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1. Motivation: Why TMDs? 

• 3D momentum tomography of hadrons

•  Rich quark dynamics (spin, chirality, orbital motion)

•  Fundamental building block of hadronic processes 
   (SIDIS, Drell-Yan, electron-scattering, etc.)

•  Flagship physics program of EIC, EicC, AMBER
Courtesy of A. Bacchetta

[1] A. Accardi et al., EPJA 52, 268 (2016) — EIC, [2] D. Anderle et al., Front. Phys. 
16, 64701 (2021) — EicC , [3] B. Adams et al., CERN-SPSC-2019-022 — AMBER 

In this work, we focus on T-even unpolarized TMDs of  𝜋 and 𝐾: 

𝑓!
" 𝑥, 𝒌#  (twist-2), 𝑓#" 𝑥, 𝒌# , 𝑒"(𝑥, 𝒌#) (twist-3), 𝑓$

" 𝑥, 𝒌#  (twist-4). 

Q) How can we extract these TMDs “consistently”? 



TMDs and Form Factors

• TMD correlator (bilocal, forward):

𝑓!
" 𝑥, 𝒌#  for 𝜇 = +twist-2

twist-3
twist-4

Γ Γ = 𝛾% Γ = 𝟏

𝑓#" 𝑥, 𝒌# 	for 𝜇 =⊥
𝑓$
" 𝑥, 𝒌#  for 𝜇 = −

𝑒"(𝑥, 𝒌#)

In this sense,  form factors are the essential building blocks of the TMDs.

𝑃′ 3𝑞 0 Γ𝑞	(0) 𝑃 = 	℘[']	𝐹[']	(𝑄))

→ if one wants the TMDs right, one has to get the form factors right!

𝑃 3𝑞(0)Γ𝑞(𝑧) 𝑃 𝑓"(𝑥, 𝒌#)

• Form factor (local current):

;𝑑𝑥	;𝑑)𝒌#	𝑓"(𝑥, 𝒌#) 	∝ 𝐹 ' 	(𝑄) = 0)

(℘["]: Lorentz prefactor)

(Γ: Dirac structure)



Challenge:  Zero modes & Higher-Twist TMDs

𝑃′ %𝑞(0)	Γ	𝑞(0) 𝑃 = 	℘[%]	𝐹[%]	(𝑄')

The matrix element built from “bad current" components are sensitive to LF zero modes:

• Γ = 	𝛾( 	 → 𝐹[)!]	(𝑄'):  zero-modes  →	 𝑓*
+

• Γ = 𝟏 →	𝐹,	(𝑄'):  zero-modes  →	 𝑒+

We developed a self-consistent LFQM based on Bakamjian-Thomas (BT) construction, that does two 
things: 

1) current-component-independent extractions

2) zero-mode effects properly incorporated

e.g.) EPJC76, 415(2016) by C. Lorce et al.



2.	Covariant	BS	model	(reference)

Covariant Bethe-Salpeter(BS) model: 

NPA 707, 399 by de Melo, Frederico et al.;  PRD 63, 074014 by Bakker, HMC, CRJ

𝐽% = 𝑃′ 3𝑞(0)𝛾%	𝑞(0) 𝑃 = 	 (𝑃 + 𝑃*)%	𝐹(𝑄))

𝑝$ = = 𝑝$%

=
𝑞&

𝑃&

LF valence LF nonvalence

𝐽% +,- = 𝑖𝑁.;
𝑑$𝑝!
(2𝜋)$

𝐻/	𝐻/*

𝑁0!𝑁1𝑁0!"
	𝑆%

𝑆% =spin trace,   𝑁0! =	𝑝!
) −	𝑚!

) + 𝑖𝜖, 𝑒𝑡𝑐.

• Quarks: off-mass-shell (virtual propagators)

• Vertex:  off-LF-energy-shell 𝑃2 	≠ 	 𝑝!2 +	𝑘2

☞ 𝐽% +,- contains every contribution-including the zero mode.



𝑝$ = = 𝑝$%

=
𝑞&

𝑃&

𝐽% +,- = 𝑖𝑁.;
𝑑$𝑝!
(2𝜋)$

𝐻/	𝐻/*

𝑁0!𝑁1𝑁0!"
	𝑆%

𝐽2

lim
'→)

4
)

'
𝑑𝑥 ~

1
𝑥 ≠ 0

= 𝐽2 34
-56 + 𝐽2 34

7.9.   in  𝑞: = 0	frame

LF Zero mode for the EM form factor 𝐹MN(𝑄O) 

𝐹*+
(-)	(𝑄/)

0123

4566
=

𝐽- 01
789 + 𝐽- 01

:.<.

(𝑃 + 𝑃%)-

𝐽% = 𝑃′ 3𝑞(0)𝛾%	𝑞(0) 𝑃 = 	 (𝑃 + 𝑃*)%	𝐹(𝑄))

NPA 707, 399 by de Melo, Frederico et al.;  PRD 63, 074014 by Bakker, HMC, CRJ



Zero mode for scalar form factor 𝐹P(𝑄O) 
2512.21642[hep-ph]: Y. Choi, A. A.J. Arifi, HMC, and CRJ

ℑ; = 𝑃′ 3𝑞 0 𝟏	𝑞(0) 𝑃 = 2𝑀	𝐹;(𝑄))

ℑ; = 𝑖𝑁.;
𝑑$𝑝!
(2𝜋)$

𝐻/	𝐻/*

𝑁0!𝑁1𝑁0!"
	Tr[𝑆]

Using the covariant BS model:

𝐹=>7 𝑄/ =	𝐹01?@6 𝑄/ 	+ 𝐹01A.B. 𝑄/

We obtain the LF result in   𝑞: = 0	frame

𝐹C(𝑄/) 01
4566 =

ℑC ?@6 + ℑC A.B.

2𝑀

𝐹C(𝑄/) 01
4566 =

𝑁D
16𝜋/ 	

4
𝑑𝑥	𝑑/𝒌E
(1 − 𝑥) 𝜒

% 𝑥, 𝒌E% 𝜒 𝑥, 𝒌E
𝑆789 +	𝑆:.<.

2𝑀

𝜒 𝑥, 𝒌E =
𝑔

𝑥/ 𝑀/ −𝑀)
/ 𝑀/ −𝑀F

/



                                   

𝑝$

𝑝/

Meson state: built on a free "on-mass” shell  𝑄 3𝑄 basis

2. LFQM – BT based construction

𝑃- =	𝑝$- +	𝑝/-

𝑀/
)=

𝑚!
) + 𝒌#)

𝑥
+
𝑚)
) + 𝒌#)

1 − 𝑥
Invariant	mass

PR 92, 1300(1953) by Bakamjian and Thomas; 
Adv.Nucl.Phys. 20, 225(1991) by Keister and Polyzou

𝑀)
/ + 𝑷E/

𝑃& =
𝑚$
/ + 𝒑$E/

𝑝$&
+
𝑚/
/ + 𝒑/E/

𝑝/&

Interaction enters only through the mass operator 𝑀 ≔	𝑀/ 	+ 	𝑉< =< 

→ Poincare algebra preserved 
& internal WF (𝑥, 𝒌#) boost-invariant. 

• Kinematics/spin basis = free on-shell quarks

dynamics carried by 𝑀 ≔	𝑀/ 	+ 	𝑉< =< 𝐻< =< = 𝑀/ 	+ 	𝑉< =<

𝑉< =< = 𝑎 + 𝑏𝑟 𝑏𝑟) − 𝑐>
𝜅
𝑟
+	𝑉?@A

𝐻< =<	| ⟩Ψ = 𝑀< =<	| ⟩Ψ

Mass eigenvalue problem



Optimized	model	parameters(in	unit	of	GeV)	and	1S	state	meson	mass	spectra

Model

Linear 0.22 0.45 1.8 5.2 0.366 0.389 0.413 0.468 0.502 0.651 0.527 0.571 0.807 1.145
HO 0.25 0.48 1.8 5.2 0.319 0.342 0.368 0.422 0.469 0.699 0.496 0.574 1.035 1.803

𝑚! 𝛽!! 𝛽"! 𝛽"" 𝛽!# 𝛽"# 𝛽## 𝛽!$ 𝛽"$ 𝛽#$ 𝛽$$𝑚" 𝑚# 𝑚$

𝑀< =< = Ψ 𝐻< =< Ψ

VARIATIONAL ANALYSIS OF MASS SPECTRA AND . . . PHYSICAL REVIEW C 92, 055203 (2015)

TABLE IV. Decay constants in the singlet-octet basis and the
mixing angle in the quark-flavor basis.

Reference f8/fπ θ8 f1/fπ θ1 α

This work 1.30 −27.3◦ 1.16 −8.6◦ 36.3◦

[42] 1.26 −21.2◦ 1.17 −9.2◦ 39.3◦

[44] 1.28 −20.5◦ 1.25 −4◦ −
[49] 1.51 −23.8◦ 1.29 −2.4◦ 40.7◦

[50] 1.27 −19.5◦ 1.17 −5.5◦ 42.1◦

predictions of heavy-light and heavy quarkonia systems such
as (ηc,J/ψ,Bc,ηb,ϒ) compared to the CJ model adopting the
contact hyperfine interaction. Although the experimental data
for B∗

c is not yet available, our predictions of B∗
c , i.e., 6330+3

−5
MeV, are quite comparable with the lattice prediction 6331(9)
MeV [47] as well as other quark model predictions such as
6340 MeV [32] and 6345.8 MeV [48].

In Table III, we list our predictions for the decay constants
of light mesons (π,K,ρ,K∗) obtained by using the mixed wave
function ( of 1S and 2S HO states and compare them with
the results from the CJ model [16] and the experimental data
[45]. As one can see, our updated model calculation including
the hyperfine interaction in the variation procedure clearly
improves the results over the CJ model.

For the decay constant of the φ meson, our prediction
for the ideal mixing angle (αω−φ

ideal = 90◦) is given by fφ =
f V

ss̄ = 245.1 MeV. However, we obtain fφ = f V
ss̄ = 226 MeV

using our predicted mixing angle αω−φ = 84.8◦. Comparing
to the experimental value f

exp
φ = 233 MeV [45] (extracted

from the partial width of φ → e+e− decay), our prediction
for fφ prefers a rather small ω − φ mixing angle such as
αω−φ % 87.5◦ than the ideal mixing.

For the decay constants of η and η′, our predictions of the
decay constants fq and fs are given by fq = 130 MeV and
fs = 184.8 MeV so that fq/fπ = 1 and fs/fπ = 1.42, where
the SU(3) breaking effect is manifest in the ratio fq/fs '= 1.
Using Eq. (14), we obtain f8/fπ = 1.30 and f1/fπ = 1.16
with θ8 = −27.3◦ and θ1 = −8.6◦, respectively. In Table IV,
we compare our results for the decay constants in the singlet-
octet basis and the mixing angle in the quark-flavor basis with
other theoretical predictions [42,44,49,50]. As one can see,
our results are consistent with other theoretical model results.

CJ Model Exp. This work CJ Model Exp. This work
(140)
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FIG. 2. (Color online) Fit of the ground state meson masses
[MeV] with the parameters given in Tables II and I compared with
the fit from our previous calculations using the CJ model [15] as
well as the experimental values. The (π,ρ) masses are our input
data. The (η,η′,ω,φ) masses are also used as input to find the
(η − η′) and (ω − φ) mixing angles. The theoretical error bars for
(cc̄,bc̄,bb̄) sectors are due to the usage of λ = (2+1

−1,2.3+1
−1,3

+2
−2) values,

respectively.

Since the experimental values are very well known for light
mesons, this improvement is very encouraging.

In Table V, we list our predictions for the charmed meson
decay constants (fD,fD∗ ,fDs

,fD∗
s
,fηc

,fJ/,) together with the
CJ model [23], lattice QCD [51–54], QCD sum rules [55],
relativistic Bethe-Salpeter (BS) model [56], relativized quark
model [57], and other relativistic quark model (RQM) [58] pre-
dictions as well as the available experimental data [45,59]. We
extract the experimental value (fJ/,)exp = (407 ± 5) MeV
from the data -exp(J/, → e+e−) = (5.55 ± 0.14) keV [45]

TABLE V. Charmed meson decay constants (in units of MeV) obtained from our updated LFQM. The theoretical error bars for fηc (J/ψ)

come from the variation of the smearing parameters . , i.e., fηc(J/ψ)(2.+.
−. ).

Model fD fD∗ fDs fD∗
s

fηc fJ/ψ

This work 208 230 231 260 353+22
−17 361−6

+7
CJ [23] 197 239 232 273 326 360
Lattice [51] 211 ± 3 ± 17 245 ± 20+3

−2 231 ± 12+8
−1 272 ± 16+3

−20 – –
QCD [52,53] 208 ± 7 [52] – 250 ± 7 [52] – 387 ± 7 [53] 418 ± 9 [53]
Sum rules [55] 201+12

−23 242+20
−12 238+13

−23 293+19
−14 – –

BS [56] 230 ± 25 340 ± 23 248 ± 27 375 ± 24 292 ± 25 459 ± 28
QM [57] 240 ± 20 – 290 ± 20 – – –
RQM [58] 234 310 268 315 – –
Exp 206.7 ± 8.9 [45] – 257.5 ± 6.1 [45] – 335 ± 75 [59] 407 ± 5 [45]

055203-7

PRD59,	074015(99);	PLB460,	461(99)	by	HMC	and	CRJ/		PRC92,	055203(2015)	by	
HMC,	CRJ,	Z.	Li,	and	H.	Ryu/	PRD	100,	014026(2019)	by	N.	Dhiman,	H.	Dahiya,	HMC,	
CRJ	/	PRD106,	014009(2022)	by	A.	J.	Arifi,	HMC,	CRJ,	YO

Mass spectroscopy analysis

ΨBCB 𝑥, 𝒌# = 𝜙 𝑥, 𝒌# ℛBCB(𝑥, 𝒌#)

𝜙 𝑥, 𝒌# =
4𝜋D/$

𝛽D/)
𝜕𝑘F
𝜕𝑥

exp −
𝒌#) + 𝑘F)

2𝛽)
: radial

ℛBCB 𝑥, 𝒌# : spin − orbit

𝑘G = 𝑥 −
1
2 𝑀) +

𝑚 HI
/ −𝑚I

/

2𝑀)
	



3. How we extract Form factors?

𝑃′|3𝑞Γ𝑞|P = ℘[']𝐹 𝑄) , Γ = 𝛾%, 𝟏

𝑃′|3𝑞	Γ𝑞|P GH =	; 𝑑D𝑝! 𝜙* 𝑥, 𝒌#* 𝜙 𝑥, 𝒌# ℛB!" B#
I 3𝑢B!" (𝑝!

*)

𝑝!*:
	Γ	

𝑢B#(𝑝!)

𝑝!:
ℛB!B# (in	 𝑞

: = 0	frame)

partially BT-based (pBT)-LFQM full BT-based(fBT)-LFQM

BT-construction: “only” in matrix element, 
                             (but physical 𝑀 kept in ℘ ' )

BT-construction: “both” in matrix element and 
℘[']

pBT misses the zero modes for “bad” currents
Γ = 𝛾2, 𝟏

fBT captures the zero modes for bad currents

• Matrix element in the BT-based LFQM: free on-shell (𝑀 → 𝑀/) 

𝐹AGH
['] =

𝑃′|3𝑞	Γ𝑞|P GH

℘ ' 𝐹JGH
['] = 𝑃′|

3𝑞	Γ𝑞
℘ ' |P

GH



EM and Scalar Form Factors of pion and kaon
𝐹JGH
: = 𝐹JGH

# = 𝐹JGH
2

fBT
𝐹J2K

-

fBT

pBT

fBT

𝐹AGH
: = 𝐹AGH

# 	≠ 𝐹AGH
2

𝑄/𝐹L(𝑄/) 𝐹M(𝑄/) 𝐹M(𝑄/)

𝐹C
N/L 𝐹C

N/M 𝐹C
P/M



4.	 Unpolarized	TMDs	and	PDFs C.	Lorce,	B.	Pasquini,	P.	Schweitzer;	EPJC76,415(2016)

In conventional(e.g. pBT-LFQM) LF parametrization,

Forward limit ;𝑑𝑥	;𝑑)𝒌#	Φ"
' 𝑥, 𝒌#

=
1
2𝑃:

𝑃 3𝑞(0)Γ	𝑞(0) 𝑃

Φ"
K$ 𝑥, 𝒌# =	𝑓!

" 𝑥, 𝒌#

Φ"
K% 𝑥, 𝒌# =

𝑀)

𝑃: ) 𝑓$
" 𝑥, 𝒌#

Φ"
K&
'

𝑥, 𝒌# =
𝒌#
L

𝑃:
	𝑓#" 𝑥, 𝒌# 	(𝑗 = 1,2)

Φ"
𝟏 𝑥, 𝒌# =

𝑀
𝑃:
	𝑒" 𝑥, 𝒌#

Φ"
' 𝑥, 𝒌# =

1
2
	;
𝑑𝑧	𝑑)𝒛#
2(2𝜋)D

	𝑒N0!OF 	 z𝑃 3𝑞(0)Γ	𝑞(𝑧) 𝑃
F$P/



𝑃′|	 𝐽%	|P = ℘AGH
% 	𝐹QR 𝑞)

𝑃′|	 𝐽%	|P = ℘JGH
% 	𝐹QR 𝑞)

lim
<→/

𝑃′|	 𝐽:	|P GH
℘AGH: = ;𝑑𝑥	𝑓!

" 𝑥 = 1

lim
<→/

𝑃′|	 𝐽2	|P GH
℘AGH2 = ;𝑑𝑥	𝑓$

" 𝑥 	≠ 1

1 = 𝐹QR 𝑄) = 0 = lim
<→/

𝑃′|	 𝐽%	|P
℘AGH
%

1 = 𝐹QR 𝑄) = 0 = lim
<→/

𝑃′|
𝐽%

℘JGH
% 	 |P

lim
<→/

𝑃′|
𝐽:

℘JGH
: 	 |P

GH

= ;𝑑𝑥	𝑓!
" 𝑥 = 1

lim
<→/

𝑃′|
𝐽2

℘JGH
2 	 |P

GH

= ;𝑑𝑥	𝑓$
" 𝑥 = 1

Sum	rules for	𝑓e
+ 𝑥 	&	 𝑓*

+(𝑥)	

𝑀 → 𝑀/

pBT-LFQM(e.g.  EPJC76, 415(2016) by C. Lorce et al.) fBT-LFQM: This work



Zero mode contributions to  𝑒f/h	and 𝑓*
f/h 

pBT

fBT

full valence zero-mode





QCD	Evolution	of	twist-2	PDFs
LQCD by C. Alexandrou et al. [PRD 104, 054504 (2021)]

𝜇/ = 27	GeV/

𝑢/𝜋 𝑢/𝐾 𝑠/𝐾



5.	Summary

We developed a self-consistent fBT-LFQM for the PS meson, in which the uniform replacement M → M₀ at 
the integrand level ensures current-component-independent extractions, with the LF zero modes properly 
incorporated.

Main results:

• EM form factor:  unique across all three projections  in the fBT-LFQM.

• Scalar form factor and 𝒆𝒒:  zero-mode contribution explicitly identified and incorporated.

• Full T-even TMDs:  SU(3) breaking is manifest; the 𝑓$
" sum rule is satisfied.

• Valence PDFs and Mellin Moments:  good agreement with LQCD and other models.

Future work will extend to polarized TMDs, GPDs, GTMDs, and comparison with EIC/EicC/AMBER.



Back up



Covariant	BS		vs		fBT-LFQM
Two consistent models — where does the LF zero mode sit?

Covariant	BS
off-shell · 4D loop → LF projection

Zero mode  →  in the matrix element

⟨⋯⟩full  =  valence + zero mode
prefactor:  external (physical M)

fBT-LFQM
BT-based · on-shell quarks · direct 3D

Zero mode  →  in the Lorentz prefactor

⟨⋯⟩BT  =  valence
𝑀	 → 	𝑀)·   prefactor: integrand level

✓  covariant (reference) ✓  self-consistent

Covariant BS and fBT-LFQM bookkeep the LF zero mode in different slots — the matrix element (BS) vs the Lorentz 
prefactor (fBT). Two distinct models — each incorporating the zero mode self-consistently in its own slot.

𝑃′ 𝒪Q 𝑃 = ℘Q 	ℱ

ℱ23 =
1
℘Q 𝑃′ 𝒪Q 𝑃 4566 ℱ42K = 𝑃′ 𝒪

Q

℘Q 𝑃
2K



3. Form factors: partially BT-based(pBT) LFQM vs full BT-based (fBT) LFQM

𝑃′|3𝑞Γ𝑞|P = ℘[']𝐹 𝑄) ,

℘[𝟏] = 2𝑀

℘[K(] = 3𝑃% 	− 	𝑞%
3𝑃 | 𝑞
𝑞)

, 3𝑃 = 𝑃 + 𝑃*, 3𝑃 | 𝑞 = 	𝑀*) 	− 	𝑀)

℘ u 𝑞 = 0

partially BT-based (pBT)-LFQM full BT-based(fBT)-LFQM

BT-construction: “only” in matrix element, 
                             (but physical 𝑀 kept in ℘ ' )

BT-construction: “both” in matrix element and 
℘[']

pBT misses the zero modes for “bad” currents
Γ = 𝛾2, 𝟏

fBT captures the zero modes for bad currents

𝐹AGH
['] =

𝑃′|3𝑞	Γ𝑞|P GH

℘ ' 𝐹JGH
['] = 𝑃′|

3𝑞	Γ𝑞
℘ ' |P

GH

℘AGH
[K(] = 3𝑃% ℘AGH

[K(] = 3𝑃% 	− 	𝑞%
3𝑃 | 𝑞
𝑞)


