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General concepts of small-x physics:

o Quarks and gluons in the proton

« DIS in the dipole picture, GGM/MV formula

« Small-x evolution, parton saturation, map of high-energy QCD
Non-linear small-x evolution

e Non-linear BK and KL evolution equations

« Solution of BK and KL equations, geometric scaling

Particle production at small-x

o AGK cross sections in BFKL pomeron calculus and dipole approach
o Solution of the linear but with complicated kernel AGK equations

o Multiplicity distribution and entanglement entropy for produced
gluons

Applications at EIC era
Based on arXiv:2603.21775 [hep-ph],

Phys. Rev. D 113, 114021 (2026)
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Quarks and Gluons in the Proton !

electron <10-16 cm

J

atom 103 cm

gluon <10-16 cm

nucleon (proton/
neutron) 1013 cm

J

quark <10-16 cm

« We still don’t have a clear picture of how quarks and
gluons are distributed inside the proton.



Quarks and Ghuons in the Proton 2

By colliding tiny electrons with relatively larger particles
such as protons or nuclei in particle accelerators, it help us
(nuclear physicists) to unlock the mysteries of the strong

force, which binds atomic nuclei together.
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Deep melastic scattering (DIS)

Small—xr < Highenergy s



Quarks and Gluons in the Proton 4

« There is a huge number of quarks, anti-quarks and gluons
at small-x!
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Quarks and Gluons in the Proton 5
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e Qualitatively we understand that these extra quarks and
gluons are emitted by the original three valence quarks in

the proton.



Quariks and Gluons in the Proton Y

« The Gribov-Feynman time structure of the parton cascade

Linear evolution Nonlinear evolution
fast hadron 0 ’
(p>>q,) Q =Qg
M
M= =
XPp { rj,‘?*.}‘\, j—qZ/2
j I ) I — 1
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z
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t (time)

« The straight solid lines represent gluons.






Dipole picture of DIS

e DIS on a proton at small-x (x<0.01 and Q221 GeV?2):
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Dipole picture of DIS 3
e The total DIS cross section is expressed in terms of the
qguark dipole amplitude N:

' d>x ol T
o) P :/ i d%/o e B 7% (%01, 2,Q%)| N(Y; %01, b)

T
« How does the dipole interacts with the proton?

g r~ ...SJ_l

J = spin of exchanged particle

« Answer: the gluon exchange dominates (J=1). Spin-2
particles, such as gravitons, luckily are weakly-coupled at
the energies of the modern-day accelerators.



Dipole picture of DIS ?
e For the 2-gluon exchange in the proton=quark model
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where Qs(Y=Yo,b) is the initial saturation scale.



Dipole picture of DIS 10

DIS on a nucleus at small-x (x<0.01 and Q221 GeV?2):
Lt t//iU
@,

« Nuglsus = Bag of dipoles

e For DIS with nucleus the
impact parameter fixes the
number of nucleons that
interact.




Gribov-Glauber-Mueller Pictinre

 If the interaction with 1 nucleon becomes strong, we need
to account for multiple interactions

L0

For multiple exchanges simply exponentlate (Mueller ’90)

1
N© (Y =Y4,%01,b) = 1 — exp —1$01Q2(YA7 )

Since the interaction is local, gluon exchanges with
different nucleons do not get entangled and we also do
not have any gluon-gluon interactions.



Small-x Evolution 12

« The previous result does not include any energy
dependence. Energy dependence comes in through
qguantum corrections, which bring in powers of :
Those are given by the long-lived s-channel gluons:




Small-x Evolution L3

« To give us powers of asIn (1/x) (LLA), the gluons minus
momenta have to be ordered and the transverse momenta
are comparable

2k, . 2ks i 2ks i
k%T k%T kgT
o Still, hard to resume a gluon cascade due to color factors



Small-x Evoluthion

 We employ the large-N¢ limit ('t Hooft '77)
Ne > 1
0000000000000 —> -
N, ®@N. =10 (NI=1)y~ NI= 1]

« We replace the gluon by a qqbar pair. Only planar
diagrams contribute

+ 1



Small-x Evolution 15

e Forward scattering amplitude for dipole—nucleus scattering
including small-x evolution:
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» Instead of calculating the forward dipole—nucleus
scattering amplitude N we start with the S-matrix, which is

related to N via

S(Y;Xgl,b) =1 — N(Y;X()l,b)



Small-x Evolution 16

« The sum of the probability to have one daughter dipole in
the parent dipole convoluted with the S-matrix for the
dipole—nucleus scattering in the GGM approximation,
along with the probability to have two dipoles convoluted
with their multiple rescattering interactions with the
nucleus, etc., is:

Saa (Y;x01,b) = Z(—l)”/H d*zo1 ; d°b;
n=0 i=1
X VBA(X(H,?;, X017 bfz) ,On(Y; {X01,7;, bz})

« Where gamma is the GGM initial condition and rho the
dipole densities



Non-linear evolution 17

« The dipole—nucleus S-matrix obey the following non-linear
evolution equation (Balitsky '96; Kovchegov ’'99):

0 Saa (Y,%01,b)  as N, X1
oY 2 e T

X [Saa (Yixi12,b) Sga (Y;x02,b) — Sqa (Y;x01,b)

where Y = Inl/z and X;; = X; — Xj, T;; = ‘Xij‘

4

The equation resumes power of o /V,. ln(l/gj) (LLA)

The initial condition with energy is given by

1
Sua (¥ = Yaxo1b) = exp (—1 a1 Q2(¥a.b)



Non-lmear evolution

« The nonlinear BK evolution equation describe the

transition into the saturation region, along with the physics
inside that region.

Color Glass Condensate/Saturation region

g B
No Geometric Geometric Extended Geometric
Scaling region Scaling region |, Scaling region
\\ I 4 <
Y=lnlxp e - axy
\\ | E s = Ys
L o} 0
on- At ' Saturation region
perturbative ; |
region QY 2= ax :
Y, DY __ - - _ Perturbative QCD |
0 £p = IN(x3Q; (Y=0, b))
NI s powmri e Ay T s Y L '
|
|

>
- Critical lineat 1p; = 1/Q4(Y,b). It gives the boundary
conditions.

« Energy dependence of Qs is QAN )= O et s )



Solution of BK equation 19

e For the leading twist BFKL kernel (E. Levin and K. Tuchin

00
X ) 5 3 01 (e ] 01 i _ £ 4 g
Q €T Q €T Q €T Q
—25 d2£B2 2 012 2 202 28 212 = —28 /dfoz =+ —28 dfu
T L19 Lo 2 i )%2 i )9712 ; !
QI2(Y,b Qs “(Y,b pee [Feid

where &;; = In(z;; Q2(Y = Yy4,b)) and
« We have

3
0 Saa (€, L / ’
dgg(f §) P ;SdA(fsaf) / de e S e
—53

 Introducing the auxiliary function

Saa (€s,8) = exp (—Q(&s,8))



Solution of BK equation 20

« We can obtain the non-linear equation for () (f, fs)

QRG] (1 e e—ﬂ(gs,g)>

0E;0E K
« The geometric scaling z=¢s+¢ equation and implicit
solution is:

d* Q) (2) 1 (1 e Q(z))

d z? K

d ) 2
/ o A K
Q0() \/Q g Wi




Solution of BK equation 21
« We can assume that { > 1 at large z. In this case we have:
e 1.) Neglecting e-? in the integrand

e d Y 5
L 6o
Qo (€)
VQ(z) — Qolza) = \/;—K(zﬂLCz)

 Obtaining N(Z) TR e 6_Q(Z)

S Cexp( (2 2_5)2>

G
Lo Yer

where k =




Single diffractive dissociation



Single diffiractive dissociation 2
« At high M,, in addition to the qgbar, one may have many
more gluons produced (y>Y0): -

o

> rapidity gap

proton or nucleus

The process Diffraction evolution as
fan diagrams



Diffractive S-matrix 23

« We define a new object —Oothe diffrac;!)ve S-matrix — as:

Sia (Y, Yo;x01,b) = Z(—l)n Z(—l)k
n 0 k=0
/HﬁmmmIL%mfb
=

><’Y (X01,i,X0'1/,bz) BA(XOl,j7XO’1’7bj)

X Pr,lq?,k(Ym, Yo;1Xo01,, bi }) pn(Y0; {1Xo01,i, bi })
« where parton densities

pgk(rl7b17" T’nab . Tk,bk,Y YO) B
n '
0
TL' H 5u k' _Z(Y Y()?[ ] [ ])|u=1,ﬂ:1

1=1




Diffractive S-matrix 24
« Using the following cancellations of final state interactions
for gluons with y>Y, (z. Chen, A. Mueller ’95)

i%§i+i® i+i Wi:o

0 oo 0
| | |

%@9&)5+w i:o

« The equation for the single diffraction has the following
form in QCD

0574 (Y, Yo;%01,b) g N, T
oY 22 LAiE
28 [SC?A (Y, Yo;x12,b) SC?A (Y, Yo; %02, b) — SC?A X, Y05X01,b)]

I.C. SCIZ)A(Y:YmYO;XOlab) — SﬁA(Y:YO;XOMb)




Solution in the saturation region?25
+ Introducing Sz (€,€5) = exp (— Q7 (§,¢&,))

g8 e b ol (1 o5 e—QD(gs,g)>

0E;0E K

e The solution to this equation has the form:

Saa (2) = Splzm) Sga(#o)

« This notation reflects that the production of gluons with
mass My occurs in the dipole-Pomeron scattering
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The old times 26

e The scattering amplitude in the “BFKL Pomeron calculus”:
Single Pomeron <-> Multiple Pomerons <->
Linear evolution Non-linear evolution

« Pomeron=Bound state of two reggeized gluons



The old tirmmes 27

e The scattering amplitude can also be calculated as the
sum of the “fan” diagrams of the BFKL Pomeron calculus.

N(Y,x01,b) = z:(—l)k+1 Cr(x01, b) (Im Grkr (Y, Xo17b))]i
g —F\.(Y.x01,b)

« where Fiisthe contribution of the exchange of k-Pomerons
to the cross section. This series we do not known except
for the initial conditions

1
O e e (—Z:c?n Qi(YA,m)

- S ()

k=1




The equivalence between the two’™
approaches

e In QCD in the LLA, there is an equivalence between the
pomeron theory of high energy strong interactions and
the dipole approach to QCD (almost always work).

Multiple Pomerons <-> Non-linear evolution

« We learned how to write nonlinear corrections only
when the amplitude is the sum of ‘fan’ diagrams, in
which we have P-> 2 P vertex.

e In our treatment of the multiplicity distributions, we are
going to explore again this equivalence.



The Cut Pomeron 29

e In the single-Pomeron approximation, the scattering
amplitude is small, N<<1. If N <<1, then the elastic
contribution N2 << N can be neglected:

o It tells us that the inelastic cross section in one pomeron
exchange approximation is twice the forward amplitude of
the process, since the latter is purely imaginary.
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The BFKL equation 31
« The BFKL equation
Qs

on (Y ky) = =2 /dY’/dzk’T KK k) e (V- k)

A
e In its differential form

8, (Y. k 7
on(YV,kr)  ag 2kt i ey o e
oY T

« Onitis cross section to find n-gluons in the final state if
the energy is Y. Expanding

o (Y, kr) = ZCn(Ya v) (k7)"

« we find that the produced gluons in the BFKL follows a
Poisson distribution
n(Y, k Apkr Y )"
B ke Ll ) AR gy
Zn:O ¢n(Y7 kT) TL'
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Gluon production at small-x

coherent state
of dipoles

( mess of dipole interactions | dipole-gluon | detectors
dipole ,  transitions
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« The interaction of fast hadron (dipole) with the virtual
photon (v+). The coherence of the partonic wave function
of the fast hadron is destroyed at t = 0, while the gluons
can be measured at t = oo,



The AGK cutting rules 33

« The Abramovsky-Gribov-Kancheli (AGK) cutting rules
allows us to calculate the cross sections for production of
n-cut Pomerons if we know Fy: the contribution of the
exchange of k-Pomerons to the cross section

ar S b S et )
k=n

where
(-1 (2* - 2)A(¥;r,b) for n =0
Oqu,(YQI‘,b) =g e L S ; )
) (k —n)n! elXmby oritre
and

Iy (Y§ X01 b) e (X017 b) (Im (o (Y§ X01 b))k



The AGK cutting rules 34

i k!

A b k

o1t = E e (k — 1)1 1! 2* Ok (Im Gpexc)
k—1 '

=T AT Coy 2 (2ImGBFKL) i
+ C33 (QImGBFKL) SR

o (k — 2)!2! e (Im Gorercr)

= 02( BFKL)2 _I_ CSS(QImGBFKL) (O’?Tf‘KL)Q
Oy 6 {2 Im G ) (goos )




The AGK cutting rules

o AGK cutting rules give the answer for the square of the amplitude.
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Produced particles 30

« To find the multiplicity distribution of particles in the final
states one needs to convolute ok with the distribution of
particles inside k-cut Pomerons

0'5’8' (Y§ X01, D Z UAGK Y; X01; b) Pf(k ABFKLY>

e e
BFKL)k Poisson

X (U’m distribution

s 5 ACGK
4 k n/(ABFKL Y) (Y7 X017 b)




The AGK cutting rules 31

« We don’t know how to sum this series except for the initial
condition:

1 72 2
Fk(Y:YA;XOl,b) cay UL ( OlQSO)

k! 4
o So o, ol (S0
5 (%x%; ?io)" i {_% s ng}
e« For £ = In (33(2)1 ng)
g (Yi=Yoagibiis (ﬁfj) exp <(— % €€\>




The particle production S-matrix>®

« The AGK cutting rules can be replaced by the evolution
equations for o,. From the s-channel unitarity:

2N(Y;x01,b) = 0sp(Y;%01,b) + 0in(Y;X01,b)

« We define a new quantity — the particle production S-
matrix “S, ”: it includes o, along with the no-interaction

term (=1) and all the interaction terms (N and o_4) on
either side (or both sides) of the final state cut:

Sin:1—2N+O'SD—|—ZO'n

=]

n=1

6 =T - @ e




The particle production S-matrixe?

« The evolution equation for S, . is

2

0 ag 2 Lo1
Y (Y5 Xo01 ) on | ¢ 212,22, Sin(¥i %12, b) Sin X02, b) (V3 X01, b))
= ) select fixed multiplicity terms

select fixed multiplicity terms

« Replacing S, =1-2N+0sp+2,0, in the equation for the S, -
matrix, we obtain the BK, the KL and the AGK/KLP
evolution equations:

0 Qg 12
— 0, (Y;x01,b) = == [ d° i
8YJ (Y;x01,b) S L 22, 72,

X |lon (Y;x12,b) + 0y (Yix02,b) — 0, (Y;%01,b)

+ o, (Y;x12,b) 0sp (Y;X02,b) + 0, (Y;X02,b) 05p (Y;X12,b)
n—1
T Z On—k (Y;X02ab) Ok (Y;X12ab)

k=1
— 20, (Yix12,b) N (Yix02,b) — 20, (Y;%02,b) N (Y;x12,b)



Evolution of onat IargeN i
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« We can see the equation is linear but with complicated
kernel (KsrxL + 2 - 4 N) and non-homogeneous




Evolution of onat largeN, 4

e Lets note that
I!I O I!I 0 I!I 0

mn
e« we reduce to { A SD
0 XS 2 201 iai
TR AN Ya 7b AR I d
oy ° (Y01, b) 2 ¥ g
X [ — On (Y7 X015 b) + On (Y7 X12, b) A (Y7 X02; b)
n—1

Sl (Y7 X12; b) On, (Y7 X025 b) I Z On—k (Y7 X02) b) Ok (Y7 X12, b) ]
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o,:regionl (GS) 42

« For model LT kernel:

mdgcliz(z) = —201(2) + o1 (2) / dZ A(2) + A(2) / d2' o1 (2)
e 33
- — (z — /dz’A(z’)) o1(z) + A(z)/dz’al (2")
2 3
N " .
T(Z) /dz’al(z’) = /dz o1(2') — /dz’al(z)
£¢" &9 £ 5
IR, —$,(2)
U S A N DR O
=3 mdgl(z) + T(2)o1(2) — 091 A(z) + A(2)X1(z) = 0




g, regionl (GS) 43

« We have divided the equation in two parts

yido s = /ﬁzdaallz(z) ORI N R % i e DA

Nelon] = A(z) 21 (2)

e As a solution, we introduce

= (O) =F p()‘%l) =P 0%2) v A

suchthat |0 (p)] + pN¢ilo (p>] — 0
o The Oth iteration is
do}” (2)

0
Llos Tk -

= —T(2)0{”(2) + 601 A(2)



o,.:regionl (GS) 44

« The solution is a sum of the solution to the homogeneous
part of the equation and the particular solution of the
non-homogeneous one. We obtain

/
z Z z

01" (2) = exp (i / dZ’T(z’)) {021 / dz' A (2') exp (i / d/T(/)) i Cfﬁ}

gt &5k &
A\ w/ NS 4
.l WV

&0 50D

1 1
where C{" = e exp <—2€£64)

2
e For the next homotopy iteration we need to account for
the linear terms in p: £[0§O> . p0§ )] 5 pNg[ago)] =40
« The equation takes the form

0(”) 1,1 (0
B L () oD () - A9 EP ()




o,:regionI (GS) 4o

where 21" (z) = /dz’ (). The general solution is

z

1 P [ : b
O_;l,]) (Z) — ——exp (/dZ/T<Z/)) /dZ/A (Z/) Zgo) (z/) exp (/dz’/T(z//))
K K 5

39 £ 33
« In general, the equation for the p-iteration (p21) in
region | takes the form

J(p,) 5 S
LB L el ) A BED ()

with solution

oD () = — lexp (1 /dz’T(z’)) /dz’A(z’) S8 (1) exp (1 /dz"T(z”))
K K K




o region Il (no GS) 0

doq (5)7,7;) Ooy (6Y, 2
Y 2 (&z )

2 oy (2
& g 2 AL
e o (67.2)
0 oYy 0 oY
) 2D 1) - s 1) + 467 )



o,:regionIl (no GS) 47
 In this case, the solution is more complex. After some
algebra, the general solution takes the form

050’”) ((5{/,2) = O, (—/15}7 + z) (7(1)/ (517,,2) + 0(1)/ (5)7,,2) 5?/ (537,7;)
where ¥
Y
oV (517,2) gt / A6V T (5?’,—,4; (517 b 517’) + z)
0

z

/ 2 1 x = ol
59 ((5Y,z) Cag /d,z’ 20, A(éY— Gk ,z’> i e
K 00’ <5Y g o Iio7 Z’) K
ez : R
l625e><:p s B T
(e )> ol (aF = 0,5 =

oy’ (517 i aee
» For other iterations, we just modify our definition of the
non-homogeneous term by adding the contribution from N,



o, 48

« Now we need to add to our definition of L[o1] the non-

homogeneous term

flow) = #2228 L 1G)0,(2) = 000 A() = T Buck (2) 01 (2

e SN e e
= Upiz)

« We solve the equation in a similar way to o3, yielding

1 -4 1 § 1 i n
0_;0,]) (Z) — exp (/dZ/T(Z/)) {/dz/ U, (Z/) exp (/dz’/T(z//)) ud ngﬁ )}
K K ¥

£ & %
iy

: ) =+*, The formula for the p-iteration is

g B R (i / dz'T<z’)) {% / d2' Uy, (') £P=D (') exp (i / d/T(/)) + cjbn)}

&9 &6

where ¢{" = (




Numenrical estimates 49

« Ratios of 01, 02 03 and os for \xi_A=0, \alpha_S=0.2, z_0=2.

| Region I: £<£; i Region I1: £>£] - Region I: £<£:! Region II: £>¢1
: L - -—
0.2f : ol —— :
< P < ____________________ 3 -
Ll s A L of R T ey
P T b W N
> ! s @s=0.2, Y=5
55— H as_0.2, Y=5 EJ‘Q 0 2
R 0.2 p=l R — !
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........ p=3 s p=3
,,,,,, - ~0.4 o
-04
0 5 10 0 10
z z
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@5=0.2, Y=5

10



Numerical estimates 20

« Ratios of 01, 02 03 and os for \xi_A=0, \alpha_S=0.2, z 0=2.

| Region I: £<¢;! ; Region II: £>&;! - Region I: £<¢! E Region II: £>&;
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e One can see that the first iteration turns out to be rather
large in the small-z region which corresponds to region |I.

e Despite the fact that after an appropriate number of
iterations the corrections become small, the approach
may break down for a sufficiently large n. For this reason,
we use this method only for small values of n.

« We solve the equation in the large-n limit, and study the
possible matching with this solution.



The large nz=<n(z)> Solution °2

« We start with our equation

+ Y Su_i(z) ow(2)
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The large n=<n(z)> Solution °°

e Rewriting the sum as

,; Mpecple) otz e

« and introducing S,, (z) = /dz’ ¥, (z) , we have
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The large n=<n(z)> Solution >4

« We suggest that the solution has the following form

Yin(2) = ¢(2) exp (=1 @(2))

e Functions @ (z) and ¢ (z) we will find from the equation.
Replacing and taking the large z and n limit we find

o (2 DA 5 D600 B ()

« We can now solve the equation and find for DIS:

on (2) = (¢’ (2) — n¢ (2) @’ (Z))eXp(RCP (2))

n>(n(z)) 2 2° n
crentls ) L
where\IJ(g) — 56—5 and < ( )> = 2ngze€ oy







Entropy of produced ghuons  °°

e DIS probes only a part of the proton’s wave function

(region A).
@ T AN
B

« The probability to have n-cut BFKL Pomerons in the final
state is equal to

e U;ﬁfGK (Z) g 22 n
e e e <n<z>>‘1’(<n<z>>)
where W (£) = £e ¢ and (n(z)) = 2noze(z_2z?)

Pgluons Y XO]_, Z AGK Y XOl, )Pr:oisson(k, ABFKLY)



Entropy of produced ghions °Y

« The new observable of DIS — the entanglement entropy —
is given by the von Neumann’s formula

Se(e) =iy B Loy In (R ()

s I g 2
< ( )> In agreement with

S | 22 Kharzeev and Levin
’ Q_E (2017) predictions.

« A relation between the Shadron and the initial-state parton
entropy, Sgiuon, due to “parton liberation” and “local
parton-hadron duality (LPHD)"”, is described by:

N

Shadron i Sgluons



Applicationsat EICera  °°

« Having these cross sections, we can calculate the k-th
moments of our multiplicity distributions using Mueller’s
formula

(n(n = 1)...(n — k +1)) = (n"(2))

= 03 (2) (Perxu(2 )>

where TLBFKL(Z) o ’}/Z

2 2
Fves 645/@'111(2/2) + 111(@820)

e Do we have

<nk(z)>hadrons ~ <nk(z)>gluons ?
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« And therefore, all cumulants can be calculated:

Ci(z) = (n(z)) Mean
Ca(z) = (n*(2)) — (n(z))" Variance
Cs(z) = (n°(2)) — 3(n?(2)) (n(2))
Ll
Ca(z) = (n'(2)) — 4{n’(2)) (n(2))
— 3(n%(2))% + 12(n%(2)) (n(2))’
— 6(n(2))*



Conclusions and outlook







