg5qaAc9W75y+/FNBUgDeVE647nJibIiDKMcpiU/FRDQuiQ9KFjqSQCdJDNrp7gE6v0cBQrW9Lgmfp7IiNC67EIbacgZqAXvan4n9dJTXQdZEwmqQFJ54uilGMT42kEuMcUUMPHlhCqmL0V0wFRhBobVMmG4C2+vEya51XvsureX1RqN3kcRXSEjtEp8tAVqqE7VEcNRJFCz+gVvTlPzovz7nzMWwtOPnOI/sD5/AFnFpJy</latexit>

�,~⇡
<latexit sha1_base64="vyb3fs0JUQu1LbuEeB2TKeyym4A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBKJRdUfRY9OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1HIf0mp12i9X3JqbAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU+2l27RSdWGWAQqlsCYMy9fdEiiOtJ1FgOyNsRnrRm4n/ed3EhFd+ykScGCrIfFGYcGQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0nrrOZd1Ny780r9Oo+jCEdwDKfgwSXU4RYa0AQCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AwCqOlg==</latexit>

0++

<latexit sha1_base64="De082I2HztlETjl1UWm/XmuZzmE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMuuKHosevFYwX5Au5Zsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32yksLa+srhXXSxubW9s75d29ppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupn4rSeqNJPi3oxj6kd4IFjICDZWaroP6elJ1itX3Ko7BVokXk4qkKPeK391+5IkERWGcKx1x3Nj46dYGUY4zUrdRNMYkxEe0I6lAkdU++n02gwdWaWPQqlsCYOm6u+JFEdaj6PAdkbYDPW8NxH/8zqJCa/8lIk4MVSQ2aIw4chINHkd9ZmixPCxJZgoZm9FZIgVJsYGVLIhePMvL5LmWdW7qLp355XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AwzaOmA==</latexit>

0�+

<latexit sha1_base64="w4hWAqlAvexzDJvl8zy0fOt1JV0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBKJTdUtFj0YvHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbmt5+o0kyKezOJqR/hoWAhI9hYqVV9SMvlab9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSveRcW9q5Xq11kceTiBUzgHDy6hDrfQgCYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kDwzyOmA==</latexit>

2++

FIG. 1. Repulsive, neutral and attractive channels in-
duced by instanton-induced effects in Euclidean correla-
tion functions, for mesons and glueballs.

pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.

scalar pseudoscalar tensor
M (GeV) 1.4± 0.2 > 3 ?
rr.m.s. (fm) 0.21 ? 0.61

TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.
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lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].
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status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
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observed in “glue-rich” double-diffractive scattering
processes.
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ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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and define

f(x, k?) = �2g(⇢ p(x, k?)) , (I7)

The LF scalar instanton interaction has rank-one
form

V
0++

LF (x,k?; x0,k0
?) = � gLF f2(x, k?)f2(x0, k0

?).
(I8)

hence the explicit LF wavefunction

 0++(x, k?) = � gLFCLF
f2(x, k?)

M2 �M2
0(x, k?)

, (I9)

with

CLF =

Z 1

0
dx

Z
d2k?
(2⇡)3

f2(x, k?) 0++(x, k?) .

Eliminating CLF gives the LF scalar root equation

1 = �gLF

Z 1

0
dx

Z
d2k?
(2⇡)3

f4(x, k?)

M2 �M2
0(x, k?)

. (I10)

We now show that gLF = V0 .

Appendix J: LF from CM

The LF mass root equation and in general the LF
wavefunction detailed in Appendix I, are in one-to-
one correspondence with the CM mass root equation
and wavefunction. Indeed, using (I6) and the Jaco-
bian

dx d2k? = d3p
2x(1 � x)

M0(x, k?)
, (J1)

together with f(x, k?) = �2g(⇢p), the scalar glueball
root mass Eq. (I10) maps onto

1 = �V0

Z
d3p

(2⇡)3
�4

2g(⇢p)

2!p (M2 � 4!2
p)

, (I8)

with the identification gLF ⌘ Vo, up to normalization
conventions.

Also, recall that the Bethe-Salpeter reduction in
the rest-frame, yields the equal-time wavefunction

�(p) = NM
�2

2g(⇢p)

2!p(4!2
p � M2)

, (J2)

Using (I6), we can map (J2) onto the the LF wave-
function by

 0++(x,k?) =

r
@kz
@x

�(p(x,k?)) . (J3)
Differentiating kz = (x �

1
2 )M0 yields

@kz
@x

=
M0

2x(1 � x)
. (J4)

Using M
2
0 = 4!2

p in the equal-mass case, yields

 0++(x,k?) = NLF
�2

2g(⇢p(x, k?))

M2 �M2
0(x, k?)

. (J5)

This coincides with the functional dependence of the
LF solution obtained dynamically from the rank-1
LF eigenvalue equation, with the identification

f(x, k?) = �2g(⇢p(x, k?)) .
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approximation is expected to be comparable to that
for charmonium. Of course, important differences
arising from the distinct coefficients in the Hamilto-
nians.

We begin with the simplest case, with total spin
S = 0, so that the total and orbital angular mo-
menta coincide, J = L. The calculated spectrum
of several JPC = J++ channels is shown in Fig. 5.
At this stage only the Coulomb and confining po-
tentials are included, with no spin-dependent forces,
as is commonly done, for example, in charmonium
studies. The model parameters are chosen to repro-
duce the three higher states in the scalar channel,
which, unlike the lowest n = 0 state, have “normal”
hadronic sizes (see the table of r.m.s. radii) and are
therefore less sensitive to short-distance forces. The
most important parameter obtained in this way is
the effective gluon mass, fitted to be

mg = 0.90GeV. (11)

For comparison, the effective masses of the strange
and charmed quarks are ms ⇡ 0.5 GeV and mc ⇡

1.5 GeV, respectively.
This implies a value of the parameter ⌘—the

enhancement of the gluon mass relative to the
dilute ILM value due to instanton–antiinstanton
molecules—of ⌘ = 6.25. This is close to the value
⌘ ⇡ 7 used in [26] to reproduce the central charmo-
nium potential. That value was originally motivated
by “gradient flow” cooling of lattice gauge configura-
tions [26].

To quantify the sizes and shapes of these states, we
display the corresponding wave functions in Fig. 6
and list the root-mean-square radii,

rr.m.s. =

R
dr 2

n(r) r4

R
dr 2

n(r) r2

�1/2

, (12)

in Table III.

En (GeV) 1.92 2.79 3.29 4.0
rr.m.s. (GeV�1) 2.03 5.0 6.26 6.25

TABLE III. Energies and r.m.s. radii of scalar glueballs
obtained from the Schrödinger equation with the param-
eters defined in the text.

Fixing the model parameters from the masses of
the “normal” 0++ states with n = 1, 2, 3, which have
sizes rr.m.s. ⇠ 5 GeV�1

⇠ 1 fm, we can then con-
sider other channels. The predicted masses for the
higher-J states with J = 4, 6 turn out to be close

FIG. 5. The colored points show the calculated ener-
gies E0, E1, E2, E3 (GeV) of the four lowest states with
L = 0, 2, 4, 6. Small points with error bars are H.Meyer’s
lattice simulations in pure SU(3) gauge theory [23]. We
used JPC lattice states 0++, 2++, 4++, and 6++ (from
bottom to top) as a function of the principal quantum
number n.

FIG. 6. Wave functions (unnormalized)  n(r) for n =
0, 1, 2, 3 as functions of r (GeV�1).

to the lattice values. This is expected, since the
large centrifugal barrier increases their spatial extent
and further suppresses sensitivity to short-distance
forces. When discussing these states one should keep
in mind that, unlike for mesons, the confining po-
tential for glueballs is expected to be screened at
large distances, rendering sufficiently large states un-
stable, formally corresponding to complex energies.
This issue is avoided here by placing the system in-
side a spherical cavity: in our calculations we take
a radius R = 10 GeV�1

⇡ 2 fm and impose Dirichlet
boundary conditions.

non relativistic Schrodinger eqn  
used with instanton-induced potentials V®

16

J MWKB (GeV) �M(J) (GeV) MWKB +�M (GeV) (MWKB)2 (GeV2) (MWKB +�M)2 (GeV2)
0 3.196 �1.466 1.730 10.213 2.993
2 4.176 �0.681 3.495 17.438 12.215
4 4.974 �0.481 4.493 24.745 20.190
6 5.680 �0.383 5.296 32.257 28.049

TABLE VI. Smoothly shifted trajectory points at ⌘ = 7. The unshifted WKB baseline is computed from adjoint
linear confinement. The shift is anchored at the physical scalar intercept M0++(J=0) = 1.73 GeV and decreases
smoothly with J .

In Table VI we list the unshifted WKB baseline for
the 0++ trajectory, computed from the adjoint linear
confinement with ⌘ = 7. The shift is anchored at the
physical scalar intercept M0++(J=0) = 1.73 GeV,
and decreases smoothly with J . In Table VII we
also list the unshifted 2++ WKB baseline with ⌘ = 7.
The smooth shift �MT (J) is anchored at the phys-
ical tensor point M2++(J=2) = 2.40 GeV, and de-
creases with J as the short-distance overlap is sup-
pressed by increasing orbital angular momentum
and by 5S2- 5D2 mixing. In both tables, the defor-
mation is numerically anchored at the lowest state,
and smoothly vanishes asymptotically.

The Regge trajectories discussed so far separate
naturally into two components: an asymptotic con-
tribution governed by adjoint confinement and a low-
J deformation generated by short-distance dynam-
ics. While the former fixes the Regge slope, the lat-
ter controls the intercept and the curvature of the
trajectory near J = 0.

A convenient WKB size measure is the outer turn-
ing point r+ = E/�8. For L = 0, the WKB ra-
dial probability density implies closed expressions
for moments. With p(r) =

p
2µ(E � �8r) and

| |2d3r / P (r)dr / dr/p(r) ,

hence

P (r) =
1

2
p

r+

1
p

r+ � r
, r+ =

E

�8
, (B3)

In particular, we have

hriWKB
L=0 =

2

3
r+,

hr2
i
WKB
L=0 =

8

15
r2
+,

rWKB
rms, L=0 =

r
8

15
r+. (B4)

The moments follow from Beta-function integrals,
giving (B4). The same turning point definition ap-
plies at general (n, L) with r+ = EWKB

nL /�8, and
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FIG. 9. Static potentials Vconf(r) (GeV) versus
r (GeV�1) calculated for quarks (fundamental represen-
tation, upper plot) and gluons (adjoint representation,
lower plot ) Wilson lines. Blue dots are for a ĪI molecule,
red are for a single instanton. Potentials still needs to
be rescaled proportional to their density.

provides an effective size scale for the excited states
and Regge trajectories. For L > 0 we quote r+ and
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to the lattice values. This is expected, since the
large centrifugal barrier increases their spatial extent
and further suppresses sensitivity to short-distance
forces. When discussing these states one should keep
in mind that, unlike for mesons, the confining po-
tential for glueballs is expected to be screened at
large distances, rendering sufficiently large states un-
stable, formally corresponding to complex energies.
This issue is avoided here by placing the system in-
side a spherical cavity: in our calculations we take
a radius R = 10 GeV�1

⇡ 2 fm and impose Dirichlet
boundary conditions.
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We present a constituent two-gluon description of the lowest-lying glueball states in pure Yang–
Mills theory, calibrated against quenched lattice results. The framework incorporates an instanton-
induced dynamical gluon mass, Casimir-scaled adjoint confinement, the short-distance adjoint
Coulomb interaction, and instanton-induced central and tensor forces. The scalar 0++ glueball
is found to be exceptionally compact, with a radius of order the instanton size, ⇢ ⇠ 1

3 fm, consis-
tent with lattice indications. By contrast, the tensor 2++ state remains spatially extended due to
the centrifugal barrier. We also discuss the role of S–D mixing. A semiclassical analysis further
supports Regge behavior for excited states, in agreement with lattice results.

I. INTRODUCTION

A. Historic remarks

Glueballs are the color-singlet bound states of
non-Abelian gauge theory, composed entirely of glu-
onic degrees of freedom. Their comparison with
mesons provide a unique window into mechanism
of confinement, dynamical mass generation, and
the role of topology in quantum chromodynamics
(QCD).

One of the most obvious question in QCD is why
the observed hadrons are made of quarks and not of
gluons. It appears that glueballs are much heavier
than typical quark- model hadrons, and therefore
they have large widths and/or complicated decay
patterns, making them difficult to find. But why
are glueballs so heavy? What are their masses, radii
and other parameters in a purely gluonic world, and
how do they change if one includes light quarks?

In the pure Yang–Mills (“quenched”) theory, where
quark degrees of freedom are absent, the glueball
spectrum has been extensively determined using lat-
tice gauge theory, which remains the most reli-
able nonperturbative approach to this problem [1–
4]. Early high-precision lattice calculations, par-
ticularly those employing anisotropic lattices, es-
tablished the ordering of the lowest-lying glueball
states and provided quantitative benchmarks for
their masses. These studies identified the scalar 0++

glueball as the lightest state, with mass m0++ ⇡

1.6 GeV, followed by the tensor 2++ state with
m2++ ⇡ 2.2GeV. The pseudoscalar 0�+ state ap-

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

pears at m0�+ ⇡ 2.4 GeV, with higher-spin excita-
tions occurring at significantly larger masses [1, 3].
Subsequent studies employing improved actions, en-
larged operator bases, and controlled continuum ex-
trapolations have refined this picture and confirmed
its robustness across lattice spacings and volumes.
In particular, recent high-statistics calculations have
provided a precise reference spectrum for pure SU(3)
Yang–Mills theory, covering a wide range of JPC

channels [4].
While the quenched glueball spectrum is now com-

paratively well established, several important ques-
tions have gained renewed attention in recent years.
One concerns the internal structure of glueballs in
hadrons, including their spatial extent and form fac-
tors. Lattice studies of energy-momentum tensor
matrix elements and related gravitational form fac-
tors have begun to probe the size and mass distri-
bution of glueballs [5, 6], with emerging evidence
that the scalar 0++ state may be unusually compact
compared to higher-spin excitations. Such results
provide new, nontrivial constraints on phenomeno-
logical and microscopic models of glueballs. A re-
cent review summarizes the current status of lattice
calculations, experimental searches, and theoretical
interpretations [7].

The nonperturbative interactions in the scalar,
tensor, and pseudoscalar correlation functions at
short distances were related, already three decades
ago, to instanton-induced forces [8, 9]; see Fig. 1.
In particular, these studies showed that instantons
generate a strong attractive interaction in the scalar
(JPC = 0++) channel. As a consequence, it was
predicted that the scalar glueball should be signifi-
cantly more compact than typical hadrons, with a
mean square radius rm.s. ⇡ 0.2 fm. By contrast,
the instanton-induced interaction is repulsive in the
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FIG. 1. Repulsive, neutral and attractive channels in-
duced by instanton-induced effects in Euclidean correla-
tion functions, for mesons and glueballs.

pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.

scalar pseudoscalar tensor
M (GeV) 1.4± 0.2 > 3 ?
rr.m.s. (fm) 0.21 ? 0.61

TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification
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pseudoscalar (0�+) channel, while it is absent in
the tensor (2++) channel. Consequently, these three
glueball channels exhibit a pattern analogous to that
of the � (scalar), ⌘0 (pseudoscalar), and ⇢,! (vector)
mesons, respectively.

Correlation functions of scalar, pseudoscalar, and
tensor glueball operators calculated in the instanton
liquid model (ILM) go back to [8] are reproduced
in Fig. 2. They clearly show that the interaction
in these three channels is attractive, repulsive, and
weak, respectively.

Values for the masses and radii of the lowest glue-
ball states, extracted from fits to the correlation
functions and Bethe-Salpeter amplitudes 30 years
ago in [8], are listed in Table I.
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TABLE I. Masses and sizes of glueballs from fits to corre-
lation functions and Bethe-Salpeter amplitudes, as pre-
dicted in [8].

Let us now briefly review the current experimental
status of these three glueballs. The scalar glueball
mass, around m0++ ⇡ 1.6 GeV, lies in a region pop-
ulated by several scalar mesons. Its admixture with
them remains a subject of ongoing investigation,
with perhaps the largest share residing in f0(1710).
The tensor state M2++ ⇡ 2.2GeV has perhaps been
observed in “glue-rich” double-diffractive scattering
processes.

Interestingly, the pseudoscalar glueball has re-
ceived a boost following the BESIII announcement

FIG. 2. Scalar G2 and pseudoscalar GG̃ gluonic cor-
relation functions normalized to the corresponding free
correlators as functions of the Euclidean time separa-
tion, taken from [8]. Results in the random, quenched,
and full ensembles are denoted by stars, open triangles,
and solid squares, respectively. The solid lines show the
parametrization described in the text, the dashed line
the dilute instanton gas approximation, and the dotted
line the QCD sum-rule calculation. The horizontal line
in the second panel is added to guide the eye.

of the discovery of the pseudoscalar X(2370) res-
onance, with mass and width m = 2395 MeV and
� = 188MeV, which fit well with expectations for
the pseudoscalar glueball. The reaction is

J/ ! �gg, gg ! X(2370) ! ⌘0f0(980)

“Holographic QCD” is a theoretical framework
that combines mesons and glueballs within a com-
mon geometrical construction, see e.g.[10]. It has
significant predictive power: for example, the com-
plicated meson–glueball mixing has been studied us-
ing this model in [11]. (This mixing defines the
mutual interaction strength of the QCD flux tubes,
which is important for event generators at colliders.)

Mixing of glueballs with mesons is, of course,
also investigated on the lattice in full QCD. When
light quarks are dynamical, pure-glue operators can
mix with flavor-singlet qq̄ states, particularly in
the scalar and pseudoscalar channels. This mix-
ing with light mesons complicates the identification

26

and define

f(x, k?) = �2g(⇢ p(x, k?)) , (I7)

The LF scalar instanton interaction has rank-one
form

V
0++

LF (x,k?; x0,k0
?) = � gLF f2(x, k?)f2(x0, k0

?).
(I8)

hence the explicit LF wavefunction

 0++(x, k?) = � gLFCLF
f2(x, k?)

M2 �M2
0(x, k?)

, (I9)

with

CLF =
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0
dx
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(2⇡)3

f2(x, k?) 0++(x, k?) .

Eliminating CLF gives the LF scalar root equation
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0
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(2⇡)3

f4(x, k?)

M2 �M2
0(x, k?)

. (I10)

We now show that gLF = V0 .

Appendix J: LF from CM

The LF mass root equation and in general the LF
wavefunction detailed in Appendix I, are in one-to-
one correspondence with the CM mass root equation
and wavefunction. Indeed, using (I6) and the Jaco-
bian

dx d2k? = d3p
2x(1 � x)

M0(x, k?)
, (J1)

together with f(x, k?) = �2g(⇢p), the scalar glueball
root mass Eq. (I10) maps onto

1 = �V0

Z
d3p

(2⇡)3
�4

2g(⇢p)

2!p (M2 � 4!2
p)

, (I8)

with the identification gLF ⌘ Vo, up to normalization
conventions.

Also, recall that the Bethe-Salpeter reduction in
the rest-frame, yields the equal-time wavefunction

�(p) = NM
�2

2g(⇢p)

2!p(4!2
p � M2)

, (J2)

Using (I6), we can map (J2) onto the the LF wave-
function by

 0++(x,k?) =

r
@kz
@x

�(p(x,k?)) . (J3)
Differentiating kz = (x �

1
2 )M0 yields

@kz
@x

=
M0

2x(1 � x)
. (J4)

Using M
2
0 = 4!2

p in the equal-mass case, yields

 0++(x,k?) = NLF
�2

2g(⇢p(x, k?))

M2 �M2
0(x, k?)

. (J5)

This coincides with the functional dependence of the
LF solution obtained dynamically from the rank-1
LF eigenvalue equation, with the identification

f(x, k?) = �2g(⇢p(x, k?)) .
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dovector glueballs at substantially higher masses and
suggest a dominant multigluon structure.

Overall, the present analysis provides a coherent
constituent-gluon interpretation of lattice glueball
spectroscopy, linking mass hierarchies, spatial sizes,
and Regge behavior to a small set of physically
motivated nonperturbative mechanisms. This
framework offers a useful bridge between lattice
calculations and phenomenological modeling, and
can be systematically extended to explore glueball
form factors, and mixing with quarkonia in full
QCD.
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JPC This work Lattice [1, 23]
0++ 1.92 (BS: 1.4–1.5) 1.475(30)(65)
0++ 2.79 2.755(70)(120)
0++ 3.29 3.370(100)(150)
0++ 4.00 3.990(210)(180)
2++ 3.01 2.150(30)(100)
2++ 3.46 2.880(100)(130)
2++ 4.16 3.385(90)(150)
2++ 5.10 –
4++ 3.52 3.640(90)(160)
4++ 4.18 –
4++ 5.10 –
4++ 6.24 –
6++ 4.06 4.360(260)(200)
6++ 4.97 –
6++ 6.11 –
6++ 7.49 –
0�+ 2.65 2.250(60)(100)
0�+ 3.13 3.370(150)(150)
1+� – 2.94(17)
1�� – 3.81(27)
3++ – 3.38(15)
3+� – 3.70(23)
3�� – 4.03(25)

TABLE V. Glueball masses in pure SU(3) gauge theory:
comparison of this work as in Fig. 5, with lattice results
from Refs. [1, 23].

Appendix A: Gluon mass and density scaling

Musakhanov and Egamberdiev [20] derived the
gluon polarization operator in the instanton medium
and extracted a momentum-dependent dynamical
mass. In their ILM setup the scalar “gluon” mass
Ms(q) is generated by rescattering on instantons,
and the physical transverse gluon mass satisfies
M2

g (q) = 2M2
s (q), implying at q = 0 the standard-

ILM value Mg(0) ' 0.36 GeV [20]. The key scal-
ing with density follows from the structure of the
self-energy in a random instanton background: to
leading order in the density expansion the polariza-
tion operator is proportional to the instanton den-
sity n, and the mass is obtained from the infrared
limit of the propagator denominator, schematically
D�1(q) ⇠ q2 + ⇧(q) with ⇧(0) / n. This implies
m2

g / n and therefore

mg(⌘) = mg0
p

⌘, ⌘ ⌘
ne↵

n0
, (A1)

where n0 ' 1 fm�4 is the traditional ILM density
used to define mg0. In the dense-ILM-ensemble [28],
⌘ is naturally taken as a limit of gradient flow time
going to zero. It is relatively uncertain from original
studies, we use ⌘ = 7.

Appendix B: Semiclassical (WKB) spectrum

A complementary analytic description follows
from the semiclassical quantization. For the linear
potential V (r) = �8r with reduced mass µ = mg/2,
the WKB spectrum with the Langer modification
yields

EWKB
nL (⌘) =


3⇡

2

✓
n +

L

2
+

3

4

◆�2/3 �2/3
8

m1/3
g (⌘)

,

MWKB
nL (⌘) = 2mg(⌘) + EWKB

nL (⌘), (B1)

which implies

M2
nJ '

9⇡2

4

�4/3
8

m2/3
g

J4/3 (J � 1). (B2)

The nonrelativistic WKB Hamiltonian with a linear
potential produces an asymptotic power-law “quasi-
Regge” behavior M2

/ J4/3 rather than a strictly
linear M2

/ J . Over the moderate range of spins
accessible in typical lattice spectra, the resulting
M2(J) are approximately linear.

6

approximation is expected to be comparable to that
for charmonium. Of course, important differences
arising from the distinct coefficients in the Hamilto-
nians.

We begin with the simplest case, with total spin
S = 0, so that the total and orbital angular mo-
menta coincide, J = L. The calculated spectrum
of several JPC = J++ channels is shown in Fig. 5.
At this stage only the Coulomb and confining po-
tentials are included, with no spin-dependent forces,
as is commonly done, for example, in charmonium
studies. The model parameters are chosen to repro-
duce the three higher states in the scalar channel,
which, unlike the lowest n = 0 state, have “normal”
hadronic sizes (see the table of r.m.s. radii) and are
therefore less sensitive to short-distance forces. The
most important parameter obtained in this way is
the effective gluon mass, fitted to be

mg = 0.90GeV. (11)

For comparison, the effective masses of the strange
and charmed quarks are ms ⇡ 0.5 GeV and mc ⇡

1.5 GeV, respectively.
This implies a value of the parameter ⌘—the

enhancement of the gluon mass relative to the
dilute ILM value due to instanton–antiinstanton
molecules—of ⌘ = 6.25. This is close to the value
⌘ ⇡ 7 used in [26] to reproduce the central charmo-
nium potential. That value was originally motivated
by “gradient flow” cooling of lattice gauge configura-
tions [26].

To quantify the sizes and shapes of these states, we
display the corresponding wave functions in Fig. 6
and list the root-mean-square radii,

rr.m.s. =

R
dr 2

n(r) r4

R
dr 2

n(r) r2

�1/2

, (12)

in Table III.

En (GeV) 1.92 2.79 3.29 4.0
rr.m.s. (GeV�1) 2.03 5.0 6.26 6.25

TABLE III. Energies and r.m.s. radii of scalar glueballs
obtained from the Schrödinger equation with the param-
eters defined in the text.

Fixing the model parameters from the masses of
the “normal” 0++ states with n = 1, 2, 3, which have
sizes rr.m.s. ⇠ 5 GeV�1

⇠ 1 fm, we can then con-
sider other channels. The predicted masses for the
higher-J states with J = 4, 6 turn out to be close

FIG. 5. The colored points show the calculated ener-
gies E0, E1, E2, E3 (GeV) of the four lowest states with
L = 0, 2, 4, 6. Small points with error bars are H.Meyer’s
lattice simulations in pure SU(3) gauge theory [23]. We
used JPC lattice states 0++, 2++, 4++, and 6++ (from
bottom to top) as a function of the principal quantum
number n.

FIG. 6. Wave functions (unnormalized)  n(r) for n =
0, 1, 2, 3 as functions of r (GeV�1).

to the lattice values. This is expected, since the
large centrifugal barrier increases their spatial extent
and further suppresses sensitivity to short-distance
forces. When discussing these states one should keep
in mind that, unlike for mesons, the confining po-
tential for glueballs is expected to be screened at
large distances, rendering sufficiently large states un-
stable, formally corresponding to complex energies.
This issue is avoided here by placing the system in-
side a spherical cavity: in our calculations we take
a radius R = 10 GeV�1

⇡ 2 fm and impose Dirichlet
boundary conditions.

non relativistic Schrodinger eqn  
used with instanton-induced potentials V®

16

J MWKB (GeV) �M(J) (GeV) MWKB +�M (GeV) (MWKB)2 (GeV2) (MWKB +�M)2 (GeV2)
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6 5.680 �0.383 5.296 32.257 28.049

TABLE VI. Smoothly shifted trajectory points at ⌘ = 7. The unshifted WKB baseline is computed from adjoint
linear confinement. The shift is anchored at the physical scalar intercept M0++(J=0) = 1.73 GeV and decreases
smoothly with J .
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In particular, we have

hriWKB
L=0 =

2

3
r+,

hr2
i
WKB
L=0 =

8

15
r2
+,

rWKB
rms, L=0 =

r
8

15
r+. (B4)

The moments follow from Beta-function integrals,
giving (B4). The same turning point definition ap-
plies at general (n, L) with r+ = EWKB

nL /�8, and
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We present a unified description of heavy hybrid hadrons based on a constituent-gluon picture
embedded in the Born-Oppenheimer (BO) framework. In this approach, the gluonic excitation is
treated as a dynamical quasiparticle with a mass generated by instanton-induced interactions. We
propose a simple variational derivation of the BO potentials. The main focus of the paper is the
derivation of light-front wave functions for hybrid systems, specifically for the ccg and qqqg cases. We
employ both variational methods and numerical solutions of the Schrödinger equation in momentum
representation. Using the resulting wave functions, we compute the gluon PDFs for these systems.

I. INTRODUCTION

A. Brief overview

A recent active period in hadronic spectroscopy
started about two decades ago with multiple discov-
eries of hadronic states that are neither mesons nor
baryons. First, in charmonium spectroscopy, these
were the XYZ resonances, which clearly do not fit
a c̄c interpretation. Those with nonzero isospin are
naturally interpreted as tetraquarks c̄cq̄q, and are
now commonly denoted as Tcc̄ states. Others, specif-
ically in the vector JPC = 1�� channel, are still
called  , retaining the same names as charmonium
states.

Further studies of these “non-charmonium" states
revived the long-standing issue of so-called hybrid
states, with structure Q̄gQ, involving an additional
“constituent gluon". Those are the subject of our
work.

Before going into technical details, let us dis-
cuss simple qualitative estimates for the masses of
tetraquarks and hybrid states. We begin by propos-
ing a crude relation between meson and glueball
masses. The constituent quark mass is about Mq ⇡

350MeV, while the constituent gluon mass, fitted
from glueball spectra [1, 2], is Mg ⇡ 900MeV. Their
ratio (⇡ 2.57) is close to the Casimir scaling ra-
tio 9/4, which governs the strength of perturbative
Coulomb interactions. The adjoint confining poten-
tial is also stronger by approximately the same factor
[1, 2]. This suggests that Casimir scaling may be ap-
proximately used for glueball-to-meson mass ratios
as well.

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
systematically a bit heavier than tetraquarks.
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ing a crude relation between meson and glueball
masses. The constituent quark mass is about Mq ⇡

350MeV, while the constituent gluon mass, fitted
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as well.
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Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates
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This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)
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observation for decays of two lowest hybrid candi-
dates,  (4360) and  (4660). We find that the ratio
of their observed widths does indeed agree with such
crude model of decay overlaps.

The second motivation is the main one: we try to
develop a light-front (LF) description of tetraquarks
and hybrids. Our broader goal is to “bridge hadronic
spectroscopy with partonic observables", see [2] for
a review. Understanding hybrids on the light front,
including their mixing with light-quark states, is an
essential step toward realistic “unquenched" wave
functions that include both quark-antiquark pairs
and gluons. By systematically increasing Fock com-
ponents, one may ultimately replace perturbative
PDF evolution with renormalization-group evolu-
tion of wave functions, from which all partonic ob-
servables can be derived.

We derive LF wave functions for two systems. The
first is the quarkonium hybrids c̄cg, discussed in sec-
tion V. Since the masses of charm quark and con-
stituent gluon are comparable, there is no clear sepa-
ration of scales or BO approximation, thus the prob-
lem is treated as a genuine three-body system. As in
baryons, the forward wave function is defined on an
equilateral triangle. We obtain it both variationally
and by numerical solution of the Schrödinger equa-
tion in momentum space, and use it to compute the
gluon PDF.

The second system is hybrid light-quark baryons,
the four-body system qqqg,discussed in section VI.
In this case the roles are reversed, since the con-
stituent gluon is heavier than the quarks. We con-
clude by computing the gluon PDF for this system.

The paper is summarized in section IX, where we
also briefly discuss outlook for further works.

II. VARIATIONAL DERIVATION OF THE
BO HYBRID POTENTIAL

Schematic setting of the calculation is shown in
Fig.1. The heavy quarks are treated as static sources
at fixed separation r, while the gluon g is dynamical,
interacting with quarks by confining potentials.

The gluon wavefunction we approximate by a vari-
ational Gaussian ansatz, centered near the midpoint
of the heavy pair. Two Qg potentials are approx-
imated by linear confining potentials. This setting
makes the molecular character of the hybrid explicit,
and yields closed expressions for the BO (adiabatic)
potentials V�(r). The variational potential ⌃�

u
(r) we

FIG. 1. Schematic setting of the variational calculation:
heavy quarks Q̄ and Q are static, and a “constituent
gluon" g dynamical, connected to both by a linear po-
tential.

obtained is shown in Fig.2(upper). Modern versions
of this potentials from lattice studies are shown in
Fig.2(lower).

Now we present details of the calculation. The
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FIG. 2. (Upper) Result of our variational calculation
of ⌃�

u (r) potential versus quark-antiquark separation
r, (fm).(Lower) The lowest hybrid static BO energies
⇧u and ⌃�

u and the quarkonium static energy ⌃+
g , from

lattice measurements reported in [8].
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Proceeding further, the mass difference between
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fective quark mass. Assuming Casimir scaling, one
estimates
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This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)
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employ both variational methods and numerical solutions of the Schrödinger equation in momentum
representation. Using the resulting wave functions, we compute the gluon PDFs for these systems.

I. INTRODUCTION

A. Brief overview

A recent active period in hadronic spectroscopy
started about two decades ago with multiple discov-
eries of hadronic states that are neither mesons nor
baryons. First, in charmonium spectroscopy, these
were the XYZ resonances, which clearly do not fit
a c̄c interpretation. Those with nonzero isospin are
naturally interpreted as tetraquarks c̄cq̄q, and are
now commonly denoted as Tcc̄ states. Others, specif-
ically in the vector JPC = 1�� channel, are still
called  , retaining the same names as charmonium
states.

Further studies of these “non-charmonium" states
revived the long-standing issue of so-called hybrid
states, with structure Q̄gQ, involving an additional
“constituent gluon". Those are the subject of our
work.

Before going into technical details, let us dis-
cuss simple qualitative estimates for the masses of
tetraquarks and hybrid states. We begin by propos-
ing a crude relation between meson and glueball
masses. The constituent quark mass is about Mq ⇡

350MeV, while the constituent gluon mass, fitted
from glueball spectra [1, 2], is Mg ⇡ 900MeV. Their
ratio (⇡ 2.57) is close to the Casimir scaling ra-
tio 9/4, which governs the strength of perturbative
Coulomb interactions. The adjoint confining poten-
tial is also stronger by approximately the same factor
[1, 2]. This suggests that Casimir scaling may be ap-
proximately used for glueball-to-meson mass ratios
as well.
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Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
systematically a bit heavier than tetraquarks.
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Proceeding further, the mass difference between
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ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),
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Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
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observation for decays of two lowest hybrid candi-
dates,  (4360) and  (4660). We find that the ratio
of their observed widths does indeed agree with such
crude model of decay overlaps.

The second motivation is the main one: we try to
develop a light-front (LF) description of tetraquarks
and hybrids. Our broader goal is to “bridge hadronic
spectroscopy with partonic observables", see [2] for
a review. Understanding hybrids on the light front,
including their mixing with light-quark states, is an
essential step toward realistic “unquenched" wave
functions that include both quark-antiquark pairs
and gluons. By systematically increasing Fock com-
ponents, one may ultimately replace perturbative
PDF evolution with renormalization-group evolu-
tion of wave functions, from which all partonic ob-
servables can be derived.

We derive LF wave functions for two systems. The
first is the quarkonium hybrids c̄cg, discussed in sec-
tion V. Since the masses of charm quark and con-
stituent gluon are comparable, there is no clear sepa-
ration of scales or BO approximation, thus the prob-
lem is treated as a genuine three-body system. As in
baryons, the forward wave function is defined on an
equilateral triangle. We obtain it both variationally
and by numerical solution of the Schrödinger equa-
tion in momentum space, and use it to compute the
gluon PDF.

The second system is hybrid light-quark baryons,
the four-body system qqqg,discussed in section VI.
In this case the roles are reversed, since the con-
stituent gluon is heavier than the quarks. We con-
clude by computing the gluon PDF for this system.

The paper is summarized in section IX, where we
also briefly discuss outlook for further works.

II. VARIATIONAL DERIVATION OF THE
BO HYBRID POTENTIAL

Schematic setting of the calculation is shown in
Fig.1. The heavy quarks are treated as static sources
at fixed separation r, while the gluon g is dynamical,
interacting with quarks by confining potentials.

The gluon wavefunction we approximate by a vari-
ational Gaussian ansatz, centered near the midpoint
of the heavy pair. Two Qg potentials are approx-
imated by linear confining potentials. This setting
makes the molecular character of the hybrid explicit,
and yields closed expressions for the BO (adiabatic)
potentials V�(r). The variational potential ⌃�

u
(r) we

FIG. 1. Schematic setting of the variational calculation:
heavy quarks Q̄ and Q are static, and a “constituent
gluon" g dynamical, connected to both by a linear po-
tential.

obtained is shown in Fig.2(upper). Modern versions
of this potentials from lattice studies are shown in
Fig.2(lower).

Now we present details of the calculation. The
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FIG. 2. (Upper) Result of our variational calculation
of ⌃�

u (r) potential versus quark-antiquark separation
r, (fm).(Lower) The lowest hybrid static BO energies
⇧u and ⌃�

u and the quarkonium static energy ⌃+
g , from

lattice measurements reported in [8].
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sense, one expects hybrids to be slightly heavier than
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Oppenheimer approximation [3] for charmonium-
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paring the models directly, we consider their in-
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Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
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est tetraquarks for five JPC channels are (masses in
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can be understood as a convolution of two Cornell
potentials, corresponding to the interaction of each
quark with an (octet) gluon.

A technical remark: we have minimized the
Hamiltonian with respect to the parameter � in-
dependently for each value of the quark–antiquark
separation r. However, we find that the position of
the minimum, �min(r), depends only weakly on r.

Furthermore, in Appendix D we performed a vari-
ational study using a Gaussian ansatz with two in-
dependent parameters, describing the transverse and
longitudinal widths of the gluon distribution. Both
parameters turn out to be close to the same value,
�min ⇡ 0.6GeV, and the resulting potentials are very
similar to those obtained with the isotropic ansatz,
so we do not discuss them further. This value corre-
sponds to a root-mean-square size of the gluon dis-
tribution

Rg

rms =

r
3

2
��1

⇡ 0.40 fm.

III. OVERLAPS BETWEEN CHARMONIA
AND HYBRIDS

We have solved Schrodinger equation for ⌃�
g

hy-
brids and compare their energies to charmonium ⌃+

g
,

using parameterizations of potentials shown in lower
Fig.2. The first three levels are ((GeV ))

E⌃�
g
[n]/GeV = 4.46, 4.96, 5.42, ... (31)

The first two we relate to two experimentally ob-
served states (all in MeV )

 (4360),M = 4374± 7 ,� = 118± 12

 (4660),M = 4630± 6 , � = 72± 13 (32)

due to their decay pattern (see below) .
Note that we only use spin-independent potential,

and that charmonia levels in the same approxima-
tion are

E⌃+
g
[n]/GeV = 3.10, 3.67, 4.09... (33)

Note that the gap between ⌃�
g

and ⌃+
g

states is ap-
proximately the same for all of them.

Let us then compare the normalized wave func-
tions

�n(r) =
 n(r)qR
| n)|2r2dr

FIG. 3. Three lowest normalized wave functions
(black,blue and brown) versus r(GeV �1)for ⌃+

g charmo-
nia (solid lines ) compared to those for three lowest hy-
brids (dashed lines of the same colors).

for the ⌃�
g

potential to those for the charmonium one
⌃+

g
, see Fig.3. As one can see from it, these wave

functions are very similar, except at small distances
due to different Coulomb forces.

Mentioned two hybrid candidates states were seen
decaying to 1S,2S and tensor  2 charmonium states
complemented by pair of pions,  i(3686) + ⇡+⇡�.
Although there are no plots to this effect known to
us, we still assume that the pion pair in JP = 0+

channel is dominated by �, the chiral partner of pi-
ons, and treat those as two-body decays. We further
associate those with scalar quark-gluon operator

Omix = �C(c̄T a�µ⌫c)G
a

µ⌫
(34)

where C is unknown coupling constant and Ga
µ⌫

is
the field strength of a gluon. Note that the bracket
can be associated with the color-magnetic moment
of the c̄c pair, interacting with color-magnetic field
strength of effective gluon.

Decay matrix elements should be proportional to
overlap matrix of the wave functions

Omn =

Z
drr2�⌃�

g
(m)�⌃+

g
(n) (35)

We calculated its 3 ⇥ 3 upper corner with the ob-
tained wave functions, the results are given in Table
I. Note that similarity of the respective wave func-
tions leads to diagonal overlaps be all close to one,
while others are much smaller. In is interesting to
check if this simple idea indeed fits the actual infor-
mation about widths (32). Standard expression for

data

similar potentials

 lead to similar WFs
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Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
systematically a bit heavier than tetraquarks.
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observation for decays of two lowest hybrid candi-
dates,  (4360) and  (4660). We find that the ratio
of their observed widths does indeed agree with such
crude model of decay overlaps.

The second motivation is the main one: we try to
develop a light-front (LF) description of tetraquarks
and hybrids. Our broader goal is to “bridge hadronic
spectroscopy with partonic observables", see [2] for
a review. Understanding hybrids on the light front,
including their mixing with light-quark states, is an
essential step toward realistic “unquenched" wave
functions that include both quark-antiquark pairs
and gluons. By systematically increasing Fock com-
ponents, one may ultimately replace perturbative
PDF evolution with renormalization-group evolu-
tion of wave functions, from which all partonic ob-
servables can be derived.

We derive LF wave functions for two systems. The
first is the quarkonium hybrids c̄cg, discussed in sec-
tion V. Since the masses of charm quark and con-
stituent gluon are comparable, there is no clear sepa-
ration of scales or BO approximation, thus the prob-
lem is treated as a genuine three-body system. As in
baryons, the forward wave function is defined on an
equilateral triangle. We obtain it both variationally
and by numerical solution of the Schrödinger equa-
tion in momentum space, and use it to compute the
gluon PDF.

The second system is hybrid light-quark baryons,
the four-body system qqqg,discussed in section VI.
In this case the roles are reversed, since the con-
stituent gluon is heavier than the quarks. We con-
clude by computing the gluon PDF for this system.

The paper is summarized in section IX, where we
also briefly discuss outlook for further works.

II. VARIATIONAL DERIVATION OF THE
BO HYBRID POTENTIAL

Schematic setting of the calculation is shown in
Fig.1. The heavy quarks are treated as static sources
at fixed separation r, while the gluon g is dynamical,
interacting with quarks by confining potentials.

The gluon wavefunction we approximate by a vari-
ational Gaussian ansatz, centered near the midpoint
of the heavy pair. Two Qg potentials are approx-
imated by linear confining potentials. This setting
makes the molecular character of the hybrid explicit,
and yields closed expressions for the BO (adiabatic)
potentials V�(r). The variational potential ⌃�

u
(r) we

FIG. 1. Schematic setting of the variational calculation:
heavy quarks Q̄ and Q are static, and a “constituent
gluon" g dynamical, connected to both by a linear po-
tential.

obtained is shown in Fig.2(upper). Modern versions
of this potentials from lattice studies are shown in
Fig.2(lower).

Now we present details of the calculation. The
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FIG. 2. (Upper) Result of our variational calculation
of ⌃�

u (r) potential versus quark-antiquark separation
r, (fm).(Lower) The lowest hybrid static BO energies
⇧u and ⌃�

u and the quarkonium static energy ⌃+
g , from

lattice measurements reported in [8].
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We present a unified description of heavy hybrid hadrons based on a constituent-gluon picture
embedded in the Born-Oppenheimer (BO) framework. In this approach, the gluonic excitation is
treated as a dynamical quasiparticle with a mass generated by instanton-induced interactions. We
propose a simple variational derivation of the BO potentials. The main focus of the paper is the
derivation of light-front wave functions for hybrid systems, specifically for the ccg and qqqg cases. We
employ both variational methods and numerical solutions of the Schrödinger equation in momentum
representation. Using the resulting wave functions, we compute the gluon PDFs for these systems.

I. INTRODUCTION

A. Brief overview

A recent active period in hadronic spectroscopy
started about two decades ago with multiple discov-
eries of hadronic states that are neither mesons nor
baryons. First, in charmonium spectroscopy, these
were the XYZ resonances, which clearly do not fit
a c̄c interpretation. Those with nonzero isospin are
naturally interpreted as tetraquarks c̄cq̄q, and are
now commonly denoted as Tcc̄ states. Others, specif-
ically in the vector JPC = 1�� channel, are still
called  , retaining the same names as charmonium
states.

Further studies of these “non-charmonium" states
revived the long-standing issue of so-called hybrid
states, with structure Q̄gQ, involving an additional
“constituent gluon". Those are the subject of our
work.

Before going into technical details, let us dis-
cuss simple qualitative estimates for the masses of
tetraquarks and hybrid states. We begin by propos-
ing a crude relation between meson and glueball
masses. The constituent quark mass is about Mq ⇡

350MeV, while the constituent gluon mass, fitted
from glueball spectra [1, 2], is Mg ⇡ 900MeV. Their
ratio (⇡ 2.57) is close to the Casimir scaling ra-
tio 9/4, which governs the strength of perturbative
Coulomb interactions. The adjoint confining poten-
tial is also stronger by approximately the same factor
[1, 2]. This suggests that Casimir scaling may be ap-
proximately used for glueball-to-meson mass ratios
as well.
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Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
systematically a bit heavier than tetraquarks.
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naturally interpreted as tetraquarks c̄cq̄q, and are
now commonly denoted as Tcc̄ states. Others, specif-
ically in the vector JPC = 1�� channel, are still
called  , retaining the same names as charmonium
states.

Further studies of these “non-charmonium" states
revived the long-standing issue of so-called hybrid
states, with structure Q̄gQ, involving an additional
“constituent gluon". Those are the subject of our
work.

Before going into technical details, let us dis-
cuss simple qualitative estimates for the masses of
tetraquarks and hybrid states. We begin by propos-
ing a crude relation between meson and glueball
masses. The constituent quark mass is about Mq ⇡

350MeV, while the constituent gluon mass, fitted
from glueball spectra [1, 2], is Mg ⇡ 900MeV. Their
ratio (⇡ 2.57) is close to the Casimir scaling ra-
tio 9/4, which governs the strength of perturbative
Coulomb interactions. The adjoint confining poten-
tial is also stronger by approximately the same factor
[1, 2]. This suggests that Casimir scaling may be ap-
proximately used for glueball-to-meson mass ratios
as well.

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
systematically a bit heavier than tetraquarks.
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can be understood as a convolution of two Cornell
potentials, corresponding to the interaction of each
quark with an (octet) gluon.

A technical remark: we have minimized the
Hamiltonian with respect to the parameter � in-
dependently for each value of the quark–antiquark
separation r. However, we find that the position of
the minimum, �min(r), depends only weakly on r.

Furthermore, in Appendix D we performed a vari-
ational study using a Gaussian ansatz with two in-
dependent parameters, describing the transverse and
longitudinal widths of the gluon distribution. Both
parameters turn out to be close to the same value,
�min ⇡ 0.6GeV, and the resulting potentials are very
similar to those obtained with the isotropic ansatz,
so we do not discuss them further. This value corre-
sponds to a root-mean-square size of the gluon dis-
tribution

Rg

rms =

r
3

2
��1

⇡ 0.40 fm.

III. OVERLAPS BETWEEN CHARMONIA
AND HYBRIDS

We have solved Schrodinger equation for ⌃�
g

hy-
brids and compare their energies to charmonium ⌃+

g
,

using parameterizations of potentials shown in lower
Fig.2. The first three levels are ((GeV ))

E⌃�
g
[n]/GeV = 4.46, 4.96, 5.42, ... (31)

The first two we relate to two experimentally ob-
served states (all in MeV )

 (4360),M = 4374± 7 ,� = 118± 12

 (4660),M = 4630± 6 , � = 72± 13 (32)

due to their decay pattern (see below) .
Note that we only use spin-independent potential,

and that charmonia levels in the same approxima-
tion are

E⌃+
g
[n]/GeV = 3.10, 3.67, 4.09... (33)

Note that the gap between ⌃�
g

and ⌃+
g

states is ap-
proximately the same for all of them.

Let us then compare the normalized wave func-
tions

�n(r) =
 n(r)qR
| n)|2r2dr

FIG. 3. Three lowest normalized wave functions
(black,blue and brown) versus r(GeV �1)for ⌃+

g charmo-
nia (solid lines ) compared to those for three lowest hy-
brids (dashed lines of the same colors).

for the ⌃�
g

potential to those for the charmonium one
⌃+

g
, see Fig.3. As one can see from it, these wave

functions are very similar, except at small distances
due to different Coulomb forces.

Mentioned two hybrid candidates states were seen
decaying to 1S,2S and tensor  2 charmonium states
complemented by pair of pions,  i(3686) + ⇡+⇡�.
Although there are no plots to this effect known to
us, we still assume that the pion pair in JP = 0+

channel is dominated by �, the chiral partner of pi-
ons, and treat those as two-body decays. We further
associate those with scalar quark-gluon operator

Omix = �C(c̄T a�µ⌫c)G
a

µ⌫
(34)

where C is unknown coupling constant and Ga
µ⌫

is
the field strength of a gluon. Note that the bracket
can be associated with the color-magnetic moment
of the c̄c pair, interacting with color-magnetic field
strength of effective gluon.

Decay matrix elements should be proportional to
overlap matrix of the wave functions

Omn =

Z
drr2�⌃�

g
(m)�⌃+

g
(n) (35)

We calculated its 3 ⇥ 3 upper corner with the ob-
tained wave functions, the results are given in Table
I. Note that similarity of the respective wave func-
tions leads to diagonal overlaps be all close to one,
while others are much smaller. In is interesting to
check if this simple idea indeed fits the actual infor-
mation about widths (32). Standard expression for
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We present a unified description of heavy hybrid hadrons based on a constituent-gluon picture
embedded in the Born-Oppenheimer (BO) framework. In this approach, the gluonic excitation is
treated as a dynamical quasiparticle with a mass generated by instanton-induced interactions. We
propose a simple variational derivation of the BO potentials. The main focus of the paper is the
derivation of light-front wave functions for hybrid systems, specifically for the ccg and qqqg cases. We
employ both variational methods and numerical solutions of the Schrödinger equation in momentum
representation. Using the resulting wave functions, we compute the gluon PDFs for these systems.

I. INTRODUCTION

A. Brief overview

A recent active period in hadronic spectroscopy
started about two decades ago with multiple discov-
eries of hadronic states that are neither mesons nor
baryons. First, in charmonium spectroscopy, these
were the XYZ resonances, which clearly do not fit
a c̄c interpretation. Those with nonzero isospin are
naturally interpreted as tetraquarks c̄cq̄q, and are
now commonly denoted as Tcc̄ states. Others, specif-
ically in the vector JPC = 1�� channel, are still
called  , retaining the same names as charmonium
states.

Further studies of these “non-charmonium" states
revived the long-standing issue of so-called hybrid
states, with structure Q̄gQ, involving an additional
“constituent gluon". Those are the subject of our
work.

Before going into technical details, let us dis-
cuss simple qualitative estimates for the masses of
tetraquarks and hybrid states. We begin by propos-
ing a crude relation between meson and glueball
masses. The constituent quark mass is about Mq ⇡

350MeV, while the constituent gluon mass, fitted
from glueball spectra [1, 2], is Mg ⇡ 900MeV. Their
ratio (⇡ 2.57) is close to the Casimir scaling ra-
tio 9/4, which governs the strength of perturbative
Coulomb interactions. The adjoint confining poten-
tial is also stronger by approximately the same factor
[1, 2]. This suggests that Casimir scaling may be ap-
proximately used for glueball-to-meson mass ratios
as well.
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Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
systematically a bit heavier than tetraquarks.
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tio 9/4, which governs the strength of perturbative
Coulomb interactions. The adjoint confining poten-
tial is also stronger by approximately the same factor
[1, 2]. This suggests that Casimir scaling may be ap-
proximately used for glueball-to-meson mass ratios
as well.
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Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
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observation for decays of two lowest hybrid candi-
dates,  (4360) and  (4660). We find that the ratio
of their observed widths does indeed agree with such
crude model of decay overlaps.

The second motivation is the main one: we try to
develop a light-front (LF) description of tetraquarks
and hybrids. Our broader goal is to “bridge hadronic
spectroscopy with partonic observables", see [2] for
a review. Understanding hybrids on the light front,
including their mixing with light-quark states, is an
essential step toward realistic “unquenched" wave
functions that include both quark-antiquark pairs
and gluons. By systematically increasing Fock com-
ponents, one may ultimately replace perturbative
PDF evolution with renormalization-group evolu-
tion of wave functions, from which all partonic ob-
servables can be derived.

We derive LF wave functions for two systems. The
first is the quarkonium hybrids c̄cg, discussed in sec-
tion V. Since the masses of charm quark and con-
stituent gluon are comparable, there is no clear sepa-
ration of scales or BO approximation, thus the prob-
lem is treated as a genuine three-body system. As in
baryons, the forward wave function is defined on an
equilateral triangle. We obtain it both variationally
and by numerical solution of the Schrödinger equa-
tion in momentum space, and use it to compute the
gluon PDF.

The second system is hybrid light-quark baryons,
the four-body system qqqg,discussed in section VI.
In this case the roles are reversed, since the con-
stituent gluon is heavier than the quarks. We con-
clude by computing the gluon PDF for this system.

The paper is summarized in section IX, where we
also briefly discuss outlook for further works.

II. VARIATIONAL DERIVATION OF THE
BO HYBRID POTENTIAL

Schematic setting of the calculation is shown in
Fig.1. The heavy quarks are treated as static sources
at fixed separation r, while the gluon g is dynamical,
interacting with quarks by confining potentials.

The gluon wavefunction we approximate by a vari-
ational Gaussian ansatz, centered near the midpoint
of the heavy pair. Two Qg potentials are approx-
imated by linear confining potentials. This setting
makes the molecular character of the hybrid explicit,
and yields closed expressions for the BO (adiabatic)
potentials V�(r). The variational potential ⌃�

u
(r) we

FIG. 1. Schematic setting of the variational calculation:
heavy quarks Q̄ and Q are static, and a “constituent
gluon" g dynamical, connected to both by a linear po-
tential.

obtained is shown in Fig.2(upper). Modern versions
of this potentials from lattice studies are shown in
Fig.2(lower).

Now we present details of the calculation. The
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FIG. 2. (Upper) Result of our variational calculation
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u (r) potential versus quark-antiquark separation
r, (fm).(Lower) The lowest hybrid static BO energies
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g , from
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We present a unified description of heavy hybrid hadrons based on a constituent-gluon picture
embedded in the Born-Oppenheimer (BO) framework. In this approach, the gluonic excitation is
treated as a dynamical quasiparticle with a mass generated by instanton-induced interactions. We
propose a simple variational derivation of the BO potentials. The main focus of the paper is the
derivation of light-front wave functions for hybrid systems, specifically for the ccg and qqqg cases. We
employ both variational methods and numerical solutions of the Schrödinger equation in momentum
representation. Using the resulting wave functions, we compute the gluon PDFs for these systems.

I. INTRODUCTION

A. Brief overview

A recent active period in hadronic spectroscopy
started about two decades ago with multiple discov-
eries of hadronic states that are neither mesons nor
baryons. First, in charmonium spectroscopy, these
were the XYZ resonances, which clearly do not fit
a c̄c interpretation. Those with nonzero isospin are
naturally interpreted as tetraquarks c̄cq̄q, and are
now commonly denoted as Tcc̄ states. Others, specif-
ically in the vector JPC = 1�� channel, are still
called  , retaining the same names as charmonium
states.

Further studies of these “non-charmonium" states
revived the long-standing issue of so-called hybrid
states, with structure Q̄gQ, involving an additional
“constituent gluon". Those are the subject of our
work.

Before going into technical details, let us dis-
cuss simple qualitative estimates for the masses of
tetraquarks and hybrid states. We begin by propos-
ing a crude relation between meson and glueball
masses. The constituent quark mass is about Mq ⇡

350MeV, while the constituent gluon mass, fitted
from glueball spectra [1, 2], is Mg ⇡ 900MeV. Their
ratio (⇡ 2.57) is close to the Casimir scaling ra-
tio 9/4, which governs the strength of perturbative
Coulomb interactions. The adjoint confining poten-
tial is also stronger by approximately the same factor
[1, 2]. This suggests that Casimir scaling may be ap-
proximately used for glueball-to-meson mass ratios
as well.

⇤ edward.shuryak@stonybrook.edu
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Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
systematically a bit heavier than tetraquarks.
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Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates
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This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:
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Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
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MeV)

1��  (4230), (4360), 1++ �c1(3872),
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6

can be understood as a convolution of two Cornell
potentials, corresponding to the interaction of each
quark with an (octet) gluon.

A technical remark: we have minimized the
Hamiltonian with respect to the parameter � in-
dependently for each value of the quark–antiquark
separation r. However, we find that the position of
the minimum, �min(r), depends only weakly on r.

Furthermore, in Appendix D we performed a vari-
ational study using a Gaussian ansatz with two in-
dependent parameters, describing the transverse and
longitudinal widths of the gluon distribution. Both
parameters turn out to be close to the same value,
�min ⇡ 0.6GeV, and the resulting potentials are very
similar to those obtained with the isotropic ansatz,
so we do not discuss them further. This value corre-
sponds to a root-mean-square size of the gluon dis-
tribution

Rg

rms =

r
3

2
��1

⇡ 0.40 fm.

III. OVERLAPS BETWEEN CHARMONIA
AND HYBRIDS

We have solved Schrodinger equation for ⌃�
g

hy-
brids and compare their energies to charmonium ⌃+

g
,

using parameterizations of potentials shown in lower
Fig.2. The first three levels are ((GeV ))

E⌃�
g
[n]/GeV = 4.46, 4.96, 5.42, ... (31)

The first two we relate to two experimentally ob-
served states (all in MeV )

 (4360),M = 4374± 7 ,� = 118± 12

 (4660),M = 4630± 6 , � = 72± 13 (32)

due to their decay pattern (see below) .
Note that we only use spin-independent potential,

and that charmonia levels in the same approxima-
tion are

E⌃+
g
[n]/GeV = 3.10, 3.67, 4.09... (33)

Note that the gap between ⌃�
g

and ⌃+
g

states is ap-
proximately the same for all of them.

Let us then compare the normalized wave func-
tions

�n(r) =
 n(r)qR
| n)|2r2dr

FIG. 3. Three lowest normalized wave functions
(black,blue and brown) versus r(GeV �1)for ⌃+

g charmo-
nia (solid lines ) compared to those for three lowest hy-
brids (dashed lines of the same colors).

for the ⌃�
g

potential to those for the charmonium one
⌃+

g
, see Fig.3. As one can see from it, these wave

functions are very similar, except at small distances
due to different Coulomb forces.

Mentioned two hybrid candidates states were seen
decaying to 1S,2S and tensor  2 charmonium states
complemented by pair of pions,  i(3686) + ⇡+⇡�.
Although there are no plots to this effect known to
us, we still assume that the pion pair in JP = 0+

channel is dominated by �, the chiral partner of pi-
ons, and treat those as two-body decays. We further
associate those with scalar quark-gluon operator

Omix = �C(c̄T a�µ⌫c)G
a

µ⌫
(34)

where C is unknown coupling constant and Ga
µ⌫

is
the field strength of a gluon. Note that the bracket
can be associated with the color-magnetic moment
of the c̄c pair, interacting with color-magnetic field
strength of effective gluon.

Decay matrix elements should be proportional to
overlap matrix of the wave functions

Omn =

Z
drr2�⌃�

g
(m)�⌃+

g
(n) (35)

We calculated its 3 ⇥ 3 upper corner with the ob-
tained wave functions, the results are given in Table
I. Note that similarity of the respective wave func-
tions leads to diagonal overlaps be all close to one,
while others are much smaller. In is interesting to
check if this simple idea indeed fits the actual infor-
mation about widths (32). Standard expression for
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0.962506 0.221047 0.115586
0.248419 0.950676 0.126904
0.0890036 0.164056 0.972669

TABLE I. Overlaps defined in (35).

binary decays is

�mn = |Mmn|
2 pCM

8⇡m2
m

(36)

Assuming dominance of “diagonal" decays

⌃�
g
[1] ! ⌃+

g
[1] + �,⌃�

g
[2] ! ⌃+

g
[2] + �

we obtain the same pCM ⇡ 1GeV for both, and
putting in the ratio of masses squared one finds the
state 2 more narrow than 1 (which is unusual). More
precisely, using the ratio of the observed widths (32)
we get the ratio of the matrix elements

|
M22

M11
| ⇡ 0.88± 0.09 (37)

basically consistent with unity. So, our simple idea
of dominant and equal diagonal m ! m transitions

Mmn ⇠ �mn

passes this crude test.
Of course, with more information about the de-

cays of those states would be needed to test it fur-
ther. Unfortunately, branching ratios of are not
listed in RPP even when transitions themselves are
“seen". One has to wait for those to deduce empirical
information about overlap matrix elements.

IV. SPIN-DEPENDENT INTERACTIONS
AND THE HYBRID MULTIPLETS

Having determined the central hybrid potentials
in the constituent-gluon molecular picture, one must
next include the spin-dependent interactions. These
terms are essential because the light excitation car-
ries nonzero angular momentum, and the physical
hybrid spectrum is organized by the coupling of the
heavy-quark spins, the orbital motion of the heavy
pair, and the spin of the constituent gluon. In the
present framework the spin-dependent interactions
arise from two sources: perturbative short-distance
exchange and nonperturbative instanton-induced
forces. The resulting structure is closely analogous

to the constituent-gluon Hamiltonian used for glue-
balls, but now with one gluon and two heavy sources
rather than two gluons.

We write the hybrid Hamiltonian in the form

Hhyb = 2MQ +
p2
r

MQ

+ V�(r) + VSD(r), (38)

where the central adiabatic potential V�(r) is ob-
tained from the variational treatment described
above, and the spin-dependent contribution is de-
composed as

VSD(r) = V (QQ̄)
LS

(r)+V (g)
LS

(r)+VSS(r)+VT (r)+Vmix(r).
(39)

The term V (QQ̄)
LS

describes the coupling of the heavy-
quark spin to the orbital motion of the heavy pair,
V (g)
LS

the coupling of the constituent-gluon spin to the
same orbital motion, VSS the spin-spin interaction
between the heavy pair and the gluon, VT the tensor
force, and Vmix the noncentral interaction that mixes
different BO or partial-wave channels.

A. Standard terms

The simplest starting point is the perturbative
one-gluon-exchange interaction. Because the heavy
pair is in an octet configuration inside the hybrid,
the color coefficients differ from those in ordinary
quarkonium. Retaining only the spin-dependent
terms in the nonrelativistic reduction, one obtains

V (QQ̄)
LS

(r) =
aQ(r)

M2
Q

~L · ~SQQ̄, (40)

V (g)
LS

(r) =
ag(r)

MQmg

~L · ~Sg, (41)

VSS(r) =
b(r)

MQmg

~SQQ̄ · ~Sg, (42)

and

VT (r) =
c(r)

MQmg

S12(r̂), (43)

where

S12(r̂) = 3(~SQQ̄ · r̂)(~Sg · r̂)� ~SQQ̄ · ~Sg. (44)

For a Coulombic interaction VC(r) = �/r, the
short-distance parts of the coefficients are
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FIG. 4. Four lowest eigenstates of the Hamiltonian for
the ccg hybrid. The numbers above the plots are eigen-
values. In contrast to the Laplacian case, there are no
degenerate pairs, and the wave functions do not exhibit
full triangular symmetry.

In momentum representation, ~ri = i @/@~pi, so this
leads to the two-dimensional Laplacian on the trian-
gle.

In contrast, for the hybrid (with the gluon desig-
nated as constituent number 3), we keep only two
relative distances

(~r1 � ~r3)
2 + (~r3 � ~r2)

2 = ~⇢ 2 + 3~� 2,

which results in a different second-order differential
operator.

We have computed the eigenfunctions of the cor-
responding Hamiltonian on the triangle using Math-
ematica. Unlike the Laplacian on this triangle (stud-
ied previously), the spectrum does not exhibit exci-
tation brunch with double degeneracy. Four lowest
eigenvalues and eigenfunctions are shown in Fig. 4.

To illustrate the role of the “potential” term (66)
generated by the kinetic energy, we compare the
ground-state wave function obtained with (solid
line) and without (dashed line) this term in Fig. 5.

Using the obtained ground-state wave function,
we compute the gluon PDF (particle 3) by squaring
it and integrating over the variable ⇢. The result is
shown in Fig. 6 (points and solid line).

FIG. 5. Ground-state wave function of the ccg hybrid
at ⇢ = 0 as a function of �. The solid line corresponds
to the full Hamiltonian including the effective potential
(66), while the dashed line shows the result without it.

VI. JACOBI COORDINATES FOR 4
BODIES WITH DIFFERENT MASSES

Let us begin by commenting on the kinematic dif-
ferences relative to the ccg case discussed above. In
addition to having one more constituent, the gluon
is now not the lightest but in fact the heaviest parti-
cle, since Mq = 350MeV while Mg = 900MeV. The
gluon mass is therefore comparable to the combined
mass of the three quarks. It is then natural that
the gluon will mostly be at the center of the bound
state.

We start with the standard Jacobi construction

FIG. 6. Gluon PDF in the ccg hybrid, compared to the
approximation ⇠ x3(1� x)6 (dashed line).
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leading symmetry-allowed form vanishes at r = 0
and may be parameterized as

Vmix(r) = µ⇧⌃ r e�r
2
/R

2
⇧⌃ O⇧⌃, (55)

where O⇧⌃ acts in the channel space of the light-field
doublet. This term is responsible for the splitting
and mixing of the ⇧u and ⌃�

u
levels away from the

gluelump limit.
One may now classify the resulting hybrid multi-

plets. For the lowest gluonic excitation one has

JPC

g
= 1+�, ⇤ = 1, (56)

corresponding to the ⇧u/⌃�
u

pair. Coupling this
light excitation to the heavy-quark spin SQQ̄ = 0, 1
and to the orbital motion L of the heavy pair gives
the physical hybrid states. For the lowest radial level
one we use L = 1, since the parity of the hybrid is

P = ✏ (�1)L+⇤+1, C = ⌘ (�1)L+⇤+SQQ̄ , (57)

with ⌘ = �1 for u and ✏ = ±1 distinguishing the
reflection quantum number in the ⌃ sector.

For SQQ̄ = 0, coupling L = 1 to Jg = 1 yields

J = 0, 1, 2, (58)

and therefore the triplet

{ 1�, 0�+, 1�+, 2�+
}, (59)

where the 1�+ state is spin-exotic. For SQQ̄ = 1,
the same construction produces the multiplet

{ 0�, 1�, 2�, 0�+, 1�+, 2�+, 3�+
}. (60)

It is convenient to reorganize these states into heavy-
quark spin-symmetry multiplets. At leading order
in 1/MQ, states differing only by the orientation of
SQQ̄ are degenerate, and the spin-dependent terms
in (52) lift this degeneracy perturbatively.

For practical calculations we will evaluate the ma-
trix elements of the operators ~L·~SQQ̄, ~L·~Sg, ~SQQ̄ ·~Sg,
and S12 in the coupled basis

��((LJg)N SQQ̄)JM
↵
, (61)

or equivalently in a basis where Jg and SQQ̄ are first
coupled. The diagonal spin-orbit and spin-spin ma-
trix elements are,

h~L · ~SQQ̄i =
1

2

h
J(J+1)�N(N+1)�SQQ̄(SQQ̄+1)

i

(62)
after the appropriate recoupling, while the tensor op-
erator produces off-diagonal mixing between states
with �L = 0,±2. It is this tensor force, together
with the explicit ⇧u–⌃�

u
channel mixing in (55), that

generates the fine structure of the low-lying hybrid
spectrum.

V. c̄cg HYBRIDS ON THE LIGHT FRONT

In this section we focus on charm–anticharm hy-
brids, c̄gc, treated as. a general three-body system.
It differs from, say, the ccc baryon in two important
ways. First, the kinematics is somewhat asymmet-
ric, since the effective gluon mass is different,

Mg ⇠ 0.9GeV < Mc ⇡ 1.5GeV. (63)

Second, the color structure is completely different.
As discussed in [9], baryons are approximately de-
scribed by a sum of three binary potentials, whereas
in the hybrid there are only two, connecting each
quark to the gluon.

To recall the kinematics, we express the longitudi-
nal momentum fractions xi in terms of Jacobi vari-
ables ⇢,�:

x1 =
2 +

p
6�+ 3

p
2 ⇢

6
,

x2 =
2 +

p
6�� 3

p
2 ⇢

6
,

x3 =
1�

p
6�

3
. (64)

These satisfy x1 + x2 + x3 = 1.
The variables ⇢,� are defined inside an equilateral

triangle with vertices

(0,�
p
2/3), (1/

p
2, 1/

p
6), (�1/

p
2, 1/

p
6),
(65)

at which one of the xi equals 1.
The light-front kinetic energy is

Hkin =
X

i

M2
i
+ p2

i,?
xi

, (66)

and becomes large near the edges of the triangle,
where one of the xi ! 0.

As in our previous treatment of baryons on the
light front [9], we quantize the system in momentum
space, where the expression above plays the role of
an effective potential. The derivative terms arise
from the confining interaction, which, after a stan-
dard rewriting, can be expressed as a sum of squared
coordinate differences.

We use Jacobi coordinates ~⇢,~� related to the par-
ticle coordinates ~ri, with

P
i
~ri = 0 so that the center

of mass is at rest.
For baryons, the confining potential written as a

sum of relative distances reads

(~r1 � ~r2)
2 + (~r1 � ~r3)

2 + (~r3 � ~r2)
2 = 3(~⇢ 2 + ~� 2).

forward WF on a triangle
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In contrast, for the hybrid (with the gluon desig-
nated as constituent number 3), we keep only two
relative distances

(~r1 � ~r3)
2 + (~r3 � ~r2)

2 = ~⇢ 2 + 3~� 2,

which results in a different second-order differential
operator.

We have computed the eigenfunctions of the cor-
responding Hamiltonian on the triangle using Math-
ematica. Unlike the Laplacian on this triangle (stud-
ied previously), the spectrum does not exhibit exci-
tation brunch with double degeneracy. Four lowest
eigenvalues and eigenfunctions are shown in Fig. 4.

To illustrate the role of the “potential” term (66)
generated by the kinetic energy, we compare the
ground-state wave function obtained with (solid
line) and without (dashed line) this term in Fig. 5.

Using the obtained ground-state wave function,
we compute the gluon PDF (particle 3) by squaring
it and integrating over the variable ⇢. The result is
shown in Fig. 6 (points and solid line).

FIG. 5. Ground-state wave function of the ccg hybrid
at ⇢ = 0 as a function of �. The solid line corresponds
to the full Hamiltonian including the effective potential
(66), while the dashed line shows the result without it.

VI. JACOBI COORDINATES FOR 4
BODIES WITH DIFFERENT MASSES

Let us begin by commenting on the kinematic dif-
ferences relative to the ccg case discussed above. In
addition to having one more constituent, the gluon
is now not the lightest but in fact the heaviest parti-
cle, since Mq = 350MeV while Mg = 900MeV. The
gluon mass is therefore comparable to the combined
mass of the three quarks. It is then natural that
the gluon will mostly be at the center of the bound
state.

We start with the standard Jacobi construction

0.0 0.2 0.4 0.6 0.8

0.005
0.010

0.050
0.100

0.500
1

FIG. 6. Gluon PDF in the ccg hybrid, compared to the
approximation ⇠ x3(1� x)6 (dashed line).
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for four particles with unequal masses. The coor-
dinates are defined in terms of the original particle

coordinates xi as

↵ = �x1 + x2, (67)

� =
M1x1 +M2x2

M1 +M2
� x3,

� =
M1x1 +M2x2 +M3x3

M1 +M2 +M3
� x4,

� =
M1x1 +M2x2 +M3x3 +M4x4

M1 +M2 +M3 +M4
.

The coordinate � corresponds to the center-of-mass
(CM) position and is set to zero.

By computing the inverse transformation, one
can express the original coordinates xi in terms of
↵,�, �, �, and determine the metric from the line el-
ement. The result is

dl2 =
M2

1 +M2
2

(M1 +M2)2
d↵2 +

M2
1 + 2M1M2 +M2

2 + 2M2
3

(M1 +M2 +M3)2
d�2

�
2(M1 +M2 � 2M3)

(M1 +M2 +M3)(M1 +M2 +M3 +M4)
d� (M4d� + (M1 +M2 +M3 +M4) d�)

+
1

(M1 +M2 +M3 +M4)2

h
(M2

1 +M2
2 + 2M2M3 +M2

3 + 2M1(M2 +M3) + 3M2
4 ) d�

2

� 2(M2
1 +M2

2 +M2
3 + 2M2(M3 �M4) + 2M1(M2 +M3 �M4)� 2M3M4 � 3M2

4 ) d� d�

+ 4(M1 +M2 +M3 +M4)
2 d�2

i

+
2(M1 �M2)

(M1 +M2)(M1 +M2 +M3)(M1 +M2 +M3 +M4)
d↵

⇥

h
M3(M1 +M2 +M3 +M4) d� + (M1 +M2 +M3) (M4d� + (M1 +M2 +M3 +M4) d�)

i
. (68)

From this metric one can construct the Laplacian in
the form gµ⌫@µ@⌫ , which is non-diagonal.

We now simplify the expressions by taking equal
quark masses,

M1 = M2 = M3 = m, M4 = Mg. (69)

In this case the operator is no longer the standard
Laplacian, but reduces to an anisotropic quadratic
form,

↵2

2
+

2�2

3
+ 3�2. (70)

VII. BARYON-GLUON qqqg HYBRID ON
THE LF

We now discuss a qqqg hybrid state on the LF,
using the same separation of variables as in the qqq

baryon analysis in [2, 9]. The transverse dynam-
ics is described in Jacobi momenta by a harmonic-
oscillator basis, while the longitudinal dynamics is
described directly on the tetrahedral simplex in
terms of the parton fractions xi.

A. Transverse wave function

For the mass assignments

M1 = M2 = M3 ⌘ m, M4 ⌘ Mg, (71)

we use the intrinsic transverse Jacobi momenta

k↵ =
1
p
2
(k?1 � k?2) , (72)

k� =

r
2

3

✓
k?3 �

k?1 + k?2

2

◆
, (73)

since here g is the heaviest it is in the center 
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We present a unified description of heavy hybrid hadrons based on a constituent-gluon picture
embedded in the Born-Oppenheimer (BO) framework. In this approach, the gluonic excitation is
treated as a dynamical quasiparticle with a mass generated by instanton-induced interactions. We
propose a simple variational derivation of the BO potentials. The main focus of the paper is the
derivation of light-front wave functions for hybrid systems, specifically for the ccg and qqqg cases. We
employ both variational methods and numerical solutions of the Schrödinger equation in momentum
representation. Using the resulting wave functions, we compute the gluon PDFs for these systems.

I. INTRODUCTION

A. Brief overview

A recent active period in hadronic spectroscopy
started about two decades ago with multiple discov-
eries of hadronic states that are neither mesons nor
baryons. First, in charmonium spectroscopy, these
were the XYZ resonances, which clearly do not fit
a c̄c interpretation. Those with nonzero isospin are
naturally interpreted as tetraquarks c̄cq̄q, and are
now commonly denoted as Tcc̄ states. Others, specif-
ically in the vector JPC = 1�� channel, are still
called  , retaining the same names as charmonium
states.

Further studies of these “non-charmonium" states
revived the long-standing issue of so-called hybrid
states, with structure Q̄gQ, involving an additional
“constituent gluon". Those are the subject of our
work.

Before going into technical details, let us dis-
cuss simple qualitative estimates for the masses of
tetraquarks and hybrid states. We begin by propos-
ing a crude relation between meson and glueball
masses. The constituent quark mass is about Mq ⇡

350MeV, while the constituent gluon mass, fitted
from glueball spectra [1, 2], is Mg ⇡ 900MeV. Their
ratio (⇡ 2.57) is close to the Casimir scaling ra-
tio 9/4, which governs the strength of perturbative
Coulomb interactions. The adjoint confining poten-
tial is also stronger by approximately the same factor
[1, 2]. This suggests that Casimir scaling may be ap-
proximately used for glueball-to-meson mass ratios
as well.

⇤ edward.shuryak@stonybrook.edu
† ismail.zahed@stonybrook.edu

Proceeding further, the mass difference between
hybrids and tetraquarks should include the differ-
ence between effective gluon mass and twice the ef-
fective quark mass. Assuming Casimir scaling, one
estimates

Mg � 2Mq ⇡ Mg/4 ⇡ 225MeV.

This combination should therefore appear in the dif-
ference between hybrid and tetraquark masses:

M(hybrids)�M(tetras) ⇡ Mg � 2Mq ⇠ 200MeV.
(1)

Of course, interaction terms in the Hamiltonian, de-
pending on quantum numbers, can contribute cor-
rections of comparable size, but experience sug-
gests partial cancellations. Thus, in a statistical
sense, one expects hybrids to be slightly heavier than
tetraquarks, by about 200MeV.

Let us now compare these naive estimates with
sophisticated theoretical results based on the Born-
Oppenheimer approximation [3] for charmonium-
based tetraquarks and hybrids. Rather than com-
paring the models directly, we consider their in-
terpretation of experimentally observed states (see
“conclusions" and Table XII of that work). The low-
est tetraquarks for five JPC channels are (masses in
MeV)

1��  (4230), (4360), 1++ �c1(3872),

0++ �c0(3915), 0�+ �c0(3940), 0� Tcc0(4240),

while the lowest exotic hybrids are projected to be

1��  (4360), (4390), 1�+ X(4630).

Although it is too early for a channel-by-channel
comparison, one observes that hybrids are indeed
systematically a bit heavier than tetraquarks.
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for four particles with unequal masses. The coor-
dinates are defined in terms of the original particle

coordinates xi as

↵ = �x1 + x2, (67)

� =
M1x1 +M2x2

M1 +M2
� x3,

� =
M1x1 +M2x2 +M3x3

M1 +M2 +M3
� x4,

� =
M1x1 +M2x2 +M3x3 +M4x4

M1 +M2 +M3 +M4
.

The coordinate � corresponds to the center-of-mass
(CM) position and is set to zero.

By computing the inverse transformation, one
can express the original coordinates xi in terms of
↵,�, �, �, and determine the metric from the line el-
ement. The result is

dl2 =
M2

1 +M2
2

(M1 +M2)2
d↵2 +

M2
1 + 2M1M2 +M2

2 + 2M2
3

(M1 +M2 +M3)2
d�2

�
2(M1 +M2 � 2M3)

(M1 +M2 +M3)(M1 +M2 +M3 +M4)
d� (M4d� + (M1 +M2 +M3 +M4) d�)

+
1

(M1 +M2 +M3 +M4)2

h
(M2

1 +M2
2 + 2M2M3 +M2

3 + 2M1(M2 +M3) + 3M2
4 ) d�

2

� 2(M2
1 +M2

2 +M2
3 + 2M2(M3 �M4) + 2M1(M2 +M3 �M4)� 2M3M4 � 3M2

4 ) d� d�

+ 4(M1 +M2 +M3 +M4)
2 d�2

i

+
2(M1 �M2)

(M1 +M2)(M1 +M2 +M3)(M1 +M2 +M3 +M4)
d↵

⇥

h
M3(M1 +M2 +M3 +M4) d� + (M1 +M2 +M3) (M4d� + (M1 +M2 +M3 +M4) d�)

i
. (68)

From this metric one can construct the Laplacian in
the form gµ⌫@µ@⌫ , which is non-diagonal.

We now simplify the expressions by taking equal
quark masses,

M1 = M2 = M3 = m, M4 = Mg. (69)

In this case the operator is no longer the standard
Laplacian, but reduces to an anisotropic quadratic
form,
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2
+

2�2

3
+ 3�2. (70)

VII. BARYON-GLUON qqqg HYBRID ON
THE LF

We now discuss a qqqg hybrid state on the LF,
using the same separation of variables as in the qqq

baryon analysis in [2, 9]. The transverse dynam-
ics is described in Jacobi momenta by a harmonic-
oscillator basis, while the longitudinal dynamics is
described directly on the tetrahedral simplex in
terms of the parton fractions xi.

A. Transverse wave function

For the mass assignments

M1 = M2 = M3 ⌘ m, M4 ⌘ Mg, (71)

we use the intrinsic transverse Jacobi momenta

k↵ =
1
p
2
(k?1 � k?2) , (72)

k� =

r
2

3

✓
k?3 �

k?1 + k?2

2

◆
, (73)

defined on 3d tetrahedron in 4d
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the qqq baryon Hamiltonian of Ref. [9], but now with the correct hybrid confining topology, namely three
qg strings and a common einbein a,

Ĥk(a) =
3X

i=1

!q

xi

+
!g

xg

+ �qg

 
3a+

1

a

3X

i=1

���� i
@

@xi

� i
@

@xg

����
2
!
, (86)

with

!i ⌘
⌦
M2

i
+ p2

i?
↵
, !1 = !2 = !3 ⌘ !q, !4 ⌘ !g.

(87)
The first term is the usual singular LF kinetic energy,
while the second term is the longitudinal kinetic op-
erator generated by the string Hamiltonian after the
einbein trick. The constant term is now 3a, reflect-
ing the three qg confining links, and the derivative
operator involves only the relative quark-gluon mo-
tion. The effective string tension is correspondingly
taken in the qg color channel,

�qg =
Cqg

CF

�T =
9

8
�T . (88)

We use the trial function satisfying Dirichlet

boundary conditions at all faces of tetrahedron

'4(x1, x2, x3, xg) = N (k)
4 (x1x2x3)

↵q x↵g
g
, (89)

with

↵q >
1

2
, ↵g >

1

2
,

with the normalization unchanged,

��N (k)
4

��2 =
�(6↵q + 2↵g + 4)

�(2↵q + 1)3 �(2↵g + 1)
. (90)

For the singular LF kinetic term we still have
*

4X

i=1

!i

xi

+
= (6↵q + 2↵g + 3)

✓
3!q

2↵q

+
!g

2↵g

◆
. (91)

The longitudinal kinetic piece contributes

*
3X

i=1

���� i
@

@xi

� i
@

@xg

����
2
+

=

Z
[dx]4

3X

i=1

����
@'4

@xi

�
@'4

@xg

����
2

⌘ Kx(↵q,↵g), (92)

and for the Dirichlet ansatz this evaluates to

Kx(↵q,↵g) =
3(↵g + ↵q � 1)(↵g + 3↵q + 1)(2↵g + 6↵q + 3)

(2↵g � 1)(2↵q � 1)
. (93)

Hence the longitudinal variational functional is

Ek(a;↵q,↵g) = (6↵q + 2↵g + 3)

✓
3!q

2↵q

+
!g

2↵g

◆
+ �qg


3a+

Kx(↵q,↵g)

a

�
. (94)

Minimization with respect to the common einbein gives

a? =

r
Kx(↵q,↵g)

3
, (95)

and therefore

Emin
k (↵q,↵g) = (6↵q + 2↵g + 3)

✓
3!q

2↵q

+
!g

2↵g

◆
+ 2�qg

q
3Kx(↵q,↵g). (96)

Unlike the previous truncated treatment, the expo- nents ↵q and ↵g are now determined by minimizing
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FIG. 7. Variational wave function as a function of �,
at ↵ = 0. Subseqquent curves, top to bottom, at � =
0, 0.1, 0.2, 0.3, 0.4, 0.5.

(96) numerically.
Using the constituent estimate

!q ' m2, !g ' M2
g
, (97)

with

m = 0.35 GeV, Mg = 0.90 GeV (98)

and the string tensions

�T = 0.18 GeV2, �qg =
9

8
�T = 0.2025 GeV2

(99)
the numerical minimization of (96) gives

↵?

q
= 1.365978, ↵?

g
= 2.505503, a? = 7.136947.

(100)
The shape of this wave function is illustrated in
Fig.7. The total energy of this wave function is
Emin

k = 13.47, out of which the “cup potential" con-
tributes 4.79.

C. Gluon PDF

The gluon PDF is defined by integration over all
but one variable

g(xg) =
Z 1�xg

0
dx1

Z
xg=1�xg�x1

0
dx2 |'4(x1, x2, xg, xg)|

2 .

(101)

Carrying out the simplex integral explicitly gives

g(xg) =
�(6↵q + 2↵g + 4)

�(2↵g + 1)�(6↵q + 3)
x2↵g
g

(1� xg)
6↵q+2.

(102)
The functional form is unchanged, but the exponents
are now those obtained from the minimization of the
corrected longitudinal Hamiltonian. More specifi-
cally, it reads

g(xg) / x5.011006
g

(1� xg)
10.195869. (103)

FIG. 8. Gluon PDF (solid-blue line) for the variational
qqqg hybrid obtained from the minimized longitudinal
Hamiltonian with the LF kinetic plus confining term.
The dashed-orange line is without the confining term.

The corrected longitudinal Hamiltonian adds the
derivative contribution 2�qg

p
3Kx(↵q,↵g) to the

variational energy. Expanding around the minimum
of the truncated 1/xi Hamiltonian gives

�↵i = ��qg

X

j=q,g

(H�1)ij
@↵j (3Kx)
p
3Kx

����
0

, i = q, g,

(104)
so the shifts of the endpoint exponents are linear
in �qg at small string tension. The derivative term
penalizes sharp longitudinal gradients in the relative
quark-gluon motion and therefore competes against
the singular 1/xi piece, which by itself favors larger
exponents. As a result, the endpoint powers remain
g(xg) ⇠ x

2↵g
g and g(xg) ⇠ (1 � xg)6↵q+2, but the

optimal values of ↵q and ↵g are renormalized by the
longitudinal kinetic energy.

The role of the corrected longitudinal derivative
term is analogous to the longitudinal kinetic opera-
tor in BLFQ Jacobi bases: while the endpoint be-
havior of the gluon PDF remains g(xg) ⇠ x

2↵g
g (1 �

xg)6↵q+2, the optimal endpoint exponents ↵q and ↵g

are shifted because the variational problem now bal-
ances the singular 1/xi terms against a longitudinal
smoothness penalty ⇠

P3
i=1 |

�
@xi � @xg

�
'|2.

16

FIG. 9. 2D contour plot of the variational wavefunction of qqqg hybrid, as a function of ↵,� variables, at � = 1
4 .

E. PDF of quarks

For the variational longitudinal ansatz used in the qqqg sector, the PDF of any one of the three identical
quarks follows by integrating the squared wave function over the remaining simplex,

q(x) ⌘

Z 1�x

0
dxj

Z 1�x�xj

0
dxk |�4(x, xj , xk, 1� x� xj � xk)|

2 . (114)

Because the three quarks enter symmetrically, this gives the same distribution for x1, x2, or x3. Using the
Dirichlet integral,

q(x) =
�(6↵⇤

q
+ 2↵⇤

g
+ 4)

�(2↵⇤
q
+ 1)�(4↵⇤

q
+ 2↵⇤

g
+ 3)

x2↵⇤
q (1� x)4↵

⇤
q+2↵⇤

g+2. (115)

which yields numerically

q(x) / x2.731956(1� x)12.474919. (116)

This is the quark analogue of Eq. (112) for the gluon
PDF, with the large-x falloff now governed by the
two spectator quarks plus the gluon.

We note that while the standard Jacobi variable
� isolates the gluon momentum fraction,

xg =
1� 3�

4
, (117)

the single quark fraction is not aligned with one

of the original (↵,�, �) Jacobi coordinates. For
a uni-dimensional quark distribution, the pertinent
choice is therefore a quark-adapted Jacobi variable
obtained by singling out one quark instead of the
gluon,

�q ⌘
1� 4xq

3
, xq =

1� 3�q
4

, (118)

with xq any one of x1, x2, x3. In terms of �q,
Eq. (115) becomes

q�q (�q) ⌘ q

✓
1� 3�q

4

◆ ����
dxq

d�q

���� =
3�(6↵⇤

q
+ 2↵⇤

g
+ 4)

4�(2↵⇤
q
+ 1)�(4↵⇤

q
+ 2↵⇤

g
+ 3)

✓
1� 3�q

4

◆2↵⇤
q
✓
3(1 + �q)

4

◆4↵⇤
q+2↵⇤

g+2

,

(119)
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Topological landscape of gauge fields

34 3 The QCD vacuum, chiral symmetries and confinement

set of thimbles connecting different extrema. On each thimble the phase of the integrand is constant, allowing
the original complex integral to be rewritten as a sum of real integrals (with complex coefficients) that may
be separately amenable to standard numerical methods, like Monte-Carlo sampling.

This opens an intriguing possibility for the complexification of path integrals, both in quantum mechanics
and in quantum field theory. While this approach is not yet fully developed, it may ultimately provide a
nontrivial bridge between perturbative and nonperturbative physics. Here, however, we stop and move on to
instantons in quantum field theory, and in particular in QCD.

3.2 The topological landscape of gauge fields

The landscape refers to the set of minimal-energy gauge-field configurations as a function of two main
variables. The first is the topological Chern-Simons number,

NCS ⌘
✏↵��

16⇡2

Z
d3x

✓
Aa

↵@�Aa
� +

1

3
✏abcAa

↵Ab
�Ac

�

◆
, (3.7)

while the second variable is the r.m.s. size of the configuration, related to the spatial distribution of the
squared field strength,

⇢r.m.s. =

R
r2G2

µ⌫d3rR
G2

µ⌫d3r
. (3.8)

For fixed ⇢, the landscape is shown in Fig. 3.2. It was defined in [Ostrovsky et al., 2002] in the parametric
form

Umin(k, ⇢) = (1 � k2)2
3⇡2

g2⇢
, (3.9)

NCS(k) =
1

4
sign(k)(1 � |k|)2(2 + |k|),

with parameter k. At k = ±1 the minimal energy vanishes, while k = 0 corresponds to a maximum of the
energy. This point was called sphaleron in electroweak theory [Klinkhamer and Manton, 1984].

The set of configurations at arbitrary k is known as the sphaleron path. These are static three-dimensional
magnetic field configurations, also referred to as turning points (by analogy with quantum mechanics, where
the semiclassical momentum vanishes). Such configurations are local energy minima in all directions except
the size and NCS directions, which are held fixed.

The (anti)instanton corresponds to a tunneling path (blue arrow) connecting the bottoms of two neigh-
boring valleys at zero energy. Since these configurations carry topological charge Q = ±1, they induce a
change in the Chern-Simons number �NCS = ±1.

However, instanton paths are not the only form of topological fluctuations that may occur in this landscape.
Indeed, we will discuss two additional classes of paths: (i) those that move along the landscape following the
sphaleron path (or streamline); (ii) those that traverse the landscape at fixed energy, including tunneling.
All of these are illustrated in Fig. 3.2.

The first class is described by a constrained Yang-Mills equation with a nonzero right-hand side, interpreted
as an external current that drags the configuration up (or down) the potential along its gradient. In the
mathematical literature, it is known as Lefschetz timble, a special path connecting two extrema of a function
by following its gradient.

The second class is described by the Yang-Mills equations with a zero right-hand side and therefore occurs
at fixed energy. The history of such a path passes through the turning points twice, with a Euclidean-time
solution in between, a process known as tunneling at nonzero energy. In general, these paths should be

34 3 The QCD vacuum, chiral symmetries and confinement

set of thimbles connecting different extrema. On each thimble the phase of the integrand is constant, allowing
the original complex integral to be rewritten as a sum of real integrals (with complex coefficients) that may
be separately amenable to standard numerical methods, like Monte-Carlo sampling.

This opens an intriguing possibility for the complexification of path integrals, both in quantum mechanics
and in quantum field theory. While this approach is not yet fully developed, it may ultimately provide a
nontrivial bridge between perturbative and nonperturbative physics. Here, however, we stop and move on to
instantons in quantum field theory, and in particular in QCD.

3.2 The topological landscape of gauge fields

The landscape refers to the set of minimal-energy gauge-field configurations as a function of two main
variables. The first is the topological Chern-Simons number,

NCS ⌘
✏↵��

16⇡2

Z
d3x

✓
Aa

↵@�Aa
� +

1

3
✏abcAa

↵Ab
�Ac

�

◆
, (3.7)

while the second variable is the r.m.s. size of the configuration, related to the spatial distribution of the
squared field strength,

⇢r.m.s. =

R
r2G2

µ⌫d3rR
G2

µ⌫d3r
. (3.8)

For fixed ⇢, the landscape is shown in Fig. 3.2. It was defined in [Ostrovsky et al., 2002] in the parametric
form

Umin(k, ⇢) = (1 � k2)2
3⇡2

g2⇢
, (3.9)

NCS(k) =
1

4
sign(k)(1 � |k|)2(2 + |k|),

with parameter k. At k = ±1 the minimal energy vanishes, while k = 0 corresponds to a maximum of the
energy. This point was called sphaleron in electroweak theory [Klinkhamer and Manton, 1984].

The set of configurations at arbitrary k is known as the sphaleron path. These are static three-dimensional
magnetic field configurations, also referred to as turning points (by analogy with quantum mechanics, where
the semiclassical momentum vanishes). Such configurations are local energy minima in all directions except
the size and NCS directions, which are held fixed.

The (anti)instanton corresponds to a tunneling path (blue arrow) connecting the bottoms of two neigh-
boring valleys at zero energy. Since these configurations carry topological charge Q = ±1, they induce a
change in the Chern-Simons number �NCS = ±1.

However, instanton paths are not the only form of topological fluctuations that may occur in this landscape.
Indeed, we will discuss two additional classes of paths: (i) those that move along the landscape following the
sphaleron path (or streamline); (ii) those that traverse the landscape at fixed energy, including tunneling.
All of these are illustrated in Fig. 3.2.

The first class is described by a constrained Yang-Mills equation with a nonzero right-hand side, interpreted
as an external current that drags the configuration up (or down) the potential along its gradient. In the
mathematical literature, it is known as Lefschetz timble, a special path connecting two extrema of a function
by following its gradient.

The second class is described by the Yang-Mills equations with a zero right-hand side and therefore occurs
at fixed energy. The history of such a path passes through the turning points twice, with a Euclidean-time
solution in between, a process known as tunneling at nonzero energy. In general, these paths should be
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Fig. 3.2 Topological landscape, shown as the gauge-field energy multiplied by the r.m.s. size versus the Chern-Simons number.

supplemented by Minkowski-time solutions before and after the turning points. The technical term for this
construction is a zigzag path, indicating a transition from real to imaginary time and back again.

3.3 Chiral symmetries of QCD and their breaking

The study of nonperturbative physics in strong interactions began even before the advent of QCD or the intro-
duction of quarks. Already in the early 1960s, Nambu and Jona-Lasinio (NJL) [Nambu and Jona-Lasinio, 1961a],
inspired by the BCS theory of superconductivity, investigated the vacuum structure of a theory with massless

(but strongly interacting) fermions. They showed that an attractive interaction can lead to the formation of
a gap at the surface of the Dirac sea. In other words, fermions can acquire a mass dynamically, rather than
through an explicit mass term in the Lagrangian.

A key difference from the case of superconductivity is that this phenomenon does not occur in the weak-
coupling limit, but instead requires strong coupling.

It is instructive to compare perturbative and nonperturbative forces, using the NJL model as an example
of the latter. The first parameter is the coupling constant. The second important parameter is the ultraviolet
cutoff ⇤NJL ⇠ 1 GeV, below which the hypothetical attractive four-fermion interaction operates. Typical
values used in NJL phenomenology are

GNJL = 19GeV�2, ⇤IR = 0.24 GeV, ⇤UV = 0.645 GeV, (3.10)

for which the constituent quark mass is found to be M ⇡ 0.4 GeV.
Let us compare this to the force arising from one-gluon exchange, Fgluon(k2) = g2/k2. For a typical

momentum exchange inside a meson,
k2 = xx̄ Q2

⇡ Q2/4. (3.11)

The ratio of the NJL interaction to the gluon-exchange force can then be estimated as

GNJL

Fgluon
exp

✓
�

k2

⇤2
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◆
. (3.12)

This ratio is shown in Fig. 3.3. While it decreases at large momenta due to the form factor, it remains larger
than unity over a wide range of momentum transfers.

Conditional energy minimization 

Ostrovsky and Shuryak,2002)
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set of thimbles connecting different extrema. On each thimble the phase of the integrand is constant, allowing
the original complex integral to be rewritten as a sum of real integrals (with complex coefficients) that may
be separately amenable to standard numerical methods, like Monte-Carlo sampling.

This opens an intriguing possibility for the complexification of path integrals, both in quantum mechanics
and in quantum field theory. While this approach is not yet fully developed, it may ultimately provide a
nontrivial bridge between perturbative and nonperturbative physics. Here, however, we stop and move on to
instantons in quantum field theory, and in particular in QCD.

3.2 The topological landscape of gauge fields

The landscape refers to the set of minimal-energy gauge-field configurations as a function of two main
variables. The first is the topological Chern-Simons number,
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while the second variable is the r.m.s. size of the configuration, related to the spatial distribution of the
squared field strength,

⇢r.m.s. =

R
r2G2

µ⌫d3rR
G2

µ⌫d3r
. (3.8)

For fixed ⇢, the landscape is shown in Fig. 3.2. It was defined in [Ostrovsky et al., 2002] in the parametric
form

Umin(k, ⇢) = (1 � k2)2
3⇡2

g2⇢
, (3.9)

NCS(k) =
1

4
sign(k)(1 � |k|)2(2 + |k|),

with parameter k. At k = ±1 the minimal energy vanishes, while k = 0 corresponds to a maximum of the
energy. This point was called sphaleron in electroweak theory [Klinkhamer and Manton, 1984].

The set of configurations at arbitrary k is known as the sphaleron path. These are static three-dimensional
magnetic field configurations, also referred to as turning points (by analogy with quantum mechanics, where
the semiclassical momentum vanishes). Such configurations are local energy minima in all directions except
the size and NCS directions, which are held fixed.

The (anti)instanton corresponds to a tunneling path (blue arrow) connecting the bottoms of two neigh-
boring valleys at zero energy. Since these configurations carry topological charge Q = ±1, they induce a
change in the Chern-Simons number �NCS = ±1.

However, instanton paths are not the only form of topological fluctuations that may occur in this landscape.
Indeed, we will discuss two additional classes of paths: (i) those that move along the landscape following the
sphaleron path (or streamline); (ii) those that traverse the landscape at fixed energy, including tunneling.
All of these are illustrated in Fig. 3.2.

The first class is described by a constrained Yang-Mills equation with a nonzero right-hand side, interpreted
as an external current that drags the configuration up (or down) the potential along its gradient. In the
mathematical literature, it is known as Lefschetz timble, a special path connecting two extrema of a function
by following its gradient.

The second class is described by the Yang-Mills equations with a zero right-hand side and therefore occurs
at fixed energy. The history of such a path passes through the turning points twice, with a Euclidean-time
solution in between, a process known as tunneling at nonzero energy. In general, these paths should be
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Fig. 2.2 The left sketch shows a pion propagating through the instanton vacuum; the right shows a nucleon. In the latter, the
ud pair forms "good diquarks”. Blue dots mark quark mass insertions where chirality flips occur.

sor 2+ channels exhibit no first-order effect3. One notable prediction made in [Schäfer and Shuryak, 1995]
was that the scalar glueball

has much smaller size, with the radius near
rmass ⇡ 0.2 fm. After decades of hints, recent lattice works (e.g. [Abbott et al., 2025]) strongly support

this prediction.

2.2 Bridging hadronic spectroscopy to partonic observables

Hadronic spectroscopy emerged in the 1950s with the discovery of numerous hadronic resonances, the excited
states of mesons and baryons. The classification of these states was placed on firm footing in the 1960s through
the flavor SU(3) symmetry introduced by Gell-Mann and Zweig. The 1970s brought dramatic progress:
asymptotic freedom and QCD was discovered [Gross and Wilczek, 1973] and [Politzer, 1973]. Then heavy-
quark bound states ( quarkonia) were observed experimentally. Starting around 1980s, numerical simulation
on 4d lattice has evolved into a highly successful tool, with simulations now reproducing hadronic spectra
and properties with impressive accuracy. One might therefore think that most conceptual developments were
concluded in the late twentieth century.

Yet the field has undergone a pronounced revival, as many new hadrons have been discovered. In partic-
ularly tetraquarks and pentaquarks are in Particle Data.

Increasing attention is once again turning to six-quark (hexaquark) and twelve-quark configurations, which
may play a role in the structure of the deuteron and 4He.

The renewed theoretical efforts have reignited questions concerning the origin of the forces among quarks,
both heavy and light, and have motivated deeper exploration of connections between these forces and the
structure of the QCD vacuum. Relations between baryonic and mesonic forces have been generalized to mul-
tiquark systems, and puzzles associated with spin-dependent interactions, particularly spin-orbit couplings,
have inspired new analyses. Later chapters will introduce the relevant quark symmetry group represen-
tations, methods for constructing spectra and wave functions using recent features of Mathematica, and

3 This occurs because a strong instanton field nevertheless has zero stress tensor.
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has much smaller size, with the radius near
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this prediction.

2.2 Bridging hadronic spectroscopy to partonic observables

Hadronic spectroscopy emerged in the 1950s with the discovery of numerous hadronic resonances, the excited
states of mesons and baryons. The classification of these states was placed on firm footing in the 1960s through
the flavor SU(3) symmetry introduced by Gell-Mann and Zweig. The 1970s brought dramatic progress:
asymptotic freedom and QCD was discovered [Gross and Wilczek, 1973] and [Politzer, 1973]. Then heavy-
quark bound states ( quarkonia) were observed experimentally. Starting around 1980s, numerical simulation
on 4d lattice has evolved into a highly successful tool, with simulations now reproducing hadronic spectra
and properties with impressive accuracy. One might therefore think that most conceptual developments were
concluded in the late twentieth century.

Yet the field has undergone a pronounced revival, as many new hadrons have been discovered. In partic-
ularly tetraquarks and pentaquarks are in Particle Data.

Increasing attention is once again turning to six-quark (hexaquark) and twelve-quark configurations, which
may play a role in the structure of the deuteron and 4He.

The renewed theoretical efforts have reignited questions concerning the origin of the forces among quarks,
both heavy and light, and have motivated deeper exploration of connections between these forces and the
structure of the QCD vacuum. Relations between baryonic and mesonic forces have been generalized to mul-
tiquark systems, and puzzles associated with spin-dependent interactions, particularly spin-orbit couplings,
have inspired new analyses. Later chapters will introduce the relevant quark symmetry group represen-
tations, methods for constructing spectra and wave functions using recent features of Mathematica, and

3 This occurs because a strong instanton field nevertheless has zero stress tensor.
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states of mesons and baryons. The classification of these states was placed on firm footing in the 1960s through
the flavor SU(3) symmetry introduced by Gell-Mann and Zweig. The 1970s brought dramatic progress:
asymptotic freedom and QCD was discovered [Gross and Wilczek, 1973] and [Politzer, 1973]. Then heavy-
quark bound states ( quarkonia) were observed experimentally. Starting around 1980s, numerical simulation
on 4d lattice has evolved into a highly successful tool, with simulations now reproducing hadronic spectra
and properties with impressive accuracy. One might therefore think that most conceptual developments were
concluded in the late twentieth century.

Yet the field has undergone a pronounced revival, as many new hadrons have been discovered. In partic-
ularly tetraquarks and pentaquarks are in Particle Data.

Increasing attention is once again turning to six-quark (hexaquark) and twelve-quark configurations, which
may play a role in the structure of the deuteron and 4He.

The renewed theoretical efforts have reignited questions concerning the origin of the forces among quarks,
both heavy and light, and have motivated deeper exploration of connections between these forces and the
structure of the QCD vacuum. Relations between baryonic and mesonic forces have been generalized to mul-
tiquark systems, and puzzles associated with spin-dependent interactions, particularly spin-orbit couplings,
have inspired new analyses. Later chapters will introduce the relevant quark symmetry group represen-
tations, methods for constructing spectra and wave functions using recent features of Mathematica, and

3 This occurs because a strong instanton field nevertheless has zero stress tensor.



 instanton liquid model (ILM) has two components 

<latexit sha1_base64="6Cx/j8oZh63UBUVNcbbULb7L/+I=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoCMNMqehGKLpxWcU+oDMtmTRtQzOTkGTEMvQj3Pgrblwo4taFO//G9LHQ1gOBwzn3cHNPKBhV2nW/rczS8srqWnY9t7G5tb1j7+7VFE8kJlXMGZeNECnCaEyqmmpGGkISFIWM1MPB1div3xOpKI/v9FCQIEK9mHYpRtpIbfvEHyAh0IUvaKsIC6kv+9znJgFv4ei4VfKNK/kDdB2v2LbzruNOABeJNyN5MEOlbX/5HY6TiMQaM6RU03OFDlIkNcWMjHJ+oohAeIB6pGlojCKignRy1AgeGaUDu1yaF2s4UX8nUhQpNYxCMxkh3Vfz3lj8z2smunsepDQWiSYxni7qJgxqDscNwQ6VBGs2NARhSc1fIe4jibA2PeZMCd78yYukVnS8U8e9KeXLl7M6suAAHIIC8MAZKINrUAFVgMEjeAav4M16sl6sd+tjOpqxZpl98AfW5w8QDZzp</latexit>

 = ⇡2(
⇢

R
)4 ⇡ 0.12 ES, 1982

dilute:

consists of well-separated


instantons 

their  collectivised zero


modes = quark condensate

“molecular component”

which is denser


because overlapping

I and bar-I 


has smaller action

but without near-zero


Dirac eigenvalues!

Ilgenfritz,ES 1988,1993

current lattice studies with G^2,G^3 observables

and gradient flow cooling (extrapolated to zero time)


suggest kappa=O(1)

<latexit sha1_base64="avFZ9cv97fW9Uy/PjuNo/+xexq0=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrgodcYLuikU3bisYi/QGUomzdjQZDIkGaEM3fgqblwo4tbHcOfbmE5noa0/BD7+cw4n5w9iRpV2nG+rsLC4tLxSXC2trW9sbtnbOy0lEolJEwsmZCdAijAakaammpFOLAniASPtYHg9qbcfiVRURPd6FBOfo4eIhhQjbayevefJgai5x6deBYa8Au9qbkY9u+xUnUxwHtwcyiBXo2d/eX2BE04ijRlSqus6sfZTJDXFjIxLXqJIjPAQPZCuwQhxovw0O2AMD43Th6GQ5kUaZu7viRRxpUY8MJ0c6YGarU3M/2rdRIeXfkqjONEkwtNFYcKgFnCSBuxTSbBmIwMIS2r+CvEASYS1yaxkQnBnT56H1knVPa86t2fl+lUeRxHsgwNwBFxwAergBjRAE2AwBs/gFbxZT9aL9W59TFsLVj6zC/7I+vwB7yOUDA==</latexit>

⇢ = 1/3 fm,R = 1 fm

2.2 Bridging hadronic spectroscopy to partonic observables 15

Fig. 2.2 The left sketch shows a pion propagating through the instanton vacuum; the right shows a nucleon. In the latter, the
ud pair forms "good diquarks”. Blue dots mark quark mass insertions where chirality flips occur.

sor 2+ channels exhibit no first-order effect3. One notable prediction made in [Schäfer and Shuryak, 1995]
was that the scalar glueball

has much smaller size, with the radius near
rmass ⇡ 0.2 fm. After decades of hints, recent lattice works (e.g. [Abbott et al., 2025]) strongly support

this prediction.

2.2 Bridging hadronic spectroscopy to partonic observables

Hadronic spectroscopy emerged in the 1950s with the discovery of numerous hadronic resonances, the excited
states of mesons and baryons. The classification of these states was placed on firm footing in the 1960s through
the flavor SU(3) symmetry introduced by Gell-Mann and Zweig. The 1970s brought dramatic progress:
asymptotic freedom and QCD was discovered [Gross and Wilczek, 1973] and [Politzer, 1973]. Then heavy-
quark bound states ( quarkonia) were observed experimentally. Starting around 1980s, numerical simulation
on 4d lattice has evolved into a highly successful tool, with simulations now reproducing hadronic spectra
and properties with impressive accuracy. One might therefore think that most conceptual developments were
concluded in the late twentieth century.

Yet the field has undergone a pronounced revival, as many new hadrons have been discovered. In partic-
ularly tetraquarks and pentaquarks are in Particle Data.

Increasing attention is once again turning to six-quark (hexaquark) and twelve-quark configurations, which
may play a role in the structure of the deuteron and 4He.

The renewed theoretical efforts have reignited questions concerning the origin of the forces among quarks,
both heavy and light, and have motivated deeper exploration of connections between these forces and the
structure of the QCD vacuum. Relations between baryonic and mesonic forces have been generalized to mul-
tiquark systems, and puzzles associated with spin-dependent interactions, particularly spin-orbit couplings,
have inspired new analyses. Later chapters will introduce the relevant quark symmetry group represen-
tations, methods for constructing spectra and wave functions using recent features of Mathematica, and

3 This occurs because a strong instanton field nevertheless has zero stress tensor.
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Figure 2. (Color online) Evolution of the average instanton size (leftmost upper), density (right-
most upper) and the histogram of sizes (lower) with the Gradient flow time for 100 quenched gauge
field configurations corresponding to � = 4.2 (see Tab. 2). The error bars for the instanton size
show the width of the distribution rather than the standard deviation of the mean. For the density,
the error bars incorporate an estimate of the systematic uncertainty associated to the distance filter
discussed in the text.

when the density drops. We have checked that, if the Gradient flow is driven by the Iwasaki
gauge action, the observed evolution does not differ from the one described above.

4 Momentum running, flow evolution and flavor effects

As we have discussed in Sec. 2, the running of two- and three-gluon Green’s functions can
be combined to yield a strong coupling definition, the estimate of which, computed from
the gauge fields for a semiclassical multi-instanton ensemble leaves us with a very striking
signature for the presence of instantons. In the following, we will use this coupling obtained
from the lattice gauge fields to detect instantons by analyzing its running both at large-
and small-momenta, as explained in Ref. [29], for all the set-up’s of Tab. 1. We will then
compare the obtained results with the ones stemming from instanton localization for the
quenched case at � = 4.2 derived in the previous section, and will also study their evolution
with the Gradient flow time. Furthermore, we will take advantage of the other lattice
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Figure 5. (Color online) Comparison of the instanton density evolution with Gradient flow time
(in units of t0 = 0.01125fm2) from instanton localization (red) and from ↵MOM(k) (blue). The
dashed lines correspond to Eq. (4.3) resulting from the toy model described in the text which
fits either localization (red) or Green’s functions estimates (blue). The value at zero flow time
extrapolated from the instanton localization estimates strikingly coincides with the result from the
Green’s functions.

Now, as Eq. (2.11) tells, the IR running of ↵MOM(k) is basically determined by the
instanton density and, thus, a direct comparison of the results of the low-momenta fits
shown in Fig. 6 makes possible the scrutiny of the evolution of this density with the number
of flavors. Indeed, it suggests that the instanton density increases monotonously with the
number of dynamical flavors. If we furthermore accept that the ratio �⇢2/⇢̄2 is the same for
Nf = 0, Nf = 2+1 and Nf = 2+1+1, we obtain that the instanton density increases by a
factor 1.3(1) from Nf = 0 to Nf = 2+1 and by a factor 1.5(1) from Nf = 0 to Nf = 2+1+1.
These two ratios are nearly compatible within the errors and this suggests a very mild effect
of the charm quark on the instanton density, certainly owing to its sizeable mass threshold.
The role of the charm quark and the dependence on the quark masses has not been studied
in detail yet but the fact that the instanton density grows with the presence of dynamical
flavors has been previously reported, for instance, in Ref. [11]. In the previous reference it
was interpreted as follows: it is well known that an isolated instanton produces a zero mode
of the fermion determinant [11, 48] and, as a consequence of this and the action of a given
gauge field being weighted by [det(/D + m)]

NF , the existence of zero modes of the Dirac
operator would be highly improbable in the chiral limit. Becoming more improbable the
larger is the number of light fermion flavors. Thereupon, a large density of instantons can
be understood as favoring the instanton superposition and thus suppressing the effect of
isolated instantons. Or, in other words, it can be thought to enhance non-linear effects and
pseudo-particle interactions destroying the zero-modes associated to the single instanton
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FIG. 3. Nonrelativisitc energies Mi � 2Mb for spin averaged b̄b states as a function of prin-
cipal quantum number n. Five red squares show the experimentally determined masses of
⌥[1S], ⌘b[1S], ⌥[2S], ⌥[3S], ⌥[4S], the blue circles correspond to standard Cornell potential, while
black closed circles are based on the instanton-induced potential shown in Fig.1.

B. Phenomenology of spin-dependent forces

To start, let us consider the first 1S-shell, with zero orbital momentum L = 0, to

remind the magnitude of the spin-spin forces. Starting from heavy quarkonia and move

toward lighter systems, one sees the trend from the following selection of data (all in MeV)

M(⌥) � M(⌘b) = 61.; M(J/ ) � M(⌘c) = 116.; (heavy � heavy)

M(B⇤) � M(B) = 35.5; M(D⇤) � M(D) = 137. (heavy � light) (14)

M(K⇤) � M(K) = 398. M(⇢) � M(⇡) = 636. (light � light)

The first observation is that these splittings grow along the table, for light quarks the

splitting becomes comparable to the scale of mesonic masses, and therefore cannot be

treated as a perturbation.

Naively, the flavor dependence of spin-spin forces should just follow a product of quark

magnetic moments, which is ⇠ 1/M1M2, times some universal magnetic fields in the QCD

vacuum as defined in correlators of section A. Yet the Table show it is not at all like

this even for heavy quarks: e.g. charm and bottom e↵ects are di↵erent by a factor of

but for bb states with N>4 or  
ligher quark states, still one has to use linear 

for r> 1 fm 

6

The extension of the original instanton liquid model we consider now includes not only

“well separated instantons” producing small Dirac eigenvalues and chiral breaking, but

also a “molecular component”, not related to those. The parameters of this component

has not yet been quantified. Using for simplicity the same instanton size ⇢ = 1/3 fm as

in ILM, we have one parameter to discuss, the “molecular density” nmol.

We will now argue that the phenomenological central potential provide an upper limit

to nmol value. In Fig.1 we compare the static instanton-induced potential (solid line) to the

linear confining potential used in quarkonium spectroscopy (the dashed line). Note that

they approximately coincide for r < 1 fm ⇡ 5 GeV
�1, provided for the total instanton

density

nmol + nI + nĪ = 7. fm�4
Rdense ⌘ n

�1/4 = 0.61 fm ⇡ 2⇢ (13)

Note that interparticle distance R is about twice the instanton radius, so it is corresponding

to dense packing.

FIG. 1. Comparison of two central potentials Vc(r): the one derived from instanton ensemble (solid
line) and the confining linear potential (blue dashed line). The distance between quarks r is given
in GeV

�1, so 1 fm ⇡ 5GeV
�1 on this plot.

With growing accuracy of lattice gauge theories, static potentials have been measured

with high accuracy, lately in QCD with near-physical quark masses. At small distances,

higher-order corrections to the Coulomb potential has been calculated. At larger r e↵ective

string models are used, identifying the so called Luscher term O(1/r) and even higher

orders in 1/r expansion. The e↵ective string description can be considered numerically

confirmed, for su�ciently large r. However, our focus in this paper is on spin-dependent

forces, mostly acting at distances r < 1 fm, and it remains unclear how stringy description

can be used for them. So, we attempt to ascribe spin-dependent forces to instantons, and

see if one can get results consistent with phenomenology.
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spin-dependent forces between quarks. The inclusion of such molecules is the novel element of the vacuum
model developed here.

Close instanton-anti-instanton pairs are, of course, well known and have been observed on the lattice.
However, they are not visible in Fig. 3.C.1, which was obtained using so-called deep cooling of gauge con-
figurations. During this process, closely spaced instanton-anti-instanton pairs are already annihilated. The
role of the molecular component of the vacuum was previously explored in connection with phase transitions
in hot and dense matter. Indeed, neglecting quark masses, this component is the only one that survives at
temperatures T > Tc, where chiral symmetry is restored. The combined treatment of "atomic” and "molecu-
lar” components dates back to Ref. [Ilgenfritz and Shuryak, 1989]. The molecular component was also shown
to be important at high baryon density, where it contributes to quark pairing and color superconductiv-
ity [Rapp et al., 1998]. More recently, we have explored its role through nonperturbative contributions to
mesonic form factors [Shuryak and Zahed, 2021g] and matching kernels [Liu and Zahed, 2021].

The theory of sphaleron processes (schematically illustrated in the middle of Fig. 3.2) is closely related to
the issue of IĪ interactions. The numerical calculation of the streamline along the action gradient was first
performed for quantum-mechanical instantons in Ref. [Shuryak, 1988]. For gauge theories, the streamline
equation was derived in Ref. [Balitsky and Yung, 1986], solved approximately in Ref. [Yung, 1988], and
computed numerically in Ref. [Verbaarschot, 1991]. A surprising finding of the latter work was that the
Yung ansatz is remarkably accurate not only at large separations R � ⇢, where it was originally derived,
but in fact down to zero separation. Note that the last two works employed conformal inversion about the
instanton center, rendering the instanton and anti-instanton co-central.

Consider an instanton I and an anti-instanton Ī of equal size ⇢ and identical color orientation, with their
four-dimensional separation R serving as the parameter of the configuration. Their centers are located at
x1µ = (0, 0, 0, R/2) and x2µ = (0, 0, 0, �R/2). In the mathematical literature, such a family of configura-
tions is known as a Lefschetz thimble. It interpolates between one extremum at R ! 1, corresponding to
independent I and Ī, and the perturbative vacuum with vanishing mean field at R = 0. For y4 < 0, the
gauge fields are approximately anti-self-dual, E ⇡ �B, while for y4 > 0 they are approximately self-dual,
E ⇡ B. At y4 = 0, the electric field vanishes. As shown in Ref. [Ostrovsky et al., 2002], the three-dimensional
magnetic objects obtained using the Yung ansatz closely resemble sphaleron-path configurations obtained
via constrained energy minimization.

The instanton-anti-instanton streamline thus provides a semiclassical description of sphaleron pro-
duction. In the context of electroweak theory, it was first applied in Refs. [Khoze and Ringwald, 1991,
Shuryak and Verbaarschot, 1992] more than three decades ago. Recent interest in the production of QCD
sphalerons at the LHC and RHIC is discussed in our work [Shuryak and Zahed, 2021d].

We now turn to lattice observables to which the molecular component of the instanton ensemble con-
tributes. The simplest example is the gluon condensate hG2

µ⌫i, introduced within the framework of QCD
sum rules [Shifman et al., 1979]. The numerical value of this condensate has been subject to significant revi-
sions, with later studies suggesting a substantially larger magnitude. Additional discrepancies were identified
in lattice attempts to extract local or nonlocal observables involving powers of the gauge-field strength Gµ⌫ .

As already mentioned, instantons (I) are solutions of the Yang-Mills equations in Euclidean time
⌧ = ix(4) [Belavin et al., 1975], semiclassically describing tunneling between gauge-field configurations with
different topology (Chern-Simons number). Anti-instantons (Ī) describe tunneling in the opposite direction.
By molecules we mean strongly overlapping IĪ configurations, corresponding to incomplete tunneling events.

Historically, overlapping IĪ configurations were first studied in the context of the well-known quantum-
mechanical double-well potential. As discussed, for example, in Ref. [Shuryak, 1988], one can fix certain
points along the path and minimize the action, leading to the concept of conditional minima. Action min-
imization along the direction of its gradient (known as gradient flow) produces streamline configurations.
(The analogous objects in complex analysis are known as Lefschetz thimbles.)

In gauge theory, the first derivations of such configurations were performed in Refs. [Balitsky and Yung, 1986,
Yung, 1988] for large IĪ separations, and in full generality in Ref. [Verbaarschot, 1991], using conformal trans-
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the issue of IĪ interactions. The numerical calculation of the streamline along the action gradient was first
performed for quantum-mechanical instantons in Ref. [Shuryak, 1988]. For gauge theories, the streamline
equation was derived in Ref. [Balitsky and Yung, 1986], solved approximately in Ref. [Yung, 1988], and
computed numerically in Ref. [Verbaarschot, 1991]. A surprising finding of the latter work was that the
Yung ansatz is remarkably accurate not only at large separations R � ⇢, where it was originally derived,
but in fact down to zero separation. Note that the last two works employed conformal inversion about the
instanton center, rendering the instanton and anti-instanton co-central.
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Historically, overlapping IĪ configurations were first studied in the context of the well-known quantum-
mechanical double-well potential. As discussed, for example, in Ref. [Shuryak, 1988], one can fix certain
points along the path and minimize the action, leading to the concept of conditional minima. Action min-
imization along the direction of its gradient (known as gradient flow) produces streamline configurations.
(The analogous objects in complex analysis are known as Lefschetz thimbles.)

In gauge theory, the first derivations of such configurations were performed in Refs. [Balitsky and Yung, 1986,
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3.F More on IĪ molecules 47

spin-dependent forces between quarks. The inclusion of such molecules is the novel element of the vacuum
model developed here.

Close instanton-anti-instanton pairs are, of course, well known and have been observed on the lattice.
However, they are not visible in Fig. 3.C.1, which was obtained using so-called deep cooling of gauge con-
figurations. During this process, closely spaced instanton-anti-instanton pairs are already annihilated. The
role of the molecular component of the vacuum was previously explored in connection with phase transitions
in hot and dense matter. Indeed, neglecting quark masses, this component is the only one that survives at
temperatures T > Tc, where chiral symmetry is restored. The combined treatment of "atomic” and "molecu-
lar” components dates back to Ref. [Ilgenfritz and Shuryak, 1989]. The molecular component was also shown
to be important at high baryon density, where it contributes to quark pairing and color superconductiv-
ity [Rapp et al., 1998]. More recently, we have explored its role through nonperturbative contributions to
mesonic form factors [Shuryak and Zahed, 2021g] and matching kernels [Liu and Zahed, 2021].

The theory of sphaleron processes (schematically illustrated in the middle of Fig. 3.2) is closely related to
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formations to render I and Ī co-central. These configurations were later applied to finite-temperature QCD
in Ref. [Ilgenfritz and Shuryak, 1989], and to the semiclassical theory of sphalerons at high-energy colliders
in Ref. [Shuryak and Verbaarschot, 1992], although such objects have not yet been observed experimentally
in either QCD or the electroweak sector.

Gauge-field configurations obtained from lattice simulations, after gradient-flow filtering of gluons, reveal
a rather dense ensemble of IĪ molecules. With continued gradient flow, these molecules annihilate, leaving
behind a dilute ensemble of isolated instantons and anti-instantons that is stable under action minimization.
This ensemble is what is traditionally referred to as the Instanton Liquid Model [Shuryak, 1982b]. Examples
of recent lattice studies investigating molecular configurations and their annihilation under gradient flow can
be found in Ref. [Athenodorou et al., 2018].

In later work, however, we did not employ either Verbaarschot’s or Yung’s streamline configurations.
Instead, we adopted a variant of the so-called ratio ansatz

Aµa(x) =
⌘̄aµ⌫y⌫

I ⇢2/Y 2
I + ⌘aµ⌫y⌫

A⇢2/Y 2
A

1 + ⇢2/YA + ⇢2/YI
, (3.32)

where I and A denote the instanton and anti-instanton, respectively. The centers are located at ym
I,A = xm

for m = 1, 2, 3, with y4
I = x4

� R/2 and y4
A = x4 + R/2. Capital Y denotes the squared distances, for

example YA = yµ
Ayµ

A. Near one of the centers (e.g. YI small and YA large), the first term dominates, and
cancellation of YA between numerator and denominator yields the usual singular-gauge fields of an instanton
or anti-instanton.

Fig. 3.F.1 Action of the IĪ configurations (in units of the single-instanton action 8⇡
2) as a function of the separation R/⇢.

The solid line corresponds to the streamline configuration [Verbaarschot, 1991], while the points show the result obtained using
the ansatz (3.32).

It is straightforward for symbolic programs such as Mathematica to generate explicit (though lengthy)
expressions for the field strengths and their squares. The distribution of the gauge-invariant scalar combi-
nation [Ga

µ⌫ ]2 (the action density) is shown in Fig. 3.F.2. The integrated action, measured in units of the
single-instanton action S0 = 8⇡2/g2, approaches 2 at large separation R ! 1. At small R, however, it does
not vanish but instead exhibits a repulsive core for R . 0.5. This feature is unimportant for our purposes,
since in subsequent calculations we take IĪ molecules with R = ⇢ as representative of the vacuum.

The behavior of the gauge fields is illustrated in the right panel of Fig. 3.F.2. The electric field is odd under
x4

! �x4, while the magnetic field is even. Similarly, A4 is odd, implying that the configuration restricted
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Fig. 3.F.2 Left: Contour plot of the action density as a function of x
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(blue dashed) field components with µ = 3, a = 3 as functions of x

4
/⇢.

to the three-dimensional subspace at x4 = 0 is purely magnetic and belongs to the so-called sphaleron path.
The molecular configurations can therefore be interpreted as tunneling amplitudes and anti-amplitudes,
separated by the analogue of a quantum-mechanical turning point, at which the electric field (and hence the
momentum) vanishes.

Individual instantons (anti-instantons) are self-dual (anti-self-dual), and as a result all components of the
stress tensor vanish. This is not the case for molecular configurations. In particular, the Poynting vector
P = [Ea

⇥ B
a], which characterizes the direction and magnitude of energy flow, is nonzero. Since the

configuration is localized, the energy flow must form closed loops, which turn out to be circular.

3.G ’t Hooft effective Lagrangian

The derivation is based on the zero-mode contribution to the quark propagator,

S(x, y) =
 0(x) +

0 (y)

im
+

X

� 6=0

 �(x) +
� (y)

�+ im
. (3.33)

At large distances, the zero mode  0 behaves as xµ�µ/x4, corresponding to a free propagator in empty space.
Amputating these external legs leads to an effective quasi-local vertex with 2Nf fermion legs, known as the
’t Hooft effective Lagrangian [’t Hooft, 1976b]. It includes the zero modes of all light quark flavors (u, d, s)
and therefore induces flavor-mixing interactions,

ūu $ d̄d $ s̄s .

For Nf = 3, in the local (zero-size instanton) approximation and in the chiral limit (mq = 0), the
interaction takes the form of determinantal interactions among the u, d, s quarks [Chernyshev et al., 1996],

V
L+R
qqq =

G

Nc(N2
c � 1)

✓
2Nc + 1

2(Nc + 2)

◆
det(UDS) +

1

2(Nc + 1)

✓
det(Uµ⌫Dµ⌫S) + cyclic

◆�
+ (L $ R) ,(3.34)
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(ii) but spin-orbit gets small for light quarks. Why?

(iii) The tensor force grows also, but for some reason it changes sign (?)

(iv) The spin-spin term grows and becomes the dominant one for lighter systems..

Whether any of these observations can be explained by the theory we discuss in the

next section.

III. THEORY OF SPIN-DEPENDENT FORCES

A. Wilson lines and five potentials

The general interactions of heavy quarks using temporal Wilson lines were discussed

in the context of QCD by Eichten and Feinberg [2] in terms of a priori five potentials (see

definitions in appendix A) which contribute as follows

VSD =

✓
SQ · LQ

2m2

Q

�
SQ̄ · LQ̄

2m2

Q̄

◆✓
1

r

d

dr

�
V (r) + 2V1(r)

�◆

+

✓
SQ̄ · LQ

mQmQ̄
�

SQ · LQ̄

mQ̄mQ̄

◆✓
1

r

d

dr
V2(r)

◆

+
(3SQ · r̂SQ̄ · r̂ � SQ · SQ̄)

3mQmQ̄
V3(r) +

1

3

SQ · SQ̄

mQmQ̄
V4(r) (16)

~SQ,Q̄ and ~LQ,Q̄ are the spin and orbital angular momenta of the Q̄Q pair. V (r) is the cen-

tral static potential, V1(r) and V2(r) are obtained by inserting a chromo-electric or chromo-

magnetic field on the temporal Wilson loop. The spin-spin and tensor contributions V3,4(r)

follow from the insertion of two chromo-magnetic fields on the Wilson loop. (16) is exact

to order 1/m
2

Q. The last spin-spin part is fixed as V4(r) = 2r2
V2(r) [2]. Lorentz invariance

ties the central potential V (r) to the spin-orbit potentials V1,2(r) through the so called

Gromes relation [16]

V (r) = V2(r) � V1(r) (17)

The spin-dependent contributions emerging from the string were discussed by Buch-

muller [17] and others [16, 18]. Since the spin-spin interactions are short ranged, only

the spin-orbit contributions survive at large separation b?. This is manifest from (17)

with V2(r) ! 0 and V (r) ! �V1(r) asymptotically. Hence [16–18]

VSL,string(b?) = �
✓

SQ · LQ

2m2

Q

�
SQ̄ · LQ̄

2m2

Q̄

◆
�T

b?
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2m2

Qb?
S · L (18)

with V (r) = �T r, ~S = ~SQ + ~SQ̄ and ~L = ~LQ = �~LQ̄. Since the electric flux tube is

confined to the string, the spin-orbit contribution is only due to Thomas precession which

11

is of opposite sign and half the spin-orbit contribution from the cental potential. This can

be understood from (16-17) if we assume that V2(r) is short range, so that V (r) = �V1(r).

This string-induced spin-orbit e↵ect is dubbed scalar-like in contrast to the Coulomb-

induced spin-orbit e↵ect which is vector-like.
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dashed line show the instanton contribution.

TABLE II. “Hyperfine” splittings of certain L = 0 mesons with J = 1 and J = 0. The first
row of numbers shows the experimental values (MeV) (rounded to 1 MeV ). The second gives
matrix elements of the lattice-based spin-spin potential (19), the next two are those for (regulated)
Coulomb and instanton-induced spin-spin forces.
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formulae given above, and then calculated their matrix elements at the 1P shell. The

results are given in the Table III.

One conclusion is that “theory” (the sum of the last two raws) and the “lattice” are

basically in agreement. The other is that their disagreement with experiment (the upper

raw) is dramatically growing for light quark systems. This implies that for light quarks

something important is missed, in the theory as it is developed up to this point.

D. Brief summary of the section

The phenomenological direction of this section has aimed at mesons, from heavy char-

monia to heavy-light and to light-light ones. Using data for spin splittings in 1S shell (2
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The color force acting on a quark in the pion and nucleon
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In the Operator Product Expansion (OPE) of hard scattering amplitudes, the twist-3 operators
describe local colored Lorentz forces acting on a quark, thereby providing a measure of the strength
of the gluon fields. Its value is directly accessible from the nucleon twist-3 polarized g2-parton
distribution function. In the semiclassical (instanton-based) QCD vacuum models, the leading non-
perturbative contribution stems from correlated instanton-anti-instanton pairs, or molecules. We
analyze the magnitude of the color force on a ’struck’ quark in light hadrons (pion and nucleon),
in the context of the instanton liquid model (ILM). We derive explicitly the pertinent form factors
associated to the color Lorenz force, and show that they are intimately related to the pertinent
hadronic gravitational and transversity form factors. Using the ILM enhanced by molecules, we
detail the ensuing colored force distribution in the transverse plane for luminal pions and nucleons.
The results for the nucleons are in good agreement with those reported recently from a lattice
collaboration.

I. INTRODUCTION

Deep inelastic scattering (DIS) is the main
process by which the quark and gluon (par-
ton) substructure of the nucleon can be quan-
titatively addressed. This is usually captured
in terms of pertinent matrix elements of gauge
invariant and traceless operators, organized in
OPE as a twist expansion, a series in inverse
powers of the momentum transfer 1/Q2 of cer-
tain light cone current-current correlators. The
leading twist-2 operators are bilinear in the
quark (or gluon) fields, and when extracted
from experimental data, they tell us about the
parton distribution functions (PDFs), the den-
sities of gluons, as well as various quarks and
antiquarks in the target.

Higher twist operators are of higher dimen-
sions, including higher powers of quark and
gluon fields. They carry information about the
partonic correlations. Their general theory has
been carried out in the early 1980’s in [1] for un-
polarized targets, and in [2] for polarized ones.
They provide the QCD corrections to the par-
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† edward.shuryak@stonybrook.edu
‡ ismail.zahed@stonybrook.edu

tonic sum rules, such as the Bjorken and the
Ellis-Jaffe sum rule.

The most interesting correlation between
partons are those stemming from a polarized
target. While the structure function g1(x, Q2)
starts with the usual twist-2 operators, the
structure function g2(x, Q2) starts with twist-
3. Since in experiments the structure functions
can be separated kinematically, this fact of-
fers the most direct access to the higher twist
physics. For a transversely polarized nucleon,
at 900 to the incoming momentum, g1(x, Q2)
vanishes and the remaining DIS amplitude is
purely twist-3. The pertinent physics is related
with the local operator1

Oq̄Gq = ig
�
q̄�⇢Gµ⌫q

�
(1)

given by the value of the gauge field strength
on the struck quark. (The color indices are not
explicitly shown but assumed, here and below.)

The magnitude of this effect has been dis-
cussed in [3]. It was pointed out that in the
large-Nc limit, the forces on the u and d quarks
in the proton should be equal in magnitude but

1 Although the operator carries three open indices
⇢, µ, ⌫, the last pair is antisymmetrized, and the total
spin is 2 and not 3.
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FIG. 17. Feynman diagrams for the Lorentz force
operator (crossed-dot) in the ILM enhanced by
molecules. The quark lines connected to the cross
dot at the top of each diagrams are located at x
while the quark lines at the bottom of each dia-
grams are connected to the blob of the classical
pseudoparticle profile centered at z.

where the instanton field profile G(k) in mo-
mentum space is defined by

G(k) =
4⇡2

t
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dx
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(B8)
The final result (B7) is illustrated in Fig. 17.

The Lorentz operator (cross-dot) takes the form
of a product of two color–octet currents, analo-
gous to a one–gluon exchange between quarks.
The function G(k) plays the role of an effective
gluon propagator. The evaluation of its nucleon
matrix element is therefore closely related to
the calculation of gluon–exchange corrections
to the nucleon mass [7, 39]

a. Short distance approximation

As we noted earlier, the pseudo-particle pro-
file is highly localized. The separation between
two quark sources in (B7), is controlled by
|x � z| . ⇢ ⌧ 4

p
V4/N , hence the approxima-

tion
p

F(i⇢@)S(x) ⌘ h (x)
p
F(i⇢@) ̄(0)i

'
i/x

2⇡2x4
KD(x/⇢) +

m

4⇡2x2
Km(x/⇢) + O(m2)

(B9)
In the ILM the quark propagator S(x) is de-
fined as

S(x) =
i/x

2⇡2x4
+

m

4⇡2x2
+ O(m2) (B10)

with the distorsions induced by the instanton
zero mode profiles

KD(x) =
1

2

Z 1

0
dkkx2J2(kx)

p
F(k) =

x3

(1 + x2)3/2

Km(x) =

Z 1

0
dkxJ1(kx)

p
F(k) (B11)

In this short distance approximation, the ef-
fective Lorentz force operator can be further
reduced to a sum of local fermionic operators
induced by the zero modes in the ensemble,

31

Their relations to the nucleon transversity GPD are defined as [44]
Z 1

�1
dxxHq/N

T (x, ⇠, t = �Q2) =Aq
N,T (Q2) (E13)

Z 1

�1
dxxEq/N

T (x, ⇠, t = �Q2) =Bq
N,T (Q2) (E14)

Z 1

�1
dxxH̃q/N

T (x, ⇠, t = �Q2) =Ãq
N,T (Q2) (E15)

Z 1

�1
dxxẼq/N

T (x, ⇠, t = �Q2) = � 2⇠B̃q
N,T (Q2) (E16)

As we are only interested in the twist-3 con-
tribution in the Breit frame q+ = 0, we will only
focus on the �q

N,1, �q
N,3, �q

N,7, and the �q
N,8

form factors in this work. In order to evaluate
these form factors, we parameterize the energy
momentum tensor form factors Aq

N and Bq
N by

dipoles

Au
N (Q2) =

0.4055

(1 + Q2/1.7722)2
(E17)

Au
N (Q2) =

0.1385

(1 + Q2/1.5552)2
(E18)

Bu
N (Q2) =

0.171

(1 + Q2/1.5352)2
(E19)

Bd
N (Q2) =

�0.124

(1 + Q2/1.6572)2
(E20)

where the parameter for the isovector channel is
obtained by fitting the lattice result of the sec-
ond moment of GPD in [45], and the parameter

for the isoscalar channel is obtained by fitting
the lattice result of the gravitational form fac-
tor from [46].

The generalized transversity form factor
Aq

N,T can be obtained from the transversity
GPD as well. We adopt the parameterization
form of the transversity GPD Hq/N

T in [47], and
fit the parameters with the lattice result of the
first moment of transversity GPD in [43]. More
specifically,

Hq/N
T (x, ⇠, t) = 1.125 hq/N

1 (x)e(0.3885+0.6422 ln x)t

(E21)
with the transversity parton distribution
hq/N

1 (x) given in [48]. With this in mind, we
obtain the exponential-like momentum trans-
fer dependence with t = 0 values fixed by
Au+d

N,T (0) = 0.276, and Au�d
N,T (0) = 0.178 follow-

ing from the lattice result in [49].
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