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N BARYONS
(S=0, I=1/2)

p, Nt = uud:  n, NO = udd

Mass m = 1. 0072764665789 40 0000000000083 u
Mass m = 938.27208943 4+ 0.00000029 MeV 2]
m p‘/m < 7x10710 CL = 90% [P]

e \ / — 1.000000000003 = 0.000000000016

qp+qp\/e < 7x10710 CL = 90% [l

i The origin of the nucleon spin '-

How does the nucleon get spin-1/27 S N :
j° Quarks and gluons distributions in position space|

Abdul Khalek et al., NPA 1026 (2022)



Transverse Spin Sum Rule

— —— - e ——— — — — e — —— —_—— e = - = = =
— _ _ — _ _ _ —————— = _ — — — —————— e — N - = - = — — =

“Local” operator level 3, PRL 78 (1997)
Gauge-invariant spin decomposition quark orbital angular momentum (OAM)
J = Lq + Sq + Jg quark intrinsic spin

gluon total angular momentum (TAM, J = L + 5)
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“Local” operator level 3, PRL 78 (1997)
Gauge-invariant spin decomposition quark orbital angular momentum (OAM)

J = Lq + Sq + Jg quark intrinsic spin

gluon total angular momentum (TAM, J = L + 5)

Hadronic level
Longitudinal component . [J%, K°] = —ie®* K"

(N, s'|J?|N, s) = Z

s’s

Transverse components , _a
S

(N, s'|J*| N, s) =

/ Bakker, Leader, and Trueman, PRD 70 (2004)
Leader, PRD 85 (2012)

Ji and Yuan, PLB 810 (2020)

Wlth EP — \/MZ + (PZ)Z T
Boost-dependence




Transverse Spr n Sum Rule
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“Local” operator level 3, PRL 78 (1997)
Gauge-invariant spin decomposition quark orbital angular momentum (OAM)

J = Lq + Sq + Jg quark intrinsic spin
gluon total angular momentum (TAM, J = L + 5)

We |mpose the symmetrrc operator product |e AB (AB+BA)/2.

Hadronic leve Internal TAI\/I & relativistic centers tﬁiﬁi Eﬁﬂgﬁ (2021
Longitudinal component - [J%, K3] = —ie?S KP ,.1:
g P O-Z } [ ? 1 : J X — J RX X P
/ |
(N, s'|J?|N, s) = ‘;S
Transverse components
_sls for R,
Transverse components - e Lender o D 70 2000 2
s er, er, ana Trueman, / a . E p O
/' Ta o Leader, PRD 85 (2012) ,’ <N, S ‘JX|N, S> — S5 for Ry
<N,S |J |N7S> — % 0'2/
Ji and Yuan, PLB 810 (2020) S

Wlth EP — \/M2 + (PZ)Z o)
Boost-dependence




Internal Angular Momentum



Angular I\/I omentum
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L eader and Lorce PR 541 (2014)
Lorcé, Mantovani, and Pasquini, PLB 776 (2018)

Generalized angular momentum tensor densiti es

Generallzed OAM tensor Generalized OA Mltensor
TP (z) = LM (z) + SHP (), |= 56“0‘5”\1#%\751#
Angular momentum operator
JoP = / d, J**P(x), LY 5% sameas) d>, =n, d,
> guantization surface and its normal vector
0 Kogut and Soper, PRD 1 (1970) N 1 . ;
On the hypersurface at x° = constant i On the hypersurface at x™ = constant ar = FlaEa)
Total angular momentum (TAM) L|ght Front (L F) TAM
Ji — 1 LIk ij — I 4 g | LT J b = o4 Sse transverse dynamical
2
longitudinal
Today: transverse components
Boost :
K /dS JOOi (.CU) i , " B—|— — J—I__,
transverse longitudinal Other LF AM operators

Harindranath, Mukherjee, and Ratabole, PRD 63 (2001)



Center of Rotatlon and Angular Momentum

Orbital Angular Momentum

Gauge-invariant and asymmetric EMlT
_ >
Ti ; ijk /d3 L0 (1) = ¢tk /d% 23T (), TH = m#&% DVep + FOHAFS YV — Zg“"/ F@MES

Conventionally, the position vector defined from the origin of the coordinate system

The“relative’ position vector relative to the pivot (center of rotation) & arbitrary choice, not necessarily the origin

10



Center of Rotatlon and Angular Momentum

Orbital Angular Momentum

Gauge-invariant and asymmetric EMlT
_ >
Ti ; ijk /d3 L0 (1) = ¢tk /d% 23T (), TH = m#&% DVep + FOHAFS YV — Zg“"/ F@MES

Conventionally, the position vector defined from the origin of the coordinate system

The“relative’ position vector relative to the pivot (center of rotation) & arbitrary choice, not necessarily the origin

Lorcé, EPIC 81 (2021)

Internal Angular Momentum

JX:J—R)(XP

origin  external TAM kind of parallel-axis theorem

Ky = K — (RxyP — RxP")

origin - external boost

11
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Table: Cédric Lorcé

| | | - Qualifications of the position operator
Pauli-Lubanski pseudo-vector: J, = W*/P e —

o Canonical Vector under Compatibility of , su(2)
Reclztr:::.rtlc Position operator E relation rotation " components ;1 spin algebra
| (Rl PT) = i6" |[RY, %] = i REJ| (R, Ri] = 0 || 7k, 74 = iet %
=0 ) | . :“
. 1 . K"
Energy = 50 dr T = ~ 50 f
:
Mass Rh; = A" R |vest E 3D
i
. ; _ PRy + MR ‘i? -
Spin | Rl = —— o { canonical center
!
Light-Front T+a: ' ) s B t 2D
momentum |1in = Pt dorpdr i = - pt E

Qualification of the localized state in Newton-Wigner sense
L Relr)=7|r) & Rylri)=71|ry)
In the Infinite-momentum frame (IMF)

R = lim R = lim R* Pryce, PRSLA 195 (1948)
| P |— o0 | P |— o0 Newton, and Wigner, RMP 21 (1949)
Fleming, PR 137 (1965)
Murkardt, PRD 72 (2005)
12 Lorce, EPJC 78 (2018)
Lorce, EPJC 81 (2021)



Spatial Distributions



Quantum PhaseSpace Formal Ism

— — T = P——— — ——— . —————— — —

_ _ |. Wigner distribution (hadronic wave packet)
Hadronic matrix element

, Bg o~ \ =
In quantum phase-space formalism Py’ (R, P) = / (2753 e' (P + g» s ) v (P = g, S) ,
d> P s's s's = | &Y YU (’R Y 8') Y (’R L s)
@@ =3 [ o5 [ ERA RP) O, J L )w(reY)
e/ (2m) quasi-density

3 SS T 2 d3P 2
R py (R, P) = |V (P,s)|, 7 /% (R, P) = |¥(R,s)|

(2)

|1. Phase-space amplitude (internal distribution)

T s's d3 A iA(@-R) <P—|—%,S/|O |P—— S>
(O(x)) /(27T)3 V2 (PO + AV/2),/2 (PO — A0/2)

3D Spatial distribution inthereativecoordinate X =x — R
O(X;s',s) = <O(m)>§§P

2D spatial distribution
O(X ;s s):= /dXSO(X;S/,S)

Wigner, PR40 (1932)
Hillery, O'Connell, Scully, and Wigner, PR106 (1984)

Biaynicki-Birula, Gornicki, and Rafelski, PRD 44 (1991) Lorcé, Moutarde, and Trawinski, EPJC 79 (2019)  Won and Lorcé, PRD 111 (2025)

14 Lorce, PRL 125 (2020) Chen, JHEP 04 (2025)
Chen and Lorce, PRD 106 (2022) Lorce, Mukherjee, Singh, and Won, PLB 868 (2025)
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|. A generic Lorentz frame in the 3D space
Connection between the rest frame and the infinite-momentum frame

P= (P’ 0,,P°, A= (A" A A%

Frame hierarchy Lorcé, Mantovani, and Pasquini, PLB 776 (2018)

AS () WOCePRUIBER0)
——>  |Elastic frame]
P? =0 P =0
A3 = ()

Lorcé, Moutarde, and Trawinski, EPIC 79 (2019)

Non-zero energy transfer despite the on-shell

p’=p*=M> —- P-A=0 — A°=P-A/P°+#0
15
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Generlc Frame
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Durand DeCeIIes and Marr PR 126 (1962)
Polyzou, Gldkle, and Witala, FBS 54 (2013)

|. A generic Lorentz frame in the 3D space I1. Lorentz transformation of matrix e ements
Connection between the rest frame and the infinite-momentum frame For spin-j target K K9] = —igiik gk

P= (P’ 0,,P°, A= (A" A A%

~== \Wigner rotation

] n / / A QU
Frame hierachy g x M - A (peRs SBRIO™ T |DBF, SBF)
Lorcé, Mantovani, and Pasquini, PLB 776 (2018)

Lorce, PRL 125 (2020)

Wigner rotation and Melosh rotation py = Ap;
pr,sg) =Y Ui)|pissi) Dsis; (pisA), I, A)pp = Y [P, 8hp M

P =0 P? =0
* IMF Wigner rotation and BF Melosh rotation * IMF Melosh rotation
hm D ,A = lim M hm MSA —53)\
A3 — g Jim D (p,A) = lim M(p) Jim Mo (p)

Lorce, Moutarda ar»ld»rlnl EPJC 79 (2019)
Since A% # 0, Wigner angles @ and ¢’ for initial and final states, respectively

v 6’ v 6’
coS 3 #COSE Sm§ #SIHE
Non-zero energy transfer despite the on-shell

p’=p*=M> —- P-A=0 — A°=P-A/P°+#0
16



Parametrl Zatl on

4 Lorce I\/Iantovam and F Pasqu|n| PLB 776 (2018) i - -—
V.D. Burkert et al., RMP 95 (2023)

_ _ Won, and Lorce, PRD 111 (2025)
Matrix elements of the axia-vector current and EM T

— 2 2 | VSA“ V’u —_ ] H ,
<p/78/|0(0)‘p7 S> — u(plvsl)F[O]u (pv 8) 9 F[V5 ] — 7 75GA(t) | Vi GP(t)v 9 Py Y5
PHPY APAY — ghv A2 _
[THY] = A¢ 4 D¢ + Mgt C*
T2 = =31 AM Mg
Teryaev, hep-ph/9904376, (1999) (P RGP A 0 q P LgvlP A
Leader and Lorcé, PR 541, (2014) | J S a=gq, G
. , Lowdon, Chiu, and Brodsky, PLB 774 (2017) 2M 2M
Poincare Sy mmetry Cotogno, Lorcé, and Lowdon, PRD 100 (2019)

A1(0) + A%(0) =1, JY0)+JC(0)=1/2, CUt)+C°(t) =0

17




Parametrl Zatl on

Lorce Mantovam and Pasqum| PLB 776 (2018) o - —
V.D. Burkert et al., RMP 95 (2023)

_ _ Won, and Lorce, PRD 111 (2025)
Matrix elements of the axia-vector current and EM T

AM _
- H — I I /75 V’u p— H ,
®',5'|0(0)|p, s) = u(p/,s") T[Olu(p,s). Vel =7"6Gall) + 5 CGr®), B = vy
PHPY APAY — ghv A2 _
[ THY] = A% 4 D* + Mg"*"C*
Ta" = =31 AM Mg
Teryaev, hep-ph/9904376, (1999) (P RGP A o a P LgvlP A
Leader and Lorcé, PR 541, (2014) | J S a=gq, G
. , Lowdon, Chiu, and Brodsky, PLB 774 (2017) 2M 2M
Poincare Sy mmetry Cotogno, Lorcé, and Lowdon, PRD 100 (2019)

A1(0)+ A%(0) =1, JY0)+J9(0)=1/2, CI(t)+C%(t) =0

Disclamer: The following analysis is model-independent and concerns only the kinematical structure

Hackett, Pefkou, and Shanahan, PRL 132 (2024)

e Multipolefitting for A, J, D, C based on lattice data e QCD equation of motion for G ,(¢)

1

TC][MV] — _56/”/0458&‘/5,5
e Multipolefittingfor S  Wonand Lorcé, PRD 111 (2025) e |mposing pion-pole dominance for Gp(?)
AM?
Gp(t) = G At

18



Transverse I nternal TAI\/I Dlstrl butl on

S —— — - —-——-———‘—z——_ T —— —— = ———————————

bJ_:mJ_—RJ_

/ N)Rg( (S”,S),;

| External

19



Transverse I nhternal TAI\/I Drstrr butr on
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Lorce, Mukherjee, Singh, and Won, in preparation

“Transverse” components of internal TAI\/I distribution in the transverse plane
J 5% (bJ_,PZ;S/,S) _ ——e ZRX s',s"\P3 (b, P s ——eL ZPS (b.,P* s, s"\RY% (s",s),

bJ_ZCBJ_—RJ_

TAM reative to the ori g| N Lorcé, Mukherjee, Singh, and Won, PLB 868 (2025)
J* (b, P?;s',s) =L (b, P*s,s)+ 5% (b, P?s',s)
Spin-dependent: monopole

d? A . - N
- / (2 )ée‘m“”{ i€ NVTX L + 0l Jo + US/STXS’)J%
T

spin-independent dipole quadrupole

Jo = —amp. 2 [213]\2851_0 (A—QJ)] —igsmem+%m9(J—S+%GA) +4—]\]fo(GA—TGP)
—2M2% [T(l—Z%S?>J——COSQS]

J~1:4MPZ% <PMO%COSQA %% 1;17927'J>—|—§§C089D flysi?_@lu S+ Gy)
+4M2% [%Sjl;T(J—FS)],

j2:4MPZ% [];;%ij (A—2J)] 1581;1_91) QZ\Ji%Si?_QGA—%GP
+4M2¢Zf [(1— E%S?)J— %COSQS]

20
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“Transverse” components of internal TAI\/I distribution in the transverse plane
J (b, P76, 8) =5 ) Bi (s, s (bu P, 9

Jv (b, P?;s',s) =

TAM reative to the ori gi N Lorcé, Mukherjee, Singh, and Won, PLB 868 (2025)

J* (b, P?;s',s) =L (b, P*s,s)+ 5% (b, P?s',s)
spin-dependent: monopole

d? A : T
:/ (2 )ée_ZALbL{ SZGJ_ \/_XbJ1 +0 / JO‘FUS/STXSZ)J?}?
T

spin-independent dipole quadrupole

Jo = —amp. 2 [213]\2851_0 (A—QJ)] —igsmem+%m9(J—S+%GA) +4—]\]fo(GA—TGP)
—2M2% [7’(1— Z%S?>J— —COSQS]

J~1:4MPZ% <PMO%COSQA %% 1;1,927'J> —|—§§COSQD isi?_@lu S+ Gy)
+4M2% [%8517__07'(574—5)],

j2:4MPZ% [1;40%5517__9 (A—2J)] 1381;1_91) QZ\Ji%Si?_@GA—%GP
—I—Zl]\lzc?zf [(1—%%83}9)J—%COSQS]

21
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Transverse I nhternal TAI\/I Drstrr butr on

- ——— = —p— P

Lorce, Mukherjee, Singh, and Won, in preparation

bJ_:wJ_—RJ_

)3 2 P20 P SR (57,9),

Relativistic momentum distribution

Pk (b, P*; s

’,3):/0[:63

iA-(x—R) <p/7 S,/’TOk (O)|p7 S>

N

Won and Lorcé, PRD 111 (2025)

.
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“Transverse” components of internal TAI\/I distribution in the transverse plane
I (by, P78 s) 5 2B SOP by P

Jv (b, P?;s',s) =

TAM reative to the ori gi N Lorcé, Mukherjee, Singh, and Won, PLB 868 (2025)

J* (b, P?;s',s) =L (b, P*s,s)+ 5% (b, P?s',s)
Spin- dependent monopole

d*A . y
— / —eTtALbL g { i€ TXE T 4 0% o + O'S/STngJQ:|,

(2m) 2 spin-independent dipole quadrupole
Jo = —amp. 2 [213]\2851_0 (A—QJ)] _ igsmem+%mse (J—SJr%GA) +4—]\]fo(GA—TGP)
— 2M2% [T(l — Z%S?>J— —COSQS]
J1 :4MPZ% <PMO%COSQA %% 1;1,927'J> —|—§§COSQD isi?_el (J—S+Gy)
+4M2% [%8517__07'(574—5)],
o :4MPZ% [1;40%5517__9 (A—2J)] 1381;1_91) ;\Ii%si;l_eGA— Q—A]fo(;p
—I—Zl]\lzc?zf [(1 — f;%i;f)]— %COSQS]
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Transverse I nhternal TAI\/I Dlstn butl on

- ——— = —p— P

Lorce, Mukherjee, Singh, and Won, in preparation

Relativistic centers

bJ_ij_—RJ_

5)= ‘ﬂ Z P (b. ’“S ") Ry (s”,5).

Lorce, EPJC 78 (2018)
Lorce, EPJC 81 (2021)

P x o
Rg(s',s) =1,,R + G
B(s ) 2Ep (Ep + M)
P x o
R ! :]]‘S/SR_ 50 ’
Ml ) oM (Ep + M)

Rc(Sla S) — ]18’872’7
Choice of the origin of coordinate system R = (

Relativistic momentum distribution

Pk (b, P*; s

’,3):/0[:63

d® A
(2m)°

—iA-(x—R) <p/7 S,/’TOk (O)|p7 S>

N

Won and Lorcé, PRD 111 (2025)
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“Lorcé, Mukherjee, Singh, and Won, PLB 868 (2025)
Lorce, Mukherjee, Singh, and Won, in preparation

The nucleon spin polarization

origin

pivot choice
energy

mMasSs



Transverse I nternal TAM Dlstrl butl on

— — - _ e e ———— ———  — = —— — S
__ S e e e _ — — =% —

e . " Lorcé, Mukherjee, Singh, and Won, PLB 868 (2025)
unpolarlzed nUCI eon Lorce, Mukherjee, Singh, and Won, in preparation

spin-independent (dipole) /dszJ“(bL, P*) =0

transversely polarized nucleon along the x-axis

origin dipole /d2b¢J3(b¢,P";8’,8) = Jo's
M o%
ey /dszJ%(bL,PZ;S'ﬁ) = -
Ep 2
dipole
+pivot (dipole+tmonopole)
Ep o?,
TASS /d2bLJ§4(bL,PZ;s’,s) = ]\j(’;s



Transverse I nternal Boost D|str| butl on

Lorce, Mukherjee, Singh, and Won, in preparation

“Transverse” components of internal boost distribution in the transverse plane
1 1
K5 by, Prisls) = K (by, o'y 6) +5 ) Ry(s', s")B (bu, P73 5) 4+ 5 ) B(by, Py, )RS (5, 9).

s’ Relativistic centers

' . Lorcé, Mukherjee, Singh, and Won, in preparation
Boost relative to the origin HKnenes, =ing In prepara

N . Spin-dependent: monopole
K% (b, P? s, s) = / )’ e tAL DL [58/82'\/FX{LK1 + %50 Ko+ eifo? TX2C“K2}
d spin-independent dipole guadrupole

Bl

s’s
cf. J*(by, P*;s',5) ~ [SSZEL\FX1J1+U Jo +o?, TngJ}

. [ dBA . I gT00
& (bJ_,Pz;S,,S) _ /dl‘3 [/ e—zA-(a:—R),L- 0 | <p y S | (O)‘pv S>

(27)3 OA? 2 /p/OpO
Relativistic energy distribution Won and Lorce, PRD 111 (2025)
E (bJ_ PZ S// S) — /dajg [/ dSA e—iA-(w—R) <p/78//‘TOO (O)|p, 8> ]
- (2m)° 2/ p"0p" GF

25
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origin

ener gy

mMasSs

Transverse I nternal Boost Dlstrl butl on

e — _ —

unpolar IZed nUC| eon Lorce Mukherjee Slngh and Won in preparatlon

spin-independent (dipole) / 2, K°(b, . P?) = 0

transversely polarized nucleon along the x-axis

(0'3/3 X P)a

dipole / b, Kby, P%; ', 5) =

/deLK%(bL,PZ; s',s) =0

dipole *.’by definition of the center of energy

+pivot (dipole+monopole)

(0‘8/5 X P)a
2M

/dzbJ_K]aw(bJ_,Pz; s',8) =



Light-Front Formalism

_ _ —_—— — — g = e ———— e ———————
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Center of LF momentum
Choice of the origin of coordinatesysem R’ =0 <> R =0

27




Center of LF momentum

Choice of the origin of coordinatesysem R’ =0 <> R =0

2D spatial distribution in relative coordinate X* := z* — Rk

O (by, PHi N, \) = /dx—

with bJ_:XJ_

/

dBA IATX T —iA - X | <p/7>‘/|0(0)‘p7)‘>

(27)7 ‘ 2\/p+pt

28

GLF-

d°A = d?A [ dAT

A, A", LF helicity polarization
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Center of LF momentum
Choice of the origin of coordinatesystem R =0 <> R =0

2D spatia distribution in relative coordinate X" := x* — R, BPA = dPALdA*
. i dBA | - " \10 (0 A\ T A, A" LF helicity polarization
(o) = [ax [ [ S8 gtxmn, X000 ]
J (2m) 2\/p'*tpt GLF.-

with bJ_ — XJ_
Generic LF frame (GLF)

P=(P",P7,01), A=(AT,A7 A}), %  Drdl-Yanframe

pP=p°=M°"—-A-P=0—A"=-ATP"/PT"

29




Transverse L F TAM Distri butlon

.0 <p AIT“)\p A> 0 O NTT ;M\ ]

Transverse LF TAI\/I dlstrlbutlon Loré, Mk, Singh,and Won, npreparat e <>/ _w/ o © (Zaw e iyt )|

a +./ _ -~ 1 d*A piATET —iAL by ', NV5'p, A)
T (b1 PHN,A) = £° (b, PFN,A) + 8 (b PN el ke £ |

| 2 2 +p+
dQAJ— —1A | -b, | ab b 7 a 7 b ba 7 + - :
2 ) € 10 A€TNVTX] T + oS To + o3, 7X5 ..72} P*-independent amplitudes

. S— The same multipole structure as the | F formalism
Inverse LF-boost factor

Orbital Intrinsic spin TAM |
unpolarized nucleon

spin-independent (dipole) /deLj"’(bL, Pt =0

transversely polarized nucleon along the x-axis

a
M 0')\/)\

dipole /deJ_ja(bJ_7P+§)‘/7)‘) ~— pt 9

30



Transverse LF Boost Distribution

— — T = ——————— —  ——— ——

- ‘*"*’: I a / dSA 7 - —1A 0 8 p,’)\/jﬁ;]—?"}\;¥
TranS\/erseLF bOOSt.dlg:rl bUt|On Lorce Mukherjee Singh, and Won, npreparaton " (bLPJﬁ)\ ’)\) —/d:c [/ (QW) 6A+ A | -b ZaAci < ; |p/+p’+ >ﬂ

d? A\ . .
B (b, PT; N, \) = z )L A h {ié,\/,\ﬁXf’Bl + €%a8,, By + GTUE\/ATXQCQBQ}, P*-independent amplitudes
| - boost factor The same multipole structure as the IF formalism

unpolarized nucleon

1.5
1.0
0.5

0 spin-independent (dipole) /dszB"’(bL, P =0

-0.5
-1.0
|
1.5
1.0
0.5

0 d|po|e /deJ_Ba(bJ_,P_l_;)\/,)\) — O

transversely polarized nucleon along the x-axis

-0.5
-1.0
i—l.S ".’by definition of the center of LF momentum

3



Interpolatlon between the I F and LF Formallsm

T LF L " component -
ransverse LF boost: “good” comp IMF Wigner angle = Melosh angle

| M
B¢ (bl,PjL;)\',)\): lim ﬁKg(bJ_,PZ;S/,S)

PZ?—00

Inverse LF-boost factor Inverse Lorentz-boost factor

Transverse LF TAM: “bad” component (inspired by Lorentz mixing)

, a +. \/ . Z. ab z. ./
(b, P 7>\’>\)_P£1£I)100M Bre(bl, P58 s)+eLKE/C(bL,P,s,3)}
L F-boost factor £ lim 5 J¢ (b, P*; s S)+€abe (b,,P*; s S)} e lm Re,. —O M im Ru — O P-
Pz ool ML M ) )9 1M ; y O - it IVE/c Dz ) potd At = )

L orentz-boost factor
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Conclusion and Summary

hoyeon.won@polytechnique.edu

Lorce, Mukherjee, Singh, and Won, PLB 868 (2025)
Lorce, Mukherjee, Singh, and Won, in preparation

We reviewed internal AM (TAM + boost) and relativistic centers in QFT.

Using the quantum phase-space formalism, we defined 3D spatial distributions and
obtained 2D transverse distributions by integrating over the longitudinal coordinate.

We showed the spatial distributions of transverse internal AM for an unpolarized nucleon
and for a transversely polarized nucleon in the transverse plane. The main result Is that
the choice of pivot, I.e., centers of spin, energy, and mass, Is directly visible In the
spatial distributions.

We also studied the transverse LF AM distributions and compared them with the IF
results in the IMF limit.

Overall, this work provides a model-independent framework to connect transverse sum
rules with relativistic spatial distributions of AM and boost.
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Two ways: direct and indirect

d*AL (p',5'l0 (0)Ip, 5) A
X . / :: _ZXJ_'AL 9 9 . /:P =
O(X ;s s) / (27r)2 e 50 . Direct p + 5
2 _ /2 _ M2
O(X ;8,s):= /dCESO(X;S/,S) Indirect mer

Both coincide for € ectromagnetic, axial-vector, energy-momentum tensor, €tc.

Compound operators: explicit position factors, e.q., L (z) = €%z T% (),
cannot be defined in the 2D framework, “directly”

. dQA . - . O / /TOk 0 N O / /TOS 0
Lﬂ_(XJ_;S/,S) :/ uE e—zXL-AL _67,31@7: <p y S ‘ ( )|p7 3> _GZQSZ-aAJ <p y S | ( )‘pa S>

(2m) | 2 PO

2D -




ngner Rotatl on and Melosh Rotatlon

For spin-j particle

(p', s'|OH " p, s) Z Dgé)FS (PBF, )D:](;F) (PBF> M)

SBF SBF

X AP AP (D, SpR|O%Y O DR, SBF)

Wigner rotation matrix for spin-1/2 targets

0 0 ss’
Dgi’/2) (p7 A) — COS 5588’ -+ 7 sIn 5 (pJ‘ Xo )z

Y

DL
9/ 6)/ / X O ool
D(1/2) (p', A) = cos —dss + isin (P} y ):
2 2 |p¢|
lim cos— = lim cos—, lim sin— = lim
p>—0 2 P —00 2 p»—0 2 D5 —>00

Melosh rotation matrix for spin-1/2 targets

‘pa >‘>LF — Z ‘pa S>IF MS)\(p)

0 0 s
Mx(p) = cos M Js) + 2 Sin v (PLXo A)Z

2 2 P |
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ngner Rotatlon and Melosh Rotatl on Angl

—_— = SR —— —  — —

PO PO P*

———— —  ———— ——

Inthe GF, A° #0 — 0 # 0’ VS mE T aviTs P TP 2D projection A° — 0
lim COSH+9,— PP+ M(1+7) lim sin9+9,—— vTE:
COSH+9/:PO+M(1+T) sinéurév:— 0L P ASZO Az=0 2 (PO+M)VI+7 A0 2 (PY+M)VI+T
e EE—— y ) _» | Y | | .
: NS L+7 2 NS L+7 lim COSH 9:1, lim Sme 9:().
COSH—H’ P0+M+ PO+ M(1+7T) Az=0 2 Ax—0
—w W :
2 N NV
00 0 (0)) VT PP+ M(+71) P+ M
C VR TN VT N, |
AL Ay 67 dl _ ;
0L = 2]\}_, 5” = N’ Wl = TJ‘, W = ?”, N —\/( O+M)( O—I—M)
lPS =0 lPS =0
IMF limit IMF limit & 2D projection
lim cosﬁ— 2(1+vVI+7)+01 (24 1+T:F5“) AS =0 lim COSH—/: lim COSQ: LrvidT
Pamos - 2(1+VI+7)(1+062) —_— 40072 A0 NI+t
. ~o0) \/l—I—T:|:5|| o' 0
PllglooSlnT:—Ch 20+ vitr)(1+0%) lim sin — = lim sin - = — !
+ PAz:O% 2 19’2:0% 2 2\/1—|—T(1—|—\/1—|—T)
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Ampl |tudes Transverse TAI\/I

= —— E— ————— —  ———— —— - = = —
- S — —_ SR — —_— - — —

2D spatlal dlstrlbutlon of the transverse TAI\/I reI ative to the canonlcal center

Lorce Mukherjee Slngh and Won PLB 868 (2025)
Ja b, P? / L dZAJ— —A | -b| XbJ J Xabj
C(J.a 7378)_ 5 € SSZGJ_\/_ 1+035 O"‘O- 2 J21

(27)
multipole amplitudes
Jo = 4MP£{%%S$,H (A2J)} 1583179’7'D+11COS(9<J5+%GA> | 4]\1[{0 (Ga —7Gp)
—2M2jt{ (1—E%S$;>J—%COSQS},
J1—4MP25 (PMO%COSQA %% ?ﬂZTJ)-I—%%COSHD isi;l;;(q] S+Ga)
+4M2% E 1;1,9 (J+S)] ,
j2:4MPth H;%Si;f (A—2J)}+1§Sjlﬂ | 2]\;%51;179 A—z—]\]foGp

di M~y /T 0
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Amplltudes Transverse Boost

e————— e e p— ————— ———  ————————
— —_—— S —— e —— — e — = —— — a———a e

Lorcé, Mukherjee Slngh and Won PLB 868 (2025)

2D spatlal dlstrlbutlon of the transverse boost relative to the canonlcal center

d* A . - -
K2 (b,,P?s,s) = / — e iALDL {58/82'\/?)(?[(1 + %60 Ko+ ebfog,STXQCaKQ}

(2)°
multipole amplitudes
S B
L F=—tD-C
K, = 4M2c§i€ | (522 ,1y cos0A + 27J + %cosﬁF_ :
Ko :ztz\ﬂﬂc‘;z5 :g{;;)jiS?;AJrQJ fisinfe ,
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Ampl |tudes Transverse L F TAM

— — —____———._z_— e —— p— —_—— | e e e ——  —  ——————— ———— — .
— e = e — _—— = = = — =

2D spatlal dlstrlbutlon of the transverse LF booﬁ reI ativeto the center of LF momentum

ja(bJ_,P ;)\/,)\):Ea(bJ_,P ;>\/,)\)—|_Sa(bJ_,P ;)\,,)\)

2D spatial distribution of the transverse LF OAM

M dQAL | _ _ .
[:a (bJ_,P—I—;)\/,)\) — ﬁ (2 ) —tALby [ZéA/AGib\/;X{),Cl -+ Ui/)\[:() -+ O'l;\/)\TXga,CQ]
T
multipole amplitudes prATO e
; 4 | P So=-Ga— G s
T 1 5 1
L - S1 = —=Gy,
+4D+2L, 1 5 A
. d [ P2 ~ 1
— —4M?*— — 7L — S =—=G
L1 =—AM*— <2M2A 7L F) 2 =—5Gp
1 1
+§D—§L
< d [ P?
_ A2 _ _
Lo =4M*~ {2M2 (A—2J)+L F}
1
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Ampl |tudes Transverse LF boost

—_-__———._z_—_ e == p— e —————— _—————— —— ——— — — ————— — —  _ — ——————————— = - _ -

— —————ee e SR — —

2D spatlal dlstrlbutlon of the transverse LF booﬁ reI ativeto the center of L F momentum

Pt [ d*A
B (b, PTN,A) = = (2 >L TALLL i AVTX B + €708 3By + ol X5 By
7-‘- —
multipole amplitudes ]j_i:CBH(AQHD)’

. d 2
BO:QMQE[T(A—QJ)], F=-rD-C,
5 A

B, — —an2%2

dt ’
: d
By = —4M?*— (A —2J),

dat
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Amplltudes Energy and Longltudl naI Momentum

____-__— ——— — e ——— ———— ————————————— — — - -

[ 1 05/8\/_ A Jh 1!

e SRR NG SN

I\/Ionopole splnlnendent Dipole; spin-dependent =g Rank: spin=position in multipole order

with h = F, P~
E=A+C+7(A-2J+ D),
j_A+B

Multipole amplitudes . Fe D T

~ Q 9 52 S111 9

Ey :’)/COS@(E—I—52F) — 0 1;1_271] Py =~Bcost (E+ F)—~ \/;T[L‘Fﬁ (J_I_S)}a

Ey = WSine (E+ B°F) + B cos02J] PP = 75Sin0 (E+F)+~vcosf |[L+ 5% (J+5)]

1 NG : T



Interpolatlon between the I F and LF Formallsm

s— e —————  —  —— — e —— ———— ——— = ———————————
— — = — - e — — _ e — e —— — — =

Transverse LF boost good component

M M

5B (b, PTN A) = lim —— K¢ (b, P s, ) IMF Wigner angle = Melosh angle

unpolarized nucleon

dipole

transversely polarized nucleon along the x-axis

dipole (spin-independent)
spin .

monopole + quadrupole

(Spin-dependent)



Interpolatlon between the I F and LF Formallsm

= — e ———————  — —— — = e — —_—a e o - = - = . = -
— - = — — - e — — — e — e —— =

Transverse L F TAI\/I ! bad” component

Pt P*

=T (b, PHX, ) —Phinooﬁ[ & (b, P58, s) + €KY (by, P78 s)} IMF Wigner angle = Melosh angle

unpolarized nucleon

dipole

transversaly polarized nucleon along the x-axis

| dipole (spin-independent)
SPIN +
monopole + quadrupole
(Spin-dependent)
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