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Outline
• General concepts of small-x physics: 
• Quarks and gluons in the proton 
• DIS in the dipole picture, GGM/MV formula 
• Small-x evolution, parton saturation, map of high-energy QCD

Based on arXiv:2603.21775 [hep-ph], 
Phys. Rev. D 113, 114021 (2026)

• Non-linear small-x evolution  
• Non-linear BK and KL evolution equations 
• Solution of BK and KL equations, geometric scaling 

• Particle production at small-x  
• AGK cross sections in BFKL pomeron calculus and dipole approach 
• Solution of the linear but with complicated kernel AGK equations 
• Multiplicity distribution and entanglement entropy for produced 

gluons
• Applications at EIC era

https://arxiv.org/abs/2603.21775
https://journals.aps.org/prd/abstract/10.1103/ypc9-j9by


General concepts of 
small-x physics



Quarks and Gluons in the Proton
<latexit sha1_base64="vGF1Fp2l9LI8FB9QZjjlNowwMLg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0Ip/RtePCji1T/jzX/jpg2orQ8GHu/NMDMvSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8m/ntR1Sax/LBTBL0IzqUPOSMGiv1vNIP+uWKW3XnIKvEy0kFcjT65c/eIGZphNIwQbXuem5i/ClVhjOBs1Iv1ZhQNqZD7FoqaYTan85vnpEzqwxIGCtb0pC5+ntiSiOtJ1FgOyNqRnrZy8T/vG5qwmt/ymWSGpRssShMBTExyQIgA66QGTGxhDLF7a2EjaiizNiYshC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAYJPMELvDqp8+y8Oe+L1oKTzxzDHzgf37+AjZw=</latexit>
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• We still don’t have a clear picture of how quarks and 
gluons are distributed inside the proton.

atom 10-8 cm

nucleus 10-12 cm

electron < 10-16 cm

nucleon (proton/
neutron)  10-13 cm

quark < 10-16 cm

gluon < 10-16 cm



Quarks and Gluons in the Proton
• By colliding tiny electrons with relatively larger particles 

such as protons or nuclei in particle accelerators, it help us 
(nuclear physicists) to unlock the mysteries of the strong 
force, which binds atomic nuclei together.

<latexit sha1_base64="JMRR87QIo3q5aiv0SSDcLCvgiZ0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMF+wFtKJvttF262YTdjVBC/4YXD4p49c9489+4aQNq64OBx3szzMwLYsG1cd0vZ219Y3Nru7BT3N3bPzgsHR23dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2IyrNI/lgpjH6IR1JPuSMGiv1qsUf9Etlt+LOQVaJl5My5Gj0S5+9QcSSEKVhgmrd9dzY+ClVhjOBs2Iv0RhTNqEj7FoqaYjaT+c3z8i5VQZkGClb0pC5+nsipaHW0zCwnSE1Y73sZeJ/Xjcxw2s/5TJODEq2WDRMBDERyQIgA66QGTG1hDLF7a2EjamizNiYshC85ZdXSata8WqV2v1luX6Tx1GAUziDC/DgCupwBw1oAoMYnuAFXp3EeXbenPdF65qTz5zAHzgf38EPjZ0=</latexit>
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Deep inelastic scattering (DIS) 
on a proton

<latexit sha1_base64="WbpCsRQB8TWIJQ1wff/hHcLDm8Y=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQq1WXRjcsK9gFtKJPpTTt08mBmIpSQnRt/xY0LRdz6C+78GydpFrb1wIXDOffO3HvciDOpLOvHKK2srq1vlDcrW9s7u3vm/kFbhrGg0KIhD0XXJRI4C6ClmOLQjQQQ3+XQcSe3md95BCFZGDyoaQSOT0YB8xglSksD8zjp548kLo8hxRdpZQ4Ds2rVrBx4mdgFqaICzYH53R+GNPYhUJQTKXu2FSknIUIxyiGt9GMJEaETMoKepgHxQTpJvkKKT7UyxF4odAUK5+rfiYT4Uk59V3f6RI3lopeJ/3m9WHnXTsKCKFYQ0NlHXsyxCnEWCh4yAVTxqSaECqZ3xXRMBKFKR5eFYC+evEza5zW7XqvfX1YbN0UcZXSETtAZstEVaqA71EQtRNETekFv6N14Nl6ND+Nz1loyiplDNAfj6xf1hZTU</latexit>
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• There is a huge number of quarks, anti-quarks and gluons 
at small-x!

Quarks and Gluons in the Proton
<latexit sha1_base64="vPzTgbjOsCeeCGhd691pkmq1eF4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoipfVY9OKxgv2ANpTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LQ52NYHA4/3ZpiZ58ecKe04P1Zha3tnd6+4Xzo4PDou2yenHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3607vM7z5RqVgkHvUspl6Ix4IFjGBtpKFdrpVWMLQrTtVZAG0SNycVyNEa2t+DUUSSkApNOFaq7zqx9lIsNSOczkuDRNEYkyke076hAodUeeni8Dm6NMoIBZE0JTRaqH8nUhwqNQt90xliPVHrXib+5/UTHdx4KRNxoqkgy0VBwpGOUJYCGjFJieYzQzCRzNyKyARLTLTJKgvBXX95k3Suq269Wn+oVZq3eRxFOIcLuAIXGtCEe2hBGwgk8AJv8G49W6/Wh/W5bC1Y+cwZrMD6+gXaYY4M</latexit>
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Quarks and Gluons in the Proton

2000
2035!?

1980

• Qualitatively we understand that these extra quarks and 
gluons are emitted by the original three valence quarks in 
the proton.

<latexit sha1_base64="nn8ZphlM6jPA50jl3OHjMOE9MiA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoitnosevFYwX5AG8pmu2mXbjZhdyPU0F/ixYMiXv0p3vw3btocbOuDgcd7M8zM82POlHacH6uwsbm1vVPcLe3tHxyW7aPjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yV3md56oVCwSj3oaUy/EI8ECRrA20sAu10pLGNgVp+rMgdaJm5MK5GgO7O/+MCJJSIUmHCvVc51YeymWmhFOZ6V+omiMyQSPaM9QgUOqvHR++AydG2WIgkiaEhrN1b8TKQ6Vmoa+6QyxHqtVLxP/83qJDm68lIk40VSQxaIg4UhHKEsBDZmkRPOpIZhIZm5FZIwlJtpklYXgrr68TtqXVbderT9cVRq3eRxFOIUzuAAXrqEB99CEFhBI4AXe4N16tl6tD+tz0Vqw8pkTWIL19Qvb844N</latexit>
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• The Gribov-Feynman time structure of the parton cascade

Quarks and Gluons in the Proton

• The straight solid lines represent gluons.

<latexit sha1_base64="m02+4pmBLVbJKF8gMHRkTjQ39t0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7AekoWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GTRtEWx8MPN6bYWZemHCmjet+OaW19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaRKMykezDShQYxHgkWMYGMlv1H5waBac+vuHGiVeAWpQYHWoPrZH0qSxlQYwrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LBY6pDrL5yTN0ZpUhiqSyJQyaq78nMhxrPY1D2xljM9bLXi7+5/mpia6DjIkkNVSQxaIo5chIlP+PhkxRYvjUEkwUs7ciMsYKE2NTykPwll9eJZ2LuteoN+4va82bIo4ynMApnIMHV9CEO2hBGwhIeIIXeHWM8+y8Oe+L1pJTzBzDHzgf35KRjY0=</latexit>
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The dipole approach to QCD



Dipole picture of DIS

<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e→

<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e→

<latexit sha1_base64="B8BR/1RkL4VidxIV/kAtnylaENI=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoMgHsKuSPQY9OIxgnlAEkPvZDYZMjO7zswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2njet5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdDP1m09UaRbJezOOaVfgQLKQETRWanUGKAQ+nPWKJa/szeAuEz8jJchQ6xW/Ov2IJIJKQzhq3fa92HRTVIYRTieFTqJpjGSEA9q2VKKgupvO7p24J1bpu2GkbEnjztTfEykKrccisJ0CzVAvelPxP6+dmPCqmzIZJ4ZKMl8UJtw1kTt93u0zRYnhY0uQKGZvdckQFRJjIyrYEPzFl5dJ47zsV8qVu4tS9TqLIw9HcAyn4MMlVOEWalAHAhye4RXenEfnxXl3PuatOSebOYQ/cD5/AKemj7w=</latexit>

ω→

• DIS on a proton at small-x (x<0.01 and Q2≥1 GeV2):
<latexit sha1_base64="QtiH4JOaFZcnKtDV3WLcC8aGrKw=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyURqR6LXjxWsB/QxrLZbtqlm03Y3RRL6D/x4kERr/4Tb/4bN20OtfXBwOO9GWbm+TFnSjvOj1VYW9/Y3Cpul3Z29/YP7MOjpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80V3mt8ZUKhaJRz2JqRfigWABI1gbqWfbz08XpUX07LJTcWZAq8TNSRly1Hv2d7cfkSSkQhOOleq4Tqy9FEvNCKfTUjdRNMZkhAe0Y6jAIVVeOrt8is6M0kdBJE0JjWbq4kSKQ6UmoW86Q6yHatnLxP+8TqKDGy9lIk40FWS+KEg40hHKYkB9JinRfGIIJpKZWxEZYomJNmFlIbjLL6+S5mXFrVaqD1fl2m0eRxFO4BTOwYVrqME91KEBBMbwAm/wbqXWq/Vhfc5bC1Y+cwx/YH39AjVNjts=</latexit>

x→
<latexit sha1_base64="VeGTXqHIDVcb7Kwchmfaz3a056I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEoiUj0WvXisYD+gjWWz3bRLN5uwuymW0H/ixYMiXv0n3vw3btocauuDgcd7M8zM82POlHacH6uwtr6xuVXcLu3s7u0f2IdHTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o7vMb42pVCwSj3oSUy/EA8ECRrA2Us+2n58uSovo2WWn4syAVombkzLkqPfs724/IklIhSYcK9VxnVh7KZaaEU6npW6iaIzJCA9ox1CBQ6q8dHb5FJ0ZpY+CSJoSGs3UxYkUh0pNQt90hlgP1bKXif95nUQHN17KRJxoKsh8UZBwpCOUxYD6TFKi+cQQTCQztyIyxBITbcLKQnCXX14lzcuKW61UH67Ktds8jiKcwCmcgwvXUIN7qEMDCIzhBd7g3UqtV+vD+py3Fqx85hj+wPr6BTIrjtk=</latexit>

x+

<latexit sha1_base64="g/deXdxlLPtcibqxmxk83J8k1Wc=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEpHosevFYwX5AG8pmu2mXbjZhdyOWULz4V7x4UMSrv8Kb/8ZNm0NtfTDweG+GmXl+zJnSjvNjFVZW19Y3ipulre2d3T17/6CpokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX90k/mtByoVi8S9HsfUC/FAsIARrI3Us4+6IdZDP0gfJz2nNI+eXXYqzhRombg5KUOOes/+7vYjkoRUaMKxUh3XibWXYqkZ4XRS6iaKxpiM8IB2DBU4pMpLpy9M0KlR+iiIpCmh0VSdn0hxqNQ49E1ndrBa9DLxP6+T6ODKS5mIE00FmS0KEo50hLI8UJ9JSjQfG4KJZOZWRIZYYqJNalkI7uLLy6R5XnGrlerdRbl2ncdRhGM4gTNw4RJqcAt1aACBJ3iBN3i3nq1X68P6nLUWrHzmEP7A+voFjVGS/w==</latexit>x0

<latexit sha1_base64="6yFp+1wpgGvofxvQYgARUnHeIcc=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEpHosevFYwX5AG8pmu2mXbjZhdyOWULz4V7x4UMSrv8Kb/8ZNm0NtfTDweG+GmXl+zJnSjvNjFVZW19Y3ipulre2d3T17/6CpokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX90k/mtByoVi8S9HsfUC/FAsIARrI3Us4+6IdZDP0gfJz23NI+eXXYqzhRombg5KUOOes/+7vYjkoRUaMKxUh3XibWXYqkZ4XRS6iaKxpiM8IB2DBU4pMpLpy9M0KlR+iiIpCmh0VSdn0hxqNQ49E1ndrBa9DLxP6+T6ODKS5mIE00FmS0KEo50hLI8UJ9JSjQfG4KJZOZWRIZYYqJNalkI7uLLy6R5XnGrlerdRbl2ncdRhGM4gTNw4RJqcAt1aACBJ3iBN3i3nq1X68P6nLUWrHzmEP7A+voFjuKTAA==</latexit>x1 <latexit sha1_base64="H1geRlpkVx4kVNHcj34qlImN9rA=">AAACBXicbVBNS8NAEJ3Ur1q/oh71ECyCp5KIVI9FLx4r2A9oQ9hsN+3SzSbsbsQScvHiX/HiQRGv/gdv/hs3bQ619cHA470ZZub5MaNS2faPUVpZXVvfKG9WtrZ3dvfM/YO2jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzxTe53HoiQNOL3ahITN0RDTgOKkdKSZx73Q6RGfpA+Zl5qO1llHp5ZtWv2FNYycQpShQJNz/zuDyKchIQrzJCUPceOlZsioShmJKv0E0lihMdoSHqachQS6abTLzLrVCsDK4iELq6sqTo/kaJQykno6878Zrno5eJ/Xi9RwZWbUh4ninA8WxQkzFKRlUdiDaggWLGJJggLqm+18AgJhJUOLg/BWXx5mbTPa069Vr+7qDauizjKcAQncAYOXEIDbqEJLcDwBC/wBu/Gs/FqfBifs9aSUcwcwh8YX7/eIJRG</latexit>x01

<latexit sha1_base64="FjadFktu/tus2qkRWynGD2k7/+4=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSiFSPRS8eK9gPaEPZbDft0s0m7G6EEnLxr3jxoIhXf4Y3/42bNofa+mDg8d4MM/P8mDOlHefHKq2tb2xulbcrO7t7+wf24VFbRYkktEUiHsmujxXlTNCWZprTbiwpDn1OO/7kLvc7T1QqFolHPY2pF+KRYAEjWBtpYJ/0Q6zHfpD6WWURA7vq1JwZ0CpxC1KFAs2B/d0fRiQJqdCEY6V6rhNrL8VSM8JpVuknisaYTPCI9gwVOKTKS2cPZOjcKEMURNKU0GimLk6kOFRqGvqmMz9XLXu5+J/XS3Rw46VMxImmgswXBQlHOkJ5GmjIJCWaTw3BRDJzKyJjLDHRJrM8BHf55VXSvqy59Vr94arauC3iKMMpnMEFuHANDbiHJrSAQAYv8Abv1rP1an1Yn/PWklXMHMMfWF+/N3ySRg==</latexit>

b

<latexit sha1_base64="B8BR/1RkL4VidxIV/kAtnylaENI=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoMgHsKuSPQY9OIxgnlAEkPvZDYZMjO7zswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2njet5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdDP1m09UaRbJezOOaVfgQLKQETRWanUGKAQ+nPWKJa/szeAuEz8jJchQ6xW/Ov2IJIJKQzhq3fa92HRTVIYRTieFTqJpjGSEA9q2VKKgupvO7p24J1bpu2GkbEnjztTfEykKrccisJ0CzVAvelPxP6+dmPCqmzIZJ4ZKMl8UJtw1kTt93u0zRYnhY0uQKGZvdckQFRJjIyrYEPzFl5dJ47zsV8qVu4tS9TqLIw9HcAyn4MMlVOEWalAHAhye4RXenEfnxXl3PuatOSebOYQ/cD5/AKemj7w=</latexit>

ω→

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="C99oWkUP80d+49SJAw05fGmw8WM=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoi0nosevFYwX5AG8pmu2mXbjZhd1Ooob/EiwdFvPpTvPlv3LQ52NYHA4/3ZpiZ58ecKe04P1Zha3tnd6+4Xzo4PDou2yenbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k/vM70ypVCwST3oWUy/EI8ECRrA20sAu10srGNgVp+osgDaJm5MK5GgO7O/+MCJJSIUmHCvVc51YeymWmhFO56V+omiMyQSPaM9QgUOqvHRx+BxdGmWIgkiaEhot1L8TKQ6VmoW+6QyxHqt1LxP/83qJDm69lIk40VSQ5aIg4UhHKEsBDZmkRPOZIZhIZm5FZIwlJtpklYXgrr+8SdrXVbdWrT3eVBp3eRxFOIcLuAIX6tCAB2hCCwgk8AJv8G49W6/Wh/W5bC1Y+cwZrMD6+gXfF44P</latexit>

7



Dipole picture of DIS
• The total DIS cross section is expressed in terms of the 

quark dipole amplitude N:

J = spin of exchanged particle

• Answer: the gluon exchange dominates (J=1). Spin-2 
particles, such as gravitons, luckily are weakly-coupled at 
the energies of the modern-day accelerators. 

• How does the dipole interacts with the proton?

<latexit sha1_base64="3pWECAcrfwtHJoyJ5wm/1fzylyI="></latexit>

ωω→p
tot =

∫
d2x01

2ε
d2b

∫ 1

0

dz

z (1 → z)
|!ω→→qq̄(x01, z,Q

2)|N(Y ;x01,b)

<latexit sha1_base64="SzGNZq6zmu88KvVF6psFEEwgE58=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYSpQgVBgrWBBTkehDakLluG5r1XYi20Gqog4s/AoLAwix8hFs/A1OmwFajnR1j865V/Y9Ycyo0q77bS0tr6yurRc2iptb2zu79t5+U0WJxKSBIxbJdogUYVSQhqaakXYsCeIhI61wdJX5rQciFY3EnR7HJOBoIGifYqSN1LVLvqIDjvyK6dyvOI7jV9R9enPiTYpdu+w67hRwkXg5KYMc9a795fcinHAiNGZIqY7nxjpIkdQUMzIp+okiMcIjNCAdQwXiRAXp9IgJPDJKD/YjaUpoOFV/b6SIKzXmoZnkSA/VvJeJ/3mdRPcvgpSKONFE4NlD/YRBHcEsEdijkmDNxoYgLKn5K8RDJBHWJrcsBG/+5EXSPHW8qlO9PSvXLvM4CqAEDsEx8MA5qIFrUAcNgMEjeAav4M16sl6sd+tjNrpk5TsH4A+szx8TrZZz</latexit>

ω → ... sJ→1

<latexit sha1_base64="qdwVjdEFf9XEzl8ShcRYeaaLI7s=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrsitceiF48V7Ae0a8mm2TY0yS5JVilL/4cXD4p49b9489+YbfdQWx8MPN6bYWZeEHOmjev+OGvrG5tb24Wd4u7e/sFh6ei4paNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs389hNVmkXywUxi6gs8lCxkBBsrPdaKi+iXym7FnQGtEi8nZcjR6Je+e4OIJIJKQzjWuuu5sfFTrAwjnE6LvUTTGJMxHtKupRILqv10dvUUnVtlgMJI2ZIGzdTFiRQLrScisJ0Cm5Fe9jLxP6+bmLDmp0zGiaGSzBeFCUcmQlkEaMAUJYZPLMFEMXsrIiOsMDE2qCwEb/nlVdK6rHjVSvX+qly/yeMowCmcwQV4cA11uIMGNIGAghd4g3fn2Xl1PpzPeeuak8+cwB84X780FI3L</latexit>
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Dipole picture of DIS
• For the 2-gluon exchange in the proton=quark model

= +

+

proton

where Qs(Y=Y0,b) is the initial saturation scale.  

+

<latexit sha1_base64="rOrG7glAq4aYijPonzJXI2V5GmY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnt5nffuLaiEg94DTm/ZCOlAgEo2ilx15IcewHqTsblCtu1Z2DrBIvJxXI0RiUv3rDiCUhV8gkNabruTH2U6pRMMlnpV5ieEzZhI5411JFQ2766TzxjJxZZUiCSNunkMzV3xspDY2Zhr6dzBKaZS8T//O6CQbX/VSoOEGu2OKjIJEEI5KdT4ZCc4ZyagllWtishI2ppgxtSSVbgrd88ippXVS9WrV2f1mp3+R1FOEETuEcPLiCOtxBA5rAQMEzvMKbY5wX5935WIwWnHznGP7A+fwBk2OQ3w==</latexit>

0
<latexit sha1_base64="cDmoj6SeUUz31ueK43W5xtz07vA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftB6s0G5Ypbdecgq8TLSQVyNAblr94wYkmI0jBBte56bmz6KVWGM4GzUi/RGFM2oSPsWippiLqfzhPPyJlVhiSIlH3SkLn6eyOlodbT0LeTWUK97GXif143McF1P+UyTgxKtvgoSAQxEcnOJ0OukBkxtYQyxW1WwsZUUWZsSSVbgrd88ippXVS9WrV2f1mp3+R1FOEETuEcPLiCOtxBA5rAQMIzvMKbo50X5935WIwWnHznGP7A+fwBlOiQ4A==</latexit>

1

<latexit sha1_base64="1YnXCtlc3ZS2pTESHpVQqbCHOtE="></latexit>

N2→gluons(Y = 0,x01,b) =
1

4
x2
01 Q

2
s(Y = 0,b)

proton proton

proton proton

<latexit sha1_base64="rWNxBzunulZYlw0hEL8QryPjK30=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqXorevFYwX5Au5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8V3mtydUaRbJRzONqS/wULKQEWys5N+UfqFfrrhVdw60SrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDor9RJNY0zGeEi7lkosqPbT+dEzdGaVAQojZUsaNFd/T6RYaD0Vge0U2Iz0speJ/3ndxITXfspknBgqyWJRmHBkIpQlgAZMUWL41BJMFLO3IjLCChNjc8pC8JZfXiWti6pXq9YeLiv12zyOIpzAKZyDB1dQh3toQBMIPMEzvMKbM3FenHfnY9FacPKZY/gD5/MHANCNuA==</latexit>
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Dipole picture of DIS
• DIS on a nucleus at small-x (x<0.01 and Q2≥1 GeV2):

• Nucleus = Bag of dipoles 
• For DIS with nucleus the 

impact parameter fixes the 
number of nucleons that 
interact.

<latexit sha1_base64="VeGTXqHIDVcb7Kwchmfaz3a056I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEoiUj0WvXisYD+gjWWz3bRLN5uwuymW0H/ixYMiXv0n3vw3btocauuDgcd7M8zM82POlHacH6uwtr6xuVXcLu3s7u0f2IdHTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o7vMb42pVCwSj3oSUy/EA8ECRrA2Us+2n58uSovo2WWn4syAVombkzLkqPfs724/IklIhSYcK9VxnVh7KZaaEU6npW6iaIzJCA9ox1CBQ6q8dHb5FJ0ZpY+CSJoSGs3UxYkUh0pNQt90hlgP1bKXif95nUQHN17KRJxoKsh8UZBwpCOUxYD6TFKi+cQQTCQztyIyxBITbcLKQnCXX14lzcuKW61UH67Ktds8jiKcwCmcgwvXUIN7qEMDCIzhBd7g3UqtV+vD+py3Fqx85hj+wPr6BTIrjtk=</latexit>

x+<latexit sha1_base64="QtiH4JOaFZcnKtDV3WLcC8aGrKw=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyURqR6LXjxWsB/QxrLZbtqlm03Y3RRL6D/x4kERr/4Tb/4bN20OtfXBwOO9GWbm+TFnSjvOj1VYW9/Y3Cpul3Z29/YP7MOjpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80V3mt8ZUKhaJRz2JqRfigWABI1gbqWfbz08XpUX07LJTcWZAq8TNSRly1Hv2d7cfkSSkQhOOleq4Tqy9FEvNCKfTUjdRNMZkhAe0Y6jAIVVeOrt8is6M0kdBJE0JjWbq4kSKQ6UmoW86Q6yHatnLxP+8TqKDGy9lIk40FWS+KEg40hHKYkB9JinRfGIIJpKZWxEZYomJNmFlIbjLL6+S5mXFrVaqD1fl2m0eRxFO4BTOwYVrqME91KEBBMbwAm/wbqXWq/Vhfc5bC1Y+cwx/YH39AjVNjts=</latexit>

x→

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="n2RGdBWfntWu7fO/3wSW3ZJO8Ho=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbLIm2UJZ+ju8eFDEqz/Gm//GbLugtj4YeLw3w8y8IOZMG9f9cgpr6xubW8Xt0s7u3v5B+fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzO/PaFKMykezDSmfoSHgoWMYGMl33NLP+iXK27VnQOtEi8nFcjR6Jc/ewNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvp/OgZOrPKAIVS2RIGzdXfEymOtJ5Gge2MsBnpZS8T//O6iQmv/ZSJODFUkMWiMOHISJQlgAZMUWL41BJMFLO3IjLCChNjc8pC8JZfXiWti6pXq9buLyv1mzyOIpzAKZyDB1dQhztoQBMIPMITvMCrM3GenTfnfdFacPKZY/gD5+MbL4qN1g==</latexit>
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Gribov-Glauber-Mueller Picture
• If the interaction with 1 nucleon becomes strong, we need 

to account for multiple interactions 

<latexit sha1_base64="x/bF8k9PG6lfAsQ9fT083MFdtOs="></latexit>

N (0) (Y = YA,x01,b) = 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)

• Since the interaction is local, gluon exchanges with 
different nucleons do not get entangled and we also do 
not have any gluon-gluon interactions.

• For multiple exchanges simply exponentiate (Mueller ’90)

<latexit sha1_base64="n+fzydzZa5fQKMiBjkPUksCUGis=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0Ip/RtePCji1T/jzX/jpg2irQ8GHu/NMDMvSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8m/ntR1Sax/LBTBL0IzqUPOSMGiv1PK/0g3654lbdOcgq8XJSgRyNfvmzN4hZGqE0TFCtu56bGH9KleFM4KzUSzUmlI3pELuWShqh9qfzm2fkzCoDEsbKljRkrv6emNJI60kU2M6ImpFe9jLxP6+bmvDan3KZpAYlWywKU0FMTLIAyIArZEZMLKFMcXsrYSOqKDM2piwEb/nlVdK6qHq1au3+slK/yeMowgmcwjl4cAV1uIMGNIFBAk/wAq9O6jw7b877orXg5DPH8AfOxzf8Io3D</latexit>
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Small-x Evolution
• The previous result does not include any energy 

dependence. Energy dependence comes in through 
quantum corrections, which bring in powers of               .      
Those are given by the long-lived s-channel gluons:

+ + …

+ + …

<latexit sha1_base64="ujw8Of1AjXN6CvgBBz8Zlsg6u0M=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkmR6rHoxWMF+wFpKJvtpl262Q27E6GE/gwvHhTx6q/x5r9x00bQ1gcDj/dmmJkXJoIbcN0vZ219Y3Nru7RT3t3bPzisHB13jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdR6YNV/IBpgkLYjKSPOKUgJV8r17+waBSdWvuHHiVeAWpogKtQeWzP1Q0jZkEKogxvucmEGREA6eCzcr91LCE0AkZMd9SSWJmgmx+8gyfW2WII6VtScBz9fdERmJjpnFoO2MCY7Ps5eJ/np9CdB1kXCYpMEkXi6JUYFA4/x8PuWYUxNQSQjW3t2I6JppQsCnlIXjLL6+STr3mNWqN+8tq86aIo4RO0Rm6QB66Qk10h1qojShS6Am9oFcHnGfnzXlftK45xcwJ+gPn4xvI042w</latexit>
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• To give us powers of αs ln (1/x) (LLA), the gluons minus 
momenta have to be ordered and the transverse momenta 
are comparable 

• Still, hard to resume a gluon cascade due to color factors 

<latexit sha1_base64="rYFsPjKSZHlRxCL/kgakMCrQ4b4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCCw1JlSq4KbpxWcFeoI1hMp20QyYXZiZCCX0JN76KGxeKuBXc+TZO0gi29YeBj/+cw5nzuzGjQprmt7awuLS8slpaK69vbG5t6zu7LRElHJMmjljEOy4ShNGQNCWVjHRiTlDgMtJ2/eus3n4gXNAovJOjmNgBGoTUoxhJZTn6se9Y9ye9wQD6TvUXTnMwDOOyPCVHr5iGmQvOg1VABRRqOPpXrx/hJCChxAwJ0bXMWNop4pJiRsblXiJIjLCPBqSrMEQBEXaaXzWGh8rpQy/i6oUS5u7fiRQFQowCV3UGSA7FbC0z/6t1E+ld2CkN40SSEE8WeQmDMoJZRLBPOcGSjRQgzKn6K8RDxBGWKsgsBGv25HloVQ2rZtRuzyr1qyKOEtgHB+AIWOAc1MENaIAmwOARPINX8KY9aS/au/YxaV3Qipk9MCXt8weTC5gS</latexit>

k→1 → k→2 → k→3 → ...;

<latexit sha1_base64="pvSKdI7SQ2PeGwlWzkgcE84V4p0=">AAACA3icbVBNS8NAEJ34WetX1JteFovgqSQi1WPRi8cK9gPaEDbbTbt0swm7G6GEghf/ihcPinj1T3jz37hpc7CtDwYe780wMy9IOFPacX6sldW19Y3N0lZ5e2d3b98+OGypOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxjd5n77kUrFYvGgxwn1IjwQLGQEayP59nEvwnoYhNlo4rvlOfh2xak6U6Bl4hakAgUavv3d68ckjajQhGOluq6TaC/DUjPC6aTcSxVNMBnhAe0aKnBElZdNf5igM6P0URhLU0Kjqfp3IsORUuMoMJ35xWrRy8X/vG6qw2svYyJJNRVktihMOdIxygNBfSYp0XxsCCaSmVsRGWKJiTax5SG4iy8vk9ZF1a1Va/eXlfpNEUcJTuAUzsGFK6jDHTSgCQSe4AXe4N16tl6tD+tz1rpiFTNHMAfr6xez/JMH</latexit>

k1

<latexit sha1_base64="bip59li+eBez6j1rP418KEYpW1g=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slgETyUpUj0WvXisYD+gDWWz3bRLN5uwuxFKKHjxr3jxoIhX/4Q3/42bNgfb+mDg8d4MM/P8mDOlHefHKqytb2xuFbdLO7t7+wf24VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74NvPbj1QqFokHPYmpF+KhYAEjWBupb5/0QqxHfpCOp/1qaQF9u+xUnBnQKnFzUoYcjb793RtEJAmp0IRjpbquE2svxVIzwum01EsUjTEZ4yHtGipwSJWXzn6YonOjDFAQSVNCo5n6dyLFoVKT0Ded2cVq2cvE/7xuooNrL2UiTjQVZL4oSDjSEcoCQQMmKdF8YggmkplbERlhiYk2sWUhuMsvr5JWteLWKrX7y3L9Jo+jCKdwBhfgwhXU4Q4a0AQCT/ACb/BuPVuv1of1OW8tWPnMMSzA+voFtY6TCA==</latexit>

k2

<latexit sha1_base64="CJ/WhFVh4ntHq/gDJIkujN6aIoI=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slgETyVRqR6LXjxWsB/QhrLZbtqlm03Y3QglFLz4V7x4UMSrf8Kb/8ZNm4NtfTDweG+GmXl+zJnSjvNjFVZW19Y3ipulre2d3T17/6CpokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX90m/mtRyoVi8SDHsfUC/FAsIARrI3Us4+6IdZDP0hHk95FaQ49u+xUnCnQMnFzUoYc9Z793e1HJAmp0IRjpTquE2svxVIzwumk1E0UjTEZ4QHtGCpwSJWXTn+YoFOj9FEQSVNCo6n6dyLFoVLj0Ded2cVq0cvE/7xOooNrL2UiTjQVZLYoSDjSEcoCQX0mKdF8bAgmkplbERliiYk2sWUhuIsvL5PmecWtVqr3l+XaTR5HEY7hBM7AhSuowR3UoQEEnuAF3uDderZerQ/rc9ZasPKZQ5iD9fULtyCTCQ==</latexit>

k3

<latexit sha1_base64="jngNMuzHgzF/UyWxulUczx2j4VQ=">AAACSnicbZDNS8MwGMbTOXXOr6lHL8EheNDSdjI9Dr14nLAv2EdJs7SGph8kqTBK/z4vnrz5R3jxoIgXs62I23wg8PD83pckjxMzKqRhvGqFteL6xmZpq7y9s7u3Xzk47Igo4Zi0ccQi3nOQIIyGpC2pZKQXc4ICh5Gu499OefeRcEGjsCUnMRkGyAupSzGSKrIraOByhFPLt83RRZb6dmq2spGVDTzvl1g5sVZILSe1OTlXTNf18oLsStXQjZngqjFzUwW5mnblZTCOcBKQUGKGhOibRiyHKeKSYkay8iARJEbYRx7pKxuigIhhOqsig6cqGUM34uqEEs7SvxspCoSYBI6aDJB8EMtsGv7H+ol0r4cpDeNEkhDPL3ITBmUEp73CMeUESzZRBmFO1VshfkCqJ6nan5ZgLn951XQs3azr9fvLauMmr6MEjsEJOAMmuAINcAeaoA0weAJv4AN8as/au/alfc9HC1q+cwQWVCj+AIfDrgg=</latexit>

2k→1
k21T

→ 2k→2
k22T

→ 2k→3
k23T

→ ...

<latexit sha1_base64="fP4ZTYM/3IHkVS1UfACvlPW98kc=">AAACGnicbZDLSgMxFIYz9VbrbdSlm2ARXA0zVarLohuXFXqDdhgyaaYNTTJDkhHK0Odw46u4caGIO3Hj25i2A9rWHwIf/zmHk/OHCaNKu+63VVhb39jcKm6Xdnb39g/sw6OWilOJSRPHLJadECnCqCBNTTUjnUQSxENG2uHodlpvPxCpaCwaepwQn6OBoBHFSBsrsL1RkHmNSU9RDg1WfvFijo7jlBYU2GXXcWeCq+DlUAa56oH92evHOOVEaMyQUl3PTbSfIakpZmRS6qWKJAiP0IB0DQrEifKz2WkTeGacPoxiaZ7QcOb+ncgQV2rMQ9PJkR6q5drU/K/WTXV07WdUJKkmAs8XRSmDOobTnGCfSoI1GxtAWFLzV4iHSCKsTZrTELzlk1ehVXG8qlO9vyzXbvI4iuAEnIJz4IErUAN3oA6aAINH8AxewZv1ZL1Y79bHvLVg5TPHYEHW1w8WJJu9</latexit>

k1T → k2T → k3T → ...

Small-x Evolution
<latexit sha1_base64="kOT6Z+vlsnYCqrgistqdcLD6Gek=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Ae2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jps1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8k/ntR1Sax/LeTBL0IzqUPOSMGis9eOelHP1yxa26c5C/xMtJBXI0+uXP3iBmaYTSMEG17npuYvwpVYYzgbNSL9WYUDamQ+xaKmmE2p/OL56RE6sMSBgrW9KQufpzYkojrSdRYDsjakZ62cvE/7xuasIrf8plkhqUbLEoTAUxMcneJwOukBkxsYQyxe2thI2ooszYkLIQvOWX/5LWWdWrVWt3F5X6dR5HEY7gGE7Bg0uowy00oAkMJDzBC7w62nl23pz3RWvByWcO4Recj2+Vjo2d</latexit>
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• We employ the large-Nc limit (’t Hooft ’77)
<latexit sha1_base64="COf2KTFAwOVgZgC21AafWTwBzbM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF09SwX5AG8pmu02XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I9oqMRQMIpWat/3WS8MvX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysY05F1LFY248bP5uVNyZpUBGcbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umOLz2M6GSFLlii0XDVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdWrVWsPl5X6TR5HEU7gFM7Bgyuowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Aw02PNg==</latexit>

Nc → 1

• We replace the gluon by a qqbar pair. Only planar 
diagrams contribute 

<latexit sha1_base64="BW8h0xybhiE2K+xDG+vDWujpuZo="></latexit>

Nc → N̄c = 1 ↑ (N2
c ↓ 1) ↔ N2

c ↓ 1

—>

—>

Small-x Evolution
<latexit sha1_base64="lL8wrlVUGabzP1VVW55ZoIq+m2g=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WDmSToR3QoecgZNVZ69C5LOfrlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvwpVYYzgbNSL9WYUDamQ+xaKmmE2p/OL56RM6sMSBgrW9KQufp7YkojrSdRYDsjakZ62cvE/7xuasJrf8plkhqUbLEoTAUxMcneJwOukBkxsYQyxe2thI2ooszYkLIQvOWXV0nrourVqrX7y0r9Jo+jCCdwCufgwRXU4Q4a0AQGEp7hFd4c7bw4787HorXg5DPH8AfO5w+XGo2e</latexit>

14



• Forward scattering amplitude for dipole–nucleus scattering 
including small-x evolution:

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

• Instead of calculating the forward dipole–nucleus 
scattering amplitude N we start with the S-matrix, which is 
related to N via

<latexit sha1_base64="xhYdiMEiy2DR1WRw82jtYvs4bH8=">AAACN3icfVDLSsNAFJ34rPUVdekmWIQKsSQiVRCh6MZVqWgf0oQwmU7aoZMHMxOxhPyVG3/DnW5cKOLWP3DSVtBWPDBw5px7ufceN6KEC8N4UmZm5+YXFnNL+eWV1bV1dWOzwcOYIVxHIQ1Zy4UcUxLguiCC4lbEMPRdiptu/zzzm7eYcRIG12IQYduH3YB4BEEhJUetXhVvTiwfip7rJXepkxhmqn//3XTP0k8t3bT0fUuv/l+Zz+CoBaNkDKFNE3NMCmCMmqM+Wp0QxT4OBKKQ87ZpRMJOIBMEUZzmrZjjCKI+7OK2pAH0MbeT4d2ptiuVjuaFTL5AaEP1Z0cCfc4Hvisrsz35pJeJf3ntWHjHdkKCKBY4QKNBXkw1EWpZiFqHMIwEHUgCESNyVw31IINIyKizEMzJk6dJ46Bklkvly8NC5WwcRw5sgx1QBCY4AhVwAWqgDhC4B8/gFbwpD8qL8q58jEpnlHHPFvgF5fMLR9iprg==</latexit>

S(Y ;x01,b) = 1 → N(Y ;x01,b)

Small-x Evolution
<latexit sha1_base64="bRDn7yAgn29z26/Y0CmyhoJ/T4c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVWz0WvXisYD+kXUo2zbahSXZJskJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDZWevRqpQUG5YpbdedAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nR88Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ92jIFCWGTy3BRDF7KyJjrDAxNqMsBG/55VXSvqh69Wr9/rLSuMnjKMIJnMI5eHAFDbiDJrSAgIBneIU3RzkvzrvzsWgtOPnMMfyB8/kDY96Niw==</latexit>
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<latexit sha1_base64="zsZDW6BdPhjxaLO21618WLYkIuU=">AAAB73icbVBNS8NAEJ2tX7V+VT16WSyCp5KIVI9FLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8w8PxZcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vc387hNTmkfywcxi5oVkLHnAKTFW6rmNSo5htebUnRx4lbgFqUGB1rD6NRhFNAmZNFQQrfuuExsvJcpwKti8Mkg0iwmdkjHrWypJyLSX5vfO8ZlVRjiIlC1pcK7+nkhJqPUs9G1nSMxEL3uZ+J/XT0xw7aVcxolhki4WBYnAJsLZ83jEFaNGzCwhVHF7K6YTogg1NqIsBHf55VXSuai7jXrj/rLWvCniKMMJnMI5uHAFTbiDFrSBgoBneIU39Ihe0Dv6WLSWUDFzDH+APn8AMKyNeA==</latexit>
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• Where gamma is the GGM initial condition and rho the 
dipole densities

Small-x Evolution
• The sum of the probability to have one daughter dipole in 

the parent dipole convoluted with the S-matrix for the 
dipole–nucleus scattering in the GGM approximation, 
along with the probability to have two dipoles convoluted 
with their multiple rescattering interactions with the 
nucleus, etc., is:

<latexit sha1_base64="FMKKy2hDc6ul+Q/s7HczuecI7uE="></latexit>

SdA (Y ;x01,b) =
→∑

n=0

(→1)n
∫ n∏

i=1

d2x01,i d
2bi ↑ ωBA(x01,i,x0→1→ ,bi) εn(Y ; {x01,i,bi})

<latexit sha1_base64="FMKKy2hDc6ul+Q/s7HczuecI7uE="></latexit>

SdA (Y ;x01,b) =
→∑

n=0

(→1)n
∫ n∏

i=1

d2x01,i d
2bi ↑ ωBA(x01,i,x0→1→ ,bi) εn(Y ; {x01,i,bi})



andwhere 

• The dipole–nucleus S-matrix obey the following non-linear 
evolution equation (Balitsky ’96; Kovchegov ’99):

• The equation resumes power of                                     (LLA) 

<latexit sha1_base64="rvzVnxr+hUTAJsPw7yhUXHOXFkM="></latexit>

SdA (Y = YA,x01,b) = exp

(
→1

4
x2
01 Q

2
s(YA,b)

)• The initial condition with energy is given by

<latexit sha1_base64="IOd/44UJRkJZjjoYQtxnU1XQ1JM=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguakhEqhuh6MZlBfuAJoTJdNJOO3kwMxFLyF+48VfcuFDEre78GydtFrX1wMCZc+7l3nu8mFEhTfNHW1peWV1bL22UN7e2d3b1vf2WiBKOSRNHLOIdDwnCaEiakkpGOjEnKPAYaXujm9xvPxAuaBTey3FMnAD1Q+pTjKSSXN2wAyQHnp8+Zm5Kh5ldvbKrMxo9nfkMy65eMQ1zArhIrIJUQIGGq3/bvQgnAQklZkiIrmXG0kkRlxQzkpXtRJAY4RHqk66iIQqIcNLJXRk8VkoP+hFXL5Rwos52pCgQYhx4qjJfUsx7ufif102kf+mkNIwTSUI8HeQnDMoI5iHBHuUESzZWBGFO1a4QDxBHWKoo8xCs+ZMXSevMsGpG7e68Ur8u4iiBQ3AEToAFLkAd3IIGaAIMnsALeAPv2rP2qn1on9PSJa3oOQB/oH39Ag03oHs=</latexit>xij = xi → xj ,
<latexit sha1_base64="L1kizcaNcyda4vZeiZEXEPyaiHA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBRSmJSHUjFN24rGAf0IQwmU7asZMHMxNpSbNx46+4caGIW//BnX/jJO1CWw9cOJxzL/fe40aMCmkY31phaXllda24XtrY3Nre0Xf3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDq8zv/1AuKBhcCfHEbF91A+oRzGSSnL0w5GT0PvUqlxalYnlIzlwvWSU5uLE0ctG1cgBF4k5I2UwQ8PRv6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSITwEPVJV9EA+UTYSf5FCo+V0oNeyFUFEubq74kE+UKMfVd1ZneKeS8T//O6sfQu7IQGUSxJgKeLvJhBGcIsEtijnGDJxoogzKm6FeIB4ghLFVxJhWDOv7xIWqdVs1at3Z6V61ezOIrgAByBE2CCc1AHN6ABmgCDR/AMXsGb9qS9aO/ax7S1oM1m9sEfaJ8/TBGZHQ==</latexit>

xij = |xij |
<latexit sha1_base64="G/sqitJTk+KRq+wrnM5lgwM6OSM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclJqIVDdC0Y3LCvYhTSiT6aQdOpmEmYkYQv0VNy4UceuHuPNvnKRZaOuBC4dz7uXee7yIUaks69tYWl5ZXVsvbZQ3t7Z3ds29/Y4MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcl15ncfiJA05HcqiYgboBGnPsVIaWlgVu6d2qVTcxiH9sljOcfArFp1KwdcJHZBqqBAa2B+OcMQxwHhCjMkZd+2IuWmSCiKGZmWnViSCOEJGpG+phwFRLppfvwUHmllCP1Q6OIK5urviRQFUiaBpzsDpMZy3svE/7x+rPwLN6U8ihXheLbIjxlUIcySgEMqCFYs0QRhQfWtEI+RQFjpvLIQ7PmXF0nntG436o3bs2rzqoijBA7AITgGNjgHTXADWqANMEjAM3gFb8aT8WK8Gx+z1iWjmKmAPzA+fwCcqZGE</latexit>

Y = ln 1/x
<latexit sha1_base64="jTThFG3xv45MhW6ZRyd5XMXSI8Y=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVpSQIFcYKFiZUBH1ITRQ5rttadZzIdhBVlJmFX2FhACFWvoCNv8FNM0DLka50dM699r3HjxiVyrK+jcLC4tLySnG1tLa+sbllbu+0ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2PLid++54ISUN+p8YRcQM04LRPMVJa8sz9xMkeSXwWk9RBLBoi7/baww7jFfv44Sj1zLJVtTLAeWLnpAxyNDzzy+mFOA4IV5ghKbu2FSk3QUJRzEhacmJJIoRHaEC6mnIUEOkm2RYpPNRKD/ZDoYsrmKm/JxIUSDkOfN0ZIDWUs95E/M/rxqp/7iaUR7EiHE8/6scMqhBOcoE9KghWbKwJwoLqXSEeIoGw0umVdAj27MnzpHVStWvV2s1puX6Rx1EEe+AAVIANzkAdXIEGaAIMHsEzeAVvxpPxYrwbH9PWgpHP7II/MD5/ADndmpY=</latexit>

ωSNc ln(1/x)

<latexit sha1_base64="OIxq+i4vcGWKHvhB5mFDmHjlAzY="></latexit>

ω SdA (Y,x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→ [SdA (Y ;x12,b) SdA (Y ;x02,b) ↑ SdA (Y ;x01,b)]
<latexit sha1_base64="OIxq+i4vcGWKHvhB5mFDmHjlAzY="></latexit>

ω SdA (Y,x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→ [SdA (Y ;x12,b) SdA (Y ;x02,b) ↑ SdA (Y ;x01,b)]

Non-linear evolution
<latexit sha1_base64="wU1YJS4NnyJ+4l7g4eej2UdDgiI=">AAAB73icbVBNS8NAEJ2tX7V+VT16WSyCp5KItB6LXjxWsLXQhrLZbtqlm03c3Qgl9E948aCIV/+ON/+NmzQHbX0w8Hhvhpl5fiy4No7zjUpr6xubW+Xtys7u3v5B9fCoq6NEUdahkYhUzyeaCS5Zx3AjWC9WjIS+YA/+9CbzH56Y0jyS92YWMy8kY8kDTomxUs9tVnIMqzWn7uTAq8QtSA0KtIfVr8EooknIpKGCaN13ndh4KVGGU8HmlUGiWUzolIxZ31JJQqa9NL93js+sMsJBpGxJg3P190RKQq1noW87Q2ImetnLxP+8fmKCKy/lMk4Mk3SxKEgENhHOnscjrhg1YmYJoYrbWzGdEEWosRFlIbjLL6+S7kXdbdQbd5e11nURRxlO4BTOwYUmtOAW2tABCgKe4RXe0CN6Qe/oY9FaQsXMMfwB+vwBMjaNeQ==</latexit>
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• The nonlinear BK evolution equation describe the 
transition into the saturation region, along with the physics 
inside that region.

Color Glass Condensate/Saturation region

Scaling regionScaling region
Extended Geometric
Scaling region

BK/KL/AGK

Y = ln 1/x

Y

YA

0

Non-Perturbative
region Q (Y)s

DGLAP

BFKL

GeometricNo Geometric

• Critical line at                                         . It gives the boundary 
conditions.  

• Energy dependence of Qs is 

Non-linear evolution

<latexit sha1_base64="TKUkhFR4r0vdSgVMMwcB1lc/w3I=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoUGoiUt0IRTcuW7APaUKYTCft0MkkzEzEErJz46+4caGIW3/BnX/jpM1CqwcuHM65l3vv8SJKhDTNL62wsLi0vFJcLa2tb2xu6ds7HRHGHOE2CmnIex4UmBKG25JIinsRxzDwKO5646vM795hLkjIbuQkwk4Ah4z4BEGpJFffv3cT00rt6oVdtY5brqjcVu0AypHnJ1565Opls2ZOYfwlVk7KIEfT1T/tQYjiADOJKBSib5mRdBLIJUEUpyU7FjiCaAyHuK8ogwEWTjL9IzUOlTIw/JCrYtKYqj8nEhgIMQk81ZmdKOa9TPzP68fSP3cSwqJYYoZmi/yYGjI0slCMAeEYSTpRBCJO1K0GGkEOkVTRlVQI1vzLf0nnpGbVa/XWablxmcdRBHvgAFSABc5AA1yDJmgDBB7AE3gBr9qj9qy9ae+z1oKWz+yCX9A+vgGQRZfg</latexit>

x01 = 1/Qs(Y,b)
<latexit sha1_base64="yGokf+aotTjYiMXiYLASDciVp3Y="></latexit>

Q2
s(Y,b) = Qs0 e

ω̄S ε (Y →YA)

Non-
perturbative 

region

<latexit sha1_base64="7507FFiJKVT0vcg5k8pOURIskXY=">AAAB73icbVBNS8NAEJ2tX7V+VT16WSyCp5KI1B6LXjxWsLXQhrLZbtqlm03c3Qgl9E948aCIV/+ON/+NmzQHbX0w8Hhvhpl5fiy4No7zjUpr6xubW+Xtys7u3v5B9fCoq6NEUdahkYhUzyeaCS5Zx3AjWC9WjIS+YA/+9CbzH56Y0jyS92YWMy8kY8kDTomxUs9tVnIMqzWn7uTAq8QtSA0KtIfVr8EooknIpKGCaN13ndh4KVGGU8HmlUGiWUzolIxZ31JJQqa9NL93js+sMsJBpGxJg3P190RKQq1noW87Q2ImetnLxP+8fmKCppdyGSeGSbpYFCQCmwhnz+MRV4waMbOEUMXtrZhOiCLU2IiyENzll1dJ96LuNuqNu8ta67qIowwncArn4MIVtOAW2tABCgKe4RXe0CN6Qe/oY9FaQsXMMfwB+vwBM8CNeg==</latexit>
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Solution of BK equation
• For the leading twist BFKL kernel (E. Levin and K. Tuchin 

’00)

• Introducing the auxiliary function 

where 

<latexit sha1_base64="vxzcpeANfU8I0SIwTi8zN3f0EEE="></latexit>

ω̄S

2ε

∫
d2x2

x2
01

x2
12 x

2
02

→ ω̄S

2

x2
01∫

Q→2
s (Y,b)

dx2
02

x2
02

+
ω̄S

2

x2
01∫

Q→2
s (Y,b)

dx2
12

x2
12

↑ ω̄S

2

ω∫

→ωs

dϑ02 +
ω̄S

2

ω∫

→ωs

dϑ12

• We have

<latexit sha1_base64="K9VhzZ+S1A/u4T6jyLDySZvwRPo="></latexit>

ωij = ln(x2
ij Q

2
s(Y = YA,b)) and 

<latexit sha1_base64="pB8kYUp2SFdr0/aa2Absi5CTs1w="></latexit>

ω SdA (εs, ε)

ω εs
=

1

ϑ
SdA (εs, ε)

ω∫

→ωs

dε↑ (1 → SdA (εs, ε
↑))

<latexit sha1_base64="d7jr23ooLpnssNdR7is7+xrANrc="></latexit>

SdA (ωs, ω) = exp (→! (ωs, ω))

<latexit sha1_base64="qYHAxqIuqLNoOKcbeXUzISMuBfU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvRi8cK9gPaUDbbTbt0sxt3N0IJ/RNePCji1b/jzX/jJs1BWx8MPN6bYWZeEHOmjet+Oyura+sbm6Wt8vbO7t5+5eCwrWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNMbjO/80SVZlI8mGlM/QiPBAsZwcZKXe+6nGNQqbo1NwdaJl5BqlCgOah89YeSJBEVhnCsdc9zY+OnWBlGOJ2V+4mmMSYTPKI9SwWOqPbT/N4ZOrXKEIVS2RIG5erviRRHWk+jwHZG2Iz1opeJ/3m9xIRXfspEnBgqyHxRmHBkJMqeR0OmKDF8agkmitlbERljhYmxEWUheIsvL5P2ec2r1+r3F9XGTRFHCY7hBM7Ag0towB00oQUEODzDK7w5j86L8+58zFtXnGLmCP7A+fwBNUqNew==</latexit>
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Solution of BK equation
• We can obtain the non-linear equation for

<latexit sha1_base64="AbMjCIOUC0o/9LKaljBrfIFssmM=">AAACBnicbVDJSgNBEO2JW4xb1KMIg0GIIGFGJHoMevFmBLNAZhh6OjWTJj0L3TViCDl58Ve8eFDEq9/gzb+xsxw0+qDg8V4VVfX8VHCFlvVl5BYWl5ZX8quFtfWNza3i9k5TJZlk0GCJSGTbpwoEj6GBHAW0Uwk08gW0/P7l2G/dgVQ8iW9xkIIb0TDmAWcUteQV953rCELqCAiw7NzzY12eciQPe3hU8Iolq2JNYP4l9oyUyAx1r/jpdBOWRRAjE1Spjm2l6A6pRM4EjApOpiClrE9D6Gga0wiUO5y8MTIPtdI1g0TqitGcqD8nhjRSahD5ujOi2FPz3lj8z+tkGJy7Qx6nGULMpouCTJiYmONMzC6XwFAMNKFMcn2ryXpUUoY6uXEI9vzLf0nzpGJXK9Wb01LtYhZHnuyRA1ImNjkjNXJF6qRBGHkgT+SFvBqPxrPxZrxPW3PGbGaX/ILx8Q1jd5hx</latexit>

! (ω, ωs)
<latexit sha1_base64="X5un7LR1AXU++J1G4VsJhfyRqyw="></latexit>

ω2 ! (εs, ε)

ω εs ω ε
=

1

ϑ

(
1 → e→!(ωs,ω)

)

• The geometric scaling z=ξs+ξ equation and implicit 
solution is:

<latexit sha1_base64="OGB2wBxRdIfq9Fbxr+mGR/3FoYo="></latexit>

d2 ! (z)

d z2
=

1

ω

(
1 → e→!(z)

)

<latexit sha1_base64="XG2XAAWpXI8/5e/FKS9PNZyPSCU="></latexit>

→
!(z)∫

!0(ω)

d!→
√

!→ + e↑!→ ↑ 1 + ε
2 C1

=

√
2

ω
(z + C2)

<latexit sha1_base64="/+9goE3f8IqlWorRYN2Ym3yuvbw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lst+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJbCoOt+O4WNza3tneJuaW//4PCofHzSNlGiGW+xSEa6G1DDpVC8hQIl78aa0zCQvBNM7zK/88S1EZF6xFnM/ZCOlRgJRtFKnZpbyjAoV9yquwBZJ15OKpCjOSh/9YcRS0KukElqTM9zY/RTqlEwyeelfmJ4TNmUjnnPUkVDbvx0ce6cXFhlSEaRtqWQLNTfEykNjZmFge0MKU7MqpeJ/3m9BEc3fipUnCBXbLlolEiCEcl+J0OhOUM5s4QyLeythE2opgxtQlkI3urL66Rdq3r1av3hqtK4zeMowhmcwyV4cA0NuIcmtIDBFJ7hFd6c2Hlx3p2PZWvByWdO4Q+czx/0QI1f</latexit>
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Solution of BK equation
• We can assume that ζ ≫ 1 at large z. In this case we have:
• 1.) Neglecting e-Ω’ in the integrand

<latexit sha1_base64="c1YVtS4vzWxoi79se+Ucgus7Zcc="></latexit>

!(z)∫

!0(ω)

d!→
→
!→ ↑ !0

=

√
2

ω
(z + C2)

<latexit sha1_base64="qS2/4KWXlrQkX/FJIQUoG9uSIAU="></latexit>√
!(z) → !0(zA) =

1↑
2ω

(z + C2)

• Obtaining 
<latexit sha1_base64="ikrE2FAvPIJhmfG08JBSRtyX7vU=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahQlsSkepFKHrxpBXsBzS1bLbTduluEnY3Qg29efGvePGgiFf/gjf/jZu2B60+GHi8N8PMPC9kVCrb/jJSc/MLi0vp5czK6tr6hrm5VZNBJAhUScAC0fCwBEZ9qCqqGDRCAZh7DOre4Dzx63cgJA38GzUMocVxz6ddSrDSUtvcvczdH7j5UzfvuPmCm4fbuOBecehhrY8ybTNrF+0xrL/EmZIsmqLSNj/dTkAiDr4iDEvZdOxQtWIsFCUMRhk3khBiMsA9aGrqYw6yFY//GFn7WulY3UDo8pU1Vn9OxJhLOeSe7uRY9eWsl4j/ec1IdU9aMfXDSIFPJou6EbNUYCWhWB0qgCg21AQTQfWtFuljgYnS0SUhOLMv/yW1w6JTKpauj7Lls2kcabSD9lAOOegYldEFqqAqIugBPaEX9Go8Gs/Gm/E+aU0Z05lt9AvGxze+9pa4</latexit>

N(z) = 1 → e→!(z)
<latexit sha1_base64="dbkMxmKlzj0a73a5V5KoYuXf05Q="></latexit>

= 1 → C exp

(
→ (z → z̃)2

2ω

)

where
<latexit sha1_base64="/fvoT/wUUdMi0A4V7zHOcMJbHR8="></latexit>

ω → ε (ϑcr)

1↑ ϑcr

<latexit sha1_base64="ws1yc+uj+vVXdTJNyFE578Iyc+c=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kt0nosevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvc387hNVmknxYGYx9SM8FixkBBsrdWpeyWJYrrhVdwG0TrycVCBHa1j+GowkSSIqDOFY677nxsZPsTKMcDovDRJNY0ymeEz7lgocUe2ni2vn6MIqIxRKZUsYtFB/T6Q40noWBbYzwmaiV71M/M/rJya89lMm4sRQQZaLwoQjI1H2OhoxRYnhM0swUczeisgEK0yMDSgLwVt9eZ10alWvXq3fX1WaN3kcRTiDc7gEDxrQhDtoQRsIPMIzvMKbI50X5935WLYWnHzmFP7A+fwBwSiNTA==</latexit>
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Single diffractive dissociation



• At high MX, in addition to the qqbar, one may have many 
more gluons produced (y>Y0):

Single diffractive dissociation

Diffraction evolution as 
fan diagrams 

The process

<latexit sha1_base64="jIBZSOHqrE0YYeL7f8pZwBzMhkc=">AAAB7HicbVBNS8NAEJ3Urxq/oh69LBbBU0mKVI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcqZ0q77bVU2Nre2d6q79t7+weGRc3zSUUkmCfVJwhPZC7GinAnqa6Y57aWS4jjktBtO7wq/+0SlYol41LOUBjEeCxYxgrWR/EbDtu2hU3Pr7gJonXglqUGJ9tD5GowSksVUaMKxUn3PTXWQY6kZ4XRuDzJFU0ymeEz7hgocUxXki2Pn6MIoIxQl0pTQaKH+nshxrNQsDk1njPVErXqF+J/Xz3R0E+RMpJmmgiwXRRlHOkHF52jEJCWazwzBRDJzKyITLDHRJp8iBG/15XXSadS9Zr35cFVr3ZZxVOEMzuESPLiGFtxDG3wgwOAZXuHNEtaL9W59LFsrVjlzCn9gff4AjhqNOQ==</latexit>
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• We define a new object — the diffractive S-matrix — as:
Diffractive S-matrix

<latexit sha1_base64="zyj6Mx2tg5C3uEzfBNvJWD5pjJA="></latexit>

ωDn,k(r1, b1, ..., rn, bn; ..., rk, bk;Y, Y0) =
1

n!

n∏

i=1

ε

εui

1

k!

k∏

i=1

ε

εūi
Z (Y, Y0; [u], [ū]) |u=1,ū=1

<latexit sha1_base64="zyj6Mx2tg5C3uEzfBNvJWD5pjJA="></latexit>

ωDn,k(r1, b1, ..., rn, bn; ..., rk, bk;Y, Y0) =
1

n!

n∏

i=1

ε

εui

1

k!

k∏

i=1

ε

εūi
Z (Y, Y0; [u], [ū]) |u=1,ū=1

• where parton densities

<latexit sha1_base64="NSl7jGlZ9gkxQb64DYPRDyqt1lM="></latexit>

SD
dA (Y, Y0;x01,b) =

→∑

n=0

(→1)n
→∑

k=0

(→1)k
∫ n∏

i=1

d2x01,i d
2bi

k∏

j=1

d2x01,j d
2bj ↑ ωBA(x01,i,x0→1→ ,bi) ε

D
n,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="aAzrU6aJa2CJkC5nsecOfnSJ40k="></latexit>

→
∫ n∏

i=1

d2x01,i d
2bi

k∏

j=1

d2x01,j d
2bj → ωBA(x01,i,x0→1→ ,bi) ε

D
n,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="HCCobN3hX6jGxvOLnxhXaUTWos8="></latexit>

→ ωBA(x01,i,x0→1→ ,bi) ω
BA(x01,j ,x0→1→ ,bj) → εDn,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="HCCobN3hX6jGxvOLnxhXaUTWos8="></latexit>

→ ωBA(x01,i,x0→1→ ,bi) ω
BA(x01,j ,x0→1→ ,bj) → εDn,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="7bF0mjkIxcvi3xbHAvOukN0idrY=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lqqR6LXjxWMG2hDWWz3bRLN5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzgoQzpR3n2yptbG5t75R37b39g8OjyvFJR8WpJNQjMY9lL8CKciaop5nmtJdIiqOA024wvcv97hOVisXiUc8S6kd4LFjICNZG8upXtm0PK1Wn5iyA1olbkCoUaA8rX4NRTNKICk04VqrvOon2Myw1I5zO7UGqaILJFI9p31CBI6r8bHHsHF0YZYTCWJoSGi3U3xMZjpSaRYHpjLCeqFUvF//z+qkOb/yMiSTVVJDlojDlSMco/xyNmKRE85khmEhmbkVkgiUm2uSTh+CuvrxOOvWa26w1HxrV1m0RRxnO4BwuwYVraME9tMEDAgye4RXeLGG9WO/Wx7K1ZBUzp/AH1ucPj6GNOg==</latexit>
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• Using the following cancellations of final state interactions 
for gluons with y>Y0 (Z. Chen, A. Mueller ’95)

Diffractive S-matrix

• The equation for the single diffraction has the following 
form in QCD

<latexit sha1_base64="QVyLy3VBwW+3Q8Bd4MVee9zvRgU="></latexit>

ω SD
dA (Y, Y0;x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→
[
SD
dA (Y, Y0;x12,b) S

D
dA (Y, Y0;x02,b) ↑ SD

dA (Y, Y0;x01,b)
]

<latexit sha1_base64="A9KFiZslP18ZisH4uyAYvIKNpa4="></latexit>

ω SD
dA (Y, Y0;x01,b)

ω Y
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→
[
SD
dA (Y, Y0;x12,b) S

D
dA (Y, Y0;x02,b) ↑ SD

dA (Y, Y0;x01,b)
]

<latexit sha1_base64="IhdJ176WPRLMws1tSkrLQCqVk6w="></latexit>

SD
dA(Y = Y0, Y0;x01,b) = S2

dA(Y = Y0;x01,b)I.C.

<latexit sha1_base64="q94qhBpdt+uY4MAqoCJt0CHJIME=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKqR6LXjxWsLXQhrLZbtql+xF2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvjDkz1vO+ndLG5tb2TnnX3ds/ODyqHJ90jUo0oR2iuNK9EBvKmaQdyyynvVhTLEJOH8Ppbe4/PlFtmJIPdhbTQOCxZBEj2OZSveG6w0rVq3kLoHXiF6QKBdrDytdgpEgiqLSEY2P6vhfbIMXaMsLp3B0khsaYTPGY9jMqsaAmSBe3ztFFpoxQpHRW0qKF+nsixcKYmQizToHtxKx6ufif109sdB2kTMaJpZIsF0UJR1ah/HE0YpoSy2cZwUSz7FZEJlhjYrN48hD81ZfXSbde85u15n2j2rop4ijDGZzDJfhwBS24gzZ0gMAEnuEV3hzhvDjvzseyteQUM6fwB87nD1ycjSc=</latexit>
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• The solution to this equation has the form:

Solution in the saturation region <latexit sha1_base64="oq8cnDF7UgsmWDDwS+zsEPwnfQ0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqewWrR6LXjxWtB/QLiWbZtvQbHZJskJZ+hO8eFDEq7/Im//GbLsHbX0w8Hhvhpl5fiy4No7zjQpr6xubW8Xt0s7u3v5B+fCoraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpv5nSemNI/ko5nGzAvJSPKAU2Ks9FC7LA3KFafqzIFXiZuTCuRoDspf/WFEk5BJQwXRuuc6sfFSogyngs1K/USzmNAJGbGepZKETHvp/NQZPrPKEAeRsiUNnqu/J1ISaj0NfdsZEjPWy14m/uf1EhNceymXcWKYpItFQSKwiXD2Nx5yxagRU0sIVdzeiumYKEKNTScLwV1+eZW0a1W3Xq3fX1QaN3kcRTiBUzgHF66gAXfQhBZQGMEzvMIbEugFvaOPRWsB5TPH8Afo8wcpoY0U</latexit>

25
<latexit sha1_base64="HrR4zAlvUy50jTfwE5DhTxMXOEE="></latexit>

SD
dA (ω, ωs) = exp

(
→!D (ω, ωs)

)
• Introducing 

• This notation reflects that the production of gluons with 
mass MX occurs in the dipole-Pomeron scattering

<latexit sha1_base64="lYFCWFnzq0cvgOm2BVtP2G1vneI="></latexit>

ω2 !D (εs, ε)

ω εs ω ε
=

1

ϑ

(
1 → e→!D(ωs,ω)

)

<latexit sha1_base64="rDkxCZ6Ipb9D8DIer6dn8kIzLnw="></latexit>

SD
dA (z) = S (zm)S2

dA(z0)



Gluon production  
at small-x 



BFKL Pomeron calculus



The old times
• The scattering amplitude in the “BFKL Pomeron calculus”:

Single Pomeron <-> 
Linear evolution

Multiple Pomerons <-> 
Non-linear evolution

hadron/nucleus

• Pomeron=Bound state of two reggeized gluons

<latexit sha1_base64="z1HcMlVWnZ+GP/+gmUaIjTW2Cq8=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mKVI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q77t7+weFR5fiko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtcqjdcd1ipejVvAbRO/IJUoUBrWPkajGKSCioN4Vjrvu8lJsiwMoxwOncHqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qopsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHx5CH4qy+vk0695jdqjYeravO2iKMMZ3AOl+DDNTThHlrQBgITeIZXeHOE8+K8Ox/L1pJTzJzCHzifP1+ojSk=</latexit>
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The old times

• where Fk is the contribution of the exchange of k-Pomerons 
to the cross section. This series we do not known except 
for the initial conditions

• The scattering amplitude can also be calculated as the 
sum of the “fan” diagrams of the BFKL Pomeron calculus.

<latexit sha1_base64="KhPdS4HJ/mflKaurPgatTIalrvs="></latexit>

N (0)(Y = YA,x01,b) = 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)
=

→∑

k=1

(→1)k+1 1

k!

(
x2
01Q

2
s(YA,b)

4

)k

<latexit sha1_base64="KhPdS4HJ/mflKaurPgatTIalrvs="></latexit>

N (0)(Y = YA,x01,b) = 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)
=

→∑

k=1

(→1)k+1 1

k!

(
x2
01Q

2
s(YA,b)

4

)k

<latexit sha1_base64="8/DaQdr0rMSspfhSAf6Zpl9BEsM="></latexit>

→ Fk(Y = YA;x01,b) =
1

k!

(
x2
01 Q

2
s0

4

)k

<latexit sha1_base64="udic6njhgzsb812O78+mlSUEvws=">AAACznicfVJbixMxFM6Mt7VetuqjL8EitFjLRGT1pbDswqqsSAW7u9JphyTN7IZJMmOSWawh+Orv880f4P8w01bRXemB wJfvO7ecE1IJbmyS/IjiK1evXb+xdbN16/adu9vte/ePTFlrysa0FKU+IdgwwRUbW24FO6k0w5IIdkyK/UY/Pmfa8FJ9sIuKTSU+VTznFNtAZe2fLl0mcUTUzL/rfuynEtszkrvPPnMJ8n/uxPfS/jDtp6aWmSuGyM9SrnK76D5FvZkrniAfxFrNmSYaU+b2s6K7MdlK1dK9kR6m/VeZ+03sHRy+9X5zM71ZEcjhQaiy0c/7Vitrd5JBsjR4GaA16IC1jbL293Re0loyZanAxkxQUtmpw9pyKphvpbVhFaYFPmWTABWWzEzdcpIePg7MHOalDkdZuGT/jnBYGrOQJHg2bZqLWkP+T5vUNn85dVxVtWWKrgrltYC2hM1u4ZxrRq1YBICp5qFXSM9wWIYNP6AZArr45Mvg6NkA7Qx23j/v7O6tx7EFHoJHoAsQeAF2wWswAmNAo8PoU/QlcvEoPo99/HXlGkfrmAfgH4u//QIMMuEe</latexit>

N(Y,x01,b) =
→∑

k=1

(→1)k+1 Ck(x01,b) (ImGBFKL(Y,x01,b))
k

︸ ︷︷ ︸
=Fk(Y,x01,b)

<latexit sha1_base64="aFbS18kc+B4qERTeDxWBbkBqjl0=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4KkmR1mPRi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u6U9d//g8Oi4fHLa0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3uV+94kqzWL5aGYJDQQeSxYxgk0u1RquOyxXvKq3AFonfkEqUKA1LH8NRjFJBZWGcKx13/cSE2RYGUY4nbuDVNMEkyke076lEguqg2xx6xxdWmWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/Xj810U2QMZmkhkqyXBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh48hD81ZfXSadW9evV+sN1pXlbxFGCc7iAK/ChAU24hxa0gcAEnuEV3hzhvDjvzseydcMpZs7gD5zPH2EujSo=</latexit>
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• In QCD in the LLA, there is an equivalence between the 
pomeron theory of high energy strong interactions and 
the dipole approach to QCD (almost always work).

Multiple Pomerons <-> Non-linear evolution
• We learned how to write nonlinear corrections only 

when the amplitude is the sum of ‘fan’ diagrams, in 
which we have P-> 2 P vertex.

• In our treatment of the multiplicity distributions, we are 
going to explore again this equivalence.

The equivalence between the two 
approaches 

<latexit sha1_base64="7jXLrlIAuIZrcta0yAfQQ400x18=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUnssevFY0X5Au5Rsmm1Ds8mSZIWy9Cd48aCIV3+RN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvc387hNVmknxaGYx9SM8FixkBBsrPdQapWG54lbdBdA68XJSgRytYflrMJIkiagwhGOt+54bGz/FyjDC6bw0SDSNMZniMe1bKnBEtZ8uTp2jC6uMUCiVLWHQQv09keJI61kU2M4Im4le9TLxP6+fmLDhp0zEiaGCLBeFCUdGouxvNGKKEsNnlmCimL0VkQlWmBibThaCt/ryOunUql69Wr+/qjRv8jiKcAbncAkeXEMT7qAFbSAwhmd4hTeHOy/Ou/OxbC04+cwp/IHz+QMuMI0X</latexit>
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2 Im G

hadron/nucleus

2

hadron/nucleus

The Cut Pomeron

• It tells us that the inelastic cross section in one pomeron 
exchange approximation is twice the forward amplitude of 
the process, since the latter is purely imaginary.

• In the single-Pomeron approximation, the scattering 
amplitude is small, N<<1. If N <<1, then the elastic 
contribution N^2 << N can be neglected:

<latexit sha1_base64="P4DUoNid6j9wPwn0YF9r1F6AiNI="></latexit>

2NBFKL = ωBFKL
in

<latexit sha1_base64="ogSc/PnznCObD7HYnfJ02nzTpvk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiXoLevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh8p1r1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8MqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmlWyl61XL2/KNVusjjycAKncA4eXEIN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wf7LY0E</latexit>
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The BFKL equation
2

1

2

3

n-1

n

<latexit sha1_base64="8CQH/v58QAejRs15pcRgWkjx0kg="></latexit>

ωn(Y,kT ) =
εsNc

ϑ2

∫
dY →

∫
d2k→

T K(kT ,k
→
T )ωn↑1(Y

→,k→
T )

ϕn= = ϕn-1

kT, Y kT, Y

kT’, Y’

K(kT , kT’)

<latexit sha1_base64="fL/MAScHjK4y3ytlqI3Dg6qtydA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P3f75Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb+8OjPw=</latexit>
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• The BFKL equation
The BFKL equation

• Φn it is cross section to find n-gluons in the final state if 
the energy is Y. Expanding

<latexit sha1_base64="SyZClPHMbjDrE10kfrRg0YJNYsU="></latexit>

ωn(Y,kT ) =
∑

ω

Cn(Y, ε) (k
2
T )

ω

• we find that the produced gluons in the BFKL follows a 
Poisson distribution 

<latexit sha1_base64="8CQH/v58QAejRs15pcRgWkjx0kg="></latexit>

ωn(Y,kT ) =
εsNc

ϑ2

∫
dY →

∫
d2k→

T K(kT ,k
→
T )ωn↑1(Y

→,k→
T )

• In its differential form 

<latexit sha1_base64="7KvB4BlPr58FL9OFVRMFFBTJlFU="></latexit>

Pn(Y,kT ) =
ωn(Y,kT )∑→
n=0 ωn(Y,kT )

=
(! kT Y )n

n!
e↑! kT Y

<latexit sha1_base64="wSFn0k+BIEG7yPzqSJZ0brEdCr4="></latexit>

ω εn(Y,kT )

ω Y
=

ϑ̄S

ϖ

∫
d2k→

T K(kT ,k
→
T )εn↑1(Y

→,k→
T )

<latexit sha1_base64="8JQRvgLoZxWzudnYgjO82GrZfg0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P/f65Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/CSjP0=</latexit>
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The n-cut Pomeron production 
cross sections



Gluon production at small-x  
dipole

coherent state
of dipoles

mess of dipole interactions dipole−gluon
transitions

detectors

interaction      t=0 t =  �t = −

i i

• The interaction of fast hadron (dipole) with the virtual 
photon (γ∗). The coherence of the partonic wave function 
of the fast hadron is destroyed at t = 0, while the gluons 
can be measured at t = ∞.

<latexit sha1_base64="YBGDeG9aF9QqmqnwoBC/X9b/QRg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4aLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHyFoz+</latexit>
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The AGK cutting rules
• The Abramovsky-Gribov-Kancheli (AGK) cutting rules 

allows us to calculate the cross sections for production of 
n-cut Pomerons if we know Fk: the contribution of the 
exchange of k-Pomerons to the cross section

where
<latexit sha1_base64="BTPH5fxbyN2ZiW1Lbofvfyvrs/g="></latexit>

ωk
n (Y ; r,b) =






(→1)k
(
2k → 2

)
Fk(Y ; r,b) for n = 0

(→1)k→n k!

(k → n)!n!
2k Fk(Y ; r,b) for n ↑ 1

<latexit sha1_base64="BTPH5fxbyN2ZiW1Lbofvfyvrs/g="></latexit>

ωk
n (Y ; r,b) =






(→1)k
(
2k → 2

)
Fk(Y ; r,b) for n = 0

(→1)k→n k!

(k → n)!n!
2k Fk(Y ; r,b) for n ↑ 1

<latexit sha1_base64="T3vwvDLg8sgT10TzY8p9ie7PsoA="></latexit>

ωAGK
n (Y ; r,b) =

→∑

k=n

ωk
n (Y ; r,b)

and
<latexit sha1_base64="HSilKd9bGHZTkIyo7rQ4kwlttYU="></latexit>

Fk(Y ;x01,b) = Ck(x01,b) (ImGBFKL(Y ;x01,b))
k

<latexit sha1_base64="em8Q0tAfN13j5+byH577eTWZoQo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbFoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoVLpFUtu2Z2DrBIvIyXIUO8Vv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mr90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7G3S5wqZEWNLKFPc3krYkCrKjA2nYEPwll9eJc2LslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHzmoz/</latexit>
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The AGK cutting rules
• n=1

<latexit sha1_base64="SJQo63877dZ2yZJPclHeBc/R5Tg="></latexit>

ωAGK
1 =

→∑

k=1

(→1)k↑1 k!

(k → 1)! 1!
2k Ck (ImGBFKL)

k

<latexit sha1_base64="vzu5+ZhXqacFccR+7tmVQJfVk2g="></latexit>

= C1 ω
BFKL
in + C2 2 (2 ImGBFKL)ω

BFKL
in + C3 3 (2 ImGBFKL)

2 ωBFKL
in + · · ·

<latexit sha1_base64="vzu5+ZhXqacFccR+7tmVQJfVk2g="></latexit>

= C1 ω
BFKL
in + C2 2 (2 ImGBFKL)ω

BFKL
in + C3 3 (2 ImGBFKL)

2 ωBFKL
in + · · ·

• n=2

<latexit sha1_base64="jJxm29Ooy1SaHjSe+NavqYlx52w="></latexit>

= C2 (ω
BFKL
in )2 + C3 3 (2 ImGBFKL) (ω

BFKL
in )2 + C4 6 (2 ImGBFKL)

2 (ωBFKL
in )2 + · · ·

<latexit sha1_base64="jJxm29Ooy1SaHjSe+NavqYlx52w="></latexit>

= C2 (ω
BFKL
in )2 + C3 3 (2 ImGBFKL) (ω

BFKL
in )2 + C4 6 (2 ImGBFKL)

2 (ωBFKL
in )2 + · · ·

<latexit sha1_base64="2QU6ygvpnOznDzzEAtT98f9h5Nw="></latexit>

ωAGK
2 =

→∑

k=2

(→1)k↑2 k!

(k → 2)! 2!
2k Ck (ImGBFKL)

k

<latexit sha1_base64="zb5Icw+tSN9EOufkLIcasX6DfPI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4bLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1Ho0A</latexit>
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The AGK cutting rules
2

= <latexit sha1_base64="MYHOAvCTcH1WBB7WdmW5Fy5ztAU=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwYklEqseiF48V7Qe0oWy2m3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+o5XVtfWNzdKWs72zu7dfPjhs6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsY3+Z++4kpzWP5aCYJ8yMylDzklBgrPZw7Tr9ccavuDHiZeAWpQIFGv/zVG8Q0jZg0VBCtu56bGD8jynAq2NTppZolhI7JkHUtlSRi2s9mp07xqVUGOIyVLWnwTP09kZFI60kU2M6ImJFe9HLxP6+bmvDaz7hMUsMknS8KU4FNjPO/8YArRo2YWEKo4vZWTEdEEWpsOnkI3uLLy6R1UfVq1dr9ZaV+U8RRgmM4gTPw4ArqcAcNaAKFITzDK7whgV7QO/qYt66gYuYI/gB9/gDgnYzk</latexit>→ <latexit sha1_base64="oXgJ6BNsunNbX5/py32V6+bx9Zw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbea3nlBpHstHM07Qj+hA8pAzaqz0cF7slcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxJ1QZzgROi91UY0LZiA6wY6mkEWp/Mrt0Sk6t0idhrGxJQ2bq74kJjbQeR4HtjKgZ6kUvE//zOqkJr/0Jl0lqULL5ojAVxMQke5v0uUJmxNgSyhS3txI2pIoyY8PJQvAWX14mzYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5A6lOjM4=</latexit>

+
<latexit sha1_base64="Lp5wiAIrlf/f58GVx7RZ0laXDjU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96LEzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMZFI9v</latexit>

+ · · ·

• AGK cutting rules give the answer for the square of the amplitude.

<latexit sha1_base64="MYHOAvCTcH1WBB7WdmW5Fy5ztAU=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwYklEqseiF48V7Qe0oWy2m3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+o5XVtfWNzdKWs72zu7dfPjhs6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsY3+Z++4kpzWP5aCYJ8yMylDzklBgrPZw7Tr9ccavuDHiZeAWpQIFGv/zVG8Q0jZg0VBCtu56bGD8jynAq2NTppZolhI7JkHUtlSRi2s9mp07xqVUGOIyVLWnwTP09kZFI60kU2M6ImJFe9HLxP6+bmvDaz7hMUsMknS8KU4FNjPO/8YArRo2YWEKo4vZWTEdEEWpsOnkI3uLLy6R1UfVq1dr9ZaV+U8RRgmM4gTPw4ArqcAcNaAKFITzDK7whgV7QO/qYt66gYuYI/gB9/gDgnYzk</latexit>→ <latexit sha1_base64="oXgJ6BNsunNbX5/py32V6+bx9Zw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbea3nlBpHstHM07Qj+hA8pAzaqz0cF7slcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxJ1QZzgROi91UY0LZiA6wY6mkEWp/Mrt0Sk6t0idhrGxJQ2bq74kJjbQeR4HtjKgZ6kUvE//zOqkJr/0Jl0lqULL5ojAVxMQke5v0uUJmxNgSyhS3txI2pIoyY8PJQvAWX14mzYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5A6lOjM4=</latexit>

+
<latexit sha1_base64="eN2MUEDgpqoFfkiDfCXlQfQgKDY=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFoo0QtVCwiWAekF2X2ckkGTKPZWZWDEsaG3/FxkIRW//Bzr9x8ig08cCFwzn3cu89UcyoNq777WTm5hcWl7LLuZXVtfWN/OZWTctEYVLFkknViJAmjApSNdQw0ogVQTxipB71LoZ+/Z4oTaW4Nf2YBBx1BG1TjIyVwvyur2mHo9C7S30eyYfUN1T04dnl9WBwGuYLbtEdAc4Sb0IKYIJKmP/yWxInnAiDGdK66bmxCVKkDMWMDHJ+okmMcA91SNNSgTjRQTr6YgD3rdKCbalsCQNH6u+JFHGt+zyynRyZrp72huJ/XjMx7ZMgpSJODBF4vKidMGgkHEYCW1QRbFjfEoQVtbdC3EUKYWODy9kQvOmXZ0ntsOiViqWbo0L5fBJHFuyAPXAAPHAMyuAKVEAVYPAInsEreHOenBfn3fkYt2acycw2+APn8wdXFJh7</latexit>

ωAGK
1 =

<latexit sha1_base64="Lp5wiAIrlf/f58GVx7RZ0laXDjU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96LEzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMZFI9v</latexit>

+ · · ·

<latexit sha1_base64="Ili625oOMDNwTBAoCFul1VN0c8k="></latexit>

C1 ω
BFKL
in

<latexit sha1_base64="lFGXAHEjMFFciohCUAI52aWerhY="></latexit>

C2 2 (2 ImGBFKL)ω
BFKL
in

<latexit sha1_base64="f/jjwBir7p9T9Xplqzr2gCCsP+k="></latexit>

C3 2 (2 ImGBFKL)
2 ωBFKL

in

<latexit sha1_base64="FG+XWgxsPWwjLhtmoV+t+W4Ptog=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEeiF49o5JEAIbPDLEyYnd3M9JqQDX/gxYPGePWPvPk3DrAHBSvppFLVne4uP5bCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqd+84lrIyL1iOOYd0M6UCIQjKKVHs4ve8WSW3ZnIMvEy0gJMtR6xa9OP2JJyBUySY1pe26M3ZRqFEzySaGTGB5TNqID3rZU0ZCbbjq7dEJOrNInQaRtKSQz9fdESkNjxqFvO0OKQ7PoTcX/vHaCwXU3FSpOkCs2XxQkkmBEpm+TvtCcoRxbQpkW9lbChlRThjacgg3BW3x5mTTOyl6lXLm/KFVvsjjycATHcAoeXEEV7qAGdWAQwDO8wpszcl6cd+dj3ppzsplD+APn8wf2oo0B</latexit>
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Produced particles
• To find the multiplicity distribution of particles in the final 

states one needs to convolute σk with the distribution of 
particles inside k-cut Pomerons 

<latexit sha1_base64="awDea0wt3n/Xsz2Xb2DolQq5Qe8="></latexit>

ωf.s.
n (Y ;x01,b) =

→∑

k=1

ωAGK
k (Y ;x01,b)Pn(k!BFKLY )

<latexit sha1_base64="qGDALcGL8oRwpyuRJLdr3ymohDo="></latexit>

Y → 1→→→→↑ ωAGK

k=n/(!BFKL Y ) (Y,x01,b)

Poisson  
distribution

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="1uCXsvmKL0EhZiDRwFRHAMgEmBE=">AAACFnicbVDLSgMxFM34rPVVdekmWIQKWmZEqktREEEXClaFTlsyadqG5jEkd8QyzFe48VfcuFDErbjzb0xrF74OBA7n3MvNOVEsuAXf//DGxicmp6ZzM/nZufmFxcLS8qXViaGsSrXQ5joilgmuWBU4CHYdG0ZkJNhV1Dsc+Fc3zFiu1QX0Y1aXpKN4m1MCTmoWtsLY6Bh0uFkKLe9I0ky5yhppKCN9m4bAVR8fHJ2cZvlso9FrFop+2R8C/yXBiBTRCGfNwnvY0jSRTAEVxNpa4MdQT4kBTgXL8mFiWUxoj3RYzVFFJLP1dBgrw+tOaeG2Nu4pwEP1+0ZKpLV9GblJSaBrf3sD8T+vlkB7r+5yxgkwRb8OtROBQeNBR7jFDaMg+o4Qarj7K6ZdYggF12TelRD8jvyXXG6Xg0q5cr5T3D8Y1ZFDq2gNlVCAdtE+OkZnqIooukMP6Ak9e/feo/fivX6NjnmjnRX0A97bJ2EYn34=</latexit>

→ (ωBFKL
in )k

<latexit sha1_base64="FQvMuZgv+9JcBl+dXulswOYIHvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P6/1yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf3/gmjQI=</latexit>
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The AGK cutting rules
• We don’t know how to sum this series except for the initial 

condition: <latexit sha1_base64="YlkIVQzmUH9XdcaybOsVzsrxf+U="></latexit>

Fk(Y = YA;x01,b) =
1

k!

(
x2
01 Q

2
s0

4

)k

<latexit sha1_base64="jBhM7n5jXmF4V57CCFf0ZdXwv7Y=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxChVKSItWNUHTjsgV7gaaGyXTSDp1MwsyJtIS+hhtfxY0LRVzqyrcxabvQ1gMzfPz/Ocyc3w0F12Ca38bK6tr6xmZmK7u9s7u3nzs4bOogUpQ1aCAC1XaJZoJL1gAOgrVDxYjvCtZyhzep33pgSvNA3sE4ZF2f9CX3OCWQSE7OtEfcLtrFq/SyhcS2YB4URk5sWpP7sl2sO7E2U1K8P4CzrJPLmyVzWngZrDnk0bxqTu7T7gU08pkEKojWHcsMoRsTBZwKNsnakWYhoUPSZ50EJfGZ7sbTzSb4NFF62AtUciTgqfp7Iia+1mPfTTp9AgO96KXif14nAu+yG3MZRsAknT3kRQJDgNOYcI8rRkGMEyBU8eSvmA6IIhSSMNMQrMWVl6FZLlmVUqV+nq9ez+PIoGN0ggrIQheoim5RDTUQRY/oGb2iN+PJeDHejY9Z64oxnzlCf8r4+gEbKp6F</latexit>

ω = ln
(
x2
01 Q

2
s0

)

<latexit sha1_base64="FYcbEoAhnIf8FeudQ+cxBEbdUMU="></latexit>

=

(
1
2 x

2
01 Q

2
s0

)n

n!
exp

{
→ 1

2
x2
01 Q

2
s0

}

<latexit sha1_base64="KFd+qYwbYaowCjHGw15jNQNNXEc="></latexit>

ωAGK
n,01(Y = YA) =

→∑

k=n

(→1)k↑n k!

(k → n)!n!
2k

1

k!

(
x2
01 Q

2
s0

4

)k

• For
<latexit sha1_base64="KRBLwT8NPDRqNzqwPxG0R9yWJhw="></latexit>

ωAGK
n (Y = YA;x01,b) =

(
1
2 e

ω
)n

n!
exp

{
→ 1

2
eω
}

<latexit sha1_base64="jhM8cYTUS6nE6SSJ3vYfJcNjAVI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbVgEeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD5fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8NqfCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpoXZa9SrtxflWo3WRx5OIFTOAcPqlCDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH5qo0D</latexit>
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The particle production S-matrix
• The AGK cutting rules can be replaced by the evolution 

equations for σn. From the s-channel unitarity:

<latexit sha1_base64="t+7J95wuKhMpa8QyODmVJjVkO2w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoi0noRil48VrAf0Iay2W7apZtN2N0INfSXePGgiFd/ijf/jZs2B9v6YODx3gwz8/yYM6Ud58cqbGxube8Ud0t7+weHZfvouK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KX+Z0nKhWLxKOextQL8UiwgBGsjTSwyzelJQzsilN15kDrxM1JBXI0B/Z3fxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnqMAhVV46P3yGzo0yREEkTQmN5urfiRSHSk1D33SGWI/VqpeJ/3m9RAfXXspEnGgqyGJRkHCkI5SlgIZMUqL51BBMJDO3IjLGEhNtsspCcFdfXifty6pbq9YeriqN2zyOIpzCGVyAC3VowD00oQUEEniBN3i3nq1X68P6XLQWrHzmBJZgff0C6IOOFQ==</latexit>= <latexit sha1_base64="CcIUW0m5VzFEjE50TX+HtF7EkVA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJlOqx6MVjBfsBbSib7aZdutmE3Y1QQ3+JFw+KePWnePPfuGlzsK0PBh7vzTAzz485U9pxfqzCxubW9k5xt7S3f3BYto+O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ3eZ33miUrFIPOppTL0QjwQLGMHaSAO7fFlawsCuOFVnDrRO3JxUIEdzYH/3hxFJQio04VipnuvE2kux1IxwOiv1E0VjTCZ4RHuGChxS5aXzw2fo3ChDFETSlNBorv6dSHGo1DT0TWeI9Vitepn4n9dLdHDjpUzEiaaCLBYFCUc6QlkKaMgkJZpPDcFEMnMrImMsMdEmqywEd/XlddK+qrr1av2hVmnc5nEU4RTO4AJcuIYG3EMTWkAggRd4g3fr2Xq1PqzPRWvBymdOYAnW1y/PY44F</latexit>→ <latexit sha1_base64="RrZC1Yomw/c88jM2oZbpN0LKsUM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEE6zAjUl0W3bisYB/QGUomTdvQJDMkGWEY6q+4caGIWz/EnX9jpp2Fth4IHM65l3tywphRpV3321pZXVvf2Cxtlbd3dvf27YPDtooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh5Db3O49EKhqJB53GJOBoJOiQYqSN1Lcr537N50iPJc+wg52pXzvr21XXcWeAy8QrSBUUaPbtL38Q4YQToTFDSvU8N9ZBhqSmmJFp2U8UiRGeoBHpGSoQJyrIZuGn8MQoAziMpHlCw5n6eyNDXKmUh2Yyz6kWvVz8z+slengdZFTEiSYCzw8NEwZ1BPMm4IBKgjVLDUFYUpMV4jGSCGvTV9mU4C1+eZm0Lxyv7tTvL6uNm6KOEjgCx+AUeOAKNMAdaIIWwCAFz+AVvFlP1ov1bn3MR1esYqcC/sD6/AE1VpPb</latexit>→ c.c.+

• We define a new quantity – the particle production S-
matrix “Sin”: it includes σn along with the no-interaction 
term (=1) and all the interaction terms (N and σsd) on 
either side (or both sides) of the final state cut: 

<latexit sha1_base64="6Bc3CmXqsy8fzwRq5TpvoWHZ2ZI="></latexit>

2N(Y ;x01,b) = ωSD(Y ;x01,b) + ωin(Y ;x01,b)

<latexit sha1_base64="SswTOLxtv2wTtdXM4jlEQNH9nBY="></latexit>

Sin = 1 → 2N + ωSD +
→∑

n=1

ωn

<latexit sha1_base64="jgUmV0g+gQgwTIZ/o7Wi79unvZM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewDmhgm00k7dGYSZiZiCPkVNy4UceuPuPNvnD4W2nrgwuGce7n3njBhVGnH+bZKK6tr6xvlzcrW9s7unr1f7ag4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm8mfveRSEVjca+zhPgcDQWNKEbaSIFdPfVUyoNcXLnFg0dFpLPArjl1Zwq4TNw5qYE5WoH95Q1inHIiNGZIqb7rJNrPkdQUM1JUvFSRBOExGpK+oQJxovx8ensBj40ygFEsTQkNp+rviRxxpTIemk6O9EgtehPxP6+f6ujSz6lIUk0Eni2KUgZ1DCdBwAGVBGuWGYKwpOZWiEdIIqxNXBUTgrv48jLpnNXdRr1xd15rXs/jKINDcAROgAsuQBPcghZoAwyewDN4BW9WYb1Y79bHrLVkzWcOwB9Ynz/h1pRd</latexit>

+
→∑

n=1

<latexit sha1_base64="7ZbA9uN+jLKDafMnDRucv42PipI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD5fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifFsOpPhEpS5IotFoWpJBiT2dukLzRnKMeWUKaFvZWwIdWUoQ2nYEPwll9eJc2LslcpV+6vSrWbLI48nMApnIMH11CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH7Lo0E</latexit>
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The particle production S-matrix
• The evolution equation for Sin is

<latexit sha1_base64="FkiNtGfhzUvGue1t7m/SaSoQsRQ="></latexit>

ω

ω Y
εn (Y ;x01,b) =

ϑ̄S

2ϖ

∫
d2x2

x2
01

x2
02 x

2
12

[εn (Y ;x12,b) + εn (Y ;x02,b) → εn (Y ;x01,b) + εn (Y ;x12,b) εSD (Y ;x02,b) + εn (Y ;x02,b) εSD (Y ;x12,b) +
n→1∑

k=1

εn→k (Y ;x02,b) εk (Y ;x12,b) → 2εn (Y ;x12,b) N (Y ;x02,b) → 2εn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="1FOJB5d+DXQo1uhY/bRmMOlOGc4=">AAAFGHicnZRNb9MwGMe9JcAIbx0cuVhUk4ZIq6RCY9KENAEHTmgIug3VIXJcp7XqOJHtIKooH4MLX4ULBxDiuhvfhqRLS7stVekjxXry2D/9/34NEs6Udpw/G5uGee36ja2b1q3bd+7ea2zfP1ZxKgntkpjH8jTAinImaFczzelpIimOAk5PgtHLsv/kE5WKxeK9HifUi/BAsJARrIuSv220kWYRVcjuQaTYIMK+QJyGehd+OEAR1sMgzD7nfuZ2cnv6H+QQSTYY6sfIRvaTsrGWws4iPE+3ymY57C7CUxrOxCs8E/kq1mc8/Ee+e3U1usT4Kso1+CrKdabnpNPIz0bP3fxjJlpuOWRqBrbg6H/nU7E1XI2b2QZ21t0EZL9Z68TAzppnzqpTrDHoWQvhN5pO25kEvJy4VdIEVRz 5jTPUj0kaUaEJx0r1XCfRXoalZoTT3EKpogkmIzygvSIVuLiMXja52DncKSp9GMay+ISGk+o8keFIqXFU2N0pnauLfWXxqr5eqsN9L2MiSTUV5FwoTDnUMSxfCdhnkhLNx0WCiWSFV0iGWGKii7ekXAT34pQvJ8edtrvX3nv7tHn4olqOLfAQPAK7wAXPwCF4DY5AFxDji/HN+GH8NL+a381f5u/zoZsbFfMALIR59hdnUKt+</latexit>

→ [ωn (Y ;x12,b) + ωn (Y ;x02,b) ↑ ωn (Y ;x01,b) + ωn (Y ;x12,b) ωSD (Y ;x02,b) + ωn (Y ;x02,b) ωSD (Y ;x12,b) +
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) ↑ 2ωn (Y ;x12,b) N (Y ;x02,b) ↑ 2ωn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="uxqm8mErGCFuDxBMH338MxrLQU8="></latexit>

+ ωn (Y ;x12,b) ωSD (Y ;x02,b) + ωn (Y ;x02,b) ωSD (Y ;x12,b) +
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) → 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="RbjWadnjg5u4KiL9VLb6I7fI4jU="></latexit>

+
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) → 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]

<latexit sha1_base64="sZ49VBuEcyRJjHXedAzsdjsoPdQ="></latexit>

→ 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]

• Replacing Sin=1-2N+σSD+Σnσn in the equation for the Sin-
matrix, we obtain the BK, the KL and the AGK/KLP 
evolution equations:

<latexit sha1_base64="tPezQRGW4PMqOvP7PA5MR3NOMKA="></latexit>

ω

ωY
Sin(Y ;x01,b)

︸ ︷︷ ︸
select fixed multiplicity terms

=
ε̄S

2ϑ

∫
d2x2

x2
01

x2
12 x

2
02

[Sin(Y ;x12,b)Sin(Y ;x02,b) → Sin(Y ;x01,b)]︸ ︷︷ ︸
select fixed multiplicity terms

<latexit sha1_base64="fi8ldrpU1lUSSuDYfWwCwJodtxo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRL0FvXiMYh6QhDA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj26nffEKleSQfzTjGbkgHkgecUWOlh/PrXrHklt0ZyDLxMlKCDLVe8avTj1gSojRMUK3bnhubbkqV4UzgpNBJNMaUjegA25ZKGqLuprNLJ+TEKn0SRMqWNGSm/p5Iaaj1OPRtZ0jNUC96U/E/r52Y4KqbchknBiWbLwoSQUxEpm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/jyMmmclb1KuXJ/UareZHHk4QiO4RQ8uIQq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/8so0F</latexit>
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Evolution of σn at large Nc

δ—δY σn
σn

σn

σ
σn

σn

σ

σ
σ

σn

SD

n

n-k

k

σn
σn

σn

σn
σSD

σn

σn

σ

n-kσ
σk

σnN
σn

σnΣ
n - 1

k = 1
+ -  2 -  2

+ +

+=

-

0

1

0

1

2
0
2

1

0
2

1

0
2

1

0
2

1

0
2

1

0
2

1

0
2

1N

• We can see the equation is linear but with complicated 
kernel (KBFKL + 2 - 4 N) and non-homogeneous 

SD

<latexit sha1_base64="MWRTlYukbTOSb3CxIsFNacCnazE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/CTjP0=</latexit>
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Evolution of σn at large Nc
• Lets note that

nσ + σ
SDσ
n -  2 nσ

N
<latexit sha1_base64="x/DVJBHYHofqkB2Yf+n1rya/obk="></latexit>

= ω02
n (Y )

(
1 + ω12

SD (Y ) → 2N12 (Y )
)

= ω02
n (Y ) !12 (Y )

0
2

1

0
2

1

0
2

1

<latexit sha1_base64="W8VjRv0sT40WFZMrIo8hk7ajI+Y="></latexit>

= ω12
n (Y )

(
1 + ω02

SD (Y ) → 2N02 (Y )
)

= ω12
n (Y ) !02 (Y )

• we reduce to 
<latexit sha1_base64="8RrH9uDvfFNz49XBgJ7XWOjEoXI="></latexit>

ω

ωY
εn (Y,x01,b) =

ϑ̄S

2ϖ

∫
d2x2

x2
01

x2
12 x

2
02

<latexit sha1_base64="vb1XjyJo02N6MtpbOBfmIkWGV5U="></latexit>

→ [↑ωn (Y,x01,b) + ωn (Y,x12,b) ! (Y,x02,b)]
<latexit sha1_base64="d68rAFq2ks62kiNuufFAaORVAeI="></latexit>

+ ! (Y,x12,b) ωn (Y,x02,b) +
n→1∑

k=1

ωn→k (Y,x02,b) ωk (Y,x12,b) ]

+ -  2σ

0
2

1n

σ
1
2
0

σn

N
0
2

1σn

SD

<latexit sha1_base64="ZmRevRydtC/EfcPsNysokBeT77g=">AAACBnicbVDLSgMxFM34rPVVdSlCsAguSpkRqW6Eol24rGgf0Kklk95pQzOZIckIZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvcm9x4s4U9q2v62FxaXlldXMWnZ9Y3NrO7ezW1dhLCnUaMhD2fSIAs4E1DTTHJqRBBJ4HBre4GrsNx5AKhaKOz2MoB2QnmA+o0QbqZM7SNzJI4nHYxhhtwJcE7dw4RZu7yujTi5vF+0J8DxxUpJHKaqd3JfbDWkcgNCUE6Vajh3pdkKkZpTDKOvGCiJCB6QHLUMFCUC1k8kGI3xklC72Q2lKaDxRf08kJFBqGHimMyC6r2a9sfif14q1f95OmIhiDYJOP/JjjnWIx5ngLpNANR8aQqhkZldM+0QSqk1yWROCM3vyPKmfFJ1SsXRzmi9fpnFk0D46RMfIQWeojK5RFdUQRY/oGb2iN+vJerHerY9p64KVzuyhP7A+fwCd9ZiT</latexit>

! = SD

<latexit sha1_base64="MOEp2wR4I53N1/E2s8SbX6TovYA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cOn1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/IXjP4=</latexit>
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σ1: region I (GS)

<latexit sha1_base64="5OWIoERRsSHoCqH+B+H7fTE+YP8="></latexit> z∫

ωA0

dz→ !(z→) =

↑∫

ωA0

dz→ !(z→)

︸ ︷︷ ︸
= z!

→
↑∫

z

dz→ !(z→)

︸ ︷︷ ︸
= !̃!(z)

;

z∫

ωA0

dz→ ω1(z
→) =

↑∫

ωA0

dz→ ω1(z
→)

︸ ︷︷ ︸
=ε0,1

→
↑∫

z

dz→ ω1(z
→)

︸ ︷︷ ︸
= !̃1(z)

<latexit sha1_base64="48eaoEUPb0uQeDwdjiAdwJQd55Y="></latexit>

ω
dε1 (z)

dz
= → z ε1 (z) + ε1 (z)

z∫

ωA0

dz→ ! (z→) + ! (z)

z∫

ωA0

dz→ ε1 (z
→)

<latexit sha1_base64="AeEtAX8Zi3euVFXBo6i5FB6Nw8g="></latexit>

= →



z →
z∫

ωA0

dz→ ! (z→)



ω1 (z) + ! (z)

z∫

ωA0

dz→ ω1 (z
→)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="sRJ89I/kWveHXo3wwfrBs3Nr0eM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvXis0C9oQ9lsN+3SzSbuboQa+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8w8L+JMadv+tgpr6xubW8Xt0s7u3v5B+fCoo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vepv63UcqFQtFS88i6gZ4LJjPCNZG6rWqT+clg2G5YtfsDGiVODmpQI7msPw1GIUkDqjQhGOl+o4daTfBUjPC6bw0iBWNMJniMe0bKnBAlZtk987RmVFGyA+lKaFRpv6eSHCg1CzwTGeA9UQte6n4n9ePtX/tJkxEsaaCLBb5MUc6ROnzaMQkJZrPDMFEMnMrIhMsMdEmojQEZ/nlVdK5qDn1Wv3+stK4yeMowgmcQhUcuIIG3EET2kCAwzO8wpv1YL1Y79bHorVg5TPH8AfW5w8smI4c</latexit>

T (z)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="njcMOSqcSNQbB/OYdZ8PznGKgHw="></latexit>

= →T (z)ω1(z) + ω0,1 !(z) → !(z) ”̃1(z)
<latexit sha1_base64="G7RIvpJ0szhfxIH0SS3p5dUuqOM="></latexit>

→ ω
dε1(z)

dz
+ T (z)ε1(z) ↑ ε0,1 !(z) + !(z) ”̃1(z) = 0

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="qGUzXAdfSQe2px1B5iRLzEcDcRk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiJSXRbduHBRwT4gCWEynbRDZyZhZiKU0K0bf8WNC0Xc+gfu/BsnbRBtPXDhcM693HtPlDKqtON8WUvLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyFFGBWkralmpJdKgnjESDcaXRV+955IRRNxp8cpCTgaCBpTjLSRQhv6HOkhRiy/mXjQV3TAUegG1R+Eds2pO1PAReKWpAZKtEL70+8nOONEaMyQUp7rpDrIkdQUMzKp+pkiKcIjNCCeoQJxooJ8+skEHhulD+NEmhIaTtXfEzniSo15ZDqLu9W8V4j/eV6m44sgpyLNNBF4tijOGNQJLGKBfSoJ1mxsCMKSmlshHiKJsDbhFSG48y8vks5p3W3UG7dnteZlGUcFHIIjcAJccA6a4Bq0QBtg8ACewAt4tR6tZ+vNep+1LlnlzAH4A+vjGwholqk=</latexit>

L[ω1]
<latexit sha1_base64="w3HL0bQThu7120q3V/2THx4GHb8=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROR6rLoxoVIBfuAJITJdNoOnZmEmYlQQj7Djb/ixoUibrvzb0za4KP1wMCZc+7l3nuCiFGlLevTKC0tr6yuldcrG5tb2zvm7l5bhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWB0lfudByIVDcW9HkfE42ggaJ9ipDPJN09cjvQQI5bcpn7y/blJUwe6ig448m2v8gPfrFo1awq4SOyCVEGBpm9O3F6IY06Exgwp5dhWpL0ESU0xI2nFjRWJEB6hAXEyKhAnykumh6XwKFN6sB/K7AkNp+rvjgRxpcY8yCrzzdW8l4v/eU6s+xdeQkUUayLwbFA/ZlCHME8J9qgkWLNxRhCWNNsV4iGSCOssyzwEe/7kRdI+rdn1Wv3urNq4LOIogwNwCI6BDc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzAmXwhrnRw=</latexit>

NL[ω1]

• For model LT kernel:

<latexit sha1_base64="O3cks8P9kt1vC4Nas3QcIc6c01Y=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY9ELx7RyCOBDZkdZmHC7OxmpteEEP7AiweN8eofefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHqqVfrHklt0FyDrxMlKCDI1+8as3iFkacYVMUmO6npugP6UaBZN8VuilhieUjemQdy1VNOLGny4unZELqwxIGGtbCslC/T0xpZExkyiwnRHFkVn15uJ/XjfF8NqfCpWkyBVbLgpTSTAm87fJQGjOUE4soUwLeythI6opQxtOwYbgrb68TlqVslcr1+6rpfpNFkcezuAcLsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gDzm4z/</latexit>
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σ1: region I (GS)
<latexit sha1_base64="pCjcd/01BcJ5ZUn0iIkoaEuMhm8="></latexit>

L[ω1] = ε
dω1 (z)

dz
+ T (z)ω1 (z) → ω0,1 ! (z)

<latexit sha1_base64="WClPMjPG08sCjMmm3qT3yPHN214="></latexit>

NL[ω1] = ! (z) ”̃1 (z)

<latexit sha1_base64="ysp0sgWDQ489qSj23JElz1Dg8Jg="></latexit>

ω1 = ω(0)
1 + pω(1)

1 + p2 ω(2)
1 + · · ·

• As a solution, we introduce

• We have divided the equation in two parts

such that 
<latexit sha1_base64="wHW7XFG3wXHLv/wAlE+RRVwIjQE="></latexit>

L[ω(p)
1 ] + pNL[ω

(p)
1 ] = 0

• The 0th iteration is 
<latexit sha1_base64="zBYGD6std7AInrMuac7p6gc0Nvc="></latexit>

L[ω(0)
1 ]; ε

dω(0)
1 (z)

dz
= →T (z)ω(0)

1 (z) + ω0,1 !(z)

<latexit sha1_base64="T1+9j3zva1WA2TLO1ia5R2pdHTo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1H40A</latexit>
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σ1: region I (GS)
• The solution is a sum of the solution to the homogeneous 

part of the equation and the particular solution of the 
non-homogeneous one. We obtain 

<latexit sha1_base64="ZyDuUqzTeO2gfoLYwXmwmT7j/J0="></latexit>

ω(0,I)
1 (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





︸ ︷︷ ︸
ε̃(0)
1

{
ω0,1

ε

z∫

ωA0

dz→ ! (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)





︸ ︷︷ ︸
ε̃(0,I)
1

+ C(1)
ϑ

}

where 
<latexit sha1_base64="WpFqFnrsWbT9tcnWSRvy5YiieuI="></latexit>

C(1)
ω =

1

2
eε

A
0 exp

(
→1

2
eε

A
0

)

• For the next homotopy iteration we need to account for 
the linear terms in p:

<latexit sha1_base64="l0AVali6onMdpkAtWIg9Q34oBa0="></latexit>

L[ω(0)
1 + pω(1)

1 ] + pNL[ω
(0)
1 ] = 0

• The equation takes the form
<latexit sha1_base64="ggMW0bPVa/zAsqSGi6ODdPHYptk="></latexit>

ω
dε(1,I)

1 (z)

dz
= →T (z) ε(1,I)

1 (z) → ! (z) ”̃(0)
1 (z)

<latexit sha1_base64="6/NTPbXtYOZQPXh+tZ1nY3EK784=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KomU6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qFb7pbJbcecgq8TLSRlyNPqlr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpyiDcFbfnmVtC4rXq1Su6+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/ajjQE=</latexit>
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σ1: region I (GS)
where 

<latexit sha1_base64="cS+MEEQ+/23ypYEL/8yjHJzM8YY="></latexit>

!̃(0)
1 (z) =

→∫

z

dz↑ω(0)
1 (z↑). The general solution is  

<latexit sha1_base64="CEXLZpBwdW+TvYudTHIwtxEjo9Q="></latexit>

ω(1,I)
1 (z) = → 1

ε
exp



→ 1

ε

z∫

ωA0

dz→ T (z→)




z∫

ωA0

dz→! (z→) ”̃(0)
1 (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)





• In general, the equation for the p-iteration (p≥1) in 
region I takes the form 

with solution  

<latexit sha1_base64="5jYyoZYaUKbNA+b8d104CzGmiN4="></latexit>

ω
dε(p,I)

1 (z)

dz
= →T (z) ε(p,I)

1 (z) → ! (z) ”̃(p→1)
1 (z)

<latexit sha1_base64="ZkRkbNmJKrPpE2s/LnWflZsyDZc="></latexit>

ω(p,I)
1 (z) = → 1

ε
exp



→ 1

ε

z∫

ωA0

dz→ T (z→)




z∫

ωA0

dz→ ! (z→) ”̃(p↑1)
1 (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 .

<latexit sha1_base64="jv1CogC6YhlY0FfpKuhbnWrDyuo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNokeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH4J40C</latexit>
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σ1: region II (no GS)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="qGUzXAdfSQe2px1B5iRLzEcDcRk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiJSXRbduHBRwT4gCWEynbRDZyZhZiKU0K0bf8WNC0Xc+gfu/BsnbRBtPXDhcM693HtPlDKqtON8WUvLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyFFGBWkralmpJdKgnjESDcaXRV+955IRRNxp8cpCTgaCBpTjLSRQhv6HOkhRiy/mXjQV3TAUegG1R+Eds2pO1PAReKWpAZKtEL70+8nOONEaMyQUp7rpDrIkdQUMzKp+pkiKcIjNCCeoQJxooJ8+skEHhulD+NEmhIaTtXfEzniSo15ZDqLu9W8V4j/eV6m44sgpyLNNBF4tijOGNQJLGKBfSoJ1mxsCMKSmlshHiKJsDbhFSG48y8vks5p3W3UG7dnteZlGUcFHIIjcAJccA6a4Bq0QBtg8ACewAt4tR6tZ+vNep+1LlnlzAH4A+vjGwholqk=</latexit>

L[ω1] <latexit sha1_base64="w3HL0bQThu7120q3V/2THx4GHb8=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROR6rLoxoVIBfuAJITJdNoOnZmEmYlQQj7Djb/ixoUibrvzb0za4KP1wMCZc+7l3nuCiFGlLevTKC0tr6yuldcrG5tb2zvm7l5bhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWB0lfudByIVDcW9HkfE42ggaJ9ipDPJN09cjvQQI5bcpn7y/blJUwe6ig448m2v8gPfrFo1awq4SOyCVEGBpm9O3F6IY06Exgwp5dhWpL0ESU0xI2nFjRWJEB6hAXEyKhAnykumh6XwKFN6sB/K7AkNp+rvjgRxpcY8yCrzzdW8l4v/eU6s+xdeQkUUayLwbFA/ZlCHME8J9qgkWLNxRhCWNNsV4iGSCOssyzwEe/7kRdI+rdn1Wv3urNq4LOIogwNwCI6BDc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzAmXwhrnRw=</latexit>

NL[ω1]

<latexit sha1_base64="VI3qC99BAFH78mWHD/ok3bSmhZI="></latexit>
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ϑỸ , z
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ϑỸ , z
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ϑỸ , z

)
+ !

(
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(
ϑỸ , z→

)

<latexit sha1_base64="VI3qC99BAFH78mWHD/ok3bSmhZI="></latexit>

ωε1
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ϑỸ , z
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ωϑỸ
+ ϖ

ωε1

(
ϑỸ , z

)

ωz
= →
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dz→ !
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ϑỸ , z→
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+ !
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ϑỸ , z

) z∫

ωA0

dz→ ε1

(
ϑỸ , z→

)

<latexit sha1_base64="VXaU/9+qTNP/BQQCsmgg4keCZ58=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ItFj0IvHCHlJNoTZ2U4yZPbBTK8QQ25e/BUvHhTx6i9482/cTQJqtKChqOqmu8uNpNBoWZ9GZmFxaXklu5pbW9/Y3DK3d+o6jBWHGg9lqJou0yBFADUUKKEZKWC+K6HhDi5Tv3ELSoswqOIwgrbPeoHoCs4wkTrmfrXgeCCROSikB/Tm+O4o942OmbeK1gT0L7FnJE9mqHTMD8cLeexDgFwyrVu2FWF7xBQKLmGcc2INEeMD1oNWQgPmg26PJn+M6WGieLQbqqQCpBP158SI+VoPfTfp9Bn29byXiv95rRi75+2RCKIYIeDTRd1YUgxpGgr1hAKOcpgQxpVIbqW8zxTjmESXhmDPv/yX1E+KdqlYuj7Nly9mcWTJHjkgBWKTM1ImV6RCaoSTe/JInsmL8WA8Ga/G27Q1Y8xmdskvGO9fDIaU6A==</latexit>

T (ωỸ , z)
<latexit sha1_base64="RARcwqrjaekDqG+DeC4s6YiA8pg="></latexit> z∫

ωA0
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=
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<latexit sha1_base64="8gzbH195rsybHbDnt55vLGoE8Mg="></latexit>
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ϑỸ , z

)
ε1

(
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ϑỸ , z

)
ϑ”1

(
ϑỸ
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<latexit sha1_base64="OLv0i9K8f6i1PotSnClojAryM5g="></latexit>

→ !
(
ωỸ , z

)
”̃1

(
ωỸ , z

)
= 0

<latexit sha1_base64="8ddPC2uAVcFRyUFvqtZKN2oOvAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh8tav1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/mrjQM=</latexit>
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σ1: region II (no GS)
• In this case, the solution is more complex. After some 

algebra, the general solution takes the form 
<latexit sha1_base64="VHZ7z56yuPbO1W2M/yCkIosAkm8="></latexit>
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<latexit sha1_base64="zwXB2EzyDcMAwch6CXqUSXTrH+M="></latexit>
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=
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where <latexit sha1_base64="fWrtX4aSR8lwzDy+5k1NXDBzYXQ="></latexit>

ω0→

1

(
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

→
ωỸ∫
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(
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)
+ z

)




<latexit sha1_base64="kVq90YmFJCC/IHaYJr6LPoQmVfs="></latexit>

!1 (ω) =
1
2e

ω exp
(
→ 1

2e
ω
)

ε0→
1

(
ϑỸ = 0, z = ω

) → ε̃0→

1

(
ϑỸ = 0, z = ω

)

• For other iterations, we just modify our definition of the 
non-homogeneous term by adding the contribution from NL

<latexit sha1_base64="Hw48wOkdcsbL1al0djaGxNqn+yc=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNAY9ELx7RyCMBQmaHWZgwO7uZ6TUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0x6eGS6F4EwVK3ok1p6Eveduf3M799hPXRkTqEacx74d0pEQgGEUrPVRqg2LJLbsLkHXiZaQEGRqD4ldvGLEk5AqZpMZ0PTfGfko1Cib5rNBLDI8pm9AR71qqaMhNP11cOiMXVhmSINK2FJKF+nsipaEx09C3nSHFsVn15uJ/XjfB4LqfChUnyBVbLgoSSTAi87fJUGjOUE4toUwLeythY6opQxtOwYbgrb68TlpXZa9art5XSvWbLI48nME5XIIHNajDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD7L40E</latexit>
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σn
• Now we need to add to our definition of L[σ1] the non-

homogeneous term

• We solve the equation in a similar way to σ1, yielding 

<latexit sha1_base64="QgYFMEmt8K9y8fF5/HKgtuNrvpA="></latexit>

L[ωn] = ε
dωn (z)

dz
+ T (z)ωn (z) → ω0,n ! (z) →

n→1∑

k=1

”n→k (z) ωk (z)
<latexit sha1_base64="rAwhIKFouXJMtCNyAM6e1e4wTA0="></latexit>

NL[ωn] = ! (z) ”̃n (z)
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→Un(z)
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ωA0 . The formula for the p-iteration is  
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Numerical estimates
• Ratios of σ1, σ2, σ3 and σ5 for \xi_A=0, \alpha_S=0.2, z_0=2.
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• Ratios of σ1, σ2, σ3 and σ5 for \xi_A=0, \alpha_S=0.2 , z_0=2.
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Numerical estimates
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• One can see that the first iteration turns out to be rather 
large in the small-z region which corresponds to region I. 

• Despite the fact that after an appropriate number of 
iterations the corrections become small, the approach 
may break down for a sufficiently large n. For this reason, 
we use this method only for small values of n.  

• We solve the equation in the large-n limit, and study the 
possible matching with this solution. 

Numerical estimates <latexit sha1_base64="HBPXRwZ+bWBm/iHIDdjCQq12Y2k=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6v/D65Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e68Ur/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/OcjP8=</latexit>
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The large n≳<n(z)> Solution 
• We start with our equation 

<latexit sha1_base64="x3YlOl97E3bQQi8JRZxKVRv3/tc="></latexit>

ω
dεn(z)

d z
= →T (z)εn(z) + !(z)”n(z) +

n→1∑

k=1

”n→k(z)εk(z)
<latexit sha1_base64="x3YlOl97E3bQQi8JRZxKVRv3/tc="></latexit>

ω
dεn(z)

d z
= →T (z)εn(z) + !(z)”n(z) +

n→1∑

k=1

”n→k(z)εk(z)

• Defining                                             , we can rewrite it as

<latexit sha1_base64="DhYBBHhhOgeMDqXbdfvfRMGoQ3Y="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) + !n(z) +

n→1∑

k=1

!n→k(z)εk(z)
<latexit sha1_base64="DhYBBHhhOgeMDqXbdfvfRMGoQ3Y="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) + !n(z) +

n→1∑

k=1

!n→k(z)εk(z)

<latexit sha1_base64="ROQHVtvCjZEbs2Mwwh7WGHt/1kc="></latexit>

!n(z) =

z∫

ωA0

dz→ ωn(z
→)

<latexit sha1_base64="QOuDmYxIDU+9X2i5hSlGwci2sUg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4bLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+8vSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1II0A</latexit>
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The large n≳<n(z)> Solution 
• Rewriting the sum as 

<latexit sha1_base64="92VNODMLOqBAp8A4Pa2IIva/TSA="></latexit>

n→1∑

k=1

!n→k(z)ωk(z) =
1

2

d

d z

n→1∑

k=1

!n→k(z)!k(z)

• and introducing                                              , we have  

<latexit sha1_base64="9fcLeUxnOWb/QNpmN8HMoK6sVbw="></latexit>

Sn (z) =

z∫

ωA0

dz→ !n (z
→)

<latexit sha1_base64="pBMF1nJ0xph9hnLpNzObFEjvmD8="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) +

dSn(z)

d z
+

1

2

d

d z

n→1∑

k=1

!n→k(z)!k(z)

<latexit sha1_base64="Cq8Aw9kffdRTgFZL9SgKRr/5h6M="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) +

dSn(z)

d z
+

1

2

d

d z

[
n→1∑

k=1

!n→k(z)!k(z)

]

<latexit sha1_base64="1pGsnDldRw28tjuXm+1hAslU0Y4=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEeiF49o5JEAIbPDLEyYnd3M9JqQDX/gxYPGePWPvPk3DrAHBSvppFLVne4uP5bCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqd+84lrIyL1iOOYd0M6UCIQjKKVHi7Pe8WSW3ZnIMvEy0gJMtR6xa9OP2JJyBUySY1pe26M3ZRqFEzySaGTGB5TNqID3rZU0ZCbbjq7dEJOrNInQaRtKSQz9fdESkNjxqFvO0OKQ7PoTcX/vHaCwXU3FSpOkCs2XxQkkmBEpm+TvtCcoRxbQpkW9lbChlRThjacgg3BW3x5mTTOyl6lXLm/KFVvsjjycATHcAoeXEEV7qAGdWAQwDO8wpszcl6cd+dj3ppzsplD+APn8wf2pI0B</latexit>
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The large n≳<n(z)> Solution 
• We suggest that the solution has the following form

• Functions Φ (z) and ϕ (z) we will find from the equation. 
Replacing and taking the large z and n limit we find 

<latexit sha1_base64="IHWaK4hLpnARagB2wUIM7fsZap8=">AAACInicbVDLSgMxFM34rPVVdelmsAgVtMyIVF0IRTcuK1oVOqVk0jttaCYzJHfEWvotbvwVNy4UdSX4MWY6Xfg6kHDuOfeS3OPHgmt0nA9rYnJqemY2N5efX1hcWi6srF7qKFEM6iwSkbr2qQbBJdSRo4DrWAENfQFXfu8k9a9uQGkeyQvsx9AMaUfygDOKRmoVDr1z3glpS5butrxtb/sovby4y7MabmNPQIClHWmqWiYr3uniVqtQdMrOCPZf4o5JkYxRaxXevHbEkhAkMkG1brhOjM0BVciZgGHeSzTElPVoBxqGShqCbg5GKw7tTaO07SBS5ki0R+r3iQENte6HvukMKXb1by8V//MaCQYHzQGXcYIgWfZQkAgbIzvNy25zBQxF3xDKFDd/tVmXKsrQpJo3Ibi/V/5LLnfLbqVcOdsrVo/HceTIOtkgJeKSfVIlp6RG6oSRe/JInsmL9WA9Wa/We9Y6YY1n1sgPWJ9f0p6iCA==</latexit>

!n(z) = ω(z) exp (→n”(z))

<latexit sha1_base64="pYta8iH1utSXqITUU8dSk9+7b00="></latexit>

ω
d!n

dz
= →(z → !!(z))!n(z) + Sn(z) +

n→ 1

2
ε (z) !n (z)

<latexit sha1_base64="oWxB6Pb/7CfhzV6LI3Q26AtugAU="></latexit>

ωn (z) =

(
ε→ (z)→ nε (z)!→ (z)

)
exp (→n! (z))

n↑N(z)→→→→→↑ 2

ϑ

z2

N (z)
”

(
ϖ =

n

N (z)

)
• We can now solve the equation and find for DIS:

where
<latexit sha1_base64="6rUQQiPnzZN4SoGXMAT2jUoBSV8=">AAACHnicbZDLSsNAFIYnXmu9VV26GSxChVoS0epGKLpxWcGq0MQymZ60QycXZk7EEvokbnwVNy4UEVzp25jELurlh4Fv/nMOM+d3Iyk0muanMTU9Mzs3X1goLi4tr6yW1tYvdRgrDi0eylBdu0yDFAG0UKCE60gB810JV+7gNKtf3YLSIgwucBiB47NeIDzBGaZWp3RgN7WwJXhYofadsJXo9XHHrh7b1fxehZtkN6NRcUKdUtmsmbnoX7DGUCZjNTuld7sb8tiHALlkWrctM0InYQoFlzAq2rGGiPEB60E7xYD5oJ0kX29Et1OnS71QpSdAmruTEwnztR76btrpM+zr37XM/K/WjtE7chIRRDFCwL8f8mJJMaRZVrQrFHCUwxQYVyL9K+V9phjHNNEsBOv3yn/hcq9m1Wv18/1y42QcR4Fski1SIRY5JA1yRpqkRTi5J4/kmbwYD8aT8Wq8fbdOGeOZDfJDxscXO4mdbg==</latexit>

! (ω) = ω e→ω and 
<latexit sha1_base64="kddCvDQggs5ovup0hkXP2tABozg="></latexit>

→n(z)↑ = 2n0 z e
(z→z!)2

2ω

<latexit sha1_base64="ocy7SId0KB1yyD6oUP+C/DuaOW4="></latexit>

ωn (z) =

(
ε→ (z)→ nε (z)!→ (z)

)
exp (→n! (z))

n↑↓n(z)↔→→→→→→↑ 2

ϑ

z2

↓n (z)↔”
(
ϖ =

n

↓n(z)↔

)

<latexit sha1_base64="J0EioS189TH3kV0DPz6lDeDnr/8=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNokeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4bLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH4KI0C</latexit>

54



Applications at EIC era



Entropy of produced gluons

• The probability to have n-cut BFKL Pomerons in the final 
state is equal to 

<latexit sha1_base64="K4U/Eq0NR9G+7mUXAyi11cbHYMM="></latexit>

PAGK
n (z) → ωAGK

n (z)∑→
n=1 ω

AGK
n (z)

=
2

ε

z2

↑n(z)↓ !
(

n

↑n(z)↓

)

where
<latexit sha1_base64="6rUQQiPnzZN4SoGXMAT2jUoBSV8=">AAACHnicbZDLSsNAFIYnXmu9VV26GSxChVoS0epGKLpxWcGq0MQymZ60QycXZk7EEvokbnwVNy4UEVzp25jELurlh4Fv/nMOM+d3Iyk0muanMTU9Mzs3X1goLi4tr6yW1tYvdRgrDi0eylBdu0yDFAG0UKCE60gB810JV+7gNKtf3YLSIgwucBiB47NeIDzBGaZWp3RgN7WwJXhYofadsJXo9XHHrh7b1fxehZtkN6NRcUKdUtmsmbnoX7DGUCZjNTuld7sb8tiHALlkWrctM0InYQoFlzAq2rGGiPEB60E7xYD5oJ0kX29Et1OnS71QpSdAmruTEwnztR76btrpM+zr37XM/K/WjtE7chIRRDFCwL8f8mJJMaRZVrQrFHCUwxQYVyL9K+V9phjHNNEsBOv3yn/hcq9m1Wv18/1y42QcR4Fski1SIRY5JA1yRpqkRTi5J4/kmbwYD8aT8Wq8fbdOGeOZDfJDxscXO4mdbg==</latexit>

! (ω) = ω e→ω and 
<latexit sha1_base64="kddCvDQggs5ovup0hkXP2tABozg="></latexit>

→n(z)↑ = 2n0 z e
(z→z!)2

2ω

<latexit sha1_base64="uLyI+7Sk+H2wXdirmb9uoTBg55Y="></latexit>

P gluons
n (Y ;x01,b) =

→∑

k=1

PAGK
k (Y ;x01,b)P

Poisson
n (k!BFKLY )

• DIS probes only a part of the proton’s wave function 
(region A).

<latexit sha1_base64="CVHdPcnkzAFGONWqsJDG5eF4ErU=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KDUpUj0WvXhswX5A05bNdtMu3U3C7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZ58ecKe0439bG5tb2zm5uL79/cHh0bJ+cNlWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57Tljx/mfmtCpWJR+KSnMe0KPAxZwAjWRurbtuyVvaKnmPCK7nW9V+7bBafkLIDWiZuRAmSo9e0vbxCRRNBQE46V6rhOrLsplpoRTmd5L1E0xmSMh7RjaIgFVd10cfkMXRplgIJImgo1Wqi/J1IslJoK33QKrEdq1ZuL/3mdRAd33ZSFcaJpSJaLgoQjHaF5DGjAJCWaTw3BRDJzKyIjLDHRJqy8CcFdfXmdNMslt1Kq1G8K1fssjhycwwVcgQu3UIVHqEEDCEzgGV7hzUqtF+vd+li2bljZzBn8gfX5A4Yukk4=</latexit>

r2 → 1/Q2A
B

<latexit sha1_base64="DJ6YgIal87byYRWQZjbSl/ptGew=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoVLpFUtu2Z2DrBIvIyXIUO8Vv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mr90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7G3S5wqZEWNLKFPc3krYkCrKjA2nYEPwll9eJc2LslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH5rI0D</latexit>
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Entropy of produced gluons
• The new observable of DIS — the entanglement entropy — 

is given by the von Neumann’s formula
<latexit sha1_base64="C3660jA4akNHpfY9rC0PcdxhYD8="></latexit>

SE (z) = →
∑

n

Pn (z) ln (Pn (z))

<latexit sha1_base64="GM8NTYUUr4ibYSYwtaEt8tIvOU8="></latexit>

z→ 1→→→↑ z2

2ω

<latexit sha1_base64="lPamlVkMH+XKDKrE/uqqK/wP+qs=">AAACFXicbVDLSgMxFL3js9bXqEs3wSJUKGVGpLoRim5cVrAP6JSSSdM2NJMZkoxQh/6EG3/FjQtF3Aru/Bsz0y609YTA4Zx7b26OH3GmtON8W0vLK6tr67mN/ObW9s6uvbffUGEsCa2TkIey5WNFORO0rpnmtBVJigOf06Y/uk795j2VioXiTo8j2gnwQLA+I1gbqWuXEi8bkvg8ppNLr2QOF8jjWAw4RaL4cOLJjE/y+a5dcMpOBrRI3BkpwAy1rv3l9UISB1RowrFSbdeJdCfBUjOSTvRiRSNMRnhA24YKHFDVSbKFJujYKD3UD6W5QqNM/d2R4ECpceCbygDroZr3UvE/rx3r/kUnYSKKNRVk+lA/5kiHKI0I9ZikRPOxIZhIZnZFZIglJtoEmYbgzn95kTROy26lXLk9K1SvZnHk4BCOoAgunEMVbqAGdSDwCM/wCm/Wk/VivVsf09Ila9ZzAH9gff4AOuueNQ==</latexit>

= ln→n(z)↑

• A relation between the Shadron and the initial-state parton 
entropy, Sgluon, due to “parton liberation” and “local 
parton-hadron duality (LPHD)”, is described by:

In agreement with 
Kharzeev and Levin 
(2017) predictions.

<latexit sha1_base64="8Hwqvck+OcQXjNVv2muSJOMHZP0="></latexit>

Shadron → Sgluons

<latexit sha1_base64="e7A8oso1SzJ5Me9QKgOUxPpbh60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6v6j1yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9WrV2t15pX6dx1GEIziGU/DgEupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf3/swjQQ=</latexit>
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Applications at EIC era
• Having these cross sections, we can calculate the k-th 

moments of our multiplicity distributions using Mueller’s 
formula

<latexit sha1_base64="OIQsbIINY+5Rfy0YOFbPk+FXctc="></latexit>

→n(n↑ 1)...(n↑ k + 1)↓ = →nk(z)↓ = ωAGK
k (z) →nBFKL(z)↓k

<latexit sha1_base64="OIQsbIINY+5Rfy0YOFbPk+FXctc="></latexit>

→n(n↑ 1)...(n↑ k + 1)↓ = →nk(z)↓ = ωAGK
k (z) →nBFKL(z)↓k

where
<latexit sha1_base64="EZBKdEo6pwB7uU/X1HE7x7G+o1w=">AAACFXicbVBNSwMxEM3Wr7p+VT16CRZBoZRdEfUiiIIIelCwVmhKmU3TNjTJLklWbJf+CS/+FS8eFPEqePPfuK170OqDgcd7M8zMCyLBjfW8Tyc3MTk1PZOfdefmFxaXCssr1yaMNWUVGopQ3wRgmOCKVSy3gt1EmoEMBKsG3eOhX71l2vBQXdlexOoS2oq3OAWbSo1CSTUSIoPwLiGWqx4+Ojk7Hww2+1ukdEBKJABN2iAlkFLfdRuFolf2RsB/iZ+RIspw0Sh8kGZIY8mUpQKMqfleZOsJaMupYAOXxIZFQLvQZrWUKpDM1JPRVwO8kSpN3Ap1WsrikfpzIgFpTE8GaacE2zHj3lD8z6vFtrVfT7iKYssU/V7UigW2IR5GhJtcM2pFLyVANU9vxbQDGqhNgxyG4I+//Jdcb5f93fLu5U7x8CiLI4/W0DraRD7aQ4foFF2gCqLoHj2iZ/TiPDhPzqvz9t2ac7KZVfQLzvsXeY2dug==</latexit>

nBFKL(z) = ω̄ z
<latexit sha1_base64="Yiw+QEd0g0y7iVPtVwSjzWwSCPo="></latexit>

z = ω̄S ε ln

(
W 2

Q2

)
+ ln

(
Q2

s0

Q2

)

<latexit sha1_base64="koJYoqxEQUnmTNxrDrBT7Sh/gaE="></latexit>

→nk(z)↑hadrons ↓ →nk(z)↑gluons
• Do we have 

<latexit sha1_base64="6Fwa69L+X9mJt6BBJEvR19mSb50=">AAACAHicbVDLSsNAFL2pr1pfVRcu3AwWwVVJRKo7i25cVrAPaEKZTCbt0MmDmYlQQjb+ihsXirj1M9z5N07SLLT1wMDhnPua48acSWWa30ZlZXVtfaO6Wdva3tndq+8f9GSUCEK7JOKRGLhYUs5C2lVMcTqIBcWBy2nfnd7mfv+RCsmi8EHNYuoEeBwynxGstDSqH6V2MSQV1MvsAKuJ66fXWTaqN8ymWQAtE6skDSjRGdW/bC8iSUBDRTiWcmiZsXJSLBQjnGY1O5E0xmSKx3SoaYgDKp202J2hU614yI+EfqFChfq7I8WBlLPA1ZX5iXLRy8X/vGGi/CsnZWGcKBqS+SI/4UhFKE8DeUxQovhME0wE07ciMsECE6Uzq+kQrMUvL5PeedNqNVv3F432TRlHFY7hBM7Agktowx10oAsEMniGV3gznowX4934mJdWjLLnEP7A+PwB7QaXRw==</latexit>

?

<latexit sha1_base64="3GrO10xYLA8OkO8NkSWPiduKgvk=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNgkeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD1fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8NqfCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpoXZa9Srtxflmo3WRx5OIFTOAcPqlCDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH8tI0F</latexit>
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Applications at EIC era
• And therefore, all cumulants can be calculated:

<latexit sha1_base64="WHkjBufk32bWjAtsQgAQnXv8lUY=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNIkeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD1fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifFsOpPhEpS5IotFoWpJBiT2dukLzRnKMeWUKaFvZWwIdWUoQ2nYEPwll9eJc2LslcpV+4vS7WbLI48nMApnIMH11CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH+OI0G</latexit>
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<latexit sha1_base64="XjfJw/8s9Q0GrtHYJQXK0vzjMCQ=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhzCBmO0ItOLMNzF4wT3AmspaZZuYWlaklSYZZ/Bi1/FiwdFvHry5rcx3XrQzT8k/Pg/z0Py/P2YUaks69tYWV1b39gsbBW3d3b39s2Dw46MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/XEzq3fviZA04ndqEhM3RENOA4qR0pZnVpqeXX6oOFWnepVdDkN8yAjkmSlmXJzLM0tWzZoJLoOdQwnkannmlzOIcBISrjBDUvZtK1ZuioSimJFp0UkkiREeoyHpa+QoJNJNZytN4al2BjCIhD5cwZn7eyJFoZST0NedIVIjuVjLzP9q/UQFl25KeZwowvH8oSBhUEUwywcOqCBYsYkGhAXVf4V4hATCSqeYhWAvrrwMnbOaXa/Vb89Ljes8jgI4BiegDGxwARrgBrRAG2DwCJ7BK3gznowX4934mLeuGPnMEfgj4/MHeBCZjg==</latexit>

C1(z) = →n(z)↑
<latexit sha1_base64="G8L5q71XAqmek547dniyWP0h9iY=">AAACNHicbVDLSgMxFM3UV62vUZdugkWoUMtMkepGKHYjuKlgH9BpSyZN29BMZkgyQh36UW78EDciuFDErd/gzHRE23og4eSce7m5x/YYlcowXrTU0vLK6lp6PbOxubW9o+/u1aXrC0xq2GWuaNpIEkY5qSmqGGl6giDHZqRhjyqR37gjQlKX36qxR9oOGnDapxipUOrq15VuMXd/bOWt/EV0WQzxASOQd2JZxK/IOJlxf71OMfODrp41CkYMuEjMhGRBgmpXf7J6LvYdwhVmSMqWaXiqHSChKGZkkrF8STyER2hAWiHlyCGyHcRLT+BRqPRg3xXh4QrG6t+OADlSjh07rHSQGsp5LxL/81q+6p+3A8o9XxGOp4P6PoPKhVGCsEcFwYqNQ4KwoOFfIR4igbAKc45CMOdXXiT1YsEsFUo3p9nyZRJHGhyAQ5ADJjgDZXAFqqAGMHgAz+ANvGuP2qv2oX1OS1Na0rMPZqB9fQPFHaVh</latexit>

C2(z) = →n2(z)↑ ↓ →n(z)↑2
<latexit sha1_base64="mijA+77x7DlZNJ6ec+ElMkfis5A="></latexit>

C3(z) = →n3(z)↑ ↓ 3 →n2(z)↑ →n(z)↑ + 2 →n(z)↑3
<latexit sha1_base64="mijA+77x7DlZNJ6ec+ElMkfis5A="></latexit>

C3(z) = →n3(z)↑ ↓ 3 →n2(z)↑ →n(z)↑ + 2 →n(z)↑3 Third central moment of our 
distributions 

<latexit sha1_base64="ZGw/JNzV3PMWd0i+02zDXHD5jNU="></latexit>

C4(z) = →n4(z)↑ ↓ 4 →n3(z)↑ →n(z)↑ ↓ 3 →n2(z)↑2 + 12 →n2(z)↑ →n(z)↑2 ↓ 6 →n(z)↑4
<latexit sha1_base64="ZGw/JNzV3PMWd0i+02zDXHD5jNU="></latexit>

C4(z) = →n4(z)↑ ↓ 4 →n3(z)↑ →n(z)↑ ↓ 3 →n2(z)↑2 + 12 →n2(z)↑ →n(z)↑2 ↓ 6 →n(z)↑4
<latexit sha1_base64="ZGw/JNzV3PMWd0i+02zDXHD5jNU="></latexit>

C4(z) = →n4(z)↑ ↓ 4 →n3(z)↑ →n(z)↑ ↓ 3 →n2(z)↑2 + 12 →n2(z)↑ →n(z)↑2 ↓ 6 →n(z)↑4

Variance

Mean



Conclusions and outlook

• We calculated the entropy and the multiplicity 
distributions directly from QCD evolution equations and 
the s-channel unitarity constraints. These results are in 
agreement with the predictions of Kharzeev and Levin. 

• σ1, σ2 and σ3 are cross sections for 1, 2 and 3 cut Pomeron 
production which are closely related to the moments and 
cumulants of the multiplicity distributions for DIS 
experiment. Calculations of the moments <n^k> for small k 
will be subject of next papers.
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