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Introduction and Background
● Parton distribution functions (PDFs) provide the probability for a parton to carry a fraction x of the 

proton momentum, which is an important input for high energy scattering experiments

● Phenomenological (pheno.) studies of the gluon PDF have some difficulties in obtaining the PDF in 
the large-𝑥 region because of limited data

○ Ongoing and future experiments such as those at FNAL (HL-)LHC, LHeC, FCC(?), EIC, EicC will help reveal more 
information about the gluon PDFs

● Lattice QCD provides ab initio methods to calculate PDFs, though the gluon is notoriously 
challenging compared to quark PDFs and there are systematics that need to be controlled if gluon 
PDFs are to be seriously compared with and 
contribute to phenomenological studies

● I will present an introduction to these methods, 
discuss our recent systematic study of the 
gluon PDF from LaMET, before sharing some 
progress on Coulomb Gauge gluon PDFs
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Lattice QCD
● In the simplest terms, LQCD is a method by which we 

estimate QCD observables via Monte Carlo sampling of 
Euclidean path integrals

● We discretize space and time and do a calculation inside a finite box, often at 
non-physical pion masses to save computational time

○ “Classically” these are the main sources of systematic uncertainty in LQCD, and 
continuum-infinite volume-physical limit extrapolations can be made to remove them

● The fact that LQCD is a Euclidean theory provides some challenges for 
computing PDFs, and methods to solve this introduce new systematics, which 
need to be handled just as carefully as the “classical” systematics

Image credit: JICFuS (2013) (?)
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Large Momentum Effective Theory
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Ji, Sci. China Phys. Mech. Astron. 57:1407 (2014)
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Ji, PRL 110:262002 (2013)
Ji, Sci. China Phys. Mech. Astron. 57:1407 (2014)

With wilson line: 

Loosely speaking, we can can measure boosted correlators with 
Euclidean separation, the Fourier transform of which defines a 
sort of off-light-cone PDF (the quasi-PDF)

Non-commutativity of the UV and large momentum limits necessitate some perturbative 
matching relation to actually recover the light-cone PDF

Only reliable in the 
mid-x region!
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A Systematic Study of the Nucleon Gluon 
PDF from LaMET



Gluon Quasi-PDF Operator and Renormalization

             

Ji, et al. NPB. 964:115311 (2021)
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● The gluon PDF is defined from light-cone correlators, which leave some 
ambiguity in the choice of Euclidean operator

● We have found that the following works the best on the lattice:

● When we measure on a lattice spacing    , we must renormalize the operator
             

● Short distances are easy, while at long distances, we need to be more clever…

Ji, et al. NPB. 964:115311 (2021)

Balitsky, et al., PLB 808:135621 (2020)
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Self Renormalization
The self renormalization factor is defined as 

10.08.2025 - Alex NieMiera - LaMET

LPC, J. Nuc. Phys B 115443 (2021)
Balitsky, et. al., Phys. Rev. D.105.014008 (2022) 

This slide is courtesy of Alex NieMiera!!!
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Self Renormalization
The self renormalization factor is defined as 
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Self Renormalization 
The self renormalization factor is defined as 

where we determine the free fitting parameters                                                 through a fit 
across multiple lattice spacings using the parameterization,

For the gluon, the Wilson coefficient is defined as
+
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Self Renormalization 
The self renormalization factor is defined as 

where we determine the free fitting parameters                                                 through a fit 
across multiple lattice spacings using the parameterization,

In addition to the parameters above, we also 
fit g(z), the residual contribution containing 

intrinsic non-perturbative physics.

+
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The MSULat Setup
Follana et al. PRD 75:054502, 2007.
A. Bazavov, et al. [MILC], PRD 82:074501, 2010.
A. Bazavov, et al. [MILC], PRD 87:054505, 2013.
A. Hasenfratz, et al. PRD 64:034504, 2001.
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3 lattice spacings

2 pion masses ~310 
and 690 MeV
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We use a heavy pion 
with no momentum 
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Important Note: Gauge Link Smearing

● A major challenge in applying LaMET to the gluon is that we need reliable 
long-distance signal to compute the Fourier transform, which defines the 
quasi-PDF

● We implement Wilson/gradient flow, which introduces a new scale, flow-time, 
which defines a smoothing out of UV fluctuations to improve the signal

● This can introduce a bias, but in this study, 
we take a simultaneous continuum and zero-
flow time extrapolation, by defining the flow time 
relative to the lattice spacing

● We find little dependence taking this limit versus 
other paths, which we explore in our second paper

7/20



Important Note: Gauge Link Smearing

● A major challenge in applying LaMET to the gluon is that we need reliable 
long-distance signal to compute the Fourier transform, which defines the 
quasi-PDF

● We implement Wilson/gradient flow, which introduces a new scale, flow-time, 
which defines a smoothing out of UV fluctuations to improve the signal

● This can introduce a bias, but in this study, 
we take a simultaneous continuum and zero-
flow time extrapolation, by defining the flow time 
relative to the lattice spacing

● We find little dependence taking this limit versus 
other paths, which we explore in our second paper

7/20



Important Note: Gauge Link Smearing

● A major challenge in applying LaMET to the gluon is that we need reliable 
long-distance signal to compute the Fourier transform, which defines the 
quasi-PDF

● We implement Wilson/gradient flow, which introduces a new scale, flow-time, 
which defines a smoothing out of UV fluctuations to improve the signal

● This can introduce a bias, but in this study, 
we take a simultaneous continuum and zero-
flow time extrapolation, by defining the flow time 
relative to the lattice spacing

● We find little dependence taking this limit versus 
other paths, which we explore in our second paper

7/20



Important Note: Gauge Link Smearing

● A major challenge in applying LaMET to the gluon is that we need reliable 
long-distance signal to compute the Fourier transform, which defines the 
quasi-PDF

● We implement Wilson/gradient flow, which introduces a new scale, flow-time, 
which defines a smoothing out of UV fluctuations to improve the signal

● This can introduce a bias, but in this study, 
we take a simultaneous continuum and zero-
flow time extrapolation, by defining the flow time 
relative to the lattice spacing

● We find little dependence taking this limit versus 
other paths, which we explore in our second paper

Figure from Joshua Lin

7/20



Important Note: Gauge Link Smearing

● A major challenge in applying LaMET to the gluon is that we need reliable 
long-distance signal to compute the Fourier transform, which defines the 
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● We implement Wilson/gradient flow, which introduces a new scale, flow-time, 
which defines a smoothing out of UV fluctuations to improve the signal

● This can introduce a bias, but in this study, 
we take a simultaneous continuum and zero-
flow time extrapolation, by defining the flow time 
relative to the lattice spacing

● We find little dependence on the path we take to 
approach this limit

Figure from Joshua Lin
NieMiera, et al. arXiv 2511.14708 (2025)
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Renormalization Factors

We find a very reasonable fit and parameters, and see 
reasonable results for our renormalized zero momentum 
matrix elements

Agreement with the perturbative 
Wilson coefficient at short 
distances

Lattice spacing dependence 
mostly removed

NieMiera, et al. arXiv 2510.17758 (2025)
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Long Distance Physics and Continuum Extrapolation
● We apply a common extrapolation form, 

which has recently been given stronger 
theoretical motivations

● We see some residual lattice spacing 
dependence (less than 2 standard 
deviations in most regions), which we 
wash out via a continuum extrapolation:

Gao, et al. PRL 128:142003 (2022)
Ji, et al. arXiv 2601.12189
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Hou, et al. (CTEQ) PRD 103(1):014013 (2021)
Cerutti, et al. PRD 111:094013 (2025)

Lattice spacing seems to have a strong impact 
on whether the PDF goes below zero or not

We prefer a PDF that is close to zero 
at large-x
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● For brevity, I focused previous on only our largest momentum results, using 
the fixed relative flow time method at the smaller pion mass, but we studied 
flow, lattice spacing, pion mass, and momentum dependence, finding 
momentum to be the only significant source of systematic uncertainty

Some Systematic Studies

NieMiera, et al. arXiv 2511.14708 (2025) 11/20
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● In the quark case it has been shown that gauge-variant operators without the 
Wilson line calculated in the Coulomb gauge (CG) can be matched to the 
same light-cone PDFs and has much better signal at large z

● One main challenge, especially for extending to the gluon, is that the 
matching must be calculated in the Coulomb gauge. I will share some of our 
progress here

Gao, et al. PRD 109(0):094506 (2024)

Bonus: the renormalization is no longer z-dependent, making renormalization much easier, and allowing x-dependent 
“quasi-PDF matrix elements” to be extracted directly from lattice 3pt correlators. Grebe, et al. arXiv:2606.16877 12/20
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● The matching kernel is calculated order by order by taking the difference 
between the parton-in-parton PDF and quasi-PDF

● This works because, although both distributions have the same IR physics, so 
the IR divergence cancels out, and UV divergences can be renormalized

● Matching to relevant lattice renormalization schemes is straightforward

LaMET Matching Kernel Calculation

Calculable via 
Feynman diagrams
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in the CG since we don’t care about gauge invariance

● This reduces the work involved for calculating the matching significantly

Field strength tensor 
NLO diagrams:
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diagrams:
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(plus self energy terms)
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Coulomb Gauge Gluon PDFs Cont’d

● The gluon diagrams present a challenge because of 
multiple CG propagators which break the symmetry in 
the temporal direction 

● For this diagram in particular, we are left with integrals of the form

● In general, we get terms that involve hypergeometric functions with 
parameters depending on the dimensional regularization (DR) value 𝜖:
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● Initially, we used HypExp to handle the expansion of hypergeometric 

functions, but this does not respect expansion of terms end point singularities

● After developing some tricks, we were able to properly handle these 
expansions, and finally, we need to calculate the virtual corrections from the 
gluon self energy:

● Using an old calculation with some ambiguity we recover the IR divergence 
up to a log(2) term…

Huber and Maitre, arXiv:hep-ph/0507094 and  arXiv::0708.2443
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Discussion and Outlook



LaMET Higher-Twist Effects
● LaMET is notorious for its systematic errors 

that grow with       and          , which are 
often treated only with the statement, “trust 
PDF in this region and not this region” 

● Other early attempts at using additional 
lattice data to constrain the LaMET PDF 
are black and white or ignore systematics 

● These higher-twist systematics are not well 
understood, but there has to be a better 
way to probe them; otherwise, it's hard to 
say what we should really take away from 
LaMET PDFs
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Towards Ground Truth: LaMET + Pseudo-PDF 
(+ Experiment)

● MSULat and ANL, with much groundwork being laid by Alex NieMiera, are building an 
ambitious framework that will solve this problem and several more

● Main idea: pseudo-PDF and LaMET start from the same matrix elements, hence both contain 
information about the light-cone PDF, hidden by their own individual systematics

● A joint analysis using state of the art statistical and machine 
learning techniques, with proper handling of systematics 
should be able to extract the ground truth PDF

● Bonus: Since pseudo-PDF data can be handled similarly to 
experimental data, this framework should easily extend to 
include experimental data and other lattice systematics

If you invite Alex for a seminar next 
year, you can learn all about this!
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Improving the Signal

● We still need improved systematic precision 
at larger momentum, smaller lattice 
spacings, and pion masses, which are all 
sources of statistical error! Several recent 
innovations have been proposed

● Kinematically enhanced interpolators 

● Coulomb gauge fixed calculation

● Machine learning of variance reduced 
gluonic operators

Zhang, et al. PRD:112(5):L051502 (2025)

Gao, et al. PRD 109(0):094506 (2024)

Abbott, et al. arXiv:2603.02984
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Concluding Remarks

● The gluon PDF has been a massive challenge for LQCD to calculate so far, 
and there are many systematics in the calculation beyond the classic lattice 
spacing and pion mass, but we are starting to get these systematics under 
control

● Severals methods to improve the signal at higher momenta, larger distances, 
and smaller pion masses have been proposed recently that should really push 
our ability to improve both statistics and systematics

● The gluon PDF will likely remain behind the non-singlet quark PDFs in terms 
of signal, but we don’t need the same level of precision as quarks to 
contribute to global fits, meaning that the gluon provides a unique opportunity 
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Backup



Infinite Momentum Extrapolation 

● Infinite momentum extrapolations have been suggested to alleviate the bad 
momentum convergence on our gluon PDFs. We tried this and the results 
look good, but mind that the infinite momentum extrapolation is only valid 
within the region where the smallest momentum PDF is valid (extrapolating 
non-convergent series is not safe!)

PRELIMINARY!!!!



Systematics to Resolve in the Gluon Case
Systematic LaMET Status Pseudo-PDF Status

Lattice Spacing Early continuum extrapolations Early continuum extrapolations

Pion Mass Effect smaller than statistics Early extrapolations

Gauge Link smearing Small effect Small effect

Renormalization Full control via self renormalization Good control at short distances 
via ratio renormalization

Power corrections Strong momentum power corrections Parameterized corrections, 
stick to small distances

Model dependence Asymptotic form with strong motivations Fixed functional form, some ML 
methods

Perturbative Scale 
dependence

Not addressed Not addressed 



Example: Deep Inelastic Scattering (DIS)
● Want to calculate the cross section for

 
● We consider the elastic cross sections of a single 

parton with momentum 𝓍𝑝 interacting with the electron
 

● Convolute the elastic cross sections with the probability of finding such a parton in 
the proton and sum over partons

● One can use the same PDF for different cross sections 
○ Structure functions inherit the same factorization forms as well

● The PDF is defined on the light cone, but the cross section is completely physical
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MSULat 3pt Methodology

● We can then insert operators into the 2pt correlators to construct three-point 
(3pt) correlators, which allow us to extract matrix elements from the data

● MSULat mostly uses two state fits, which 
we often demonstrate with ratio plots

z



Large-    Extrapolation 

145

We apply a physically motivated extrapolation form to 
fit the renormalized matrix elements at intermediate - 
large distances with                   ,

Gao, et al. Phys. Rev. Lett. 128, 142003 (2022)

We’re able to obtain reasonable extrapolations across 
all ensembles and pion masses for each smearing 
scheme (that’s ~50 extrapolations!); however, future 
work should explore possible systematics more 
carefully.
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[10]    Gao, et al. Phys. Rev. Lett. 128, 142003 (2022)

We have three ensembles, three smearing analyses, 
and two pion masses, each evaluated across around 
two-three values of Pz… That’s ~50 extrapolations!

Large-    Extrapolation 

147

We apply a physically motivated extrapolation form [10] 
to fit the self-renormalized matrix elements at 
intermediate-to-long distances.
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We have three ensembles, three smearing analyses, 
and two pion masses, each evaluated across around 
two-three values of Pz… That’s ~50 extrapolations!
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Large-    Extrapolation 

148

We apply a physically motivated extrapolation form [10] 
to fit the self-renormalized matrix elements at 
intermediate-to-long distances.

[10]    Gao, et al. Phys. Rev. Lett. 128, 142003 (2022) W235

We have three ensembles, three smearing analyses, 
and two pion masses, each evaluated across around 
two-three values of Pz… That’s ~50 extrapolations!
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Disconnected Diagrams

● To calculate the Euclidean correlators on the lattice, we compute three-point 
(3pt) correlation functions:

● The wick contraction gives different diagrams:

● The disconnected pieces are much noisier and require large 2pt statistics to 
improve signal 

Gambhir (2017). Dissertations, Theses, and Masters 
Projects. William & Mary. Paper 1516639772.


