
Quantum simulation is a motivating application for large-scale quantum 
computers. Quantum simulation of quantum field theories involves challenges 
of regularization, renormalization and gauge symmetry. The light front provides 
a particularly appealing approach for quantum simulation, allowing techniques 
developed in other fields to be reused. I will give an introduction to our work in 
quantum simulation of the yukawa model and early results on QCD, and 
discuss the prospects for large-scale calculations in the future.
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Simulating Many-Body Quantum Mechanics

Bottleneck:
<latexit sha1_base64="JugNMkxkbGLU4NwpHtAJS8/jQgo="></latexit>

| i 2 H; dim(H) = O
⇣
exp(n particles)

⌘

Classically either:


Exponential memory: Store  complex amplitudes in classical memory


Or:


Exponential time: Add up  amplitudes of separate paths 

O(2n)

O(2n)

<latexit sha1_base64="3FOAuPSS748deLTvdJ1UXYPH3d4=">AAACBnicbVDLSgMxFL3js9bXqEsRgkVwVWZEqhuhKEKXFewDOkPJpGkbmskMSUYoY1du/BU3LhRx6ze4829M21nU1gMXTs65l9x7gpgzpR3nx1paXlldW89t5De3tnd27b39uooSSWiNRDySzQArypmgNc00p81YUhwGnDaCwc3YbzxQqVgk7vUwpn6Ie4J1GcHaSG37qPLoxYp5Eosep+gK3c6+23bBKToToEXiZqQAGapt+9vrRCQJqdCEY6VarhNrP8VSM8LpKO8lisaYDHCPtgwVOKTKTydnjNCJUTqoG0lTQqOJOjuR4lCpYRiYzhDrvpr3xuJ/XivR3Us/ZSJONBVk+lE34UhHaJwJ6jBJieZDQzCRzOyKSB9LTLRJLm9CcOdPXiT1s6JbKpbuzgvl6yyOHBzCMZyCCxdQhgpUoQYEnuAF3uDderZerQ/rc9q6ZGUzB/AH1tcv+V2Y1A==</latexit>

H| i = E| i



Quantum Bits

Born’s rule: 

              

P(0) = |⟨0 |ψ⟩ |2

P(1) = |⟨1 |ψ⟩ |2Qubit state: (⟨0 |ψ⟩
⟨1 |ψ⟩)

Two states, zero and one

“Partly a thing, 

and partly our knowledge of a thing”

What makes a good qubit? Choose a system 

1) Where you can make a two outcome measurement really well.

2) Where the system is highly mature experimentally.

3) Good control, but weak coupling to environment.
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Many Quantum Bits

n-Qubit Hilbert space:  


Completely separable states: 


If a state is not completely separable it is entangled.


Partially entangled state: 


Globally entangled state: 

ℋ = ℋ1 ⊗ ℋ2 ⊗ … ⊗ ℋn

|ψ⟩ = |ψ1⟩ ⊗ |ψ2⟩ ⊗ … ⊗ |ψn⟩

|ψ⟩ = |ψ1234⟩ ⊗ … |ψn−1⟩ ⊗ |ψn⟩

|ψ⟩ = |ψ1234…n⟩

Hilbert space is tensor product of individual qubit Hilbert spaces



Quantum Gates: Universal Gate Set

T (⟨0 |ψ(t)⟩
⟨1 |ψ(t)⟩) = (

1 0
0 i) (⟨0 |ψ(0)⟩

⟨1 |ψ(0)⟩)T-gate

CNOT

H (⟨0 |ψ(t)⟩
⟨1 |ψ(t)⟩) =

1

2 (1 1
1 −1) (⟨0 |ψ(0)⟩

⟨1 |ψ(0)⟩)

⟨00 |ψ(t)⟩
⟨01 |ψ(t)⟩
⟨10 |ψ(t)⟩
⟨11 |ψ(t)⟩

=

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⟨00 |ψ(0)⟩
⟨01 |ψ(0)⟩
⟨10 |ψ(0)⟩
⟨11 |ψ(0)⟩

Hadamard

S (⟨0 |ψ(t)⟩
⟨1 |ψ(t)⟩) = (1 0

0 i) (⟨0 |ψ(0)⟩
⟨1 |ψ(0)⟩)S-gate

C
lifford G

ates



Quantum Circuit Model
Quantum Circuit: a single qubit is denoted by a line 

Evolution in timeU

Complex circuits - many lines, many gates

n qubits

Can denote a register with n qubits

H|0⟩

|0⟩

1

2
( |00⟩ + |11⟩)



Clifford Circuits and Stabilizer States
H

S

H

H|0⟩

|0⟩

|0⟩ Stabilizer state

From all zeros state Clifford gates only produce stabilizer states.


These circuits can be simulated efficiently classically


Circuits with T gates can be simulated with cost exponential only in number of T gates


Stabilizers entangled, but lack “magic”



Magic: Stabilizer Renyi Entropies
Form probability distribution:


 


Probability of   in 


Renyi entropies of V are 
measures of magic

Vk( |ψ⟩) =
⟨ψ |Pk |ψ⟩

2n

Pk |ψ⟩

Leone, L., Oliviero, S.F. and Hamma, A., 
2022. Stabilizer rényi entropy. Physical 
Review Letters, 128(5), p.050402.



Quantum Computing Timeline
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T-gates are the most difficult gates in many quantum error correction schemes



Task: Determining energy eigenvalues
Prepare an energy eigenstate, an eigenstate of :U(t) = exp(−itH)

U(t)

H|0⟩

|ψ⟩
n

1

2
( |0⟩ + |1⟩) |ψ⟩

1

2
( |0⟩ |ψ⟩ + eiωt |1⟩ |ψ⟩)

1

2
( |0⟩ + eiωt |1⟩)

|ψ⟩

|ψ⟩ : U(t) |ψ⟩ = eiωt |ψ⟩

Perform controlled time evolution with U(t)

H eiωt/2(cos ωt/2 |0⟩ + sin ωt/2 |1⟩)

Perform many experiments 
varying t:  determine 
frequency by FT on 

classical data



Phase estimation

U
n qubits

U2 U4

QFT-1

H

H

H

|ψ⟩

|0⟩

|0⟩

|0⟩

|ψ⟩

Digits of 

the energy

Do the FT on the quantum computer


Challenge 1: Simulation of time evolution (U) controls accuracy

Challenge 2: State preparation. Overlap of  and true ground state gives success 
probability

|ψ⟩



Hamiltonian Simulation
Goal

<latexit sha1_base64="tkNKsp6XG9tYdUTJh5uBuIV5XZg=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFclRmRKq6KblxWsA9oh5LJZNrQTGZM7gil9CfcuFDErb/jzr8xbWehrQcCh3POJfeeIJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3k791hPXRiTqAUcp92PaVyISjKKV2l1poyG97pXKbsWdgSwTLydlyFHvlb66YcKymCtkkhrT8dwU/THVKJjkk2I3MzylbEj7vGOpojE3/ni274ScWiUkUaLtU0hm6u+JMY2NGcWBTcYUB2bRm4r/eZ0Moyt/LFSaIVds/lGUSYIJmR5PQqE5QzmyhDIt7K6EDaimDG1FRVuCt3jyMmmeV7xqpXp/Ua7d5HUU4BhO4Aw8uIQa3EEdGsBAwjO8wpvz6Lw4787HPLri5DNH8AfO5w+/7I/M</latexit>

� :Estimate 
<latexit sha1_base64="iq1RA8S9yVdv2J6IGuscOIb39/c=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi1Y1QdNNlBfuAJpSbybQdOpmEmYlQYv/Bjb/ixoUibt2482+ctllo64GBwznncueeIOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUEtogMY9lOwBFORO0oZnmtJ1IClHAaSsY3kz81j2VisXiTo8S6kfQF6zHCGgjde3T2oPHTTwET4Loc4qvcC7gOadrl5yyMwVeJG5OSihHvWt/eWFM0ogKTTgo1XGdRPsZSM0Ip+OilyqaABlCn3YMFRBR5WfTm8b42Cgh7sXSPKHxVP09kUGk1CgKTDICPVDz3kT8z+ukunfpZ0wkqaaCzBb1Uo51jCcF4ZBJSjQfGQJEMvNXTAYggWhTY9GU4M6fvEiaZ2W3Uq7cnpeq13kdBXSIjtAJctEFqqIaqqMGIugRPaNX9GY9WS/Wu/Uxiy5Z+cwB+gPr8we7VZ4Y</latexit>

H|�i = �|�i

Problem
<latexit sha1_base64="qnzmCbzyBfKFuwnEKK2S9J9VD5E=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqheh6KXHCvYD2lg2m0m6dLOJu5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmnpdwprRtf1uFtfWNza3idmlnd2//oHx41FZxKim0aMxj2fWIAs4EtDTTHLqJBBJ5HDre6G7md8YgFYvFg54k4EYkFCxglGgjuY3Hvk/CECS+wY1BuWJX7TnwKnFyUkE5moPyV9+PaRqB0JQTpXqOnWg3I1IzymFa6qcKEkJHJISeoYJEoNxsfvQUnxnFx0EsTQmN5+rviYxESk0iz3RGRA/VsjcT//N6qQ6u3YyJJNUg6GJRkHKsYzxLAPtMAtV8YgihkplbMR0SSag2OZVMCM7yy6ukfVF1atXa/WWlfpvHUUQn6BSdIwddoTpqoCZqIYqe0DN6RW/W2Hqx3q2PRWvBymeO0R9Ynz9lX5E4</latexit>

H
† = H

<latexit sha1_base64="5oQ5uNHg2T7FvqmhKIaOJrlk8ME=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBKtyJRMugTewimA/IxbC3mVyW7O2du3tCOFLY+FdsLBSx9UfY+W/cS67QxAcDj/dmmJnnRZwpbdvfVm5ldW19I79Z2Nre2d0r7h+0VBhLCk0a8lB2PKKAMwFNzTSHTiSBBB6Htje+Sv32A0jFQnGrJxH0AuILNmSUaCP1i6X6nTsgvg8S17Er4B67AdEjz0uup/1i2a7YM+Bl4mSkjDI0+sUvdxDSOAChKSdKdR070r2ESM0oh2nBjRVEhI6JD11DBQlA9ZLZE1N8bJQBHobSlNB4pv6eSEig1CTwTGd6oVr0UvE/rxvr4UUvYSKKNQg6XzSMOdYhThPBAyaBaj4xhFDJzK2YjogkVJvcCiYEZ/HlZdI6rTjVSvXmrFy7zOLIoxI6QifIQeeohuqogZqIokf0jF7Rm/VkvVjv1se8NWdlM4foD6zPH6++l4M=</latexit>

H
†
H 6= I

<latexit sha1_base64="6+g7oX6YphNtwPgMRxw6IzcCMJ8=">AAACCnicbVA9SwNBEN2LXzF+RS1tVoNgFe5EomXQJmUE8wHJcextJsmS3b1zd08IR2ob/4qNhSK2/gI7/42b5ApNfDDweG+GmXlhzJk2rvvt5FZW19Y38puFre2d3b3i/kFTR4mi0KARj1Q7JBo4k9AwzHBoxwqICDm0wtHN1G89gNIskndmHIMvyECyPqPEWCkoHneZsHtA4xruSrjHjUDibi8y2jLPlhsUS27ZnQEvEy8jJZShHhS/7DxNBEhDOdG647mx8VOiDKMcJoVuoiEmdEQG0LFUEgHaT2evTPCpVXq4Hylb0uCZ+nsiJULrsQhtpyBmqBe9qfif10lM/8pPmYwTA5LOF/UTjk2Ep7ngHlNADR9bQqhi9lZMh0QRamx6BRuCt/jyMmmel71KuXJ7UapeZ3Hk0RE6QWfIQ5eoimqojhqIokf0jF7Rm/PkvDjvzse8NedkM4foD5zPH6lbmPg=</latexit>

=) H 6= Un . . . U1U0

but

Solution <latexit sha1_base64="eBglL/EmQDghEsAl90YyalgtLlo=">AAAB8HicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BjwSvXDExAUMbEi3dKGh7W7argnZ8Cu8eNAYr/4cb/4bC+xBwUmaTGbeS99MmHCmjet+O4WNza3tneJuaW//4PCofHzS1nGqCPVJzGPVDbGmnEnqG2Y47SaKYhFy2gknd3O/80SVZrF8MNOEBgKPJIsYwcZKj03UNzHyB81BueJW3QXQOvFyUoEcrUH5qz+MSSqoNIRjrXuem5ggw8owwums1E81TTCZ4BHtWSqxoDrIFgfP0IVVhiiKlX3SoIX6eyPDQuupCO2kwGasV725+J/XS010E2RMJqmhkiw/ilKObMh5ejRkihLDp5Zgopi9FZExVpgY21HJluCtRl4n7auqV6vW7q8rjdu8jiKcwTlcggd1aEATWuADAQHP8ApvjnJenHfnYzlacPKdU/gD5/MHlcuPog==</latexit>

H ! UH

<latexit sha1_base64="Z4znrApdAhY3eVvYc5hiGyNNwzE=">AAACIXicbVDPSwJBGJ3tp9kvq2OXIQn0IrsR5iUQu3g0aFVQkdlxVgdndpeZbyNZ/Fe69K906VCEt+ifadQ9lPZg4PHe9/HNe14kuAbb/rI2Nre2d3Yze9n9g8Oj49zJaVOHsaLMpaEIVdsjmgkeMBc4CNaOFCPSE6zlje/mfuuRKc3D4AEmEetJMgy4zykBI/VzlS6wJ1Ay0RGjoGI5Lbj9ehHfYr9b48PCul0vzo1iP5e3S/YCeJ04KcmjFI1+btYdhDSWLAAqiNYdx46glxAFnAo2zXZjzSJCx2TIOoYGRDLdSxYJp/jSKAPsh8q8APBC/b2REKn1RHpmUhIY6VVvLv7ndWLwK72EB1EMLKDLQ34sMIR4XhcecGWCi4khhCpu/orpiChCwZSaNSU4q5HXSfOq5JRL5fvrfLWW1pFB5+gCFZCDblAV1VEDuYiiZ/SK3tGH9WK9WZ/WbDm6YaU7Z+gPrO8ffxKjsg==</latexit>

spectrum(UH) = f

⇣
spectrum(H)

⌘
<latexit sha1_base64="PhJ8L9Vzv/hKhhSintlIpvMJL+M=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6kYounFZwbSFNoTJdNIOnUzCzI1QQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuYe5c8JUcA2O820tLa+srq2XNsqbW9s7u/beflMnmaLMo4lIVDskmgkumQccBGunipE4FKwVDm8mfuuBKc0TeQ+jlPkx6UsecUrASIF96OEr7AWy20tAG+KacQK74lSdKfAicQtSQQUagf1l8jSLmQQqiNYd10nBz4kCTgUbl7uZZimhQ9JnHUMliZn28+n1Y3xilB6OEmVGAp6qvxM5ibUexaHZjAkM9Lw3Ef/zOhlEl37OZZoBk3T2UJQJDAmeVIF7XDEKYmQIoYqbWzEdEEUomMLKpgR3/suLpHlWdWvV2t15pX5d1FFCR+gYnSIXXaA6ukUN5CGKHtEzekVv1pP1Yr1bH7PVJavIHKA/sD5/ANngk5E=</latexit>

U = Un . . . U1U0

<latexit sha1_base64="eBglL/EmQDghEsAl90YyalgtLlo=">AAAB8HicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BjwSvXDExAUMbEi3dKGh7W7argnZ8Cu8eNAYr/4cb/4bC+xBwUmaTGbeS99MmHCmjet+O4WNza3tneJuaW//4PCofHzS1nGqCPVJzGPVDbGmnEnqG2Y47SaKYhFy2gknd3O/80SVZrF8MNOEBgKPJIsYwcZKj03UNzHyB81BueJW3QXQOvFyUoEcrUH5qz+MSSqoNIRjrXuem5ggw8owwums1E81TTCZ4BHtWSqxoDrIFgfP0IVVhiiKlX3SoIX6eyPDQuupCO2kwGasV725+J/XS010E2RMJqmhkiw/ilKObMh5ejRkihLDp5Zgopi9FZExVpgY21HJluCtRl4n7auqV6vW7q8rjdu8jiKcwTlcggd1aEATWuADAQHP8ApvjnJenHfnYzlacPKdU/gD5/MHlcuPog==</latexit>

H ! UH

<latexit sha1_base64="/ZQ4uhoe3Iq6UJWOmtxEGU1Fltc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjD2NVQ==</latexit>

(a)
<latexit sha1_base64="yaE0A6BiX3P/IX8my1C+yNhqcO4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxWvWqneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjcKNVg==</latexit>

(b)

Encode                           such that

Example: Block Encoding (circa 2013)
<latexit sha1_base64="hiaX6h8WJtsvYllt/Fz8V0HVhxs="></latexit>

H ! UH =

✓
H/↵ ?

? ?

◆

<latexit sha1_base64="0af+cEU2zWJeNYygnO0St5GuaH8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseilx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsgHM04xiOlA8ogzaqx07/cavXLFrbpzkFXi5aQCOZq98le3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq+TxourVqrW7y0r9Jo+jCCdwCufgwRXUoQFN8IHBAJ7hFd4c4bw4787HorXg5DPH8AfO5w/8vY2f</latexit>

UH
<latexit sha1_base64="z2C8wndvBao48JDkFUcsaIZQnkQ=">AAACFHicbVBNS8NAEN34WetX1KOXYBEEoSQi1WPRS48V7Ac0IWy2k3bpZhN2N0JJ+iO8+Fe8eFDEqwdv/hu3bQ7a+mDg8d4MM/OChFGpbPvbWFldW9/YLG2Vt3d29/bNg8O2jFNBoEViFotugCUwyqGlqGLQTQTgKGDQCUa3U7/zAELSmN+rcQJehAechpRgpSXfPHdDgUnWyN1EUldgPmDgy0mW5wtSnk98s2JX7RmsZeIUpIIKNH3zy+3HJI2AK8KwlD3HTpSXYaEoYTApu6mEBJMRHkBPU44jkF42e2pinWqlb4Wx0MWVNVN/T2Q4knIcBbozwmooF72p+J/XS1V47WWUJ6kCTuaLwpRZKramCVl9KoAoNtYEE0H1rRYZYp2S0jmWdQjO4svLpH1RdWrV2t1lpX5TxFFCx+gEnSEHXaE6aqAmaiGCHtEzekVvxpPxYrwbH/PWFaOYOUJ/YHz+AH29oGI=</latexit>

H| is
||H| is||

<latexit sha1_base64="Hok/s6dRInys74RrPTL/4aDjyq8=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jEpnorevHYgv2ANpTNdtOu3WzC7kYoob/AiwdFvPqTvPlv3LYRVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+u537mnUrFY3OppQv0IjwQLGcHaSE08KFccu3ru1WpV5NjOAoZ4btW59JCbKxXI0RiU3/vDmKQRFZpwrFTPdRLtZ1hqRjidlfqpogkmEzyiPUMFjqjys8WhM3RilCEKY2lKaLRQv09kOFJqGgWmM8J6rH57c/Evr5fq8MLPmEhSTQVZLgpTjnSM5l+jIZOUaD41BBPJzK2IjLHERJtsSiaEr0/R/6R9Zrue7TXPK/WrPI4iHMExnIILNajDDTSgBQQoPMATPFt31qP1Yr0uWwtWPnMIP2C9fQIfd40t</latexit>a

<latexit sha1_base64="ajZxp7qI1cgQdwgMZ54tm4q93ns=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNySbegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaslhsWSZdqVWt8vYMmsX1Xo1I5ZTKV862DatBUpoheaw+D4YRTQJIFSUEyn7thUrNyVCMcphXhgkEmJCp2QMfU1DEoB008Whc3ymlRH2I6ErVHihfp9ISSDlLPB0Z0DURP72MvEvr58ov+6mLIwTBSFdLvITjlWEs6/xiAmgis80IVQwfSumEyIIVTqbgg7h61P8P+mUTdsxnVal1LhaxZFHJ+gUnSMb1VAD3aAmaiOKAD2gJ/Rs3BmPxovxumzNGauZY/QDxtsnVeGNUg==</latexit>s
<latexit sha1_base64="ajZxp7qI1cgQdwgMZ54tm4q93ns=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNySbegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaslhsWSZdqVWt8vYMmsX1Xo1I5ZTKV862DatBUpoheaw+D4YRTQJIFSUEyn7thUrNyVCMcphXhgkEmJCp2QMfU1DEoB008Whc3ymlRH2I6ErVHihfp9ISSDlLPB0Z0DURP72MvEvr58ov+6mLIwTBSFdLvITjlWEs6/xiAmgis80IVQwfSumEyIIVTqbgg7h61P8P+mUTdsxnVal1LhaxZFHJ+gUnSMb1VAD3aAmaiOKAD2gJ/Rs3BmPxovxumzNGauZY/QDxtsnVeGNUg==</latexit>s
<latexit sha1_base64="ajZxp7qI1cgQdwgMZ54tm4q93ns=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNySbegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaslhsWSZdqVWt8vYMmsX1Xo1I5ZTKV862DatBUpoheaw+D4YRTQJIFSUEyn7thUrNyVCMcphXhgkEmJCp2QMfU1DEoB008Whc3ymlRH2I6ErVHihfp9ISSDlLPB0Z0DURP72MvEvr58ov+6mLIwTBSFdLvITjlWEs6/xiAmgis80IVQwfSumEyIIVTqbgg7h61P8P+mUTdsxnVal1LhaxZFHJ+gUnSMb1VAD3aAmaiOKAD2gJ/Rs3BmPxovxumzNGauZY/QDxtsnVeGNUg==</latexit>s

<latexit sha1_base64="UQobNmPagiG2jhFtZ/brQvtEHr4=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GQyCp7ArEj0GvXiMYB6QXcPsZDYZMjuzzMwKYQ34K148KOLV7/Dm3zh5HDSxoKGo6qa7K0o508bzvp2l5ZXVtfXCRnFza3tn193bb2iZKULrRHKpWhHWlDNB64YZTlupojiJOG1Gg+ux33ygSjMp7swwpWGCe4LFjGBjpY57+OgFCosep/d5IA1LqEZi1HFLXtmbAC0Sf0ZKMEOt434FXUmyhApDONa67XupCXOsDCOcjopBpmmKyQD3aNtSge2eMJ+cP0InVumiWCpbwqCJ+nsix4nWwySynQk2fT3vjcX/vHZm4sswZyLNDBVkuijOODISjbNAXaYoMXxoCSaK2VsR6WOFibGJFW0I/vzLi6RxVvYr5crteal6NYujAEdwDKfgwwVU4QZqUAcCOTzDK7w5T86L8+58TFuXnNnMAfyB8/kDf26V2g==</latexit>

|0i⌦n

<latexit sha1_base64="loOdPRHTbpZelxBfpme6csXixiE=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS6LblxWsA9oQplMJu3QySTMTIQa+yVuXCji1k9x5984bbPQ1gMDh3PO5d45QcqZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUUkmCW2ThCeyF2BFORO0rZnmtJdKiuOA024wvpn53QcqFUvEvZ6k1I/xULCIEayNNLCrTx436RB7EoshpwO75tSdOdAqcQtSgwKtgf3lhQnJYio04Vipvuuk2s+x1IxwOq14maIpJmM8pH1DBY6p8vP54VN0apQQRYk0T2g0V39P5DhWahIHJhljPVLL3kz8z+tnOrrycybSTFNBFouijCOdoFkLKGSSEs0nhmAimbkVkRGWmGjTVcWU4C5/eZV0zutuo964u6g1r4s6ynAMJ3AGLlxCE26hBW0gkMEzvMKb9Wi9WO/WxyJasoqZI/gD6/MHCU6TWg==</latexit>

|�i
<latexit sha1_base64="ocr26yJKQfw9loD7z4VW7MpP73w=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FETy24LaFdi3ZNNuGJtklmVXL0v/hxYMiXv0v3vw3ph8HbX0w8Hhvhpl5YSK4Adf9dnIrq2vrG/nNwtb2zu5ecf+gYeJUU+bTWMS6FRLDBFfMBw6CtRLNiAwFa4bD64nffGDa8FjdwShhgSR9xSNOCVjpvgPsCbTM6rWbcdfvFktu2Z0CLxNvTkpojlq3+NXpxTSVTAEVxJi25yYQZEQDp4KNC53UsITQIemztqWKSGaCbHr1GJ9YpYejWNtSgKfq74mMSGNGMrSdksDALHoT8T+vnUJ0GWRcJSkwRWeLolRgiPEkAtzjmlEQI0sI1dzeiumAaELBBlWwIXiLLy+TxlnZq5Qr9fNS9WoeRx4doWN0ijx0garoFtWQjyjS6Bm9ojfn0Xlx3p2PWWvOmc8coj9wPn8Aq5qSow==</latexit>

QPEU

<latexit sha1_base64="exi6xlkynF6Zp882ccJrC2LnGHA=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ2OlN3RTcuW7APaIeSSTNtbCYzJBmhlH6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feE6acKY3Qh5VbW9/Y3MpvF3Z29/YPiodHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H4+u5376nUrFE3OpJSoMYDwWLGMHaSA3RL5aQjcqe77oQ2ZWqf+lXDUGuV6540LHRAiWwQr1ffO8NEpLFVGjCsVJdB6U6mGKpGeF0VuhliqaYjPGQdg0VOKYqmC4OncEzowxglEhTQsOF+n1iimOlJnFoOmOsR+q3Nxf/8rqZjqrBlIk001SQ5aIo41AncP41HDBJieYTQzCRzNwKyQhLTLTJpmBC+PoU/k9aF7bj2V7DLdWuVnHkwQk4BefAAT6ogRtQB01AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CV+2jVk=</latexit>n

<latexit sha1_base64="vrlV08V9OUakgnXy75NZ9IM/1IA=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZFohch6CXHCG4SyIvZSW8yZPbBzKwSlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXFwuutG1/Wyura+sbm7mt/PbO7t5+4eCwrqJEMnRZJCLZ9KhCwUN0NdcCm7FEGngCG97obuo3HlEqHoUPehxjJ6CDkPucUW2krturkhuC3fScV/WkVyjaJXsGskycjBQhQ61X+Gr3I5YEGGomqFItx451J6VScyZwkm8nCmPKRnSALUNDGqDqpLOrJ+TUKH3iR9JUqMlM/T2R0kCpceCZzoDqoVr0puJ/XivR/nUn5WGcaAzZfJGfCKIjMo2A9LlEpsXYEMokN7cSNqSSMm2CypsQnMWXl0n9ouSUS+X7y2LlNosjB8dwAmfgwBVUoAo1cIGBhGd4hTfryXqx3q2PeeuKlc0cwR9Ynz8KTZGX</latexit>

UH = e�iHt

<latexit sha1_base64="8AfLapy0dsICrjlbQ0i/LA+0I4Y=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBHqpsyIVJdFNy4r2Ae2Q8lkMm1oJjMkd4RS+hduXCji1r9x59+YPhBtPRA4nHMuufcEqRQGXffLWVldW9/YzG3lt3d29/YLB4cNk2Sa8TpLZKJbATVcCsXrKFDyVqo5jQPJm8HgZuI3H7k2IlH3OEy5H9OeEpFgFK30EJU60oZDetYtFN2yOwX5Id4iKcIctW7hsxMmLIu5QiapMW3PTdEfUY2CST7OdzLDU8oGtMfblioac+OPphuPyalVQhIl2j6FZKr+nhjR2JhhHNhkTLFvFr2J+J/XzjC68kdCpRlyxWYfRZkkmJDJ+SQUmjOUQ0so08LuSlifasrQlpS3JSydvEwa52WvUq7cXRSr1/M6cnAMJ1ACDy6hCrdQgzowUPAEL/DqGOfZeXPeZ9EVZz5zBH/gfHwDzZmQXg==</latexit>

f(�)
<latexit sha1_base64="UdCUGWeaW7iPSPgAMuXDFbN7rok=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4ruG2hXUo2zbahSXZJskJZ+hu8eFDEqz/Im//GtN2DVh8MPN6bYWZelApurOd9odLa+sbmVnm7srO7t39QPTxqmyTTlAU0EYnuRsQwwRULLLeCdVPNiIwE60ST27nfeWTa8EQ92GnKQklGisecEuukoK8Ml4Nqzat7C+C/xC9IDQq0BtXP/jChmWTKUkGM6fleasOcaMupYLNKPzMsJXRCRqznqCKSmTBfHDvDZ04Z4jjRrpTFC/XnRE6kMVMZuU5J7NisenPxP6+X2fg6zLlKM8sUXS6KM4Ftguef4yHXjFoxdYRQzd2tmI6JJtS6fCouBH/15b+kfVH3G/XG/WWteVPEUYYTOIVz8OEKmnAHLQiAAocneIFXpNAzekPvy9YSKmaO4RfQxzfwiY7K</latexit>⌧



Two classes of quantum simulatable Hamiltonians
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Direct Mappings: Hamiltonian is local (and hence sparse)

Compact Mappings: Hamiltonian is sparse (but not local)

Quantum simulation algorithms exist for both classes



A Quantum Computer for Chemistry?

Simulated Quantum Computation of Molecular Energies, Alan Aspuru-Guzik, Anthony Dutoi, Peter J. Love, Martin Head-Gordon, Science, 309, 5741, (2005)
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Molecules

Fermi-Hubbard Model

Key point: number of qubits ~ number of orbitals.


Hard problems for hundreds of qubits (orbitals)



Comparing Quantum Chemistry to Quantum Field Theory

Compact Basis representations 


Static quantities of interest

Why lattices not 
orbitals?

Ken Wilson, Nuclear Physics B-Proceedings Supplements, 17:82–92, 1990.

Lattices


Renormalization!
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Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a

Equal Time Light Front

Adapted from: Quantum chromodynamics and other field theories on the light cone, Stanley J. Brodsky, Hans-
Christian Pauli, Stephen S. Pinsky, Physics Reports, Volume 301, Issues 4–6, 1 August 1998, Pages 299-486


Lightfront Yukawa Hamiltonian

Adapted from “Quantum chromodynamics and other field theories on the light cone.” Brodsky, Pinsky, Pauli 2

xμ = (x+, x−, ⃗x⊥)
x+x−

“Solving field theory in one space and one time dimension.” Pauli, Brodsky 

HLC |ψ⟩ = M2 |ψ⟩

Lightfront Yukawa Hamiltonian

Adapted from “Quantum chromodynamics and other field theories on the light cone.” Brodsky, Pinsky, Pauli 2

xμ = (x+, x−, ⃗x⊥)
x+x−

“Solving field theory in one space and one time dimension.” Pauli, Brodsky 

HLC |ψ⟩ = M2 |ψ⟩

Light Front Field theory on quantum computers

Hamiltonian formulation as required  by 
quantum simulation.


Basis of momentum orbitals (DLCQ) or 
symmetry adapted functions (BLFQ).


Second quantized representation



10000011

Direct Mapping: Orbital occupancy maps to qubit state

(1,     0,      0,      0,     0,       0,        1,      1)

= |10000011⟩

From Fermions to qubits
n orbitals


n qubits

Single qubit creation and annihilation operators are , 


But want operators that obey fermionic commutation relations


Jordan-Wigner mapping 1928:


,      


Many new fermion mappings since 2012

Q+ = |1⟩⟨0 | Q− = |0⟩⟨1 |

aj = Q−
j ⊗ ZjZj+1…Zn a†

j = Q+
j ⊗ ZjZj+1…Zn



Direct Mapping: Orbital occupancy maps to qubit state: cutoff Λ

From Bosons to qubits

(3,        1,         0,        2)
= |11010010⟩(11,     01,       00,      10)

Many choices of occupancy encoding: unary, gray code, binary.


Creation and annihilation operators: , 


No exact mapping of bosons commutation relations.


Cutoff induces error in algebra when occupancy=cutoff.

n + 1 |n + 1⟩⟨n | n |n − 1⟩⟨n |



Sparse methods essential

Confinement: Physical states are colorless: no free quarks.


Matrix elements between unphysical states diverge.


Only include physical states in simulation: sparse methods.

u u

d

q

q

Baryon Meson

Hadrons

q

Forbidden!



Hamiltonian Simulation
Goal

<latexit sha1_base64="tkNKsp6XG9tYdUTJh5uBuIV5XZg=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFclRmRKq6KblxWsA9oh5LJZNrQTGZM7gil9CfcuFDErb/jzr8xbWehrQcCh3POJfeeIJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3k791hPXRiTqAUcp92PaVyISjKKV2l1poyG97pXKbsWdgSwTLydlyFHvlb66YcKymCtkkhrT8dwU/THVKJjkk2I3MzylbEj7vGOpojE3/ni274ScWiUkUaLtU0hm6u+JMY2NGcWBTcYUB2bRm4r/eZ0Moyt/LFSaIVds/lGUSYIJmR5PQqE5QzmyhDIt7K6EDaimDG1FRVuCt3jyMmmeV7xqpXp/Ua7d5HUU4BhO4Aw8uIQa3EEdGsBAwjO8wpvz6Lw4787HPLri5DNH8AfO5w+/7I/M</latexit>

� :Estimate 
<latexit sha1_base64="iq1RA8S9yVdv2J6IGuscOIb39/c=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi1Y1QdNNlBfuAJpSbybQdOpmEmYlQYv/Bjb/ixoUibt2482+ctllo64GBwznncueeIOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUEtogMY9lOwBFORO0oZnmtJ1IClHAaSsY3kz81j2VisXiTo8S6kfQF6zHCGgjde3T2oPHTTwET4Loc4qvcC7gOadrl5yyMwVeJG5OSihHvWt/eWFM0ogKTTgo1XGdRPsZSM0Ip+OilyqaABlCn3YMFRBR5WfTm8b42Cgh7sXSPKHxVP09kUGk1CgKTDICPVDz3kT8z+ukunfpZ0wkqaaCzBb1Uo51jCcF4ZBJSjQfGQJEMvNXTAYggWhTY9GU4M6fvEiaZ2W3Uq7cnpeq13kdBXSIjtAJctEFqqIaqqMGIugRPaNX9GY9WS/Wu/Uxiy5Z+cwB+gPr8we7VZ4Y</latexit>

H|�i = �|�i

LOBE: Ladder Operator Block Encoding. 
Block encode terms in second quantized 
Hamiltonian directly. 

Example: Block Encoding (circa 2013)
<latexit sha1_base64="hiaX6h8WJtsvYllt/Fz8V0HVhxs="></latexit>

H ! UH =

✓
H/↵ ?

? ?

◆

<latexit sha1_base64="0af+cEU2zWJeNYygnO0St5GuaH8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseilx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsgHM04xiOlA8ogzaqx07/cavXLFrbpzkFXi5aQCOZq98le3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq+TxourVqrW7y0r9Jo+jCCdwCufgwRXUoQFN8IHBAJ7hFd4c4bw4787HorXg5DPH8AfO5w/8vY2f</latexit>

UH
<latexit sha1_base64="z2C8wndvBao48JDkFUcsaIZQnkQ=">AAACFHicbVBNS8NAEN34WetX1KOXYBEEoSQi1WPRS48V7Ac0IWy2k3bpZhN2N0JJ+iO8+Fe8eFDEqwdv/hu3bQ7a+mDg8d4MM/OChFGpbPvbWFldW9/YLG2Vt3d29/bNg8O2jFNBoEViFotugCUwyqGlqGLQTQTgKGDQCUa3U7/zAELSmN+rcQJehAechpRgpSXfPHdDgUnWyN1EUldgPmDgy0mW5wtSnk98s2JX7RmsZeIUpIIKNH3zy+3HJI2AK8KwlD3HTpSXYaEoYTApu6mEBJMRHkBPU44jkF42e2pinWqlb4Wx0MWVNVN/T2Q4knIcBbozwmooF72p+J/XS1V47WWUJ6kCTuaLwpRZKramCVl9KoAoNtYEE0H1rRYZYp2S0jmWdQjO4svLpH1RdWrV2t1lpX5TxFFCx+gEnSEHXaE6aqAmaiGCHtEzekVvxpPxYrwbH/PWFaOYOUJ/YHz+AH29oGI=</latexit>

H| is
||H| is||

<latexit sha1_base64="Hok/s6dRInys74RrPTL/4aDjyq8=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jEpnorevHYgv2ANpTNdtOu3WzC7kYoob/AiwdFvPqTvPlv3LYRVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+u537mnUrFY3OppQv0IjwQLGcHaSE08KFccu3ru1WpV5NjOAoZ4btW59JCbKxXI0RiU3/vDmKQRFZpwrFTPdRLtZ1hqRjidlfqpogkmEzyiPUMFjqjys8WhM3RilCEKY2lKaLRQv09kOFJqGgWmM8J6rH57c/Evr5fq8MLPmEhSTQVZLgpTjnSM5l+jIZOUaD41BBPJzK2IjLHERJtsSiaEr0/R/6R9Zrue7TXPK/WrPI4iHMExnIILNajDDTSgBQQoPMATPFt31qP1Yr0uWwtWPnMIP2C9fQIfd40t</latexit>a

<latexit sha1_base64="ajZxp7qI1cgQdwgMZ54tm4q93ns=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNySbegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaslhsWSZdqVWt8vYMmsX1Xo1I5ZTKV862DatBUpoheaw+D4YRTQJIFSUEyn7thUrNyVCMcphXhgkEmJCp2QMfU1DEoB008Whc3ymlRH2I6ErVHihfp9ISSDlLPB0Z0DURP72MvEvr58ov+6mLIwTBSFdLvITjlWEs6/xiAmgis80IVQwfSumEyIIVTqbgg7h61P8P+mUTdsxnVal1LhaxZFHJ+gUnSMb1VAD3aAmaiOKAD2gJ/Rs3BmPxovxumzNGauZY/QDxtsnVeGNUg==</latexit>s
<latexit sha1_base64="ajZxp7qI1cgQdwgMZ54tm4q93ns=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNySbegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaslhsWSZdqVWt8vYMmsX1Xo1I5ZTKV862DatBUpoheaw+D4YRTQJIFSUEyn7thUrNyVCMcphXhgkEmJCp2QMfU1DEoB008Whc3ymlRH2I6ErVHihfp9ISSDlLPB0Z0DURP72MvEvr58ov+6mLIwTBSFdLvITjlWEs6/xiAmgis80IVQwfSumEyIIVTqbgg7h61P8P+mUTdsxnVal1LhaxZFHJ+gUnSMb1VAD3aAmaiOKAD2gJ/Rs3BmPxovxumzNGauZY/QDxtsnVeGNUg==</latexit>s
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Quantum simulation of quantum field theory in the light-front formulation
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Quantum chromodynamics (QCD) describes the structure of hadrons such as the proton at a fundamental level.
The precision of calculations in QCD limits the precision of the values of many physical parameters extracted
from collider data. For example, uncertainty in the parton distribution function is the dominant source of error
in the W mass measurement at the Large Hadron Collider. Improving the precision of such measurements is
essential in the search for new physics. Quantum simulation offers an efficient way of studying quantum field
theories (QFTs) such as QCD nonperturbatively. Previous quantum algorithms for simulating QFTs have qubit
requirements that are well beyond the most ambitious experimental proposals for large-scale quantum computers.
Can the qubit requirements for such algorithms be brought into range of quantum computation with several
thousand logical qubits? We show how this can be achieved by using the light-front formulation of quantum
field theory. This work was inspired by the similarity of the light-front formulation to quantum chemistry, first
noted by Wilson [Nucl. Phys. B, Proc. Suppl. 17, 82 (1990)].
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I. INTRODUCTION

Feynman first proposed using one quantum system to
simulate another [1]. A decade later, the first general quan-
tum algorithms appeared [2–6], with applications to quan-
tum chemistry [7], condensed matter [8], and high-energy
physics [9]. Quantum simulation is now recognized as a sig-
nificant future application of quantum computation [10–12],
especially in the context of near-term devices. Quantum al-
gorithms for quantum simulation with almost optimal scaling
are now known [13–17]. Applications of these methods to
condensed matter and quantum chemistry are well developed
theoretically [18–27], and experiments have been performed
on many different quantum architectures [28–45].

Quantum simulation of relativistic quantum field theory
poses new challenges. Among these challenges are the ab-
sence of any fixed particle-number formulation of relativistic
quantum theory, multiple particle types with varying statistics,
complicated interactions and observables, nontrivial vacuum
structure, and gauge invariance. Nevertheless, quantum sim-
ulation is the only efficient approach to the study of general
quantum field theories (QFTs) in the nonperturbative regime.

Quantum simulation of high-energy physics can be ap-
proached via analog simulation of lattice gauge theories in
cold atoms or ions [46–52], analog simulation using contin-
uous variable quantum systems [53,54], or digital simulation
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of quantum field theories using conventional qubits and
gates [9,55–57]. Theoretical proposals for digital quantum
simulation of quantum field theory [9,56,58–60] were fol-
lowed by experimental implementations of simple models
such as the Schwinger model in 1 + 1 dimensions [(1 +
1)D] [37,61].

However, ab initio digital quantum simulation of general
QFTs using existing techniques requires hundreds of thou-
sands of logical qubits [62,63]. This is far beyond what is
required for Shor’s algorithm, which has been the subject of
serious architectural studies estimating requirements of sev-
eral thousand logical qubits [64,65].

Can the ideas explored for quantum simulation of quantum
chemistry be used to enable simulation of QFT on quantum
computers with several thousand logical qubits? Fortunately,
we can be guided by Wilson, who suggested [66] that the
light-front formulation of QFT [67–70] is amenable to the
orbital representations used in chemistry. The light-front for-
mulation is now well developed [71]. Among its notable
advantages are a trivial vacuum and the absence of ghost
fields. The linearity of equations of motion further reduces the
number of independent variables. While the discretized light-
front quantization (DLCQ) [72] provides a natural framework
for simulating fundamental interactions ab initio [73], the
basis light-front quantization (BLFQ) [73] approach is well
suited for constructing effective theories; in this work, we
focus on the former.

The main goal of this paper is to demonstrate that the
light-front formulation is advantageous for digital quantum
simulation. First, the second-quantized form of the light-
front Hamiltonian permits a highly efficient encoding scheme,
with qubit requirements scaling logarithmically with the
space-time dimension. This reduces qubit requirements by
several orders of magnitude: for example, the qubit numbers

2469-9926/2022/105(3)/032418(27) 032418-1 Published by the American Physical Society
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Renormalized Yukawa Hamiltonian: Spectrum, parton distribution
functions, and resource estimates for quantum simulation
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We apply the renormalization group procedure for effective particles (RGPEP) to the front form Yukawa
Hamiltonian, yielding a renormalized (effective) Hamiltonian, accurate up to second order in the coupling
strength. Subsequently, we examine the spectrum and parton distribution functions produced by the
renormalized Hamiltonian, and show that the addition of counterterms leads to finite results. Resource
estimates for quantum simulation are calculated for a single “ladder operator block encoding” (LOBE), and
show that the cost to block encode the renormalized Hamiltonian is comparable to block encoding the bare
Hamiltonian.
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I. INTRODUCTION

A central problem in particle and nuclear physics is
calculating bound state mass spectra and hadronic structure
[1]. Classical calculations of hadronic properties are domi-
nated by lattice QCD [2], first proposed by Wilson [3]. The
mass spectra and structure functions of hadrons are the
targets of many lattice QCD collaborations [4–7].
An alternative framework to computing hadronic struc-

ture, coined the “light-front” approach, was derived from a
1949 paper by Dirac [8]. In the light-front approach, the
Lagrangian is transformed to a Hamiltonian in light-front
coordinates via the energy-momentum tensor [8]. This
leads to a Hamiltonian eigenvalue problem that is similar to
the nonrelativistic Schrödinger equation.
While one can formulate the Hamiltonian eigenvalue

problem in equal time coordinates, there are two main
advantages of using the front form. First, the mass-shell
dispersion relation implies that positive longitudinal front
form momentum corresponds to positive front form energy.
A consequence of this is that for cutoff theories with no
zero modes, the light-front vacuum is trivial, as opposed to
the complicated vacuum in instant time. Second, the
solutions to the eigenvalue equation are boost invariant
[9]. Boost-invariant eigenvalues imply they are the same
regardless of the choices of longitudinal and transverse
bound state momentum.

The first numerical technique to solve bound state prob-
lems in light-front field theory was called “discretized light-
cone quantization” (DLCQ) [10,11]. In DLCQ, the theory is
quantized in a box, and wave functions are represented in a
plane-wave basis of momentum orbitals. An extension to
DLCQ, called “basis light-front quantization” (BLFQ) [12]
uses symmetry-adapted basis functions (analogous to orbital
basis functions in quantumchemistry). Results fromclassical
supercomputer calculations of hadronic properties using
BLFQ can be found in, e.g., Refs. [12–16]. The results, in
particular in [13,14], show agreementwith experimental data
published by the Particle Data Group [17].
The simulation of quantum systems has been a prospec-

tive application for quantum computers since its original
conception in [18,19], with the first quantum simulation
algorithms developed in [20–23]. Quantum simulation
includes a broad array of computational tasks, including
both the estimation of static properties, and the simulation
of quantum dynamics [24]. Today, quantum simulation is
dominated by Trotterization [25–28] and block-encoding
[29–31] algorithms. Many applications of quantum simu-
lation have been explored in fields such as quantum
chemistry and high energy/nuclear physics [32–35].
Quantum simulation of quantum field theories was first

investigated in detail by Jordan, Lee, and Preskill in
Ref. [36]. They employ a discrete space lattice (analogous
to classical lattice QCD calculations) in which the fields
can be represented at each lattice point by a finite number of
qubits. Many works utilize this approach [37–41]. For a
review, see Ref. [42].
A quantum simulation framework for quantum field

theories based on the light front was proposed in [43–45].
The light-front approach yields quantum field theories
written in the language of quantum many-body problems
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Using the renormalization group procedure for effective particles we calculate the effective Hamiltonians
in the theory of a fermion field coupled to a scalar field via the Yukawa interaction. The theory is
renormalized by the addition of counterterms. Necessary counterterms are determined by computing matrix
elements of the effective Hamiltonian. All calculations are performed up to the second order in the
expansion in powers of the coupling constant. Renormalized effective Hamiltonians are well-defined
symmetric forms acting in the Fock space as opposed to the renormalized bare Hamiltonian, which is not
well defined without regularization. We introduce computational techniques that should streamline higher-
order calculations and may be of independent interest.
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I. INTRODUCTION

Nonperturbative calculations in quantum field theories
such as obtaining the structure of protons and neutrons
from quantum chromodynamics are challenging. Currently,
the only ab initio approach to the bound state problems in
QCD that can produce accurate results for some problems
is lattice QCD. Among those results are mass spectra,
decay constants, magnetic moments, and other static
properties of hadrons, as well as studies of fundamental
properties of QCD such as confinement and chiral sym-
metry breaking [1–4].
The success of lattice QCD would not be possible

without advances in computational power over the last
few decades. Yet, even now, some problems such as deep
inelastic scattering and computation of related structure
functions of a nucleon require additional computational and
algorithmic advances, while others like ab initio simulation
of hadronization seem unfeasible even given continued
advances in high performance computing [5–7].
On the other hand, even near-term quantum computers

with a few hundred qubits will allow Hilbert spaces that are
(many) orders of magnitude greater in dimension than those
representable on the largest classical supercomputers.
While simple qubit counts for classically intractable prob-
lems may not reflect the entirety of the cost of quantum
computing, they incentivize more detailed quantum

resource estimates, and motivate further development of
quantum computers and quantum algorithms. Possible
applications where quantum computers might outperform
any classical computers are real-time simulation of scatter-
ing processes in particle collider simulation from first
principles, simulation of strongly coupled matter at high
density or far from equilibrium (relevant for studies of
heavy-ion collisions and studies of neutron stars), neutrino
astrophysics in core-collapse supernovae and neutron-star
mergers, neutrino-nucleus scattering simulation (relevant
for neutrino experiments such as DUNE), nonequilibrium
dynamics of interacting fields for cosmology, and more
[8–11].
A particular challenge in simulation of QFT is renorm-

alization. Canonical or bare Hamiltonians are typically ill-
defined, containing divergences. Regularization of these bare
theories (by cutoffs in general) is required for any simulation.
Renormalization of the bare parameters and an introduction
of counterterms is necessary to obtain a finite theory, relating
physical inputs (measured masses and coupling constants) to
physical outputs (structure functions, etc.).
Renormalization will affect estimates of required resour-

ces for quantum algorithms. Introduction of (finite parts of)
the counterterms will change the structure of the
Hamiltonian. Flowing of coupling constants will change
the Hamiltonian’s norm. Changes in cutoffs will change the
required number of qubits. These are all parameters on
which quantum resource estimates for quantum simulation
depend.
In this article we develop an approach to relativistic

quantum field theories based on the front form of
Hamiltonian dynamics [12,13] and renormalization group
procedure for effective particles [14–17]. The main, moti-
vating application for the framework is QCD, but to
introduce the new techniques in a simpler setting we study
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Explicit Gate Count Comparisons
Simulation resources do not diverge under renormalization.
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FIG. 8. Wick’s diagrams Dj and Dk.

Similarly, diagram Dk, Fig. 8 gives,

h(k)
t,2 = g2

Z
[q1q2q3q4q5q6] �̃123 �̃456f

g
tr,123f

q
tr,456B

g.q
t,123.456 · 3Dk , (124)

where

Dk =
1

3!
F abc
↵��(q1, q2, q3)N

h
G↵a(q1)G

�b(q2)G
�c(q3)  ̄(�q4)�µT

d (q5)G
µd(q6)

i
. (125)

Therefore,

h(k)
t,2 = g2

Z
[q1q2q3q4q5] �̃123 �̃45.3f

g
tr,123f

q
tr,45(�3)B

g.q
t,123.45(�3)

✓(q+3 )

|q+3 |

⇥ d�µ(q3)
1

2
F abc
↵��(q1, q2, q3)N

⇥
G↵a(q1)G

�b(q2)  ̄(�q4)�µT
c (q5)

⇤
. (126)

Substituting q3 ! �q3, relabeling 1 $ 4, and 2 $ 5, then shifting G↵a(q4)G�b(q5) to the

right under the normal ordering sign, finally using symmetries d�µ(�q3) = dµ�(q3), and

Bg.q
t,45(�3).123 = �Bq.g

t,123.45(�3), h
(k)
t,2 is rewritten in a form almost identical to that of h(j)

t,2 . The

only difference is that where h(j)
t,2 has ✓(q+3 ), h(k)

t,2 has �✓(�q+3 ). Since ✓(q+3 ) � ✓(�q+3 ) =

sign(q+3 ), the sum becomes

h(j)
t,2 + h(k)

t,2 = g2
Z
[q1q2q3q4q5] �̃123 �̃45.3f

q
tr,123f

g
tr,45(�3)B

q.g
t,123.45(�3)

1

q+3

⇥ dµ�(q3)
1

2
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↵��(q4, q5,�q3)N
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 ̄(�q1)�µT
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�b(q5)
⇤
. (127)

For J 2 {l,m, n}

h(J)
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Z
[q1q2q3q4q5q6] �̃123 �̃456f

g
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g
tr,456B
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Diagrams Dl, Dm, and Dn, Fig. 9 are,

Dl =
1
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↵��(q1, q2, q3)

1
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i
, (129)

Dm =
1

3!
F abc
↵��(q1, q2, q3)

1

3!
F def
µ⌫⇢(q4, q5, q6)

⇥ N


G↵a(q1)G

�b(q2)G
�c(q3)G

µd(q4)G
⌫e(q5)G

⇢f (q6)

�
. (130)
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Therefore,
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2
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g.g
t,12(�3).(�1)(�2)3

✓(q+1 )

|q+1 |

✓(q+2 )

|q+2 |

⇥ F abc
↵��(q1, q2,�q3)F

abf
µ⌫⇢(�q1,�q2, q3) d

↵µ(q1) d
�⌫(q2)N

⇥
G�c(�q3)G

⇢f (q3)
⇤
, (133)

h(n)
t,2 = 0 , (134)

where h(n)
t,2 is zero because of small longitudinal momentum cutoff.
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FIG. 13. Wick’s diagrams for the instantaneous interaction counterterms.

Therefore, the singular factor 1/(q+3 )
2, multiplied by fK

tr,123f
L
tr,45(�3), gives in the leading

order,

Z 1

�1

dq+3
(q+3 )

2
e
�2tr

[(q?3 )2+m2
g ]

2

(q+3 )2 =
1

m2
g + (q?3 )

2

r
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2tr
, (173)

which is divergent in the tr ! 0 limit. To counter this divergence we define the counterterm,

H
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i
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To be more precise, the counterterm is H
(0,I,X)
0,2 and it is added to the initial condition at

t = 0, while H
(0,I,X)
t,2 is the term at t > 0 that is produced by the RGPEP flow in the second

order due to the presence of the counterterm. This counterterm extends the one introduced

in Ref. [49] to all Fock sectors and all combinations of quarks, antiquarks, and gluons.

The instantaneous fermion diagrams are analyzed next. The diagrams Db and Dc, Fig. 4

give,
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The diagram, Fig. 2(a) gives,
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The counterterm is represented as a Wick’s diagram in Fig. 11. The first term of �µ̃2
t,X,2(q3)

cancels the divergence as tr ! 0 of the quark loop self-energy, Fig. 6, and the second term

cancels the divergence of the gluon loop self-energy, Fig. 9. �µ2
finite,2 is the finite part of the

gluon mass counterterm, discussed in Sec. VII.

Terms H
(I)
t,2 for I 2 {a, j, k, l}, corresponding to diagrams, Figs. 3, 8, and 9 have very
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The counterterm is represented as a Wick’s diagram in Fig. 11. The first term of �µ̃2
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cancels the divergence as tr ! 0 of the quark loop self-energy, Fig. 6, and the second term
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Quantum resources for renormalized simulation: QCD
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Simulation resources do not diverge under renormalization.
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Quantum Simulation of QCD Results in Context
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O(1024)
<latexit sha1_base64="u3IhHY4MNm7jeZzX/GDOzrh3fAA=">AAACDXicbVA9TwJBEN3zE/Hr1NJmI5pgQ+6MoiXRxk5M5CMBJHvLAhv29s7dOSO53B+w8a/YWGiMrb2d/8Y9oFDwJZO8vDeTmXleKLgGx/m25uYXFpeWMyvZ1bX1jU17a7uqg0hRVqGBCFTdI5oJLlkFOAhWDxUjvidYzRtcpH7tninNA3kDw5C1fNKTvMspASO17f2mT6BPiYivkrzr3MYnySFuAnsA5cf4LvI46KRt55yCMwKeJe6E5NAE5bb91ewENPKZBCqI1g3XCaEVEwWcCpZkm5FmIaED0mMNQyXxmW7Fo28SfGCUDu4GypQEPFJ/T8TE13roe6YzvV1Pe6n4n9eIoHvWirkMI2CSjhd1I4EhwGk0uMMVoyCGhhCquLkV0z5RhIIJMGtCcKdfniXVo4JbLBSvj3Ol80kcGbSL9lAeuegUldAlKqMKougRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx8rjpuo</latexit>

O(105) qubits

<latexit sha1_base64="ZCpY2FP3+G3tOFqpWZ8WbowxSgA=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhgoTdINFj1IsgSATzgCSE2ckkGTIzu8z0imHJzYu/4sWDIl79BW/+jZPHQRMLGoqqbrq7/FBwA6777SQWFpeWV5KrqbX1jc2t9PZOxQSRpqxMAxHomk8ME1yxMnAQrBZqRqQvWNXvX4786j3ThgfqDgYha0rSVbzDKQErtdL7DWAPoGV8TdQxviESZ/Nu3jvC57rGK8NWOuPm3DHwPPGmJIOmKLXSX412QCPJFFBBjKl7bgjNmGjgVLBhqhEZFhLaJ11Wt1QRyUwzHv8xxIdWaeNOoG0pwGP190RMpDED6dtOSaBnZr2R+J9Xj6Bz1oy5CiNgik4WdSKBIcCjUHCba0ZBDCwhVHN7K6Y9ogkFG13KhuDNvjxPKvmcV8gVbk8yxYtpHEm0hw5QFnnoFBXRFSqhMqLoET2jV/TmPDkvzrvzMWlNONOZXfQHzucPAueXfA==</latexit>

Kan, Nam (2021) ArXiV
<latexit sha1_base64="4poYweML20ZcL/mvtHFeuvvoNE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU7unHlCrslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzc+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMficDrpAZMbGEMsXtrYSNqKLM2IRKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPH4mej7g=</latexit>⇤

<latexit sha1_base64="KLB0OFaTvzBwAY9QDUntKfL5f2Y=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIdVNmxFaXRTfurGAf0I4lk2ba0MyDJCPUYfBX3LhQxK3/4c6/MdN2oa0HAodz7uWeHDfiTCrL+jZyS8srq2v59cLG5tb2jrm715RhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3SV+a0HKiQLgzs1jqjj40HAPEaw0lLPPOj6WA0J5slNWrKt+6RSSU96ZtEqWxOgRWLPSBFmqPfMr24/JLFPA0U4lrJjW5FyEiwUI5ymhW4saYTJCA9oR9MA+1Q6ySR9io610kdeKPQLFJqovzcS7Es59l09mWWV814m/ud1YuVdOAkLoljRgEwPeTFHKkRZFajPBCWKjzXBRDCdFZEhFpgoXVhBl2DPf3mRNE/LdrVcvT0r1i5ndeThEI6gBDacQw2uoQ4NIPAIz/AKb8aT8WK8Gx/T0Zwx29mHPzA+fwA0/JRt</latexit>

O(1055)
<latexit sha1_base64="Z7j1uHKNDp8un2j0uuUPg9yFYlI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahbkoiUrssunFnBfuANpbJdNIOnTyYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMcSPOpLKsb6Owtr6xuVXcLu3s7u0fmIdHHRnGgtA2CXkoei6WlLOAthVTnPYiQbHvctp1p9eZ332kQrIwuFdJRB0fjwPmMYKVloZmeeBjNSGYp7ezqm09pI3Z2dCsWDVrDrRK7JxUIEdraH4NRiGJfRoowrGUfduKlJNioRjhdFYaxJJGmEzxmPY1DbBPpZPOw8/QqVZGyAuFfoFCc/X3Rop9KRPf1ZNZVLnsZeJ/Xj9WXsNJWRDFigZkcciLOVIhyppAIyYoUTzRBBPBdFZEJlhgonRfJV2CvfzlVdI5r9n1Wv3uotK8yusowjGcQBVsuIQm3EAL2kAggWd4hTfjyXgx3o2PxWjByHfK8AfG5w+9hpQx</latexit>

O(108)



Quantum software for resource estmation
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Relevant Talks:
• Sparse Block-Encodings for Linear Combinations of Ladder Operators: Will Simon, 8:24 a.m. Friday Session 

MAR-W16, Convention Center

• Renormalized Hamiltonians for Quantum Field Theories: Kamil Serafin, 1:30 p.m. Thursday Session APR-W03, Marriott

• Quantum Simulation of Quantum Field Theory on the Light-front: Peter Love, 10:36 a.m. Thursday Session MAR-Q09, 
Convention Center

• Extracting GPDs from experimental data, moments of QCD models and lattice calculations using ML: Gary Goldstein, 
9:42 a.m. Tuesday Session APR-G14, Marriott 

Gary Goldstein Peter Love Kamil Serafin Will Simon Alexis Ralli

Other Tufts QIQC Talks:
• Calculating the Dissociation Curve of Molecular Nitrogen on a Superconducting Quantum Computer: Alexis Ralli, 8:24 a.m. 

Tuesday Session MAR-F68, Hilton
• Sequence randomization for single qubit gate synthesis: Oliver Maupin, 2:18 p.m. Thursday Session MAR-S34, 

Convention Center
• Generating Clifford+T circuit ensembles for Solovay-Kitaev and Randomized Compilation (SKaRC): Terra Colvin 8:12 a.m. 

Thursday Session MAR-Q34, Convention Center
• Demonstration of a CAFQA-bootstrapped Variational Quantum Eigensolver on a trapped-ion quantum computer: Qingfeng 

Wang, 3:48 p.m. Tuesday Session MAR-J16, Convention Center
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Open Particle: like Open Fermion but with bosons too.


Describe and renormalize second quantized Hamiltonians by RGPEP

Lobe: Ladder Operator Block Encoding (arXiv:2503.11641 )


Generate block encodings of second quantized Hamiltonians 



Conclusions

•Front form of QFT of interest for quantum simulation.


•Renormalized Hamiltonians obtained within the front form of QFT via RGPEP.


•Resource estimates improving but still much to do (SOS methods next).


•Specific estimates for observable computation to come.


•Classical simulations of RGPEP QCD Hamiltonian also interesting!

Thanks!
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