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Gluon mass bridge between partons and constituents in QCD hadrons

Stanis law D. G lazek

Institute of Theoretical Physics, Faculty of Physics, University of Warsaw

Computational access to the logarithmically scale-dependent Hamiltonian eigenstate picture of hadrons in

the space of virtual quark and gluon states, within the canonical front form of QCD, is impeded by small-

x divergences that are stronger than logarithmic. We propose introducing a gluon mass parameter and an

auxiliary color-octet scalar field to overcome this barrier, using the renormalization group procedure for effective

particles (RGPEP). At the end of the effective Hamiltonian computation, the gluon mass parameter is taken

to zero and the auxiliary field decouples, as required in gauge theory. The same method also leads to the

cancellation of quadratic ultraviolet transverse divergences in self-interactions. We explain how this approach

works in virtual quark and gluon scattering amplitudes, as well as in Hamiltonian eigenvalue problems for

bound states, with the discussion focusing on the case of heavy quarkonia. Previously, it was suggested that

QCD vacuum effects, such as those appearing in QCD sum rules and those due to instantons, can manifest

themselves in the effective dynamics through front-form counterterms to small-x singularities. We use our

approach to advance the hypothesis that the corresponding effective interaction terms can instead emerge in

finite renormalization-group evolution as the scale parameter is lowered toward ΛQCD in the RGPEP scheme.
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Plan

1. Singularities of the front form Hamiltonian for QCD

2. Regularization using mg and ϕ = ϕaT a and cancellation of ∼ 1/x2

3. RGPEP for evaluating effective Hamiltonians Renormalization Group Procedure for Effective Particles

4. Asymptotic freedom and weak-coupling expansion for window Hamiltonians

5. Cancellation of 1/x2 in bound-state eigenvalue problems

6. Confinement for mg → 0

7. Hypothesis concerning extension to light quarks

8. Conclusion - it makes sense to apply the 4th order RGPEP to HQCD

SDG, Gluon mass and small x dynamics in hadrons, arXiv preprint on the way stglazek@fuw.edu.pl
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Hamiltonian H ≡ P− A+ = 0

Lcan
QCD = ψ̄ (i ̸∂ − gA̸−m)ψ − 1

2
Tr GµνG

µν

P− = Hcan
QCD =

∫
d2x⊥dx−

[
1

2
T +− = Hcan

QCD

]

Hcan
QCD = ψ̄

γ+(−∂⊥2 +m2)

2i∂+
ψ +

1

2
Aaµ∂

⊥2Aaµ − (Jaµψ + JaµA )Aaµ −
1

4
g2[Aµ, Aν ]a[Aµ, Aν ]a

+
1

2
g2ψ̄ A̸

γ+

i∂+
A̸ψ − 1

2
(Ja+ψ + Ja+A )

1

∂+2
(Ja+A + Ja+ψ )

Jaµψ = −gψ̄T aγµψ JaµA = ig[∂µAν , A
ν ]a
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Quanta A+ = 0 nf

ψ̂ =
3∑
c=1

2∑
σ=1

∫
[p]

[
upσχcb̂pσce

−ipx + vpσχcd̂
†
pσce

ipx
]
x+=0

Âµ =
8∑
c=1

2∑
σ=1

∫
[p]

[
εµpσT

câpσce
−ipx + εµ∗pσT

câ†pσce
ipx

]
x+=0∫

[p] =

∫
dp+d2p⊥/[2p+(2π)3] p+ ≥ ϵ+p+, p⊥ = (p1, p2)

{
b̂pσc, b̂

†
p′σ′c′

}
=

{
d̂pσc, d̂

†
p′σ′c′

}
=

[
âpσc, â

†
p′σ′c′

]
= 2p+(2π)3δ3(p− p′)δσσ′δcc′

cutoff p+ ≳ ϵ+ > 0 no terms like a†3 in Hamiltonian with ϵ+ → 0

H|0⟩ = 0
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Divergent interactions gluons are massless

HA3 = −JaµAfA
a
fµ = −ig[∂µAν , A

ν ]aAafµ ∼ A3

HA3 =

∫
dx−d2x⊥ HA3 =

∑
discrete

∫
[123] a†1a

†
2a3 g Y123 δ̃12.3 + h.c.

δ̃12.3 = 2(2π)3δ3(p1 + p2 − p3) , Y123 = if c1c2c3 (ε∗1ε
∗
2 ε3k12 − ε∗1ε3 ε

∗
2k12/x2 − ε∗2ε3 ε

∗
1k12/x1)

x1 = p+1 /p
+
3 x2 = p+2 /p

+
3 k⊥12 = x2p

⊥
1 − x1p

⊥
2

singularities: k⊥12 → ∞, xi → 0 k⊥12/xi both cutoff: M2
12 = k⊥2

x1
+ k⊥2

x2
< Λ2

x is not limited from below for |k⊥12| ∼
√
x

k⊥2

x −→ k⊥2+m2
g

x mass is frame independent but
m2

g

k⊥2+m2
g

1
x2
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mg and ϕ −→ regularization

Hcan
QCD −→ Hcan

QCD − 1

2
m2
gA

a
fµA

aµ
f +

1

2
ϕa(−∂⊥2 +m2

g)ϕ
a +mgϕ

a 1

∂+
(Ja+Af + Ja+ψf )

Lmg

QCD = LQCD +
1

2
(mgA

a
µ + ∂µϕ

a)2 A+ = 0

ϕ̂ =
∑
c

∫
[p]

[
−iT câp3ce−ipx + iT câ†p3ce

ipx
]

ϕ
mg

∂+
J+

HA3 −→ Hr
A3 =

∑
123

∫
[123] a†1a

†
2a3 g r12.3 Y123 δ̃12.3 + h.c.

r12.3 = e−[s(M2
12−m2

g)]
2 M2

12 =
k⊥2 +m2

g

x1
+
k⊥2 +m2

g

x2
< Λ2
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Cancellation of 1/x2 in scattering described using canonical theory + mg + ϕ

T (2) = H
(1)
I

1

P− −Hf + iϵ
H

(1)
I +H

(2)
I

⟨q′q̄′|T (2)|qq̄⟩ = jqαT
αβjq̄β Tαβ =

1

k+(P− −Hf )

3∑
σ=1

ϵαkσϵ
∗β
kσ +

ηαηβ

k+2

3∑
σ=1

ϵαkσϵ
∗β
kσ = −gαβ + (kα0 η

β + ηαkβ0 )/k
+ +m2

gη
αηβ/k+2

transverse gluons k−0 = k⊥2/k+ longitudinal gluons m2
g/k

+2

⟨q′q̄′|T (2)|qq̄⟩ = jqα

[
−gαβ +Παβ

k2 −m2
g

]
jq̄β

Παβ = (kα0 η
β + ηαkβ0 )/k

+ +m2
gη
αηβ/k+2 + (k2 −m2

g) η
αηβ/k+2 ≡ Π ηαηβ = 0
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RGPEP for evaluating renormalized scale-dependent Hamiltonians

qs = U †
sq Us

H(cs, qs) = H(c, q)

H = H(cs, q) = UsH(cs, qs)U †
s

H′ = [G,H] G = U ′U † generator G = [Hf ,HI ] a la Wegner

d

ds2
H = [[Hf ,HI ],H]

H = Hf +HI
d
ds2

H(1)
I =

[
[Hf ,H(1)

I ],Hf

]
d
ds2

H(1)
Iij = −(p−i − p−j )

2H(1)
Iij H(1)

Iij(s) = e−[s(p−i −p−j )]2H(1)
Iij(0)
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graphic representation of the evolution problem for quanta, using example of DIS

stglazek@fuw.edu.pl
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graphic representation of the RGPEP approach to the problem

RGPEP: basis in the space of states → basis in the space of operators → new wave functions

stglazek@fuw.edu.pl
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change of basis in the space of operators, λ = 1/s

a→ aλ a† → a†λ RGPEP

aλ = U †
λ aUλ a†λ = U †

λ a
† Uλ H′

λ = [[Hf ,Hλ],Hλ] −→ Uλ

Hλ(cλ, aλ, a
†
λ) = H(c, a, a†) , aQ = WQλaλW

†
Qλ , WQλ = U †

QUλ

stglazek@fuw.edu.pl
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Renormalized effective eigenvalue problem

Hs ≡ H(cs, qs) = U †
s [H = H(cs, q)]Us

eigenvalue problem for hadrons as bound states of effective quarks and gluons

Hs|ψ⟩ = P−|ψ⟩ |ψ⟩ =
∑
i

ψi(s)|i⟩s

asymptotic freedom

g → gs

stglazek@fuw.edu.pl
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Window eigenvalue problem for hadrons altered Wegner

gY → gsf
sY f s ↔ e−[s(p−i −p−j )]2

Window computed in weak-coupling expansion (AF) and diagonalized numerically

window middle eigenvalue matches whole matrix eigenvalue

Hf grows along the diagonal and off-diagonal elements include small gs

stglazek@fuw.edu.pl
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Bound states in theories with asymptotic freedom (logarithmically altered generator)

S.D. Glazek, J.Mlynik, Optimization of perturbative similarity renormalization group for Hamiltonians with

asymptotic freedom and bound states, Phys. Rev. D 67, 045001 (2003). stglazek@fuw.edu.pl
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Does
∫
dx/x2 cancel out in the eigenvalue problem written using effective quanta?

2nd order RGPEP: Yes, like in scattering, “seagulls and sums over 3 polarizations cancel out.”

What about
∫
dx/x ?

2nd order RGPEP: Even more interesting, these lead to lnmg and diverge for mg → 0. But ln(1/mg)

in the self-interaction is canceled by lnmg in exchange, iff the quark-antiquark is a singlet. Otherwise

the self-interaction wins and the eigenvalue diverges.

stglazek@fuw.edu.pl
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|quarkonium⟩ = |QsQ̄s⟩+ |QsQ̄sGs⟩+ |QsQ̄sGsG2⟩+ |QQ̄ggg⟩+ ...

Cancellation of lnmg in colorless component |QsQ̄sGs⟩

In colored states ln(1/mg) does not cancel.

Mixing of 2 and 3 body components is a correction, f s, gs, mas gaps. stglazek@fuw.edu.pl
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What is left after cancellation of lnmg? M = m1 +m2 +B

In component |QsQ̄s⟩, for small r and P+ =M ∼ m1 +m2 Jacobi relative momentum k⃗

k⃗ 2

2µ
φsk +

∫
k′
V C
kk′φ

s
k′ −

1

2
µω2∆kφ

s
k = B φsk

ω2 =
αCF

48
√
2πµs3

at large distances logarithmic behavior

M.M.Brisudova, R.J.Perry, K.G.Wilson, Phys.Rev.Lett. 78, 1227 (1997)

K. Serafin et al., Phys. Rev. D 109, 016017 (2024) stglazek@fuw.edu.pl
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Analytic RGPEP result valley (mQ, λ)

coupling constant adjusted to known evolution from EW scale

quark masses fitted to meson masses K. Serafin et al., Eur. Phys. J. C 78, 964 (2018)

stglazek@fuw.edu.pl
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In terms of comparison to lattice results, surprisingly good predictions for ccc baryons K. Serafin

stglazek@fuw.edu.pl
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Comment concerning CMS, IMF, LaMET, . . .

The RGPEP vertex form factors in effective Hamiltonian for QCD (any QFT) reads

f s = e−[s∆p−)]2 = e−[s(p−i −p−j )]2 = e−[(s/p+)(M2
i−M2

j )]
2

,

where p+ is the total + momentum carried by the particles in an interaction term.

It implies that quarks and gluons with large p+ have interactions evolved only a little. Their inter-

actions closely resemble partonic ones (e.g. DGLAP ) understood as of quanta in canonical QCD. By

comparison, quarks and gluons with small p+, on the order of a hadron mass, interact as if they evolved

a lot in the RGPEP towards the picture of the constituent quarks. This means, in other words, that

the quanta with large p+, the ones like in the parton model, interact nearly as in the canonical QCD,

while the interaction vertices of the quanta of small p+, such as in the rest frame of a hadron, are tamed

by relatively narrow form factors, include terms resembling potentials and are expected to theoretically

support the constituent quark models success in the classification of hadrons.

Since the dependence on p+ and s is only through the ratio s/p+, one can suspect that the RGPEP

not only provides a bridge between currents and constituents in the RG sense, but also between different

interpretations of CMS, IMF, and LaMET in terms of the concept of an effective theory.

stglazek@fuw.edu.pl
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Comment concerning transition from heavy to light quarks:

� Include running of g using the RGPEP of 4th order (running coupling in interactions).

� As gs increases, quark masses increase, oscillator potentials steep up, less motion.

� Gluons may develop masses, perhaps from the seed mg, or otherwise, from a finite part of the

gluon mass counterterm.

Hypothesis:

Maybe this is the effective picture of QCD, this is a way to ask

one like Gell-Mann had in mind, and answer the question

instead of computer output. what and how large are the corrections?

stglazek@fuw.edu.pl
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Two late friends of mine worked on similar issues without the RGPEP

Vacuum effects and constituent picture

M. Schaden, PLB 198, 42 (1987)

ωM = π
3m
ϕ ωB =

√
5/8ϕ ⟨Ω|α

π
G2|Ω⟩

size and ratio like Karl and Isgur needed using oscillator potentials

QCD vacuum shows up in effective theory

adjusting only masses

stglazek@fuw.edu.pl
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Conclusion

1. Recommendation: apply 4th-order RGPEP in QCD with mg and ϕ

2. 2nd-order results for heavy quarks in the limit mg → 0:

effective potential, first approximation Vc + Vho

analytic formula for ho requency, e.g. for P+ =M ∼ m1 +m2 in quarkonium ω2 = αCF

48
√
2π

1
µs3

confinement due to lnmg, infinite masses of colorful states (strings of gluons)

surprisingly good fits and analytic mass estimates

3. Scale evolution explains relationship of CMS and IMF

4. Heuristic picture for light quarks: AF increase of αs increases masses and yields the pattern?

5. Gluon puzzle solvable in QCD of heavy quarks ? Then to heavy-light, and only then to only light.

6. Systematic procedure

stglazek@fuw.edu.pl


