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Real-time dynamics of QFTs

IntroductionJ. Montgomery

∼ ∫ d4x eip⋅x⟨Pf |T{Ô(x)Ô(0)} |Pi⟩

• Want to do these simulations on a quantum hardware

• In collaboration with:

Felix Ringer Ismail ZahedSebastian 
Grieninger

• Very difficult: use the Schwinger model as test bed

• Want to study real time scattering of QCD in 3+1D

Simulations on lattices in Euclidean time

Use Hamiltonian formulation?

• Need understanding of the partonic content of the 

theory

• Nonperturbative at low energies:

dσ
dxdQ2

= ∑
i

fi/A(x) ⊗ F(x, Q2)

 PDFs are near-term goal→
Jordan, Lee, Preskill
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Outline

J. Montgomery

Schwinger model

Results Tensor Networks

qPDFs and qGPDs
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Quasi-PDFs

J. Montgomery

• PDFs:
dσ

dxdQ2
= ∑

i

fi/A(x) ⊗ F(x, Q2)
x =

k+

P+
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Quasi-PDFs

J. Montgomery

• PDFs:
dσ

dxdQ2
= ∑

i

fi/A(x) ⊗ F(x, Q2)

Collins,  ‘11
x =

k+

P+

fi(x) = ∫
∞

−∞

dz−

2π
e−ixz−P+⟨η |ψi(0,z−)W(z−,0) γ+ ψi(0,0) |η⟩

South, Turcato `16
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Quasi-PDFs

J. Montgomery

• PDFs:

Collins,  ‘11
x =

k+

P+

• qPDFs (accessible through lattice MC) Ji.  ‘13

qη(x, χ) =
1
2 ∫

∞

−∞

dz
2π

e−izxP1(χ)⟨η |e−iχK̂ψ(−z)WS(−z, z) γ0 ψ(z)eiχK̂ |η⟩

fi(x) = ∫
∞

−∞

dz−

2π
e−ixz−P+⟨η |ψi(0,z−)W(z−,0) γ+ ψi(0,0) |η⟩

** For velocities |v | ≤ 1 χ =
1
2

ln ( 1 + v
1 − v )

South, Turcato `16dσ
dxdQ2

= ∑
i

fi/A(x) ⊗ F(x, Q2)
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Quasi-GPDs

J. Montgomery

• GPDs:
Diehl,  ‘03

Fp(x, ξ, t) =
1
2 ∫

∞

−∞

dz−

2π
eixz−P+⟨pf(ξ) |ψi(0,z−)W(z−,0) γ+ ψi(0,0) |pi(ξ)⟩

extension to include transverse information for exclusive processes

ξ =
(P − P′￼)+

(P + P′￼)+



z

−z

t

z

WS(−z, z)

χ+(χ, ξ)

χ−(χ, ξ)
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Quasi-GPDs

J. Montgomery

• GPDs:

• qGPDs Ji.  ‘13

Hη(x, ξ, χ) =
1
2 ∫

∞

−∞

dz
2π

e−izxP1(χ)⟨η |e−iχ+(χ,ξ)K̂ψ(−z)WS(−z, z) γ0 ψ(z)eiχ−(χ,ξ)K̂ |η⟩

χ± = sinh−1 ( P1(χ)
mη

(1 ∓ ξ))

** In 1+1D, t = −
4ξ2m2

η

1 − ξ2

• GPDs:
Diehl,  ‘03

Fp(x, ξ, t) =
1
2 ∫

∞

−∞

dz−

2π
eixz−P+⟨pf(ξ) |ψi(0,z−)W(z−,0) γ+ ψi(0,0) |pi(ξ)⟩

extension to include transverse information for exclusive processes

ξ =
(P − P′￼)+

(P + P′￼)+
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Schwinger Model

J. Montgomery

ℒ = ψ(iγμDμ − m)ψ −
1
4

FμνFμν Schwinger `50s• QED in 1+1D:

Confining  toy model for QCD→
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Schwinger Model

J. Montgomery

ℒ = ψ(iγμDμ − m)ψ −
1
4

FμνFμν Schwinger `50s• QED in 1+1D:

Confining  toy model for QCD→

• Put on a lattice, use staggered fermion, and 

solve Gauss’s law
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Schwinger Model

J. Montgomery

ℒ = ψ(iγμDμ − m)ψ −
1
4

FμνFμν Schwinger `50s• QED in 1+1D:

Confining  toy model for QCD→

• Put on a lattice, use staggered fermion, and 

solve Gauss’s law

ψ̂n = ( φ̂n

φ̂n+1)
φ̂n = ∏

m<n

(iZm)(X − iY)n
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Schwinger Model

J. Montgomery

ℒ = ψ(iγμDμ − m)ψ −
1
4

FμνFμν Schwinger `50s• QED in 1+1D:

Confining  toy model for QCD→

• Put on a lattice, use staggered fermion, and 

solve Gauss’s law
Kogut, Susskind `70s

ℍ =
ag2

2

N−2

∑
n=0 ( 1

2

n

∑
m=0

(−1)m + Zm)
2

+
1

4a

N−2

∑
n=0

(Xn+1Xn + Yn+1Yn) +
m
2

N−1

∑
n=0

(−1)nZn = ∑
n

hn

ψ̂n = ( φ̂n

φ̂n+1)
φ̂n = ∏

m<n

(iZm)(X − iY)n
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Schwinger Model

J. Montgomery

ℒ = ψ(iγμDμ − m)ψ −
1
4

FμνFμν Schwinger `50s• QED in 1+1D:

Confining  toy model for QCD→

Kogut, Susskind `70s

ℙ =
−1
4a

N−2

∑
n=0

(Xn+2Zn+1Yn − Yn+2Zn+1Xn)

𝕂 = ∫ dx xℋ(x) → ∑
n

anhn

ℍ =
ag2

2

N−2

∑
n=0 ( 1

2

n

∑
m=0

(−1)m + Zm)
2

+
1

4a

N−2

∑
n=0

(Xn+1Xn + Yn+1Yn) +
m
2

N−1

∑
n=0

(−1)nZn = ∑
n

hn

• Put on a lattice, use staggered fermion, and 

solve Gauss’s law

ψ̂n = ( φ̂n

φ̂n+1)
φ̂n = ∏

m<n

(iZm)(X − iY)n
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Tensor Networks

J. Montgomery

• Matrix product states (MPS)

|Ψ(A)⟩ = ∑
{s} (

N

∏
n=1

Asn
n ) |s1, s2, . . . , sN⟩ AnAn−1 An+1 ……A1 AN

s1 sn−1 sn sn+1 sN

Penrose graphical notation
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Tensor Networks

J. Montgomery

• Matrix product states (MPS)

|Ψ(A)⟩ = ∑
{s} (

N

∏
n=1

Asn
n ) |s1, s2, . . . , sN⟩ AnAn−1 An+1 ……A1 AN

s1 sn−1 sn sn+1 sN

Penrose graphical notation

Bond dimension D

Physical local Hilbert, dimension d

 costs ⟨Ψ(A) | Ô |Ψ(A)⟩ 𝒪(ND3d)|Ω⟩ ≈ |Ψ(A)⟩ = argmin
|Ψ(A)⟩ [ ⟨Ψ(A) |ℍ |Ψ(A)⟩

⟨Ψ(A) |Ψ(A)⟩ ]
• Vacuum and hadron state preparation
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Tensor Networks

J. Montgomery

• Matrix product states (MPS)

|Ψ(A)⟩ = ∑
{s} (

N

∏
n=1

Asn
n ) |s1, s2, . . . , sN⟩

• Vacuum and hadron state preparation

• Unitary evolution

d
dχ

|η(χ)⟩ = − i𝒫A𝕂 |η(χ)⟩

AnAn−1 An+1 ……A1 AN

s1 sn−1 sn sn+1 sN

Penrose graphical notation

Bond dimension D

Physical local Hilbert, dimension d

 costs ⟨Ψ(A) | Ô |Ψ(A)⟩ 𝒪(ND3d)|Ω⟩ ≈ |Ψ(A)⟩ = argmin
|Ψ(A)⟩ [ ⟨Ψ(A) |ℍ |Ψ(A)⟩

⟨Ψ(A) |Ψ(A)⟩ ]

|η(χ)⟩ = e−i χ (𝒫A𝕂𝒫A) |η⟩
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Approaching the light cone

J. Montgomery

• In continuum: 
⟨η |eiK̂χ : Ĥ : e−iK̂χ |η⟩ = mη cosh(χ) ⟨η |eiK̂χ : ̂P : e−iK̂χ |η⟩ = mη sinh(χ)

• State preparation: small variances achievable δEΩ/mη ∼ δEη/mη ∼ 10−4
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Approaching the light cone

J. Montgomery

• In continuum: 

• State preparation: small variances achievable δEΩ/mη ∼ δEη/mη ∼ 10−4

• For , ,  :N = 400 a = 0.075 m/g = 0.2

⟨η |eiK̂χ : Ĥ : e−iK̂χ |η⟩ = mη cosh(χ) ⟨η |eiK̂χ : ̂P : e−iK̂χ |η⟩ = mη sinh(χ)
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Approaching the light cone

J. Montgomery

• In continuum: 

⟨η |eiK̂χ : Ĥ : e−iK̂χ |η⟩ = mη cosh(χ) ⟨η |eiK̂χ : ̂P : e−iK̂χ |η⟩ = mη sinh(χ)

• State preparation: small variances achievable δEΩ/mη ∼ δEη/mη ∼ 10−4

• For , ,  :N = 400 a = 0.075 m/g = 0.2 χ = 3.2
δ ≲ 5 %



21Quasi-PDFs

qPDFs

J. Montgomery

qη(x, χ) =
2a
2π ∑

z

eixzP1(χ) ×

⟨η(χ) | ψ(−z)WS(−z, z)γ0ψ(z) |η(χ)⟩
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qPDFs

J. Montgomery

qη(x, χ) =
2a
2π ∑

z

eixzP1(χ) ×

⟨η(χ) | ψ(−z)WS(−z, z)γ0ψ(z) |η(χ)⟩
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qPDFs

J. Montgomery

qη(x, χ) =
2a
2π ∑

z

eixzP1(χ) ×

⟨η(χ) | ψ(−z)WS(−z, z)γ0ψ(z) |η(χ)⟩
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qGPDs

J. Montgomery

• Analytic calculations: 2 particle approximation for DGLAP,  WKB for ERBL
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qGPDs

J. Montgomery

Hη(x, ξ, χ) =
2a
2π ∑

z

eixzP1(χ) ×

⟨η(χ+) | ψ(−z)WS(−z, z)γ0ψ(z) |η(χ−)⟩
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Conclusion

J. Montgomery

AnAn−1 An+1 ……A1 AN

• Quasi PDFs/GPDs for Schwinger model accessible using tensor networks

• PDFs exhibit convergence at modest 

• Provide benchmark for future quantum simulations (in progress…)

• Can be crosschecked with Euclidean time MC methods

• qGPDs and exhibit correct properties

χ


