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Hamiltonian Truncation

V. P. Yurov and A. B. Zamolodchikov, Int. J. Mod. Phys. A 5, 3221 (1990).

Physical system s H = HO V
Free Hamiltonian: Interaction Term:
Hy|&) = & &) Vij = (&I V |E))
exactly solvable matrix elements
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V. P. Yurov and A. B. Zamolodchikov, Int. J. Mod. Phys. A 5, 3221 (1990).

Physical system s H = HO V
Free Hamiltonian: Interaction Term:
Hy|&) = & |&) Vij = (&l V |&))
exactly solvable matrix elements

We first solve H ) and then diagonalize the hamiltonian H in the free eigenbasis
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The A¢* theory in (1+1)d

A minimal interacting quantum field theory
/— What does it describe? 4\
* A real scalar field with local

guartic self-interaction
« Landau—Ginzburg

description of systems in
the Ising universality class:
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The A¢* theory in (1+1)d

A minimal interacting quantum field theory

guartic self-interaction

« Landau—Ginzburg
description of systems in
the Ising universality class:

\Z22¢> @

/— What does it describe? 4\
* A real scalar field with local

/

/— Hamiltonian split for HT ﬁ

H=Hy+V
1

Hy =3 / Az |(06)" + (9,0)" +m’¢’|

A 4

- /
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Why A¢* theory in (1+1)d?

Simple UV, strongly coupled IR, non-perturbative spectrum

4 A\
geﬂ:’\’ﬁ
g J

4 . .
The Cb perturbation is
relevant in 1+1 dimensions
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Why A¢* theory in (1+1)d?

Simple UV, strongly coupled IR, non-perturbative spectrum

4 ) 4
[)\] — 9 o N i The ¢ perturbation is
o Je F2 relevant in 1+1 dimensions
\ J
UV / short distances IR / long distances
Perturbation is small PT breaks down, so we need
and we can use PT nonperturbative tools
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Why A¢* theory in (1+1)d?

Simple UV, strongly coupled IR, non-perturbative spectrum

4 ) 4
[)\] — 9 N N i The ¢ perturbation is
o Je F2 relevant in 1+1 dimensions
\ J
UV / short distances IR / long distances
Perturbation is small PT breaks down, so we need
and we can use PT nonperturbative tools

Hamiltonian Truncation targets the low-energy spectrum
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How to obtain a finite free basis

—4— &

Vol = oo
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How to obtain a finite free basis

A AN
—E % 00

Finite volume to T

discretize statgs

—_ gn

—) &

— &) Eo

Vol = Vol = finite
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How to obtain a finite free basis

AN AN AN
—_— & — 00
Finite volume to T Introduce an [—— EmaxJ
discretize statgs . energy cutofi ‘
—— &, -1 &n
—_ & —_ &1
—_ &5 Eo Eo
Vol = o Vol = finite Vol = finite

22/06/2026 Andrea Maestri 5/23



Numerical RESUHS Parameters: m* =1, 2rR =10, A = 4rx
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Parameters: m* = 1, 2rR = 10, A =4«
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Effective field theory to improve HT

T. Cohen, K. Farnsworth, R. Houtz, and M. A. Luty, SciPost Phys. 13, 011 (2022)

- EFT applies with a clear scale hierarchy: Lir < £

/\J

EHl‘('lX
0
< IR uv N
>
Strong Coupling: Weak Coupling:
effective description perturbation theory
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effects of discarded high-energy states

m-( Effective Hamiltonian: Hgs=Hy+ H +H.+---, H,~OWV")

AN

4

o ——————— - -
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effects of discarded high-energy states

m-( Effective Hamiltonian: Hgs=Hy+ H +H.+---, H,~OWV")

AN

U4

Key idea: Compare an observable in the full and effective theories

o ——————— - -
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effects of discarded high-energy states

m-( Effective Hamiltonian: Hs=H,+ H, + H,+---, H,~ OWV")

AN

U4

Key idea: Compare an observable in the full and effective theories

S
\————————————’

/4
|
|
|
|
|

Requirements: 1. Determine H.s uniquely
2. Allow systematic expansion in Eir/ Eyax
3. Ensure separation of scales at each order
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effects of discarded high-energy states

m-( Effective Hamiltonian: Hs=H,+ H, + H,+---, H,~ OWV")

AN

U4

Key idea: Compare an observable in the full and effective theories

S
\————————————’

/4
|
|
|
|
|

Requirements: 1. Determine H.s uniquely
2. Allow systematic expansion in Eir/ Eyax
3. Ensure separation of scales at each order

Approach: Match the transition matrix

. W T
Jm (flUrp(tr, 0) i) = 0ij + it ic
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Matching the Transition Matrix

[<f| Tli)py = (1T ‘75>eﬁ“]
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Matching the Transition Matrix

[<f| Tli)py = (1T ‘7;>ef’f]

Order O(V)—— (f|Hi|i)g = (f|V |3} Trivial condition ensuring that:
Heff = H + O(VQ)

22/06/2026 Andrea Maestri 9/23



Matching the Transition Matrix

[<f| Tli)py = (1T "’5>eﬁ“]

Order O(V)—— (f|Hi|i)g = (f|V |3} Trivial condition ensuring that:
Heff = H + O(VQ)

Via) (| V |1
Z(f\ I;fil Q

— Only states excluded by the
truncation contribute!

Order O(VQ) —— (f|Ha2|i) g =

—

We perform the matching using a diagrammatic approach
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Example of a diagrammatic computation

>®<1
6 2

1 ( A )2 Z 0125603456 ( f | cbff)aﬁé_)aﬁé”cbﬁﬂ %)

8\21R — 2Ws 2wg W3+ Wy — Wy — W
eff ( X 6(5]‘ — Bpax — W3 — Wy + w5 + wﬁ)

Allows systematic expansion in Eir/ Fyax
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Example of a diagrammatic computation

5125603156 (F| 658 bt |4

2(,05 2w6 W3 + Wy — Wy — W

77777

_ Emax — W3 — Wy + s, + WG)

First Order: Local approximation

)\2
=~ T1987R

k

[ oo oy o 25
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Example of a diagrammatic computation

3 5 1 3 5 1| _ 1 )\ 2 Z 512,56534,56 <f’ Cbgl_)gbé_)qbgi_)@g—'_) ‘Z)

4 6 2 6
! et X Q(S]‘ — Fyax — w3 — wy +ws + WG)

Allows systematic expansion in Eir/ Fyax

First Order: Local approximation o |
The initial and final states may

)2 ) | O(—E, . + 2w £ contain spectator particles,
~ /da: LIl Tl) D ( . d + O( / ) which makes the effective
1287 R . .
k interaction nonlocal.
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Combining all diagrams
h

OG- XEK OO0 0

-

 OA .4..‘5””2 C 2
HQ—Z/d:C. : /da:'.qb.

3\’ Z @(zwk — Emax)

" 167R o

O\

k
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Combining all diagrams
h

POOO - XX O OO0 0
\ oA A
N
Hgﬁi—)!\/daﬁl 5212/dm

3\’ O2wr — Epax \? O(ws3 + wy + ws — Eyax
_ S ( k= ) 52 S b (w3 + wy + ws )
167 R Wy 9672 R — Wawws (w3 + wy + ws)

O\

k
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Second-order expansion

E. Demiray, K. Farnsworth, and R. Houtz, arXiv:2507.15941 (2025)

eff

Expand the cutoff constraint:
@(X —I—gf) = @(X) —|—5f5(X) + -

EmaX—W3—W4+W5+w6)
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Second-order expansion

E. Demiray, K. Farnsworth, and R. Houtz, arXiv:2507.15941 (2025)

eff

Expand the cutoff constraint:
@(X —I—gf) = @(X) —|—5f5(X) + -

First term gives the
previous local corrections

EmaX—W3—W4+W5+w6)
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Second-order expansion

E. Demiray, K. Farnsworth, and R. Houtz, arXiv:2507.15941 (2025)

3 5] 1 73 5 1
4 6 2 4 6 2eff

Expand the cutoff constraint:
@(X —I—gf) = @(X) —|—5f5(X) + -

L 5 Subleading terms encode
nonlocal eftects:
First term gives the Hy ~ [Hy,: ¢° ], [Ho,: ¢" ], {Ho,: ¢° Y, {Hy,: ¢" )

previous local corrections
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HTET expansion: mixed power counting

1/ By O(V?) OV?) oWV
O(E,-) local

O(E2) || 1st nonlocal

(7. | |_ang nontocar J| {1061}

ot || anonoal | v |

ot | o | [ 2ol (7 )
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HTET expansion: mixed power counting

1/ By O(V?) OV?) oWV
O(Ep) local

ol 4 Key Point )
OE._>) 1st nonlocal .

O(E,..) gets
iy |[[ NNLoc: | gm=mmmmpmmmmommseey . contributions
A : !

OlFua) | | 2nd non local | Jocal from both
O(En) i 3rd nonlocal j i 1st nonlocal 'i \O(W) and O(V?’)
O(E;S) |1 4thnonlocal ||! 2ndnonlocal : i
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HTET expansion: mixed power counting

A. Maestri, S. Rodini, B. Pasquini, arXiv:2602.13019 (2026)

1/ Evax O(V?) O(V?) oW
O(E) || local

ol 4 Key Point )
O(E, ) 1st nonlocal .

) . O(E..) gets

4 NNLoc: ) [ gmmmmmmpoemnmmmmoes - contributions
O(Lus) | | 2nd non local _ Mol tom both
O(E,;) { 3rd nonlocal i, 1st nonlocal ! \O(W) and O(V?’)
O(E,.) i 4th nonlocal | © 2nd nonlocal | I: ------- ocal | ]
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Why continuum-first matching?

makes the distributional nature of the cutoff expansion unambiguous

O(X + &) = O(X) + £ 6(X) | Lo
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Why continuum-first matching?

makes the distributional nature of the cutoff expansion unambiguous

O(X + &) = O(X) + £ 6(X) | Lo

— Finite-volume first \
discretize before expanding

For generic parameters, the
discrete sum misses the support
of the delta distributions

EE‘\

> 52w — Eras)

ke

ke ambiguous prescription
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Why continuum-first matching?

makes the distributional nature of the cutoff expansion unambiguous

OX + &) = O(X) + & o(X) +[“’§ 5’(X)]+ -

— Finite-volume first
discretize before expanding

For generic parameters, the
discrete sum misses the support
of the delta distributions

EE‘\

> 52w — Eras)

ke

ke ambiguous prescription

— Continuum-first
expand before discretizing

A

Zwk. = Emax

peR

] Ap F(p)6" (20(p) — Fu)

distributions are well-defined

22/06/2026

Andrea Maestri 14/23



Why continuum-first matching?

H, N/ dz [H,, : o |

Parameters: m* = 1, 27rR = 10, A = 4«

0.00
Finite-volume first

_ 001 6(2) - )2 Z O 2wir — Frax)
R0l 2 o4 R - w,‘i

—0.02 {—0— discrete

- ~—— continuans Continuum-first

= 204 2 +00

- 2) 3A O(2w(p) — Fax)

8 = am ) PTGy

% — o0

S 0k , | . Y . . ‘

~ 75 10.0 12.5 15.0 17.5 20.0 22.5 25.0
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Third-order expansion: NNLoc Corrections

Structure and contributions of NNLoc corrections in the four-external-leg sector

— 1. Energy Monomials \
EY Ezl—>H6n Nou Hé
m+1 <2

Nonlocality: dependence on spectator
energies through H,

Hy: ¢*: H,, Hg:¢4:, :¢4:Hg

. v
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Third-order expansion: NNLoc Corrections

Structure and contributions of NNLoc corrections in the four-external-leg sector

— 1. Energy Monomials
EY Ezl—>H6n N Hé
m+1 <2

Nonlocality: dependence on spectator
energies through H,

Hy: ¢*: H,, Hg:qﬁ4:, :@4:Hg

.

\

7

— 2. External Frequencies

wf) ¢;t—>—8fcb§—>[Hoa Ho, Cbg:ﬂ]

2 2 2 2
Q4:w1+w2+w3+w4

NNLoc corrections feature irreducible
dependence on individual external legs energy

Q4Z¢4Z

22/06/2026

Andrea Maestri 16/23



Third-order expansion: NNLoc Corrections

Structure and contributions of NNLoc corrections in the four-external-leg sector

— 1. Energy Monomials
EY Ezl—>H6n N Hé
m+1 <2

Nonlocality: dependence on spectator
energies through H,

Hy: ¢*: H,, Hg:qﬁ4:, :@4:Hg

.

\

7

— 2. External Frequencies

\

dependence on individual external legs energy

2 4 2+ +
Oy = wi +w; + w; + wj

NNLoc corrections feature irreducible

Q4Z¢4Z

Take-home message:

A systematic HTET expansion is possible, but each higher order in the
cutoff expansion requires an increasingly rich operator basis
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Numerical RESUHS Parameters: m* = I, 2rR =10, A =4r

10.0 12.5 15.0 17.5 20.0 22.5 25.0 27.5 30.0
Emax

- Effective corrections flatten the £, dependence.
« NNLoc captures the next cutoff trend, but O(E % ) accuracy requires O(V?) terms.
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HTET on the Light-Front I S

A. Maestri, S. Rodini, B. Pasquini, Work in progress... ‘\X>x

— Equal-time HTET — Light-front HTET
H=Hy+V M?* =2P"(P; + P.;)
Cutoff on the free energy Cutoff on the free invariant mass
£ < By M; < A°
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HTET on the Light-Front I S

A. Maestri, S. Rodini, B. Pasquini, Work in progress... >
— Equal-time HTET — Light-front HTET
H=Hy+V M?* =2P"(P; + P.;)
Cutoff on the free energy Cutoff on the free invariant mass
E < B MG < A

Same EFT Logic
Truncate the basis and restore the effect of discarded states through
transition-matrix matching, improving convergence with the cutoff.
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Light-front setup

1. We work with a compactified light-front direction: ¢(z™, ™ + 2L) = ¢zt x7)
2. At fixed harmonic resolution K, DLCQ gives a finite basis: = K

3. We work in the zero-mode-truncated theory: ¢(x N oz’ x”
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Light-front setup

1. We work with a compactified light-front direction: ¢(z", 2~ + 2L) = ¢zt x7)

2. At fixed harmonic resolution K, DLCQ gives a finite basis: = K
3. We work in the zero-mode-truncated theory: @( N oz’ x”
— Invariant-mass split 4\
M2 — MOQ + Ml?]t
M =m’K Yy
=1 7
2 AR
Mint 2P E dx 2 (QC )
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Clear EFT separation

The clean limit separates resolved low-M? states from endpoint/high-multiplicity states

1
Mg =m’ Zx > x> x) =m’/\°

7
27min — ]-/K T A

-

\\\\\\\\\\\\\\\\\\\\\\\\\\N
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Clear EFT separation

The clean limit separates resolved low-M? states from endpoint/high-multiplicity states

1
Mg =m’ Zx > x> x) =m’/\°

7
Lmin = ]-/K T A

\\\\\\\\\\c\l\{\{\e\d\\s\i\c\t\{\r\\\w resolved low-M? sector | g
NN

- Require ZA to be resolved on the DLCQ grid —— A* < m*K

-
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Clear EFT separation

The clean limit separates resolved low-M? states from endpoint/high-multiplicity states

1
Mg =m’ Zx > x> x) =m’/\°

7
Lmin = ]-/K T A

\\\\\\\\e\\c\\{\{\e\d\\s\i\c\t\i\r\\\\\\\N resolved low-M? sector | g
NN

-

- Require ZA to be resolved on the DLCQ grid —— A* < m*K
- Scale hierarchy —— m? <« A?

Clear EFT regime
ﬁzz <N <m’K
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Light-front HTET: New Diagrams!

Transition-matrix matching at second order —— Only intermediate states |«) above the cutoff
contribute
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Light-front HTET: New Diagrams!

Transition-matrix matching at second order —— Only intermediate states |«) above the cutoff
contribute

Equal-time case
° EOé = Wp + Wp, + Wpy |a>

° Wpy, Wy, < Emax

| By < B |

No matching contribution
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Light-front HTET: New Diagrams!

Transition-matrix matching at second order —— Only intermediate states |«) above the cutoff

contribute
Equal-time case Light-front case
2 2 2 2
° EOé = Wp, + Wp, + Wp, |a> ° Moaa - MO,pl + MUJM + MO,p?
: 2 2 2
° Wpy, Wp, < Eax ¢ M07p17 Moapzl <A
IV m' K m’K
[ Eo < Ermax ] T pr o+ ps—
No matching contribution Possible denominator cancellations

Y
M, s NN
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General picture of Light-front HTET

Current work: operator basis, zero-mode effects, and numerical tests in DLCQ

Clear EFT regime New diagrams ] i Zero-mode effects i
2 2 2 N\ NN N N S.S. Chabysheva, J.R. Hiller,
m- << A <m K NS 7N N arXiv:2502.01775 (2025).
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General picture of Light-front HTET

Current work: operator basis, zero-mode effects, and numerical tests in DLCQ

Clear EFT regime [ New diagrams ] i Zero-mode effects i

2 2 2 N\ NN N N S.S. Chabysheva, J.R. Hiller,
m- << A <m K NS 7N N arXiv:2502.01775 (2025).

Mz = Mg 4 M2+ AMirpr + AMoy + -+

nt

~ Goal ~N

Reach the low-energy spectrum with
fewer DLCQ states by integrating out
the high-invariant-mass sector

\ y

22/06/2026 Andrea Maestri 22/23


https://arxiv.org/abs/2502.01775v2

General picture of Light-front HTET

Current work: operator basis, zero-mode effects, and numerical tests in DLCQ

Clear EFT regime New diagrams ] i Zero-mode effects i

2 2 2 N\ NN N N S.S. Chabysheva, J.R. Hiller,
m- << A <m K NS 7N N arXiv:2502.01775 (2025).

Mz = M5+ M2, 4 AMippr + AMoy + -

&
~ Goal N ~ Future directions... ~
Reach the low-energy spectrum with 1. Extend to more complex theories (Schwinger model, QCD)

fewer DLCQ states by integrating out
the high-invariant-mass sector

\ y \_ _/

2. Generalize to higher dimensions (2+1d)
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Thanks for your attention!

A. Maestri, S. Rodini and B. Pasquini,
Higher-Order Structure of Hamiltonian Truncation Effective Theory



