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mentum and tsep, we generate multiple sources, including
both exact and sloppy ones, to improve the signal-to-
noise ratio. Since solving propagators at physical quark
mass is computationally demanding, we use the multi-
grid solver in QUDA [103, 104] to speed up convergence.
For the same reason, only a small portion of the propa-
gators is calculated using a very small residual (10→10) to
guarantee the convergence. These are the “exact solves”.
We then calculate many more propagators using a larger
residual (10→4), called “sloppy” solves. The exact and
sloppy solves calculated from the same sources are used
to estimate the di!erences between them. Adding the
di!erences to the other sloppy solves, we reproduce cor-
rect results with significantly improved e”ciently. This
technique is called all mode averaging (AMA) [105]. In
addition, we use Coulomb-gauge momentum smearing of
the quark fields [106] to improve the signal-to-noise ra-
tio of boosted hadrons. The lattice setup is summarized
in Tab. I. More details can be found in our previous
works [66, 70].

ω a [fm] mω [GeV] Nε Nϑ # conf.

7.13 0.076 0.14 64 64 350

TABLE I. Parameters of the lattice ensembles used in this
work, including the inverse gauge coupling ω, the lattice spac-
ing, the valence pion mass, the spatial and temporal lattice
extent Nε and Nϑ , and the number of configurations.

Extraction of the bare matrix elements

Spin-dependent quark quasi-PDFs are accessed
through equal-time, spatially separated nonlocal quark
bilinears connected by a straight Wilson line. On the
lattice, we compute nucleon matrix elements of

O!(z) → ω̄(zẑ)#W (zẑ, 0)ω(0), (1)

where z is the spatial separation along the ẑ direction
and W (zẑ, 0) is a straight Wilson line (implemented as
a product of gauge links) that renders the bilinear gauge
invariant.

For the twist-2 helicity channel, we take # = iε5εz and
define the bare matrix element

h̃
B
1
(z, Pz, a) →

1

2E
↑P, S|ω̄(z)#W (z, 0)ω(0)|P, S↓, (2)

where Pµ = (E, 0, 0, Pz) is the nucleon four-momentum
and Sµ denotes the corresponding spin polarization.

The normalization factor 1/(2E) is fixed by Lorentz
symmetry and the standard covariant decomposition of
the axial-vector matrix element. Using relativistically
normalized nucleon states and Dirac spinors, one has

ū(P, S) εµ
ε5 u(P, S) = 2mN s

µ
, (3)

where s
µ is the covariant spin four-vector satisfying

s · P = 0 and s
2 = ↔1. For a nucleon boosted along

ẑ, P
µ = (E, 0, 0, Pz), the explicit form of s

µ depends
on the polarization choice. For longitudinal polariza-
tion (helicity) along the momentum direction, s

µ
↑ =

( Pz
mN

, 0, 0, E
mN

), we have,

ū(P, S) εz
ε5 u(P, S) = 2mNs

z
↑ ↗ 2E. (4)

Therefore the factor 1/(2E) in Eq. (2) removes the trivial
boost factor carried by the external nucleon spinors.
For the transverse twist-3 channel relevant to g̃T (x),

we use

h̃
B
T (z, Pz, a) →

1

2mN
↑P, S|ω̄(z)#W (z, 0)ω(0)|P, S↓,

(5)

with # = iε5εx. For a nucleon moving along ẑ but polar-
ized transversely along x̂, a convenient covariant choice
is sµ↓ = (0, 1, 0, 0) and gives

ū(P, S) εx
ε5 u(P, S) = 2mNs

x
↓ ↗ 2mN , (6)

which again follows from Eq. (3) and the orthogonality
condition s · P = 0. With this polarization, dividing
by 2mN removes the trivial kinematic factor from the
external spinors.
These matrix elements are obtained from nucleon

three-point functions,

C
!

3pt
(ϑP , tsep, ϖ, z) =

∑

ωy,ωz0

e
→iωP ·(ωy→ωx0) P3pt (7)

↘
〈
N(ϑy, tsep + t0)O!(ϑz0 + zẑ, ϖ + t0) N̄(ϑx0, t0)

〉

where (ϑx0, t0), (ϑy, tsep+t0), and (ϑz0+zẑ, ϖ+t0) denote the
source, sink, and operator-insertion coordinates, respec-
tively. Here zẑ is the spatial separation of the nonlocal
operator along the ẑ direction. The inserted operator
has the same nonlocal structure as in Eqs. (2) and (5).
The nucleon interpolating operatorN is constructed from
momentum-smeared quark fields with ϑk ≃ 0.5ϑP [106],

N(x) = ϱabc(d
T
ωk
(x)Cε5uωk(x))uωk(x), (8)

where the smeared quark fields uωk and dωk are obtained
from the convolution with a Gaussian kernel G(ϑx, ϑy) in
the Coulomb gauge [107],

qk(ϑx, t) =
∑

ωy

G(ϑx, ϑy)ei
ωk·(ωy→ωx)

q(ϑy, t). (9)

In this work we focus on the isovector combination to
avoid disconnected contributions,

O!(ϑz0 + zẑ, ϖ) = ū(ϑz0 + zẑ, ϖ)#W (ϑz0 + zẑ, ϖ ; ϑz0, ϖ)u(ϑz0, ϖ)

↔ d̄(ϑz0 + zẑ, ϖ)#W (ϑz0 + zẑ, ϖ ; ϑz0, ϖ) d(ϑz0, ϖ). (10)

The projector P3pt is chosen to isolate the desired parity
and polarization structure. For the helicity channel we
take

P3pt =
1

2
(1 + εt)(iε5εz), # = iε5εz, (11)
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ū(P, S) εx
ε5 u(P, S) = 2mNs

x
↓ ↗ 2mN , (6)

which again follows from Eq. (3) and the orthogonality
condition s · P = 0. With this polarization, dividing
by 2mN removes the trivial kinematic factor from the
external spinors.
These matrix elements are obtained from nucleon

three-point functions,

C
!

3pt
(ϑP , tsep, ϖ, z) =

∑

ωy,ωz0

e
→iωP ·(ωy→ωx0) P3pt (7)

↘
〈
N(ϑy, tsep + t0)O!(ϑz0 + zẑ, ϖ + t0) N̄(ϑx0, t0)

〉

where (ϑx0, t0), (ϑy, tsep+t0), and (ϑz0+zẑ, ϖ+t0) denote the
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ẑ, P
µ = (E, 0, 0, Pz), the explicit form of s

µ depends
on the polarization choice. For longitudinal polariza-
tion (helicity) along the momentum direction, s

µ
↑ =

( Pz
mN

, 0, 0, E
mN

), we have,

ū(P, S) εz
ε5 u(P, S) = 2mNs

z
↑ ↗ 2E. (4)

Therefore the factor 1/(2E) in Eq. (2) removes the trivial
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is sµ↓ = (0, 1, 0, 0) and gives
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which again follows from Eq. (3) and the orthogonality
condition s · P = 0. With this polarization, dividing
by 2mN removes the trivial kinematic factor from the
external spinors.
These matrix elements are obtained from nucleon
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tively. Here zẑ is the spatial separation of the nonlocal
operator along the ẑ direction. The inserted operator
has the same nonlocal structure as in Eqs. (2) and (5).
The nucleon interpolating operatorN is constructed from
momentum-smeared quark fields with ϑk ≃ 0.5ϑP [106],
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where the smeared quark fields uωk and dωk are obtained
from the convolution with a Gaussian kernel G(ϑx, ϑy) in
the Coulomb gauge [107],
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In this work we focus on the isovector combination to
avoid disconnected contributions,
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The projector P3pt is chosen to isolate the desired parity
and polarization structure. For the helicity channel we
take
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(1 + εt)(iε5εz), # = iε5εz, (11)

3

mentum and tsep, we generate multiple sources, including
both exact and sloppy ones, to improve the signal-to-
noise ratio. Since solving propagators at physical quark
mass is computationally demanding, we use the multi-
grid solver in QUDA [103, 104] to speed up convergence.
For the same reason, only a small portion of the propa-
gators is calculated using a very small residual (10→10) to
guarantee the convergence. These are the “exact solves”.
We then calculate many more propagators using a larger
residual (10→4), called “sloppy” solves. The exact and
sloppy solves calculated from the same sources are used
to estimate the di!erences between them. Adding the
di!erences to the other sloppy solves, we reproduce cor-
rect results with significantly improved e”ciently. This
technique is called all mode averaging (AMA) [105]. In
addition, we use Coulomb-gauge momentum smearing of
the quark fields [106] to improve the signal-to-noise ra-
tio of boosted hadrons. The lattice setup is summarized
in Tab. I. More details can be found in our previous
works [66, 70].

ω a [fm] mω [GeV] Nε Nϑ # conf.
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TABLE I. Parameters of the lattice ensembles used in this
work, including the inverse gauge coupling ω, the lattice spac-
ing, the valence pion mass, the spatial and temporal lattice
extent Nε and Nϑ , and the number of configurations.
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FIG. 1. The fit of the three-point function to two-point function ratio R1(ω, tsep, Pz; z) at the largest momentum Pz = 1.53
GeV with z = 4a (upper panels) and z = 8a (lower panels). Left: the real part. Right: the imaginary part. The colored bands
are reconstructed from two-state fit while the grey band denotes the extracted bare matrix element.

while for the twist-3 transverse channel we use

P3pt =
1

2
(1 + ωt)(iω5ωx), ! = iω5ωx. (12)

The corresponding nucleon two-point correlator is

C2pt(εp,tsep) =
∑

ωy

e
→iωp·(ωy→ωx0) P2pt

→
〈
N(εy, tsep + t0) N̄(εx0, t0)

〉
,

(13)

with the rest-frame positive-parity projector

P2pt =
1

2
(1 + ωt). (14)

The correlation functions admit the spectral decompo-
sition

C
!

3pt
(εp, tsep, ϑ, z) =

∑

m,n

↑”|N |n↓ ↑n|O!(z)|m↓ ↑m|N̄ |”↓

→ e
→Emε

e
→En(tsep→ε)

, (15)

C2pt(εp, tsep) =
∑

n

|↑”|N |n↓|
2
e
→Entsep , (16)

where |”↓ denote the vacuum state and n = 0, 1, ... de-
note the ground and excited states. The desired ground-
state matrix element is ↑0|O!(z)|0↓.

To exploit correlations, we form the ratio of three-point
to two-point correlators,

R(ϑ, tsep, Pz; z) ↔
C

!
3pt

(εp, tsep, ϑ, z)

C2pt(εp, tsep)
. (17)

We denote R1(ϑ, tsep, Pz; z) and RT (ϑ, tsep, Pz; z) for the
helicity and twist-3 channels, respectively. In the asymp-
totic limit tsep ↗ ϑ ↗ 0, one has

lim
tsep↑ε↑0

R1(ϑ, tsep, Pz; z) = h̃
B
1
(z, Pz, a),

lim
tsep↑ε↑0

RT (ϑ, tsep, Pz; z) =
mN

E
h̃
B
T (z, Pz, a),

(18)

where the factor mN/E reflects the 1/(2mN ) normal-
ization used in Eq. (5) which suggests that the matrix
elements of higher momentum are suppressed by the nu-
cleon energy.
To determine the excited-state contributions, we first

extract the energies En and overlap amplitudes An =
|↑”|N |n↓|

2 from two-state fits to the two-point correlator,
and then use them as inputs in the three-point analysis,
following the strategy of Refs. [66, 70]. In our calcula-
tions we consider Wilson-line separations in the range
↘32a ≃ z ≃ 32a. Exploiting the symmetry properties
under z ⇐ ↘z (real part even, imaginary part odd), we
average data at ±z and restrict the analysis to z ⇒ 0,
which reduces statistical fluctuations and suppresses po-
tential systematic e#ects.
We find that data at di#erent ϑ and tsep are strongly

correlated, leading to large condition numbers for the
estimated covariance matrices and numerically unstable
fully correlated fits. We therefore perform uncorrelated
fits, with statistical uncertainties estimated using boot-
strap resampling.
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mentum and tsep, we generate multiple sources, including
both exact and sloppy ones, to improve the signal-to-
noise ratio. Since solving propagators at physical quark
mass is computationally demanding, we use the multi-
grid solver in QUDA [103, 104] to speed up convergence.
For the same reason, only a small portion of the propa-
gators is calculated using a very small residual (10→10) to
guarantee the convergence. These are the “exact solves”.
We then calculate many more propagators using a larger
residual (10→4), called “sloppy” solves. The exact and
sloppy solves calculated from the same sources are used
to estimate the di!erences between them. Adding the
di!erences to the other sloppy solves, we reproduce cor-
rect results with significantly improved e”ciently. This
technique is called all mode averaging (AMA) [105]. In
addition, we use Coulomb-gauge momentum smearing of
the quark fields [106] to improve the signal-to-noise ra-
tio of boosted hadrons. The lattice setup is summarized
in Tab. I. More details can be found in our previous
works [66, 70].
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where z is the spatial separation along the ẑ direction
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where Pµ = (E, 0, 0, Pz) is the nucleon four-momentum
and Sµ denotes the corresponding spin polarization.

The normalization factor 1/(2E) is fixed by Lorentz
symmetry and the standard covariant decomposition of
the axial-vector matrix element. Using relativistically
normalized nucleon states and Dirac spinors, one has

ū(P, S) εµ
ε5 u(P, S) = 2mN s

µ
, (3)

where s
µ is the covariant spin four-vector satisfying

s · P = 0 and s
2 = ↔1. For a nucleon boosted along

ẑ, P
µ = (E, 0, 0, Pz), the explicit form of s

µ depends
on the polarization choice. For longitudinal polariza-
tion (helicity) along the momentum direction, s

µ
↑ =

( Pz
mN

, 0, 0, E
mN

), we have,

ū(P, S) εz
ε5 u(P, S) = 2mNs

z
↑ ↗ 2E. (4)

Therefore the factor 1/(2E) in Eq. (2) removes the trivial
boost factor carried by the external nucleon spinors.
For the transverse twist-3 channel relevant to g̃T (x),

we use

h̃
B
T (z, Pz, a) →

1

2mN
↑P, S|ω̄(z)#W (z, 0)ω(0)|P, S↓,

(5)

with # = iε5εx. For a nucleon moving along ẑ but polar-
ized transversely along x̂, a convenient covariant choice
is sµ↓ = (0, 1, 0, 0) and gives

ū(P, S) εx
ε5 u(P, S) = 2mNs

x
↓ ↗ 2mN , (6)

which again follows from Eq. (3) and the orthogonality
condition s · P = 0. With this polarization, dividing
by 2mN removes the trivial kinematic factor from the
external spinors.
These matrix elements are obtained from nucleon

three-point functions,

C
!

3pt
(ϑP , tsep, ϖ, z) =

∑

ωy,ωz0

e
→iωP ·(ωy→ωx0) P3pt (7)

↘
〈
N(ϑy, tsep + t0)O!(ϑz0 + zẑ, ϖ + t0) N̄(ϑx0, t0)

〉

where (ϑx0, t0), (ϑy, tsep+t0), and (ϑz0+zẑ, ϖ+t0) denote the
source, sink, and operator-insertion coordinates, respec-
tively. Here zẑ is the spatial separation of the nonlocal
operator along the ẑ direction. The inserted operator
has the same nonlocal structure as in Eqs. (2) and (5).
The nucleon interpolating operatorN is constructed from
momentum-smeared quark fields with ϑk ≃ 0.5ϑP [106],

N(x) = ϱabc(d
T
ωk
(x)Cε5uωk(x))uωk(x), (8)

where the smeared quark fields uωk and dωk are obtained
from the convolution with a Gaussian kernel G(ϑx, ϑy) in
the Coulomb gauge [107],

qk(ϑx, t) =
∑

ωy

G(ϑx, ϑy)ei
ωk·(ωy→ωx)

q(ϑy, t). (9)

In this work we focus on the isovector combination to
avoid disconnected contributions,

O!(ϑz0 + zẑ, ϖ) = ū(ϑz0 + zẑ, ϖ)#W (ϑz0 + zẑ, ϖ ; ϑz0, ϖ)u(ϑz0, ϖ)

↔ d̄(ϑz0 + zẑ, ϖ)#W (ϑz0 + zẑ, ϖ ; ϑz0, ϖ) d(ϑz0, ϖ). (10)

The projector P3pt is chosen to isolate the desired parity
and polarization structure. For the helicity channel we
take

P3pt =
1

2
(1 + εt)(iε5εz), # = iε5εz, (11)
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ω a [fm] mω [GeV] Nε Nϑ # conf.

7.13 0.076 0.14 64 64 350

TABLE I. Parameters of the lattice ensembles used in this
work, including the inverse gauge coupling ω, the lattice spac-
ing, the valence pion mass, the spatial and temporal lattice
extent Nε and Nϑ , and the number of configurations.
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PDF, thus can be matched to the latter perturbatively
in the Bjorken-x space, up to power corrections sup-
pressed by the hadron momentum. The simplest member
of this universality class is the quasi-PDF that describes
the momentum density distribution of quarks and glu-
ons in a moving hadron. Since its proposal, substantial
progress has been made in renormalization, matching,
power corrections, and resummation [22–43]. More re-
cently, Coulomb-gauge quasi-PDFs have also been pro-
posed as a member of the same universality class and of-
fers advantages for transverse-momentum-dependent ob-
servables [44–46]. Alternative approaches to extract the
information of helicity PDFs include short-distance fac-
torization in coordinate- or Io!e-time space [47–50], as
well as the hadronic tensor [51, 52] and Compton ampli-
tudes [53–55]. Smearing and gradient-flowed based ap-
proaches have also been proposed to directly calculate
the higher Mellin moments of the PDFs [56–58].

Based on these developments, lattice QCD computa-
tions have achieved substantial progress in recent years
for the unpolarized [25, 59–66], transversity [25, 63, 67–
70], and helicity [25, 60, 61, 63, 71–79] PDFs; see
Refs. [21, 80–83] for recent reviews. To date, some helic-
ity calculations have reached the continuum limit [74, 79]
and some are performed at the physical quark masses [60,
61, 63, 72], but achieving both simultaneously remains
challenging. In this work, we present results computed
at the physical point on a fine lattice, and include the
recent theory developments for a more accurate determi-
nation.

Beyond leading twist, the transverse spin structure
function gT (x) = g1(x) + g2(x) and its twist-3 content
provide a direct window into quark-gluon correlations in
the nucleon. A widely used benchmark is the reduced
twist-3 moment d̃2 →

∫
1

→1
dx x

2 [3gT (x) ↑ g1(x)] (or d2

in an alternative normalization), which admits a semi-
classical interpretation in terms of an average transverse
color Lorentz force on the struck quark [84–87]. The
experimental determination of g2 and d̃2 is demanding
and remains less precise than leading-twist observables,
though recent Je!erson Lab measurements have extended
the coverage and improved constraints [88, 89].

The LaMET framework has also been used to compute
the twist-3 PDFs on the lattice [90–92]. The first lattice
determination of gT (x) [90] employed the twist-2 match-
ing kernel and found that the Wandzura-Wilczek (WW)
approximation [93] describes the data well within uncer-
tainties, consistent with a small genuine twist-3 contri-
bution. A complete NLO treatment, however, requires
including genuine three-parton (quark-gluon) contribu-
tions in the matching. Such a systematic twist-3 factor-
ization framework, including the NLO violation of the
WW relation and the explicit appearance of the reduced
moment d̃2 in the OPE, was developed in Ref. [94] for
both LaMET and SDF. Building on this framework, we
extract d̃2 in the MS scheme from the short-distance ma-
trix elements, providing a complementary first-principles
constraint on the genuine twist-3 moment alongside our

leading-twist helicity PDF.
On the lattice, d̃2 has been computed directly from lo-

cal twist-3 operator matrix elements, and the results typ-
ically indicate a strong suppression of this lowest chiral-
even twist-3 moment [95–97]. A practical challenge is
that twist-3 operators can mix with lower-dimensional
operators with coe”cients proportional to 1/a, requiring
nonperturbative subtractions and complicating scheme
conversions. In some cases, results are therefore reported
in intermediate momentum subtraction schemes (and
evolved to a reference scale) rather than converted fully
to MS. Complementary approaches that access twist-3
information while reducing sensitivity to power-divergent
mixing are thus valuable.
The remainder of this manuscript is organized as fol-

lows. In Sec. II we provide the lattice details used in
this calculation, including the lattice setup, the defini-
tion of the matrix element, and the relevant measure-
ments. We then describe the extraction of the matrix
elements corresponding to the quark helicity from lat-
tice data. Sec. III presents Mellin moments extracted
using OPE. In Sec. IV we extract the d̃2 moment for
the twist-3 axial-vector PDF gT . In Sec. V we discuss
light-cone PDFs extracted in the LaMET framework and
provide a complementary analysis with SDF to constrain
the endpoint regions. Sec. VI summarizes our findings
and outlines prospects. Details of the three-point/two-
point ratio fits, the axial charge, and the momentum-
space matching are provided in the Appendix.

II. LATTICE DETAILS AND THEORETICAL
CONSTRUCTION

Lattice setup

The ensemble used in this calculation is generated us-
ing the nf = 2 + 1 highly-improved staggered quark
(HISQ) action [98] at physical light and strange quark
masses by the HotQCD collaboration [99]. The cou-
pling constant is ω = 7.13, which corresponds to lat-
tice spacing a = 0.076 fm, determined using the fK

scale [100]. The lattice size is N
3
ω ↓ Nε = 643 ↓ 64.

The valence quark is of the tree-level tadpole-improved

Clover-Wilson type [101]. We use csw = u
→3/4
0

= 1.0372,
determined by the plaquette expectation value u0 mea-
sured on the one-step hypercubic (HYP) [102] smeared
gauge configurations. The valence light quark is tuned
to correspond to a pion of nearly its physical mass,
140 MeV. The hadron is boosted to three momenta
Pz = 2ϑ

aNω
↓ {1, 4, 6} = {0.25, 1.02, 1.53} GeV, plus the

one at rest. The source-sink separation in the temporal
direction includes tsep/a = 6, 8, 10, 12. The tsep/a = 12
data is only used in the calculation of axial vector charge
which requires merely the zero momentum data where
tsep/a = 12 can have an acceptable signal. The other
three separations are used in all calculations. There are
350 configurations in total for this ensemble. At each mo-
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PDF, thus can be matched to the latter perturbatively
in the Bjorken-x space, up to power corrections sup-
pressed by the hadron momentum. The simplest member
of this universality class is the quasi-PDF that describes
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FIG. 1. The fit of the three-point function to two-point function ratio R1(ω, tsep, Pz; z) at the largest momentum Pz = 1.53
GeV with z = 4a (upper panels) and z = 8a (lower panels). Left: the real part. Right: the imaginary part. The colored bands
are reconstructed from two-state fit while the grey band denotes the extracted bare matrix element.

while for the twist-3 transverse channel we use

P3pt =
1

2
(1 + ωt)(iω5ωx), ! = iω5ωx. (12)

The corresponding nucleon two-point correlator is

C2pt(εp,tsep) =
∑

ωy

e
→iωp·(ωy→ωx0) P2pt

→
〈
N(εy, tsep + t0) N̄(εx0, t0)

〉
,

(13)

with the rest-frame positive-parity projector

P2pt =
1

2
(1 + ωt). (14)

The correlation functions admit the spectral decompo-
sition

C
!

3pt
(εp, tsep, ϑ, z) =

∑

m,n

↑”|N |n↓ ↑n|O!(z)|m↓ ↑m|N̄ |”↓

→ e
→Emε

e
→En(tsep→ε)

, (15)

C2pt(εp, tsep) =
∑

n

|↑”|N |n↓|
2
e
→Entsep , (16)

where |”↓ denote the vacuum state and n = 0, 1, ... de-
note the ground and excited states. The desired ground-
state matrix element is ↑0|O!(z)|0↓.

To exploit correlations, we form the ratio of three-point
to two-point correlators,

R(ϑ, tsep, Pz; z) ↔
C

!
3pt

(εp, tsep, ϑ, z)

C2pt(εp, tsep)
. (17)

We denote R1(ϑ, tsep, Pz; z) and RT (ϑ, tsep, Pz; z) for the
helicity and twist-3 channels, respectively. In the asymp-
totic limit tsep ↗ ϑ ↗ 0, one has

lim
tsep↑ε↑0

R1(ϑ, tsep, Pz; z) = h̃
B
1
(z, Pz, a),

lim
tsep↑ε↑0

RT (ϑ, tsep, Pz; z) =
mN

E
h̃
B
T (z, Pz, a),

(18)

where the factor mN/E reflects the 1/(2mN ) normal-
ization used in Eq. (5) which suggests that the matrix
elements of higher momentum are suppressed by the nu-
cleon energy.
To determine the excited-state contributions, we first

extract the energies En and overlap amplitudes An =
|↑”|N |n↓|

2 from two-state fits to the two-point correlator,
and then use them as inputs in the three-point analysis,
following the strategy of Refs. [66, 70]. In our calcula-
tions we consider Wilson-line separations in the range
↘32a ≃ z ≃ 32a. Exploiting the symmetry properties
under z ⇐ ↘z (real part even, imaginary part odd), we
average data at ±z and restrict the analysis to z ⇒ 0,
which reduces statistical fluctuations and suppresses po-
tential systematic e#ects.
We find that data at di#erent ϑ and tsep are strongly

correlated, leading to large condition numbers for the
estimated covariance matrices and numerically unstable
fully correlated fits. We therefore perform uncorrelated
fits, with statistical uncertainties estimated using boot-
strap resampling.
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extract the energies En and overlap amplitudes An =
|↑”|N |n↓|
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fully correlated fits. We therefore perform uncorrelated
fits, with statistical uncertainties estimated using boot-
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FIG. 3. Isovector bare matrix elements as functions of z for the helicity channel (top row, h̃B
1 ) and the transverse twist-3
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T ), shown at several nucleon boosts Pz (see legends). Left (right) panels show the real (imaginary)

parts.

FIG. 4. The real (left panel) and imaginary (right panel) part of the RG-invariant ratios M1(ω, z
2) are shown for z → [a, 5a].
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4

, Hn =
∑n

i=1
1/i and H

(2)

n =∑n
i=1

1/i2. At NNLO we can use the results for unpolar-
ized case for ϑz [32] to obtain the corresponding Wilson
coe!cient. Since the Wilson coe!cients and the mo-
ments ↑x

n
↓ are all real, when taking P

0
z = 0, the real

part of M1(z2, P ) in Eq. (20) only depends on the nor-

malized even Mellin moments of the PDF ↑x
2k
↓/gA, while

the imaginary parts only depends on the normalized odd
Mellin moments ↑x2k+1

↓/gA. The value of gA is obtained
as gu→d

A = 1.211(12) through independent analysis of the
local matrix elements, as demonstrated in Appendix A.

Although Eq. (20) is RG invariant, the perturbative
convergence of the Wilson coe!cients in Eq. (21) could
still depend on the scale choice with fixed-order trunca-
tion, especially when the logarithm becomes large. It is
thus more accurate to first extract the moments ↑xn(µ0)↓

near the physical scale µ0 ↔
2e→ωE

z , which is perturba-
tively related to the commonly used fixed scale result at
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FIG. 5. Helicity PDF moments →xn↑(µ = 2 GeV) fitted from the OPE of isovector (left) and isoscalar (right) RG-invariant
ratios. The consistency between NLL and NNLL accuracy suggest good perturbative convergence. The leading order (LO)
results with Cn = 1 have been included to demonstrate the importance of perturbative corrections. The combined correlated
fit among di!erent z values are shown separately as filled squares on the left, which are consistent with individual fits for lower
moments. For comparison, we integrate the quark helicity PDFs from JAM22 [4, 108] to get the moments and plot as bands.

µ = 2 GeV through the RG equations,

ω

ω lnµ2
→x

n(µ)↑ = εn(ϑs(µ))→x
n(µ)↑, (22)

where the anomalous dimensions εn(ϑ) of the helicity
PDF moments are known up to 3-loop order [109] and
has been partially calculated at 4-loop order [110]. The
solution to the RG equation is

→x
n(µ)↑ = e

∫ ωs(µ)
ωs(µ0)

εn(ω)
ϑ(ω) dω

→x
n(µ0)↑, (23)

with the QCD beta functions ϖ(ϑ) known up to five
loop order [111]. For next-to-leading-log (NLL) pertur-
bative accuracy, we use one-loop Wilson coe!cient [31]
with two-loop anomalous dimensions and two-loop QCD
beta functions; for next-to-next-to-leading-log (NNLL)
perturbative accuracy, we use two-loop Wilson coe!-
cient [32] with three-loop anomalous dimensions [109]
and three-loop QCD beta functions. We perform inde-
pendent fit at di”erent z-values in the perturbative re-
gion z ↓ [1, 3]a which satisfies z < 0.3 fm, as well as
a correlated combined fit for all these z values. Com-
bined with the gA values above, we show the results
in Fig. 5. The combined correlated fit among di”er-
ent z values are consistent with individual fits, except
for the higher moments that the data are insensitive to.
The moments fitted from our short-distance matrix el-
ements are →x↑u→d = 0.291(7), →x

2
↑u→d = 0.101(10),

→x↑u+d = 0.183(6), →x2
↑u+d = 0.073(3) at µ = 2 GeV,

higher than those obtained from integrating the global
fitting PDF by JAM22 [4, 108].

IV. THE d̃2 MOMENT

In analogy with the RG invariant ratio introduced in
Eq. (19), we construct an ratio for the transverse corre-

lator relevant for gT ,

MT (ϱ, z
2) ↔

h̃
B
T (z, Pz)

h̃
B
T (z, 0)

h̃
B
T (0, 0)

h̃
B
T (0, Pz)

=
h̃
MS

T (ϱ, z2µ2)

h̃
MS

T (0, z2µ2)
.

(24)
By construction, MT (ϱ, z2) cancels the multiplicative
renormalization associated with the Wilson line as well
as the leading UV-sensitive factors common to numera-
tor and denominator, so that the residual µ dependence
is governed by short-distance logarithms in the factor-
ization kernels. In practice, MT (ϱ, z2) provides a stable
observable for implementing the short-distance expansion
in z

2 and for isolating the twist-3 physics through its ϱ-
dependence.
We adopt the standard moment conventions

∫
1

→1

dx x
n
g1(x) = an,

∫
1

→1

dx x
n
g2(x) =

n

n+ 1

(
dn ↗ an

)
, (25)

with gT (x) = g1(x) + g2(x). Following the convention
used in Ref. [85], we define d̃n ↔ 2dn and introduce

d̃2 ↔

∫
1

→1

dx x
2 [3gT (x)↗ g1(x)] =

∫
[dx] S→(x1, x2, x3),

(26)

where
∫
[dx] =

∫
1

→1
dx1 dx2 dx3 ς(x1 + x2 + x3) and

S
→(x1, x2, x3) is the quark-antiquark-gluon correlator en-

tering the genuine twist-3 contribution. This matrix ele-
ment is the lowest-dimension chiral-even twist-3 reduced
matrix element and is the quantity we extract from the
short-distance behavior of MT .
The central ingredient is the short-distance factoriza-

tion derived in Ref. [94], which relates the transverse cor-
relator to the longitudinal one and makes the appearance
of d̃2 at O(ϱ2) explicit, with more details presented in
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By construction, MT (ϱ, z2) cancels the multiplicative
renormalization associated with the Wilson line as well
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tor and denominator, so that the residual µ dependence
is governed by short-distance logarithms in the factor-
ization kernels. In practice, MT (ϱ, z2) provides a stable
observable for implementing the short-distance expansion
in z

2 and for isolating the twist-3 physics through its ϱ-
dependence.
We adopt the standard moment conventions

∫
1
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g1(x) = an,
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used in Ref. [85], we define d̃n ↔ 2dn and introduce

d̃2 ↔

∫
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[dx] S→(x1, x2, x3),
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where
∫
[dx] =
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1

→1
dx1 dx2 dx3 ς(x1 + x2 + x3) and

S
→(x1, x2, x3) is the quark-antiquark-gluon correlator en-

tering the genuine twist-3 contribution. This matrix ele-
ment is the lowest-dimension chiral-even twist-3 reduced
matrix element and is the quantity we extract from the
short-distance behavior of MT .
The central ingredient is the short-distance factoriza-

tion derived in Ref. [94], which relates the transverse cor-
relator to the longitudinal one and makes the appearance
of d̃2 at O(ϱ2) explicit, with more details presented in

The first two moments are larger than the one obtained from the global analysis
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Appendix B: SDF for the twist-three quasi-PDF matrix elements

This appendix summarizes the short-distance OPE for the equal-time axial-vector bilocal matrix elements that enter
the lattice extraction of the chiral-even twist-3 distribution gT (x). Throughout, we work at space-like separations
z
2
< 0 relevant for Euclidean correlators and consider the short-distance limit z2 → 0 at fixed Io!e time

ω ↑ P ·z, (B1)

so that power corrections are organized in z
2”2

QCD
. In this regime, QCD factorization follows directly from the

existence of the OPE, and the bilocal matrix elements admit a systematic matching onto light-cone correlation
functions with perturbatively calculable coe#cient functions; see Ref. [94] for a complete derivation at twist-3 accuracy
and one-loop order. In particular, the transverse axial-vector correlator contains both twist-2 and twist-3 collinear
structures already at leading power in z

2 [94].

Twist decomposition and the Wandzura–Wilczek (WW) approximation

We denote by h̃1(ω, z2µ2) and h̃T (ω, z2µ2) the quasi-PDF matrix elements corresponding to the longitudinal (εzε5)
and transverse (ε→ε5) projections, respectively. At short distances, they can be factorized into h1(ω, µ) and hT (ω, µ)
which are the light-cone helicity (twist-2) correlation function and the light-cone transverse axial-vector correlator
that defines gT (x). The latter can be decomposed into twist-2 and twist-3 parts,

hT (ω) = h
tw2

T (ω) + h
tw3

T (ω). (B2)

The WW approximation refers to retaining only the kinematic (twist-2) contribution to gT that is completely
determined by the helicity distribution g1(x), while neglecting the genuine quark-gluon correlation encoded in twist-3
three-parton operators. On the light cone, the WW relation is an operator identity for the twist-2 projection, implying
in position space [94]

h
tw2

T (ω) =

∫
1

0

dϑ h1(ϑω), (B3)

equivalently in x-space g
tw2

T (x) =
∫
1

x
dy
y g1(y) (with the standard extension to x < 0 for antiquarks) [94]. Physically,

WW isolates the part of gT that arises from quark intrinsic transverse motion and equations of motion without explicit
quark-gluon interactions; the omitted piece probes genuine quark-gluon correlations.

A crucial point for lattice quasi-/pseudo-observables is that the WW relation is not preserved by the perturbative

matching at NLO: the twist-2 coe#cient functions for the longitudinal and transverse correlators are di!erent, C(1)

T ↓=

C
(1)

1
, so that a residual twist-2 contamination remains after the naive WW subtraction at finite z

2 [94]. In the
language of SDF this appears explicitly as [94]

h̃
tw2

T (ω, z2)↔

∫
1

0

dϖ h̃1(ϖω, z
2) ↓= 0, (B4)

with the NLO remainder given in Eq. (4.29) of Ref. [94]. We note that Ref. [94] formulates the matching in coordinate
space with the natural rescaling (ω, z2)→(ϖω,ϖ2

z
2), which is convenient for the quasi-PDF (LaMET) representation

where z is the Fourier variable. In our short-distance-factorization setup we keep z
2 fixed in the small-z regime and

analyze the ω = P ·z dependence; accordingly we rewrite the NLO matching in a fixed-z form and rederive below the
central relation from which d̃2 enters at O(ω2).

At leading twist, the short-distance factorization can be written as

h̃1(ω, z
2
µ
2) =

∫
1

0

dϖC1(ϖ, z
2
µ
2)h1(ϖω;µ),

h̃
tw2

T (ω, z2µ2) =

∫
1

0

dϖCT (ϖ, z
2
µ
2)htw2

T (ϖω;µ),

(B5)
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central relation from which d̃2 enters at O(ω2).

At leading twist, the short-distance factorization can be written as

h̃1(ω, z
2
µ
2) =

∫
1

0

dϖC1(ϖ, z
2
µ
2)h1(ϖω;µ),

h̃
tw2

T (ω, z2µ2) =

∫
1

0

dϖCT (ϖ, z
2
µ
2)htw2

T (ϖω;µ),

(B5)
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Appendix B: SDF for the twist-three quasi-PDF matrix elements

This appendix summarizes the short-distance OPE for the equal-time axial-vector bilocal matrix elements that enter
the lattice extraction of the chiral-even twist-3 distribution gT (x). Throughout, we work at space-like separations
z
2
< 0 relevant for Euclidean correlators and consider the short-distance limit z2 → 0 at fixed Io!e time

ω ↑ P ·z, (B1)

so that power corrections are organized in z
2”2

QCD
. In this regime, QCD factorization follows directly from the

existence of the OPE, and the bilocal matrix elements admit a systematic matching onto light-cone correlation
functions with perturbatively calculable coe#cient functions; see Ref. [94] for a complete derivation at twist-3 accuracy
and one-loop order. In particular, the transverse axial-vector correlator contains both twist-2 and twist-3 collinear
structures already at leading power in z

2 [94].

Twist decomposition and the Wandzura–Wilczek (WW) approximation

We denote by h̃1(ω, z2µ2) and h̃T (ω, z2µ2) the quasi-PDF matrix elements corresponding to the longitudinal (εzε5)
and transverse (ε→ε5) projections, respectively. At short distances, they can be factorized into h1(ω, µ) and hT (ω, µ)
which are the light-cone helicity (twist-2) correlation function and the light-cone transverse axial-vector correlator
that defines gT (x). The latter can be decomposed into twist-2 and twist-3 parts,

hT (ω) = h
tw2

T (ω) + h
tw3

T (ω). (B2)

The WW approximation refers to retaining only the kinematic (twist-2) contribution to gT that is completely
determined by the helicity distribution g1(x), while neglecting the genuine quark-gluon correlation encoded in twist-3
three-parton operators. On the light cone, the WW relation is an operator identity for the twist-2 projection, implying
in position space [94]

h
tw2

T (ω) =

∫
1

0

dϑ h1(ϑω), (B3)

equivalently in x-space g
tw2

T (x) =
∫
1

x
dy
y g1(y) (with the standard extension to x < 0 for antiquarks) [94]. Physically,

WW isolates the part of gT that arises from quark intrinsic transverse motion and equations of motion without explicit
quark-gluon interactions; the omitted piece probes genuine quark-gluon correlations.

A crucial point for lattice quasi-/pseudo-observables is that the WW relation is not preserved by the perturbative

matching at NLO: the twist-2 coe#cient functions for the longitudinal and transverse correlators are di!erent, C(1)

T ↓=

C
(1)

1
, so that a residual twist-2 contamination remains after the naive WW subtraction at finite z

2 [94]. In the
language of SDF this appears explicitly as [94]

h̃
tw2

T (ω, z2)↔

∫
1

0

dϖ h̃1(ϖω, z
2) ↓= 0, (B4)

with the NLO remainder given in Eq. (4.29) of Ref. [94]. We note that Ref. [94] formulates the matching in coordinate
space with the natural rescaling (ω, z2)→(ϖω,ϖ2

z
2), which is convenient for the quasi-PDF (LaMET) representation

where z is the Fourier variable. In our short-distance-factorization setup we keep z
2 fixed in the small-z regime and

analyze the ω = P ·z dependence; accordingly we rewrite the NLO matching in a fixed-z form and rederive below the
central relation from which d̃2 enters at O(ω2).

At leading twist, the short-distance factorization can be written as

h̃1(ω, z
2
µ
2) =

∫
1

0

dϖC1(ϖ, z
2
µ
2)h1(ϖω;µ),

h̃
tw2

T (ω, z2µ2) =

∫
1

0

dϖCT (ϖ, z
2
µ
2)htw2

T (ϖω;µ),
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FIG. 5. Helicity PDF moments →xn↑(µ = 2 GeV) fitted from the OPE of isovector (left) and isoscalar (right) RG-invariant
ratios. The consistency between NLL and NNLL accuracy suggest good perturbative convergence. The leading order (LO)
results with Cn = 1 have been included to demonstrate the importance of perturbative corrections. The combined correlated
fit among di!erent z values are shown separately as filled squares on the left, which are consistent with individual fits for lower
moments. For comparison, we integrate the quark helicity PDFs from JAM22 [4, 108] to get the moments and plot as bands.

µ = 2 GeV through the RG equations,

ω

ω lnµ2
→x

n(µ)↑ = εn(ϑs(µ))→x
n(µ)↑, (22)

where the anomalous dimensions εn(ϑ) of the helicity
PDF moments are known up to 3-loop order [109] and
has been partially calculated at 4-loop order [110]. The
solution to the RG equation is

→x
n(µ)↑ = e

∫ ωs(µ)
ωs(µ0)

εn(ω)
ϑ(ω) dω

→x
n(µ0)↑, (23)

with the QCD beta functions ϖ(ϑ) known up to five
loop order [111]. For next-to-leading-log (NLL) pertur-
bative accuracy, we use one-loop Wilson coe!cient [31]
with two-loop anomalous dimensions and two-loop QCD
beta functions; for next-to-next-to-leading-log (NNLL)
perturbative accuracy, we use two-loop Wilson coe!-
cient [32] with three-loop anomalous dimensions [109]
and three-loop QCD beta functions. We perform inde-
pendent fit at di”erent z-values in the perturbative re-
gion z ↓ [1, 3]a which satisfies z < 0.3 fm, as well as
a correlated combined fit for all these z values. Com-
bined with the gA values above, we show the results
in Fig. 5. The combined correlated fit among di”er-
ent z values are consistent with individual fits, except
for the higher moments that the data are insensitive to.
The moments fitted from our short-distance matrix el-
ements are →x↑u→d = 0.291(7), →x

2
↑u→d = 0.101(10),

→x↑u+d = 0.183(6), →x2
↑u+d = 0.073(3) at µ = 2 GeV,

higher than those obtained from integrating the global
fitting PDF by JAM22 [4, 108].

IV. THE d̃2 MOMENT

In analogy with the RG invariant ratio introduced in
Eq. (19), we construct an ratio for the transverse corre-

lator relevant for gT ,

MT (ϱ, z
2) ↔

h̃
B
T (z, Pz)

h̃
B
T (z, 0)

h̃
B
T (0, 0)

h̃
B
T (0, Pz)

=
h̃
MS

T (ϱ, z2µ2)

h̃
MS

T (0, z2µ2)
.

(24)
By construction, MT (ϱ, z2) cancels the multiplicative
renormalization associated with the Wilson line as well
as the leading UV-sensitive factors common to numera-
tor and denominator, so that the residual µ dependence
is governed by short-distance logarithms in the factor-
ization kernels. In practice, MT (ϱ, z2) provides a stable
observable for implementing the short-distance expansion
in z

2 and for isolating the twist-3 physics through its ϱ-
dependence.
We adopt the standard moment conventions

∫
1

→1

dx x
n
g1(x) = an,

∫
1

→1

dx x
n
g2(x) =

n

n+ 1

(
dn ↗ an

)
, (25)

with gT (x) = g1(x) + g2(x). Following the convention
used in Ref. [85], we define d̃n ↔ 2dn and introduce

d̃2 ↔

∫
1

→1

dx x
2 [3gT (x)↗ g1(x)] =

∫
[dx] S→(x1, x2, x3),

(26)

where
∫
[dx] =

∫
1

→1
dx1 dx2 dx3 ς(x1 + x2 + x3) and

S
→(x1, x2, x3) is the quark-antiquark-gluon correlator en-

tering the genuine twist-3 contribution. This matrix ele-
ment is the lowest-dimension chiral-even twist-3 reduced
matrix element and is the quantity we extract from the
short-distance behavior of MT .
The central ingredient is the short-distance factoriza-

tion derived in Ref. [94], which relates the transverse cor-
relator to the longitudinal one and makes the appearance
of d̃2 at O(ϱ2) explicit, with more details presented in
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µ = 2 GeV through the RG equations,
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n(µ)↑ = εn(ϑs(µ))→x
n(µ)↑, (22)

where the anomalous dimensions εn(ϑ) of the helicity
PDF moments are known up to 3-loop order [109] and
has been partially calculated at 4-loop order [110]. The
solution to the RG equation is

→x
n(µ)↑ = e

∫ ωs(µ)
ωs(µ0)

εn(ω)
ϑ(ω) dω

→x
n(µ0)↑, (23)

with the QCD beta functions ϖ(ϑ) known up to five
loop order [111]. For next-to-leading-log (NLL) pertur-
bative accuracy, we use one-loop Wilson coe!cient [31]
with two-loop anomalous dimensions and two-loop QCD
beta functions; for next-to-next-to-leading-log (NNLL)
perturbative accuracy, we use two-loop Wilson coe!-
cient [32] with three-loop anomalous dimensions [109]
and three-loop QCD beta functions. We perform inde-
pendent fit at di”erent z-values in the perturbative re-
gion z ↓ [1, 3]a which satisfies z < 0.3 fm, as well as
a correlated combined fit for all these z values. Com-
bined with the gA values above, we show the results
in Fig. 5. The combined correlated fit among di”er-
ent z values are consistent with individual fits, except
for the higher moments that the data are insensitive to.
The moments fitted from our short-distance matrix el-
ements are →x↑u→d = 0.291(7), →x

2
↑u→d = 0.101(10),

→x↑u+d = 0.183(6), →x2
↑u+d = 0.073(3) at µ = 2 GeV,

higher than those obtained from integrating the global
fitting PDF by JAM22 [4, 108].
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In analogy with the RG invariant ratio introduced in
Eq. (19), we construct an ratio for the transverse corre-

lator relevant for gT ,
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2) ↔
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(24)
By construction, MT (ϱ, z2) cancels the multiplicative
renormalization associated with the Wilson line as well
as the leading UV-sensitive factors common to numera-
tor and denominator, so that the residual µ dependence
is governed by short-distance logarithms in the factor-
ization kernels. In practice, MT (ϱ, z2) provides a stable
observable for implementing the short-distance expansion
in z

2 and for isolating the twist-3 physics through its ϱ-
dependence.
We adopt the standard moment conventions

∫
1

→1

dx x
n
g1(x) = an,

∫
1

→1

dx x
n
g2(x) =

n

n+ 1

(
dn ↗ an

)
, (25)

with gT (x) = g1(x) + g2(x). Following the convention
used in Ref. [85], we define d̃n ↔ 2dn and introduce

d̃2 ↔

∫
1

→1

dx x
2 [3gT (x)↗ g1(x)] =

∫
[dx] S→(x1, x2, x3),

(26)

where
∫
[dx] =

∫
1

→1
dx1 dx2 dx3 ς(x1 + x2 + x3) and

S
→(x1, x2, x3) is the quark-antiquark-gluon correlator en-

tering the genuine twist-3 contribution. This matrix ele-
ment is the lowest-dimension chiral-even twist-3 reduced
matrix element and is the quantity we extract from the
short-distance behavior of MT .
The central ingredient is the short-distance factoriza-

tion derived in Ref. [94], which relates the transverse cor-
relator to the longitudinal one and makes the appearance
of d̃2 at O(ϱ2) explicit, with more details presented in
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FIG. 6. Real (left) and imaginary (right) parts of the RG-invariant ratios MT (ω, z
2) for z → [a, 5a].

App. B. In the MS scheme, we have the NLO match- ing [94],

h̃
MS

T (ω, z2µ2) =

∫
1

0

dε h̃
MS

1
(εω, z2µ2)→

εsCF

ϑ
a0 + iω

εsCF

3ϑ
a1

+
ω
2

3

{
d̃2 +

7εsCF

24ϑ
a2 +

εs

4ϑ
d̃2

[(43CF

12
+

9

4Nc
+

3Nc

4

)
Lz →

13CF

4
+

3

4Nc
→

3Nc

4

]}
+O(ω3),

(27)

where Lz = ln
(
z
2
µ
2
/(4e→2ωE )

)
. Eq. (27) exhibits two

important features: (i) the naive WW subtraction does
not remove twist-2 e!ects at NLO, yielding the O(εs) an
terms, and (ii) the genuine twist-3 matrix element d̃2

enters for the first time at O(ω2) with a perturbatively
calculable coe”cient. This provides a clean lever arm
for extracting d̃2 from the ω-dependence at fixed short
distances.

At zero momentum, Eq. (27) reduces to,

h̃
MS

T (0, z2µ2) = h̃
MS

1
(0, z2µ2)→

εsCF

ϑ
a0, (28)

where h̃
MS
1

(0, z2µ2) = C0(z2µ2)a0 with C0 from Eq. (21)
and a0 = gA derived in App. A. To implement the short-
distance factorization above, we insert them into the RG-
invariant ratios Eq. (19) and Eq. (24). Working consis-
tently to NLO, we define the subtracted combination

M
tw3

T (ω, z2µ2) ↑ MT (ω, z
2
µ
2)→

h̃
MS
1

(0, z2µ2)

h̃
MS

T (0, z2µ2)

∫
1

0

dεM1(εω, z
2
µ
2)→

1

h̃
MS

T (0, z2µ2)

(
→
εsCF

ϑ
a0 + iω

εsCF

3ϑ
a1

)

=
ω
2

3

{
d̃2 +

7εsCF
24ϑ a2 +

εs
4ϑ d̃2

[(
43CF
12

+ 9

4Nc
+ 3Nc

4

)
Lz →

13CF
4

+ 3

4Nc
→

3Nc
4

]}

C0(z2µ2)a0 →
εsCF

ϑ a0

+O(ω3)

(29)

The formula makes explicit that, after the NLO-improved
twist-2 subtraction, the real part of Mtw3

T scales as ω2 at
small ω, with the leading coe”cient controlled by d̃2 (and
a residual calculable twist-2 contamination proportional

to a2). In the numerical analysis we use the helicity mo-
ments an determined in Sec. III as external inputs. For
each fixed z, the ε integral is evaluated numerically by
interpolating M1(εω, z2µ2) as a function of εω.
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In x-space, the genuine twist-3 part of gT can be expressed through S
→,

g
tw3

T (x) = 2

∫
[dx]

∫
1

0

dω

(
ε(x+ ωx1)

x1x3

+
ε(x+ ωx1 + ωx2)

x2x3

+
ε(x+ ωx1)

x1x2

)
S
→(x1, x2, x3), (B15)

and the corresponding light-cone Io!e-time correlator reads [94]

h
tw3

T (ϑ) = 2ϑ2

∫
1

0

dω

∫
1

ω
dϖ (1→ ϖ) Ŝ→(ϑ,ϖϑ,ωϑ). (B16)

We adopt the standard moment conventions
∫

1

→1

dx x
n
g1(x) = an,

∫
1

→1

dx x
n
g2(x) =

n

n+ 1

(
dn → an

)
, (B17)

and gT (x) = g1(x) + g2(x). Following the convention of Ref. [85], we define dn = d̃n/2 and introduce the twist-3
reduced matrix element

d̃2 =

∫
1

→1

dx x
2 [3gT (x)→ g1(x)] =

∫
[dx]S→(x1, x2, x3), (B18)

which is the lowest-dimension chiral-even twist-3 matrix element entering the first nontrivial moment of g2 and,
equivalently, the lowest moment of the three-parton correlator S→ [94].

The small-ϑ power counting implied by Eq. (B16) makes the appearance of d̃2 transparent. Expanding Ŝ→(ϑ,ϖϑ,ωϑ)
around ϑ = 0 and keeping terms up to O(ϑ0) inside the integral yields

h
tw3

T (ϑ) = 2ϑ2

[∫
1

0

dω

∫
1

ω
dϖ (1→ ϖ)

]
Ŝ
→(0, 0, 0) +O(ϑ3) =

ϑ
2

3
Ŝ
→(0, 0, 0) +O(ϑ3)

=
ϑ
2

3

∫
[dx]S→(x1, x2, x3) +O(ϑ3) =

ϑ
2

3
d̃2 +O(ϑ3),

(B19)

where we used
∫
1

0
dω

∫
1

ω dϖ (1→ ϖ) = 1/6 and the overall prefactor 2 in Eq. (B16).
We now evaluate the NLO corrections in Eq. (B12) consistently up to O(ϑ2). For the two-particle part, one may

write (using the notation and kernels of Ref. [94])

C
(1)

2p
↭ h

tw3

T =

∫
1

0

dω

[
C

(1)

T (ω, z2µ2) +Nc

(
Lz(ε(1→ ω)→ ω) + ω+ 2ε(1→ ω)

)]
h
tw3

T (ωϑ;µ)

=
ϑ
2

3
d̃2 C

(1)

2p,2(z
2
µ
2) +O(ϑ3),

(B20)

where in the last step we used h
tw3

T (ωϑ) = ω
2 ε2

3
d̃2 +O(ϑ3). The moment-space coe”cient can be expressed as

C
(1)

2p,n(z
2
µ
2) =CF

[(
3 + 2n

2 + 3n+ n2
+ 2Hn

)
Lz + 2(1→Hn)Hn → 2H(2)

n +
5 + 2n

2 + 3n+ n2

]

+Nc

[(
n+ 1

n+ 2

)
Lz +

2n+ 5

n+ 2

]
,

(B21)

with Hn =
∑n

k=1

1

k and H
(2)

n =
∑n

k=1

1

k2 .
For the genuine three-particle part, the NLO kernel contains a logarithmic piece proportional to Lz and a finite

remainder. Using the representation in Ref. [94], we write

C
(1)

3p
↭ Ŝ

→ =→ Lz Ptw3 ↭ Ŝ
→

+

∫
1

0

dω

{∫
1

ω
dϖ

(
2Nc lnϖ +

1

Nc

ω
2

2

)
Ŝ
→(ϑ,ϖϑ,ωϑ)

+
1

Nc

∫ ω

0

dϖ

[
ϖ
2

2
Ŝ
→(ω̄ϑ, ϖ̄ϑ, 0)→

(
ϖ(2 + ϖ)

2
→

2ϖ

ω
(1 + lnω)

)
Ŝ
→(ϑ,ϖϑ,ωϑ)

]
,

(B22)
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FIG. 5. Helicity PDF moments →xn↑(µ = 2 GeV) fitted from the OPE of isovector (left) and isoscalar (right) RG-invariant
ratios. The consistency between NLL and NNLL accuracy suggest good perturbative convergence. The leading order (LO)
results with Cn = 1 have been included to demonstrate the importance of perturbative corrections. The combined correlated
fit among di!erent z values are shown separately as filled squares on the left, which are consistent with individual fits for lower
moments. For comparison, we integrate the quark helicity PDFs from JAM22 [4, 108] to get the moments and plot as bands.

µ = 2 GeV through the RG equations,

ω

ω lnµ2
→x

n(µ)↑ = εn(ϑs(µ))→x
n(µ)↑, (22)

where the anomalous dimensions εn(ϑ) of the helicity
PDF moments are known up to 3-loop order [109] and
has been partially calculated at 4-loop order [110]. The
solution to the RG equation is

→x
n(µ)↑ = e

∫ ωs(µ)
ωs(µ0)

εn(ω)
ϑ(ω) dω

→x
n(µ0)↑, (23)

with the QCD beta functions ϖ(ϑ) known up to five
loop order [111]. For next-to-leading-log (NLL) pertur-
bative accuracy, we use one-loop Wilson coe!cient [31]
with two-loop anomalous dimensions and two-loop QCD
beta functions; for next-to-next-to-leading-log (NNLL)
perturbative accuracy, we use two-loop Wilson coe!-
cient [32] with three-loop anomalous dimensions [109]
and three-loop QCD beta functions. We perform inde-
pendent fit at di”erent z-values in the perturbative re-
gion z ↓ [1, 3]a which satisfies z < 0.3 fm, as well as
a correlated combined fit for all these z values. Com-
bined with the gA values above, we show the results
in Fig. 5. The combined correlated fit among di”er-
ent z values are consistent with individual fits, except
for the higher moments that the data are insensitive to.
The moments fitted from our short-distance matrix el-
ements are →x↑u→d = 0.291(7), →x

2
↑u→d = 0.101(10),

→x↑u+d = 0.183(6), →x2
↑u+d = 0.073(3) at µ = 2 GeV,

higher than those obtained from integrating the global
fitting PDF by JAM22 [4, 108].

IV. THE d̃2 MOMENT

In analogy with the RG invariant ratio introduced in
Eq. (19), we construct an ratio for the transverse corre-

lator relevant for gT ,

MT (ϱ, z
2) ↔

h̃
B
T (z, Pz)

h̃
B
T (z, 0)

h̃
B
T (0, 0)

h̃
B
T (0, Pz)

=
h̃
MS

T (ϱ, z2µ2)

h̃
MS

T (0, z2µ2)
.

(24)
By construction, MT (ϱ, z2) cancels the multiplicative
renormalization associated with the Wilson line as well
as the leading UV-sensitive factors common to numera-
tor and denominator, so that the residual µ dependence
is governed by short-distance logarithms in the factor-
ization kernels. In practice, MT (ϱ, z2) provides a stable
observable for implementing the short-distance expansion
in z

2 and for isolating the twist-3 physics through its ϱ-
dependence.
We adopt the standard moment conventions

∫
1

→1

dx x
n
g1(x) = an,

∫
1

→1

dx x
n
g2(x) =

n

n+ 1

(
dn ↗ an

)
, (25)

with gT (x) = g1(x) + g2(x). Following the convention
used in Ref. [85], we define d̃n ↔ 2dn and introduce

d̃2 ↔

∫
1

→1

dx x
2 [3gT (x)↗ g1(x)] =

∫
[dx] S→(x1, x2, x3),

(26)

where
∫
[dx] =

∫
1

→1
dx1 dx2 dx3 ς(x1 + x2 + x3) and

S
→(x1, x2, x3) is the quark-antiquark-gluon correlator en-

tering the genuine twist-3 contribution. This matrix ele-
ment is the lowest-dimension chiral-even twist-3 reduced
matrix element and is the quantity we extract from the
short-distance behavior of MT .
The central ingredient is the short-distance factoriza-

tion derived in Ref. [94], which relates the transverse cor-
relator to the longitudinal one and makes the appearance
of d̃2 at O(ϱ2) explicit, with more details presented in

Problem:

related averaged Lorentz force of the nucleus action
on the struck quark, M. Burkardt, PRD 88 (2013) 114502
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µ = 2 GeV through the RG equations,

ω

ω lnµ2
→x

n(µ)↑ = εn(ϑs(µ))→x
n(µ)↑, (22)

where the anomalous dimensions εn(ϑ) of the helicity
PDF moments are known up to 3-loop order [109] and
has been partially calculated at 4-loop order [110]. The
solution to the RG equation is

→x
n(µ)↑ = e

∫ ωs(µ)
ωs(µ0)

εn(ω)
ϑ(ω) dω

→x
n(µ0)↑, (23)

with the QCD beta functions ϖ(ϑ) known up to five
loop order [111]. For next-to-leading-log (NLL) pertur-
bative accuracy, we use one-loop Wilson coe!cient [31]
with two-loop anomalous dimensions and two-loop QCD
beta functions; for next-to-next-to-leading-log (NNLL)
perturbative accuracy, we use two-loop Wilson coe!-
cient [32] with three-loop anomalous dimensions [109]
and three-loop QCD beta functions. We perform inde-
pendent fit at di”erent z-values in the perturbative re-
gion z ↓ [1, 3]a which satisfies z < 0.3 fm, as well as
a correlated combined fit for all these z values. Com-
bined with the gA values above, we show the results
in Fig. 5. The combined correlated fit among di”er-
ent z values are consistent with individual fits, except
for the higher moments that the data are insensitive to.
The moments fitted from our short-distance matrix el-
ements are →x↑u→d = 0.291(7), →x

2
↑u→d = 0.101(10),

→x↑u+d = 0.183(6), →x2
↑u+d = 0.073(3) at µ = 2 GeV,

higher than those obtained from integrating the global
fitting PDF by JAM22 [4, 108].

IV. THE d̃2 MOMENT

In analogy with the RG invariant ratio introduced in
Eq. (19), we construct an ratio for the transverse corre-

lator relevant for gT ,

MT (ϱ, z
2) ↔

h̃
B
T (z, Pz)

h̃
B
T (z, 0)

h̃
B
T (0, 0)

h̃
B
T (0, Pz)

=
h̃
MS

T (ϱ, z2µ2)

h̃
MS

T (0, z2µ2)
.

(24)
By construction, MT (ϱ, z2) cancels the multiplicative
renormalization associated with the Wilson line as well
as the leading UV-sensitive factors common to numera-
tor and denominator, so that the residual µ dependence
is governed by short-distance logarithms in the factor-
ization kernels. In practice, MT (ϱ, z2) provides a stable
observable for implementing the short-distance expansion
in z

2 and for isolating the twist-3 physics through its ϱ-
dependence.
We adopt the standard moment conventions

∫
1

→1

dx x
n
g1(x) = an,

∫
1

→1

dx x
n
g2(x) =

n

n+ 1

(
dn ↗ an

)
, (25)

with gT (x) = g1(x) + g2(x). Following the convention
used in Ref. [85], we define d̃n ↔ 2dn and introduce

d̃2 ↔

∫
1

→1

dx x
2 [3gT (x)↗ g1(x)] =

∫
[dx] S→(x1, x2, x3),

(26)

where
∫
[dx] =

∫
1

→1
dx1 dx2 dx3 ς(x1 + x2 + x3) and

S
→(x1, x2, x3) is the quark-antiquark-gluon correlator en-

tering the genuine twist-3 contribution. This matrix ele-
ment is the lowest-dimension chiral-even twist-3 reduced
matrix element and is the quantity we extract from the
short-distance behavior of MT .
The central ingredient is the short-distance factoriza-

tion derived in Ref. [94], which relates the transverse cor-
relator to the longitudinal one and makes the appearance
of d̃2 at O(ϱ2) explicit, with more details presented in
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FIG. 6. Real (left) and imaginary (right) parts of the RG-invariant ratios MT (ω, z
2) for z → [a, 5a].

App. B. In the MS scheme, we have the NLO match- ing [94],

h̃
MS

T (ω, z2µ2) =

∫
1

0

dε h̃
MS

1
(εω, z2µ2)→

εsCF

ϑ
a0 + iω

εsCF

3ϑ
a1

+
ω
2

3

{
d̃2 +

7εsCF

24ϑ
a2 +

εs

4ϑ
d̃2

[(43CF

12
+

9

4Nc
+

3Nc

4

)
Lz →

13CF

4
+

3

4Nc
→

3Nc

4

]}
+O(ω3),

(27)

where Lz = ln
(
z
2
µ
2
/(4e→2ωE )

)
. Eq. (27) exhibits two

important features: (i) the naive WW subtraction does
not remove twist-2 e!ects at NLO, yielding the O(εs) an
terms, and (ii) the genuine twist-3 matrix element d̃2

enters for the first time at O(ω2) with a perturbatively
calculable coe”cient. This provides a clean lever arm
for extracting d̃2 from the ω-dependence at fixed short
distances.

At zero momentum, Eq. (27) reduces to,

h̃
MS

T (0, z2µ2) = h̃
MS

1
(0, z2µ2)→

εsCF

ϑ
a0, (28)

where h̃
MS
1

(0, z2µ2) = C0(z2µ2)a0 with C0 from Eq. (21)
and a0 = gA derived in App. A. To implement the short-
distance factorization above, we insert them into the RG-
invariant ratios Eq. (19) and Eq. (24). Working consis-
tently to NLO, we define the subtracted combination

M
tw3

T (ω, z2µ2) ↑ MT (ω, z
2
µ
2)→

h̃
MS
1

(0, z2µ2)

h̃
MS

T (0, z2µ2)

∫
1

0

dεM1(εω, z
2
µ
2)→

1

h̃
MS

T (0, z2µ2)

(
→
εsCF

ϑ
a0 + iω

εsCF

3ϑ
a1

)

=
ω
2

3

{
d̃2 +

7εsCF
24ϑ a2 +

εs
4ϑ d̃2

[(
43CF
12

+ 9

4Nc
+ 3Nc

4

)
Lz →

13CF
4

+ 3

4Nc
→

3Nc
4

]}

C0(z2µ2)a0 →
εsCF

ϑ a0

+O(ω3)

(29)

The formula makes explicit that, after the NLO-improved
twist-2 subtraction, the real part of Mtw3

T scales as ω2 at
small ω, with the leading coe”cient controlled by d̃2 (and
a residual calculable twist-2 contamination proportional

to a2). In the numerical analysis we use the helicity mo-
ments an determined in Sec. III as external inputs. For
each fixed z, the ε integral is evaluated numerically by
interpolating M1(εω, z2µ2) as a function of εω.
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Our strategy is as follows. For each fixed z in the short-
distance window, we construct M

tw3

T (ω, z2µ2) from the
lattice data according to Eq. (29) and fit its ω depen-
dence to the expected small-ω behavior. This yields an
estimate of d̃2 at each z. The resulting subtracted ratios
are shown in Fig. 7. We find that M

tw3

T (ω, z2µ2) re-
mains close to zero within uncertainties over the range of
ω shown, already indicating a very small genuine twist–3
contribution and hence a d̃2 close to zero. Correspond-
ingly, the extracted d̃

u→d
2

values from fixed-z fits, dis-
played in Fig. 8, are all statistically consistent with zero
for z → [2a, 4a].

To obtain our final result, we perform a combined fit
over z → [2a, 4a], using the full NLO kernel in Eq. (29)
and a common d̃2 parameter. We find

d̃
u→d
2

(µ = 2 GeV) = 0.0024(46), (30)

where the quoted uncertainty is statistical, and addi-
tional systematic e!ects remain to be studied. The re-
sult of the combined fit is shown as the gray band in
Fig. 8, while the corresponding colored bands in Fig. 7
are reconstructed from the same fit. This combined-fit
result is likewise consistent with zero and thus supports
the same conclusion suggested by the near-vanishing sub-
tracted ratios. Physically, a small d̃u→d

2
implies that the

lowest moment of the genuine chiral-even twist-3 quark-
gluon correlation in the isovector channel is strongly sup-
pressed at the scale considered. Equivalently, the x

2-
weighted moment that isolates the genuine twist-3 part
of gT (x) (or, in DIS language, of g2(x) beyond the WW
contribution) is small, indicating that quark-gluon cor-
relation e!ects in this particular moment are suppressed
relative to the leading-twist structure.

FIG. 7. The subtracted ratio Mtw3
T (ω, z2µ2) defined in

Eq. (29). The colored bands are reconstructed from the com-
bined fit over z → [2a, 4a].

V. QUARK HELICITY PDFS FROM LAMET

The x-dependence of the helicity PDFs can be calcu-
lated through the LaMET approach [19–21], based on the

FIG. 8. The extracted NLO d̃u→d
2 from fixed-z fits as a func-

tion of z for z → [2a, 4a] at µ = 2 GeV.

expansion [112],

g1(x, µ) =

∫
C(x, y, µ, Pz)g̃1(x, Pz, µ)

+O

(
”2

QCD

(2xPz)2
,

”2

QCD

(2(1↑ x)Pz)2

)
, (31)

where C(x, y, µ, Pz) is the perturbative matching known
to 3-loop order [32–34], g̃1 is the x-dependent quasi-PDF
obtained from the matrix elements h̃R

1
(z, Pz, µ),

g̃1(x, Pz, µ) =

∫ ↑

↑

Pzdz

2ε
e
→ixPzz h̃

R
1
(z, Pz, µ), (32)

renormalized in a scheme perturbatively convertible to
MS.
The analysis thus includes the following steps: renor-

malization of the bare matrix elements in a scheme per-
turbatively convertible to MS; asymptotic extrapolation
of the exponentially decaying long tail followed by a
Fourier transformation to momentum space quasi-PDF;
perturbative matching to light-cone PDF.

Hybrid renormalization

Due to the self energy of the Wilson line and the ver-
tices involving Wilson line and light quark, the bare ma-
trix element calculated in the light-front frame on the
lattice, h̃B

1
(z, Pz), contains both linear and logarithmic

ultraviolet (UV) divergences. These divergences can be
regularized in various ways multiplicatively [22–24, 113–
115]. Recently, it was proposed to renormalize the lattice
data in the hybrid scheme [29]. Structurally, the hybrid
renormalization can be split into two parts

h̃
R
1
(z, Pz) =






h̃B
1 (z,Pz,a)

h̃B
1 (z,0,a)

|z| ↓ zs

h̃B
1 (z,Pz,a)

h̃B
1 (zs,0,a)

e
(ωm+m0)(z→zs) |z| ↔ zs

. (33)

At small distances, it is can be renormalized in a ratio-
type scheme [49, 116]. At large distances, it subtracts
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Our strategy is as follows. For each fixed z in the short-
distance window, we construct M

tw3

T (ω, z2µ2) from the
lattice data according to Eq. (29) and fit its ω depen-
dence to the expected small-ω behavior. This yields an
estimate of d̃2 at each z. The resulting subtracted ratios
are shown in Fig. 7. We find that M

tw3

T (ω, z2µ2) re-
mains close to zero within uncertainties over the range of
ω shown, already indicating a very small genuine twist–3
contribution and hence a d̃2 close to zero. Correspond-
ingly, the extracted d̃

u→d
2

values from fixed-z fits, dis-
played in Fig. 8, are all statistically consistent with zero
for z → [2a, 4a].

To obtain our final result, we perform a combined fit
over z → [2a, 4a], using the full NLO kernel in Eq. (29)
and a common d̃2 parameter. We find

d̃
u→d
2

(µ = 2 GeV) = 0.0024(46), (30)

where the quoted uncertainty is statistical, and addi-
tional systematic e!ects remain to be studied. The re-
sult of the combined fit is shown as the gray band in
Fig. 8, while the corresponding colored bands in Fig. 7
are reconstructed from the same fit. This combined-fit
result is likewise consistent with zero and thus supports
the same conclusion suggested by the near-vanishing sub-
tracted ratios. Physically, a small d̃u→d

2
implies that the

lowest moment of the genuine chiral-even twist-3 quark-
gluon correlation in the isovector channel is strongly sup-
pressed at the scale considered. Equivalently, the x

2-
weighted moment that isolates the genuine twist-3 part
of gT (x) (or, in DIS language, of g2(x) beyond the WW
contribution) is small, indicating that quark-gluon cor-
relation e!ects in this particular moment are suppressed
relative to the leading-twist structure.
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expansion [112],
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∫
C(x, y, µ, Pz)g̃1(x, Pz, µ)

+O
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)
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where C(x, y, µ, Pz) is the perturbative matching known
to 3-loop order [32–34], g̃1 is the x-dependent quasi-PDF
obtained from the matrix elements h̃R

1
(z, Pz, µ),

g̃1(x, Pz, µ) =

∫ ↑

↑

Pzdz

2ε
e
→ixPzz h̃

R
1
(z, Pz, µ), (32)

renormalized in a scheme perturbatively convertible to
MS.
The analysis thus includes the following steps: renor-

malization of the bare matrix elements in a scheme per-
turbatively convertible to MS; asymptotic extrapolation
of the exponentially decaying long tail followed by a
Fourier transformation to momentum space quasi-PDF;
perturbative matching to light-cone PDF.

Hybrid renormalization

Due to the self energy of the Wilson line and the ver-
tices involving Wilson line and light quark, the bare ma-
trix element calculated in the light-front frame on the
lattice, h̃B

1
(z, Pz), contains both linear and logarithmic

ultraviolet (UV) divergences. These divergences can be
regularized in various ways multiplicatively [22–24, 113–
115]. Recently, it was proposed to renormalize the lattice
data in the hybrid scheme [29]. Structurally, the hybrid
renormalization can be split into two parts

h̃
R
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(z, Pz) =






h̃B
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h̃B
1 (z,0,a)
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. (33)

At small distances, it is can be renormalized in a ratio-
type scheme [49, 116]. At large distances, it subtracts
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where C(x, y, µ, Pz) is the perturbative matching known
to 3-loop order [32–34], g̃1 is the x-dependent quasi-PDF
obtained from the matrix elements h̃R
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renormalized in a scheme perturbatively convertible to
MS.
The analysis thus includes the following steps: renor-

malization of the bare matrix elements in a scheme per-
turbatively convertible to MS; asymptotic extrapolation
of the exponentially decaying long tail followed by a
Fourier transformation to momentum space quasi-PDF;
perturbative matching to light-cone PDF.

Hybrid renormalization

Due to the self energy of the Wilson line and the ver-
tices involving Wilson line and light quark, the bare ma-
trix element calculated in the light-front frame on the
lattice, h̃B

1
(z, Pz), contains both linear and logarithmic

ultraviolet (UV) divergences. These divergences can be
regularized in various ways multiplicatively [22–24, 113–
115]. Recently, it was proposed to renormalize the lattice
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



h̃B
1 (z,Pz,a)

h̃B
1 (z,0,a)

|z| ↓ zs

h̃B
1 (z,Pz,a)

h̃B
1 (zs,0,a)

e
(ωm+m0)(z→zs) |z| ↔ zs
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At small distances, it is can be renormalized in a ratio-
type scheme [49, 116]. At large distances, it subtracts

m0 determined by matching condition:
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the linear divergence in the Wilson line as well as the
logarithmic UV divergences. The hybrid scheme renor-
malization constants include no non-perturbative scales
at any z value, thus is perturbatively convertible to the
MS scheme, where the factorization has been rigorously
proven. The overall logarithmic divergence in a is can-
celed by the zero-momentum bare matrix elements, and
the linear divergence is eliminated by a mass countert-
erm ωm. For the ensemble used in this work, we have
aωm = 0.1597(16) determined from the static quark-
antiquark potential [100, 117–119]. Note, however, that
ωm is scheme dependent and contains an infrared am-
biguity of → O(!QCD) known as the renormalon [29].
To avoid introducing such ambiguity into the final light-
cone PDF, it is proposed to define a renormalon regular-
ization scheme ε and apply the coordinate-space renor-
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consistently in the same ε scheme [36, 37]. In this ap-
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renormalon in the perturbative coe”cients as scheme ε ,
then introduce a non-perturbative parameter m0(ε) to
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definition works for all hadron momentum, it can also
be applied to the renormalized P = 0 matrix elements
which should be identical to the perturbative Wilson co-
e”cient C0 in the same scheme. Once regularized, m0 is
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nential integral function [36, 121]. Note that the above
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renormalon lives in the constant terms of the perturba-
tive series. It should be regularized at the system’s phys-
ical scale to avoid being introduced into the logarithms
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We extract the m0 from the h̃B
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Fig. 9. The size of z-dependence and perturbative con-
vergence is small, consistent with the observation in pre-
vious works [36]. The statistical error in the fitting is
negligible, and the error bar shown is the systematic un-
certainty by varying ϑ ↔ [ 1↔
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the linear divergence is eliminated by a mass countert-
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aωm = 0.1597(16) determined from the static quark-
antiquark potential [100, 117–119]. Note, however, that
ωm is scheme dependent and contains an infrared am-
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To avoid introducing such ambiguity into the final light-
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z space. However, on the lattice the z-range is lim-
ited and the statistical errors on the matrix element
grow exponentially at large z. The unphysical fluctua-
tions at large z and could introduce unnecessary noise
to the x-dependence, which has raised the question of
how the Fourier transform uncertainty can be quanti-
fied [122]. Since the spatial correlation functions de-
cay exponentially at large |z|, an extrapolation based on
their asymptotic expansion can be performed to enable
the Fourier transform and estimate the associated un-
certainties [29, 123, 124]. The uncertainty from such an
extrapolation is proven to be bounded from above, with
the bound inversely proportional to x [123] and system-
atically improvable. The first proposed functional form
is inspired by the dispersive analysis and Regge behav-
ior [29, 123] (labeled “Form 1”),

h̃
asy

1
(ω, Pz) =

Ae
→meffω/Pz

|ω|d
, (36)

where A, d and me! are fit parameters, determined from
joint fits of the real and imaginary part of h̃R

1
(ω, Pz). me!

is an e!ective mass related to the intermediate state.
Recently, there has been a rigorous derivation of large-

z behavior, suggesting the following form up to next-to-
leading asymptotics (labeled “Form 2”) [125],

h̃
asy

1
(z, Pz) =

(
Ae

iεsgn(z) +
A

↑
e
iε→

sgn(z)

|z|

)
e
→|z|”

, (37)

where A,A
↑
,ε,ε

↑
,” are fit parameters. The leading term

proportional to A is equivalent to “Form 1”. “Form 2”
has been demonstrated to describe the lattice data well
beyond z > ”→1, and ” → 0.5 GeV estimated from the
binding energy of a heavy-light pseudoscalar meson [125].
Our fit result suggest ” ↑ 0.47(11) GeV, consistent with
the estimation.

With these extrapolations, we then obtain the x depen-
dence by including the Fourier transformation of interpo-
lated lattice data in [↓ω0,ω0] plus the long-tail contribu-
tion from the extrapolation. An example of the extrap-
olation and the corresponding Fourier transformation is
shown in Fig. 10. In most regions of interest, the two
extrapolations are consistent. We will include the dis-
crepancy between the two extrapolations as a systematic
error into the final results.

Perturbative matching

The perturbative matching Eq. (31) is applied to ex-
tract the light-cone PDF from the quasi-distributions.
The matching kernel can be expanded perturbatively in
ϑs,

C

(
x

y
, µ, zs, Pz

)
= ϖ

(
x

y
↓ 1

)
+

↓∑

n=1

ϑ
n
s C

(n)

(
x

y
, µ, zs, Pz

)
.

(38)

which has been calculated to NNLO in MS scheme [32,
33]. The NNLO hybrid scheme correction has been de-
rived for the unpolarized iso-vector PDF in Ref. [39], thus
we follow a similar procedure for the helicity PDF, with
more details provided in Appendix C.
The higher-order logarithms in the matching kernel are

non-negligible when any of the physical scales in the sys-
tem becomes small, thus requires a resummation. The
RGR is needed for the region x ↔ 0 when the phys-
ical scale 2xPz related to the parton’s momentum be-
comes soft [39], and the threshold resummation (TR) is
needed for the region x ↔ 1 when the physical scale
2(1↓x)Pz related to the spectator’s momentum becomes
small [40, 42].
To resum these logarithms, the matching kernel is

evolved from the initial scale µh = 2xPz [39],

C(x, y, µ, Pz) = PC(µ, µh)↗ C(µh, Pz), (39)

where PC↑1(µh, µ) is the same as the evolution kernel of
the helicity PDF [109], and a further threshold factoriza-
tion is applied to the matching kernel in the threshold
limit x ↔ y [42],

C(x, y, µh, Pz)
x↔y
↓↓↓↔ S(µh)↗H(µh), (40)

with resummed the soft function S(µh) (also used as the
jet function J) from the semi-hard scale µi = 2(1↓x)Pz,

S(µh) = PS(µh, µi)S(µi), (41)

where PS(µh, µi) is the evolution kernel of the soft func-
tion S(µ) [126].
In this work, we include both resummations to improve

the matching kernel, with the LRR implicitly applied to
cancel the linear power correction. The x-dependence
before and after matching are shown in Fig. 11. Mean-
while, we also show the g

+

1
(x) ↘ g1(x) + g1(↓x) results

from the real part of the matrix elements in Fig. 12. The
error band in the NLL and NNLL matching includes both
statistical error and theoretical uncertainties, the latter
is estimated from scale variation of the initial scale of
resummation by a factor of ϱ = {

1↗
2
,
≃
2} and the dis-

crepancy between the two di!erent asymptotic extrapo-
lation. The results with di!erent perturbative accuracy
are consistent, but the NNLO matching has reduced scale
variation in the perturbative region, which is expected
because the uncertainty comes from higher order terms.
After resummation, we obtain the x-dependence for a
region around x ⇐ [0.25, 0.75] where the theoretical un-
certainty from scale variations remains small. This range
is mostly determined by where the physical scales 2xPz

and 2(1↓ x)Pz are both non-perturbative, such that the
perturbative matching is still reliable, so it is inverse pro-
portional to the hadron’s momentum Pz. Our results
suggest a more elevated distribution in the mid-x region,
x ⇐ [0.4, 0.7], compared to the global fitting results. To
understand the discrepancy requires more future studies
on the lattice systematics and with higher hadron mo-
mentum.
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rived for the unpolarized iso-vector PDF in Ref. [39], thus
we follow a similar procedure for the helicity PDF, with
more details provided in Appendix C.
The higher-order logarithms in the matching kernel are

non-negligible when any of the physical scales in the sys-
tem becomes small, thus requires a resummation. The
RGR is needed for the region x ↔ 0 when the phys-
ical scale 2xPz related to the parton’s momentum be-
comes soft [39], and the threshold resummation (TR) is
needed for the region x ↔ 1 when the physical scale
2(1↓x)Pz related to the spectator’s momentum becomes
small [40, 42].
To resum these logarithms, the matching kernel is

evolved from the initial scale µh = 2xPz [39],

C(x, y, µ, Pz) = PC(µ, µh)↗ C(µh, Pz), (39)

where PC↑1(µh, µ) is the same as the evolution kernel of
the helicity PDF [109], and a further threshold factoriza-
tion is applied to the matching kernel in the threshold
limit x ↔ y [42],

C(x, y, µh, Pz)
x↔y
↓↓↓↔ S(µh)↗H(µh), (40)

with resummed the soft function S(µh) (also used as the
jet function J) from the semi-hard scale µi = 2(1↓x)Pz,

S(µh) = PS(µh, µi)S(µi), (41)

where PS(µh, µi) is the evolution kernel of the soft func-
tion S(µ) [126].
In this work, we include both resummations to improve

the matching kernel, with the LRR implicitly applied to
cancel the linear power correction. The x-dependence
before and after matching are shown in Fig. 11. Mean-
while, we also show the g

+

1
(x) ↘ g1(x) + g1(↓x) results

from the real part of the matrix elements in Fig. 12. The
error band in the NLL and NNLL matching includes both
statistical error and theoretical uncertainties, the latter
is estimated from scale variation of the initial scale of
resummation by a factor of ϱ = {

1↗
2
,
≃
2} and the dis-

crepancy between the two di!erent asymptotic extrapo-
lation. The results with di!erent perturbative accuracy
are consistent, but the NNLO matching has reduced scale
variation in the perturbative region, which is expected
because the uncertainty comes from higher order terms.
After resummation, we obtain the x-dependence for a
region around x ⇐ [0.25, 0.75] where the theoretical un-
certainty from scale variations remains small. This range
is mostly determined by where the physical scales 2xPz

and 2(1↓ x)Pz are both non-perturbative, such that the
perturbative matching is still reliable, so it is inverse pro-
portional to the hadron’s momentum Pz. Our results
suggest a more elevated distribution in the mid-x region,
x ⇐ [0.4, 0.7], compared to the global fitting results. To
understand the discrepancy requires more future studies
on the lattice systematics and with higher hadron mo-
mentum.

12

0 2 4 6 8 10 12

-0.5

0.0

0.5

1.0

λ

h 1R
(z
,P
z=
1.
53
G
eV

)

Form 1
Form 1
Form 2
Form 2

-0.5 0.0 0.5 1.0 1.5

0.0

0.5

1.0

1.5

2.0

x

g 1u-
d (
x)
/g
Au-
d

Form 1
Form 2

FIG. 10. The asymptotic extrapolation for the isovector sector obtained from the Pz = 1.53 GeV data. There is very little
di!erence between renormalized quasi-PDF with NLL and NNLL accuracy from the slightly di!erent m0.

FIG. 11. The isovector helicity PDFs at µ = 2 GeV, matched
at di!erent perturbative orders, compared with the global fits
(hatched bands) from JAM22 [4] and BDSSV24 [5].

FIG. 12. The g1 + ḡ1 isovector helicity PDFs at µ = 2 GeV,
normalized by gA and matched at di!erent perturbative order,
compared with the global fitting PDF from JAM22 [4] and
BDSSV24 [5].

FIG. 13. Comparison with the helicity PDF calculation from
the Coulomb gauge method [127].

Comparing our results with the recent helicity PDF
calculation in Coulomb gauge without a Wilson link at
3.04 GeV [127], we observe a good consistency for x <

0.6, but noticeable discrepancies for x > 0.6, as shown in
Fig. 13. Although there are many other lattice artifacts
not being well controlled, the discrepancy for x > 0.6
could potentially come from the power corrections as we
calculate at a much lower momentum Pz → 1.5 GeV.
To extend the LaMET’s applicable range and reduce

the power corrections, we need to access higher Pz in
future calculations, which could be improved with the
help of the kinematically enhanced interpolators [128].

Constraining the endpoint regions using SDF

Since the LaMET expansion does not work for the end-
point regions x ↑ {0, 1}, it has been proposed to com-
pliment the x-dependence through model fitting of the
endpoint regions with SDF or OPE [37, 129]. In SDF

Use fits to physically motivated at large Ioffe time 
little effect on
qPDF from fit forms
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calculate at a much lower momentum Pz → 1.5 GeV.
To extend the LaMET’s applicable range and reduce

the power corrections, we need to access higher Pz in
future calculations, which could be improved with the
help of the kinematically enhanced interpolators [128].

Constraining the endpoint regions using SDF

Since the LaMET expansion does not work for the end-
point regions x ↑ {0, 1}, it has been proposed to com-
pliment the x-dependence through model fitting of the
endpoint regions with SDF or OPE [37, 129]. In SDF
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analysis, the x-dependence of the PDFs are usually mod-
eled by a functional form,

g1(x) = x
a(1→ x)b ↑ (some continuous functions),

(42)

where the x
a and (1 → x)b components come from the

Regge behavior and power counting rules, while it is chal-
lenging to make the continuous function flexible enough
to cover the actual x-dependence in the mid-x region.
The parameters {a, b} and the continuous function model
are all fitted to coordinate space lattice data h(z2, z · P )
at z ↓ !→1

QCD
, which is related to the x-dependent PDF

through [48, 50, 130],

h(z2, z · P ) =

∫
1

→1

K(xω, z2, µ)g1(x, µ)dx, (43)

where the matching kernel K(xω, z2, µ) is calculated to
three loops [32–34] in MS, and are numerically evaluated
up to NNLO for our work. Since we are fitting to the
short-distance data, it is convenient to actually fit to the
RG-invariant ratio M1(z2, P, P 0), which is obtained by
converting

K(xw, z2, µ) ↔
K(xw, z2, µ = 2e→ωE

z )

C0(z2, µ = 2e→ωE

z )
, (44)

both at NNLO accuracy.
Although the behaviors of PDF in the endpoint regions

are constrained by physics, it is di”cult to allow enough
flexibility for the mid-x regions with only a few degree of
freedom constrained by the lattice data in the perturba-
tive region. However, as the LaMET calculations already
provide local predictions of the mid-x region with well-
understood systematic uncertainty, the modeling of the
PDF can now be simplified to the endpoint regions only,
where simple power laws x

a and (1 → x)b are physically
motivated approximations. Labeling the PDFs we calcu-
lated from LaMET as f(x) for x ↗ [x0, 1 → x0], we can
model the PDF as

g1(x) =






f(x0)
xa

xa
0
, x < x0

f(x), x0 < x < 1→ x0

f(1→ x0)
(1→x)b

(1→x0)
b , x > 1→ x0

, (45)

which can have more parameters if more short-distance
lattice data are available. The model is fitted to the
RG-invariant ratios at z = {0.076, 0.152, 0.228} fm to
constrain the values of a and b. For simplicity, we fit the
following two degrees of freedom independently to the
real and imaginary part of the matrix elements,

↘[h(z, Pz)] =

∫
K(xw, z2, µ)g+

1
(x, µ),

≃[h(z, Pz)] =

∫
K(xw, z2, µ)g→

1
(x, µ), (46)

FIG. 14. Fits of the PDF model to the lattice matrix elements
using SDF.

with four parameters a± and b± in total, where

g
+

1
(x) = g1(x) + g1(→x),

g
→
1
(x) = g1(x)→ g1(→x), (47)

representing the full and valence distributions. The
model fits to our data well, as shown in Fig. 14. The fit
results suggest a→ = →0.38(9) and b→ = 1.68(87) for g+

1
,

and a→ = →0.10(83) and b→ = 0.15(22) for g→
1
. Notably,

there are large uncertainties in the fitted parameters for
the g

→
1

to the imaginary part.
Combining the fitted endpoint regions with the

LaMET calculation, we provide a full x-dependent helic-
ity PDF in Fig. 15. The disagreement with global fitting
PDF in mid-x region remains the same as Fig. 11, thus
the resulting b parameter is much smaller than global fit-
ting results. Note that the endpoint regions in blue are
still subject to model uncertainties due to the finite cuto#
x0 and the non-smoothness there, which have not been
quantified in this work.

VI. CONCLUSION

In this work we present a physical-point lattice-QCD
study of the proton spin-dependent quark structure on
a fine lattice, combining short-distance information from
coordinate-space matrix elements with an x-dependent
analysis in the LaMET framework. Our results provide
a consistent picture for the leading-twist helicity PDF at
NNLO and, in addition, a direct constraint on the lowest
chiral-even twist-3 moment d̃2 in the MS scheme for the
first time.
We first extract Mellin moments of the helicity PDF

using the OPE of RG-invariant ratios of the quasi-PDF
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FIG. 15. The LaMET calculation in mid-x region compli-
mented with endpoint modeling from SDF, compared with
global fits.

matrix elements. In this approach, the small-z expan-
sion relates Euclidean equal-time quark bilinear matrix
elements to the PDF moments in the MS scheme, allow-
ing a controlled determination of the lowest ones. Ex-
tending the same strategy beyond leading twist, we im-
plement the NLO OPE for the transverse axial-vector
correlator and constructed an improved subtraction that
isolates the genuine twist-3 contribution. This enabled
us to extract the twist-3 moment d̃2 directly in MS,
from the ω dependence of the short-distance matrix ele-
ments. Our result, d̃u→d

2
= 0.0024(46) at µ = 2 GeV,

is numerical small. This behavior is compatible with
phenomenological constraints and polarized-DIS extrac-
tions of d̃2 [85, 88, 89], and recent model-based stud-
ies [131]. While a full quantification of systematic un-
certainties remains for future work, the present analysis
demonstrates the feasibility of the SDF approach that
isolates a genuine twist-3 moment from nonlocal correla-
tors directly in MS, thereby complementing earlier lattice
determinations based on local twist-3 operator matrix el-
ements that are often quoted in momentum subtraction
schemes [95–97].

We then determine the x-dependence of the isovec-
tor helicity PDF using LaMET together with a hybrid

renormalization scheme. The renormlization of linear
divergence in the Wilson line self-energy is done with
leading renormalon resummation, which regularizes the
leading renormalon ambiguity, thus ensuring the leading
power accuracy as the perturbative matching kernel is
regularized in the same way. We perform an asymptotic
expansion of the large z data by implementing physi-
cal constraints of an exponential decaying mode at long
distance, and Fourier transform the quasi-PDF matrix
elements to momentum space. The x-dependent helic-
ity PDFs are then obtained from the quasi-PDFs by a
perturbative matching. To improve perturbative accu-
racy and better control the theoretical uncertainties, we
improve the NNLO fixed-order matching with renormal-
ization group and threshold resummations, correspond-
ing to the large logarithm contributions when the par-
ton’s and spectator’s momenta become small. The re-
summations manifest the applicable region of perturba-
tive matching in the large momentum expansion, which
only works when both physical scales remain perturba-
tive. With this condition, we obtain the LaMET predic-
tion of x-dependent helicity PDF in a range of [x0, 1→x0],

where x0 ↑
!QCD

2Pz
around 0.25 in this calculation, which

can be improved with larger hadron momentum in the fu-
ture. Although the endpoint regions x ↓ {0, 1} are not
directly calculable, we model them with the asymptotic
behaviors and fit the parameters with the SDF of coordi-
nate space matrix elements, complementing the LaMET
calculation.
Further progress will require tighter control of lattice

systematics. Simulations at multiple lattice spacings, to-
gether with increased statistics and improved excited-
state control, will sharpen the d̃2 extraction by tight-
ening the short-distance window and reducing residual
contamination. It will also expand the reliable LaMET
window in x by enabling higher Pz with reduced power
corrections and cuto! e!ects.
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a solid foundation for its future extensions, including the computation of TMDs.

This paper is organized as follows: in Sec. 2, we introduce the theoretical framework

for extracting nucleon PDFs from CG quasi-PDFs, including discussions of renormalization

strategies and perturbative matching. The lattice setup is described in Sec. 3. In Sec. 4,

we present a detailed analysis of the quasi-PDFs. The resulting nucleon PDFs in all three

polarization channels are presented and compared with the phenomenological determina-

tions in Sec. 5. The systematic uncertainties arising from the renormalization procedures

and power corrections are discussed in Sec. 6. Finally, our conclusions are given in Sec. 7.

2 Theoretical Framework

2.1 Definitions

The light-cone PDF is defined as

f!(x; µ) =

∫ +→

↑→

dω

2ε
e
↑iωx

h!(ω, µ) , (2.1)

h!(ω; µ) →
1

2P+

〈
PS

∣∣ϑ̄
(
ϖ
↑)

W
(
ϖ
↑
, 0
)
!ϑ(0)

∣∣PS
〉

, (2.2)

where |PS↑ is a proton plane wave state with momentum P
µ = (P t

, 0, 0, P
z) and spin S,

and W (ϖ↑, 0) is a Wilson line. The light-cone coordinates and variables are ϖ
± = (t±z)/

↓
2

and ω = P
+
ϖ
↑. The PDF is renormalized in the MS scheme at scale µ. For the unpolarized,

helicity, and transversity PDFs, the Dirac structures ! are chosen as ϱ
+, ϱ

+
ϱ
5, and iϱ

+
ϱ
↓,

respectively.

The quasi PDFs in the CG are defined as [81]

f̃!̃(x, P
z; µ) = P

z
∫

dz

2ε
e
iz(xP z)

h̃!̃(z, P
z
, µ) , (2.3)

h̃!̃(z, P
z; µ) →

1

2N!̃

↔PS| ϑ̄(z)!̃ϑ(0)
∣∣∣
ε↔· εA=0

|PS↑ , (2.4)

where the normalization factor N!̃ is given by:

N!̃ =

{
P

t : !̃ ↗ {ϱ
t
, ϱ

z
ϱ5, ϱ

t
ϱ
ϑ
↓ϱ5} ,

P
z : !̃ ↗ {ϱ

z
, ϱ

t
ϱ5, ϱ

z
ϱ
ϑ
↓ϱ5} .

(2.5)

The Dirac matrices !̃ = {ϱ
t
/ϱ

z
, ϱ

t
ϱ5/ϱ

z
ϱ5, ϱ

t
ϱ
ϑ
↓ϱ5/ϱ

z
ϱ
ϑ
↓ϱ5} in the quasi-PDF corresponds

to ! = {ϱ
+
, ϱ

+
ϱ5, ϱ

+
ϱ
ϑ
↓ϱ5} in the PDF.

2.2 Renormalization

2.2.1 Hybrid renormalization of the real part

In the LaMET framework, the bare quasi distributions must be renormalized and matched

to the MS PDF. Several nonperturbative renormalization schemes are used in practice to

renormalize the gauge-invariant quasi-PDF matrix element, including ratio-type schemes [31,

71, 90–94], regularization independent momentum subtraction schemes [31, 90–92], and

– 4 –
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Matching is known up to NLO: 

the hybrid scheme [75, 76]. In this section, we adapt the hybrid scheme to renormalize

the Coulomb-gauge fixed quasi-PDF matrix elements. The main advantage of the hybrid

scheme is that discretization e!ects are cancelled by taking appropriate ratios at short

separations, whilst avoiding introducing any nonperturbative artifacts in the long-distance

matrix elements.

As shown in Refs. [81, 84], due to the absence of Wilson line the CG correlator is free

from the linear divergence and the associated renormalon [83]. As a result, the renormal-

ization of the nonlocal CG operator is purely multiplicative and can be defined as

ω̄0(z)”̃ω0(0) = Z
R
ω (a)

[
ω̄R(z)”̃ωR(0)

]
, (2.6)

where Z
R
ω (a) is the renormalization factor of the quark wave-function into some renormal-

ization scheme R as a function of the lattice spacing a. ω0 and ωR represent the bare and

renormalized quark fields, respectively.

In the standard definition of the hybrid scheme [54, 58, 64], the renormalized quasi-

PDF matrix element is defined by the following ratios:

h̃
hyb.

!̃
(z, P

z; zs) = N
h̃
0
!̃

(z, P
z; a)

h̃0
!̃
(z, 0; a)

ε (zs → |z|) + N
h̃
0
!̃

(z, P
z; a)

h̃0
!̃

(zs, 0; a)
ε (|z| → zs) , (2.7)

where h̃
0
!̃
/h̃

hyb.

!̃
denotes the bare/hybrid-renormalized matrix element respectively, the nor-

malization factor is defined by N = h̃
0
!̃

(0, 0; a) /h̃
0
!̃
(0, P

z; a), and zs (a ↑ zs ↑ #→1
QCD)

denotes the point that separates the short- and long-distance regimes. Since the matrix

elements are usually strongly correlated at neighboring lattice sites, this normalization can

reduce their statistical uncertainties at small z. However, a drawback of this treatment is

that the discretization errors of z = 0 matrix elements are unnecessarily propagated to all

z ↓= 0, where such e!ects are expected to be suppressed as powers of a/|z|. An ideal solution

would be a z-dependent normalization that accurately removes the discretization e!ects

mostly at small z, which might be achieved with lattice perturbation theory. However, it

is beyond the scope of this work. After all, the discretization e!ects can be systematically

eliminated through continuum extrapolation, so this normalization may still be favored for

the purpose of reducing statistical uncertainties.

On a single lattice ensemble, there is no clear preference for applying or omitting the

above normalization, since the discretization e!ects cannot be quantified. However, since

the z = 0 matrix elements are expected to be independent of P
z due to Lorentz covariance,

a significant deviation of N from unity signals sizable lattice artifacts; in this case, a blind

normalization would rescale the quasi-PDF by the same factor. Therefore, in this work we

adopt a hybrid scheme without the normalization at z = 0, namely,

h̃
hyb.

!̃
(z, P

z; zs) =
h̃
0
!̃

(z, P
z; a)

h̃0
!̃
(z, 0; a)

ε (zs → |z|) +
h̃
0
!̃

(z, P
z; a)

h̃0
!̃

(zs, 0; a)
ε (|z| → zs) . (2.8)

As a result, the discretization e!ects at z ↔ a remain uncorrected and propagate into

momentum space as artifacts of order (P z
a)n. Although this treatment spoils the normal-

ization of the quasi-PDF and PDF, the e!ect vanishes in the continuum limit.
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Hybrid scheme:

Figure 2. Statistical summary of the ground-state fits. The left panel shows the density distribu-
tion of ω

2
/d.o.f. for the unpolarized, helicity, and transversity quasi-PDFs (qPDF), as well as the

combined distribution. The right panel displays the cumulative distribution function (CDF) of the
corresponding p-values.

Figure 3. Examples of ground-state fits to the matrix elements of the unpolarized, helicity, and
transversity quasi-PDFs at z = 6

→
2 a and P

z = 2.43 GeV. The three columns from left to right
correspond to the unpolarized, helicity, and transversity channels, respectively. The upper (lower)
row shows the real (imaginary) parts of the matrix elements. The error bars denote the ratio data R.
The colored bands represent the results of the joint fit over multiple source-sink separations, while
the hatched gray bands indicate the joint-fit results and the solid gray bands show the corresponding
ratio-only fit for comparison.

the unpolarized, helicity, and transversity quasi-PDFs, respectively. The upper row shows

the real parts of the matrix elements, while the lower row presents the corresponding imag-

inary parts. The error bars correspond to the data points of the ratio R, while the colored

bands denote the result of the joint fit. The hatched gray bands show the joint-fit results,

and the solid gray bands without hatching represent the corresponding ratio-only fit for

comparison.

Finally, the extracted bare matrix elements of the three quasi-PDFs in coordinate

space are presented in Fig. 4, where results for the unpolarized, helicity, and transversity

channels are shown from left to right. Both real and imaginary parts are displayed, and a
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as at next-to-leading logarithmic (NLL) accuracy with DGLAP evolution. The shaded

gray regions in Fig. 7 indicate kinematic domains where the strong coupling ωs(µ = 2xP
z)

evaluated at NLO exceeds 0.5. In these regions, the perturbative expansion underlying the

matching procedure is expected to have poor convergence, and the corresponding lattice

results should therefore be interpreted with caution.

Figure 7. Unpolarized quark PDFs of the nucleon at momenta P
z = 2.43 and 3.04 GeV, extracted

from lattice QCD and compared with the NNLO phenomenological results from NNPDF4.0 [4]. The
NLO and NLL labels indicate the perturbative accuracy of matching coe!cients. The left and right
panels show the valence contribution (q→q̄)/2 and the full distribution (q+q̄)/2, respectively. Results
obtained using matching coe!cients at NLO and NLL are shown to illustrate the perturbative
convergence. The shaded gray regions (x < 0.18 or x > 0.82) denote kinematic domains where
the strong coupling ωs(µ = 2xP

z) or ωs(µ = 2(1 → x)P z) at NLO exceeds 0.5, indicating a poor
convergence of perturbation theory.

The results in Fig. 7 show that the lattice calculations at hadron momentum P
z =

3.04 GeV are in good agreement with the determination of NNPDFs4.0 for both the valence

and the full components of the unpolarized PDFs. The comparison between the NLO and

NLL cases further indicates a stable perturbative behavior and supports the convergence

of the matching expansion. In the right panel, corresponding to (q + q̄)/2, the di”erence

between the two lattice momenta is more pronounced than in the (q → q̄)/2 channel, which

is likely caused by residual excited-state contamination in the extraction of the bare quasi-

matrix elements. By combining the valence and sea contributions shown in Fig. 7, we

present the resulting unpolarized nucleon PDFs in Fig. 8, together with the results of

NNPDF4.0 [4] for comparison.

5.2 Helicity PDF

Similar to the unpolarized case, the full (q + q̄)/2 and valence (q → q̄)/2 components of

the helicity PDFs are shown in the left and right panels of Fig. 9, respectively. Note

that the full helicity distribution is obtained from the real part of the matrix elements,

since the helicity quasi-distribution is even under charge conjugation. The helicity nucleon

PDFs at hadron momenta P
z = 2.43 and 3.04 GeV are compared with phenomenological

determinations, including the NLO results from NNPDFpol1.1 [112], the NNLO results

from NNPDFpol2.0 [5], as well as the BDSSV24 [113], MAPPDFpol1.0 [114], and JAM-

pol25 [115] analyses. All phenomenological results are normalized by their respective axial

– 17 –



12

Helicity and Transversity PDF  in Coulomb Gauge   

Figure 12. Transversity quark PDFs of the nucleon at momenta P
z = 2.43 and P

z = 3.04 GeV,
shown together with phenomenological results for comparison. The lattice-extracted PDFs are
compared with the JAM3D-22 extraction at LO.

6 Systematics

In this section, we investigate di!erent renormalization schemes and power corrections

within the CG method. Besides, we also compare the CG results in this work to the PDFs

calculated with the GI approach in the literature in Appendix B.

6.1 Renormalization schemes

In this work, we propose using di!erent renormalization schemes for the real and imagi-

nary parts of the quasi-PDF matrix elements. To illustrate the comparison between these

schemes, we take the results at P
z = 3.04 GeV as an example. The contributions from the

real part of the matrix elements are extracted using the hybrid scheme with both double-

(as shown in Eq. (2.7)) and single-ratio (as shown in Eq. (2.8)) methods, as presented in

Fig. 13. For the imaginary part, the contributions are obtained using the renormalization

constant Z
MS
ω (described in Section 2.2.2) and the hybrid scheme with the single ratio, with

the results presented in Fig. 14.

Figure 13. Comparison of di!erent renormalization schemes for the contributions from the real
part of the matrix elements of unpolarized (left), helicity (middle), and transversity (right) quasi-
PDFs at P

z = 3.04 GeV. The results are obtained using the MS scheme and the hybrid scheme
with both double- and single-ratio methods. Note that the NLL labels indicate the perturbative
accuracy of matching coe”cients.

In Fig. 13, the di!erence between the single- and double-ratio schemes is negligible for

the unpolarized PDFs, while it becomes more pronounced in the helicity and transversity
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Figure 10. Helicity quark PDFs of the nucleon at momenta P
z = 2.43 and P

z = 3.04 GeV.
The lattice-extracted distributions are shown together with phenomenological determinations for
comparison.

by their own tensor charge gT , and the full (q + q̄)/2 contribution of the lattice results are

normalized using the same value to ensure a consistent comparison.

Figure 11. Transversity quark PDFs of the nucleon at momenta P
z = 2.43 and P

z = 3.04 GeV,
compared with phenomenological and lattice determinations. The left and right panels show the
valence (q → q̄)/2 and full (q + q̄)/2 components, respectively. The lattice results at NLL accuracy
are compared with the leading-order phenomenological extraction from JAM3D-22 [116].

As illustrated in Fig. 11, we observe that our lattice results show good agreement

with the JAM3D-22 phenomenological extractions in the moderate-x region. The level

of consistency is even more evident in the comparison of the full part of the transversity

PDFs. Similar to the unpolarized and helicity cases, the discrepancy between the two

momenta is more pronounced in the contribution from the imaginary part of the matrix

elements, underlining once again the need to carefully control excited-state contamination

in this sector. The combined valence and full parts of the transversity nucleon PDFs are

presented in Fig. 12. After all, since the phenomenological extraction of the transversity

PDF still carries substantial uncertainties, caution is required in our comparison.
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Summary 

• Nucleon PDF can be studied on the lattice using LaMET approach down
to physical light quark masses 

• The first two moment of helicity PDF are larger than the global analysis and
and helicity PDF is larger than global analysis result for x>0.4 
when momentum boost of 1.5 GeV

• The moment of genuine twist-3 contribution to gT has been determined to be very
small on the lattice through short distance factorization

• The use of quasi-PDF operators in Coulomb gauge allows to go to much larger
momentum boost leading to  better agreement with the global analysis:

=> while not all systematic uncertainties in the LaMET calculations  are under control
the smallness of momentum boost could be the most important sources 
of systematic errors.


