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1. Motivation

• In QCD, the concepts of short and long distances are central to factorization, infrared
safety.

• Resummed cross sections tie perturbation theory to power corrections (1990s: Webber,
Korchemsky & GS, Akhoury & Zakharov, . . . Berger, Kucs & GS) for event shapes like
“angularities”, with (Berger & GS 2003)
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For sake of brevity, we only quote here the main fea-
tures of the analytical results obtained in Refs. [7] and [11].
More details, an account of various technicalities, and fur-
ther references can be found there. Here we show some
new numerical results.

2 Resummation of Large Logarithms

We consider the following distributions of event shapes τa

that weight final states N in e+e− annihilation processes
in the narrow two-jet limit,

dσ(τa, Q)

dτa
=

1

2Q2

∑

N

|M(N)|2 δ(τa − τa(N)), (1)

with a center of mass energy Q ≫ ΛQCD. We sum over
all final states N that contribute to the weighted event.
M(N) denotes the corresponding amplitude. The weight
functions defined in Ref. [7] for a state N are

τa(N) =
1

Q

∑

all i∈N

pi⊥ e−|ηi|(1−a) , (2)

where pi⊥ is the transverse momentum of particle i rela-
tive to the thrust axis, and ηi is the corresponding pseudo-
rapidity, ηi = ln cot (θi/2). The thrust axis [8] is the axis
with respect to which the above expression is minimized
at a = 0. Parameter a is adjustable, −∞ < a < 2, and
allows us to study various event shapes within the same
formalism. The case a = 0 in Eq. (2) is essentially 1 − T ,
with T the thrust while a = 1 is the jet broadening.

In the two-jet limit, τa → 0, and (1) has large correc-
tions in ln (1/τa) that have been resummed to all logarith-
mic orders at leading power for a < 1 in [7]. For a ∼ 1,
recoil effects have to be taken into account, as was pointed
out for the broadening (a = 1) in Ref. [12].

In the following we will quote the result of the resum-
mation of large logarithms of τa in Laplace moment space:

σ̃ (ν, Q, a) =

∫ 1

0

dτa e −ν τa
dσ(τa, Q)

dτa
. (3)

Logarithms of 1/τa are transformed to logarithms of ν.
We refrain from quoting the slightly more complex for-

mula for the resummed cross section valid to all logarith-
mic orders [7], and only give the result at NLL,

1

σtot
σ̃ (ν, Q, a)=exp

{
2

1∫

0

du

u

[ uQ2∫

u2Q2

dp2
⊥

p2
⊥

A (αs(p⊥))

×
(
e−u1−aν(p⊥/Q)a − 1

)

+
1

2
B

(
αs(

√
uQ)

) (
e−u(ν/2)2/(2−a) − 1

)]}
. (4)

The resummation is in terms of anomalous dimensions
A(αs) and B(αs), which have finite expansions in the

running coupling, A(αs) =
∑∞

n=1 A(n) (αs/π)n, and sim-

ilarly for B(αs), with the well-known coefficients A(1) =
CF , B(1) = −3/2 CF , A(2) = 1/2 CF [CA(67/18 − π2/6) −
10/9 TFNf ], at NLL accuracy, independent of a, where
CF = 4/3, CA = 3, TF = 1/2, and Nf denotes the num-
ber of flavors. At a = 0 we reproduce the NLL resummed
thrust cross section [13].

3 Universality of Power Corrections

As it stands, the perturbative cross section, Eq. (4) is ill-
defined for small values of τa. This is due to the at best
asymptotic nature of the perturbation series, which man-
ifests itself in (4) as an ambiguity in how to treat the
singularities in the running coupling. At τa ∼ ΛQCD/Q
nonperturbative corrections become dominant. Neverthe-
less, due to the quantum mechanical incoherence of short-
and long-distance effects, one can separate the perturba-
tive part from the NP contribution in a well-defined, al-
though prescription-dependent manner (see [5] and refer-
ences therein).

Following Refs. [5], we can deduce the structure of the
NP corrections by a direct expansion of the integrand in
the exponent at momentum scales below an infrared fac-
torization scale κ. We rewrite Eq. (4) as the sum of a
perturbative term, labelled with the subscript PT, where
all p⊥ > κ, and a soft term that contains all NP physics:

ln

[
1

σtot

σ̃ (ν, Q, a)

]
= 2

⎡
⎢⎣

Q2∫

κ2

dp2
⊥

p2
⊥

+

κ2∫

0

dp2
⊥

p2
⊥

⎤
⎥⎦A (αs(p⊥))

×
p⊥/Q∫

p2
⊥/Q2

du

u

(
e−u1−aν(p⊥/Q)a − 1

)
+ B-term

≡ ln

[
1

σtot

σ̃PT (ν, Q, κ, a)

]

+
2

1 − a

∞∑

n=1

1

n n!

(
− ν

Q

)n
κ2∫

0

dp2
⊥

p2
⊥

pn
⊥A (αs(p⊥)) . (5)

We have suppressed terms of order O(ν/Q2−a, ν
2

2−a /Q2),
which include the entire B-term of Eq. (4), as indicated.
Introducing the shape function as an expansion in powers
of ν/Q, from the expansion of the exponent in the second
equality of (5), with NP coefficients λn(κ), we arrive at,

σ̃ (ν, Q, a) = σ̃PT (ν, Q, κ, a) f̃a,NP

(
ν

Q
, κ

)
, (6)

ln f̃a,NP

(
ν

Q
, κ

)
≡ 1

1 − a

∞∑

n=1

λn(κ)

(
− ν

Q

)n

. (7)

We find the simple result that the only dependence on a
is through an overall factor 1/(1 − a) which leads to the
scaling rule for the shape function [10,11]:

f̃a,NP

(
ν

Q
, κ

)
=

[
f̃0,NP

(
ν

Q
, κ

)] 1
1−a

. (8)
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⊥
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• where the power corrections “come from small transverse momenta”.
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• Analyses based on these considerations show some success in tying PT and NP together
for LEP data (Bell, Hornig, Lee, Talbert, 2015)
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Figure 2: Preliminary NNLL0 resummed and O(↵2
s) matched angularity distributions at two values

of the parameter a 2 {�0.5, 0.5}. The blue (PT) curves represent the purely perturbative result,

whereas the green (NP) curves includes the NP shift according to (3). Q = 91.2 GeV in both plots.

the central (or tail and far-tail) ⌧a domain where the e↵ect of resummation is most relevant. Plots
including the peak region will be left for future studies. For a = �0.5 the di↵erence between the
perturbative (blue) and the NP shifted curve (green) is too small for one to be clearly preferred
by the experimental data. For a = 0.5, on the other hand, the NP e↵ect is sizeable and, indeed,
necessary to accurately describe the data. This is a clear visual confirmation of the leading-order
prediction in (3). Note that the error bars in Figure 2 do not include any error estimate coming
from the EVENT2 extraction of the two-loop jet constant nor from matching to QCD. This will be
addressed in [15].

Moving from LEP to FCC-ee

We argued that an ↵s–extraction using angularities could potentially alleviate the current degen-
eracies in the ↵s(mZ)�A plane, due to the dependence of the leading NP shift on a. Of course, one
also notes from (3) that the power correction is sensitive to the centre-of-mass energy Q. There-
fore an FCC-ee operating at di↵erent energies could be an even greater probe in disentangling
hadronization e↵ects in e+e� event-shape distributions. In Figure 3 we have demonstrated the
minimization of NP e↵ects as Q increases from 91.2 ! 400 GeV. Not only does one notice that
the distributions are larger and more peaked in the low-⌧a region, one observes that the correction
moves from a 9% e↵ect at Q = 91.2 GeV to a 2% e↵ect at Q = 400 GeV (calculated at ⌧0.25 = 0.15).
It is clear that the combined dependence of NP e↵ects on a and Q could be significant. Regardless,
precision resummations as presented in this note represent critical first steps in pursuing these goals.
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The work of C.L. was supported in part by the U.S. Department of Energy, O�ce of Science, O�ce
of Nuclear Physics under Contract DE-AC52-06NA25396 and an Early Career Research Award.
Preprint numbers: LA-UR-16-29580, SI-HEP-2016-28.
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• It might be nice if we can make these concepts tangible in another way. We could
imagine posing questions like “Where in space-time do power corrections arise?”

• At the EIC, a transition will take place in cold nuclear matter.

• With this in mind, we’ll develop a coordinate-space version of LCOPT
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2. Light-cone orderings for ⟨0|T ∏
i ϕ(xi)|0⟩: paths

• Recall: LCOPT in momentum space and LC ordering

G({pa}) = (−ig)N
∫ L∏

loops i=1

d4li

(2π)4

L∏

lines j=1

i

k2
j(li, pa) − m2 + iϵ

=
∑

O
GO({pa})

• LC ordered products of states

−iGO({pa}) = gN ∏

loops i

∫ dq+
i d

2qi⊥

(2π)3
∏

lines j

θ(k+
j )

2k+
j

×
N−1∏

states s∈O=1

1

P−
ext(s) − ∑

kj∈s
k2j,⊥+m2

2k+j
+ iϵ

k+
j is defined in the direction of increasing LC time, and the denominators for each state

are “LC energy” deficits.

• Is there the corresponding form for G ({xa})?
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• Green functions with massless scalars

G({xa}) =
(−ig)N

(4π2)L

N∏

vertices i=1

∫
d4yi

L∏

lines j=1

1

−z2
j (yi, xa) + iϵ

• with causal propagators

1

4π2

1

−z2 + iϵ
=

∫ d4p

(2π)4
e−ip·z i

p2 + iϵ

• As in momentum space, diagrams are LC ordered (OA). Each GOA
is covered by paths

from external “in” vertices to external “out” vertices:

G ({xa}) =
∑

OA

∑

C∈C[OA]
G

(C)
OA

({xb}out, {xa}in)
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• Example of assigning 6 paths (C) to a diagram with 8 lines and 6 vertices. There are 6
paths (1, 2, 3, 4, a′ and b′).

1

2

4

3

(3,4)

2

4

3

(3,4)

2

(2,3)

4
((a’,b’),4)

+

(b’,3)

(2,(a’,b’))

(2,a’)

b’

(a’,b’)

2

((2,a’),4)

((a’,b’),3)

3

(a’,b’)

(3,4)
a’

4 (4,a’)
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• The procedure: write each coordinate propagator as a LC energy Fourier transform,

1

−z2
j (yi, xa) + iϵ

= −i
∫ ∞
−∞ dE+

j

θ
(
E+

j z
+
j

)

2|z+
j |

e
−iE+

j


ηjiy

−
i +η′jax

−
a −

z2j⊥+iϵ

2z+j




• Then integrate over LC times (minus) of internal vertices, which give delta functions.

• Each internal vertex must receive positive light-cone energy from at least one earlier
vertex, and must provide positive light-cone energy to at least one later vertex. Because
of the theta functions linking z+

j with E+
j this eliminates, as in the case of momentum

space LCOPT, vertices at which particles emerge from the vacuum or are absorbed by
the vacuum.

• Finally, integrate over the remaining LC energies, which follow paths from incoming to
outgoing vertices. (In momentum LCOPT, state denominators result from integrating
over the times of vertices within a given order.)
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• The result: coordinate LCOPT:

G
(C)
OA

({xb}out, {xa}in) = (2π)N−2L (−g)N
∏

i∈N

∫
d2yi⊥

∫

OA
dy+

i

∏

j∈L

θ(z+
j )

2z+
j

× ∏

α∈L−N

−1

x−
bα − x−

aα
− D(C)

α − iϵ
.

D(C)
α =

∑

j∈πα

z2
j⊥

2z+
j

where zµ
j ≡ ηjiy

µ
i + η′

jax
µ
a

where j ∈ πα labels the lines in path πα.

• As in momentum space, lines move forward in LC time, but the “LC energy deficits”
are replaced by “LC time deficits” on paths, the difference between the LC time at the
finish and start of the path and the sum of “on-shell” LC times between vertices along
the path.
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• An example
3

(a)

x1

y1

y2 y3

x2 x3

(b)

z1

z2 z3

z4

z5 z6

FIG. 1: Scalar triangle with external lines discussed in text.

For the massless case in four dimensions, we will show how to write an arbitrary diagram as a sum of products
of simple denominators. Each denominator is associated with a path between external vertices rather than with a
multiparticle state found by cutting the diagram. In this case, the denominators represent an “excess” of distance
between a particular path relating vertices and the path length for a particle moving on the light cone. Unlike the
case of momentum space, massless lines in four dimensions lead to qualitatively simpler results than we will find with
massive lines and/or dimensional regularization, but we will see that the formalism can be extended both to massive
and dimensionally-regulated theories. Most of our discussion will be for scalar theories, but we will comment on
including spin, and give applications to gauge theories in later sections.

We begin, then, with all massless scalar lines and in four dimensions. To illustrate our method, we will use the
scalar triangle with three external lines, shown in Fig. 1. In Fig. 1(a) we label the vertices of the diagram and in
Fig. 1(b) the lines, in a notation that we will use below.

For any diagram, the massless scalar propagator (� ⌘ i�F here) is given by

�(x2) =
1

4⇡2

1

�x2 + i✏
. (4)

We analyze the general expression for an arbitrary connected scalar diagram with E fixed external points in coordinate
representation

GE({xa}) =
(�ig)N

(4⇡2)L

Z NY

vertices i=1

d4yi

LY

lines j=1

1

�z2
j (yi, xa) + i✏

, (5)

where the xa, a = 1, . . . , E denote external points and the yi, i = 1, . . . , N , internal vertices, and the vectors zµ
j are

defined by

zµ
j = (⌘jiyi + ⌘0jaxa)µ . (6)

Each ⌘ji takes the value +1 (�1) when zj is defined to end (begin) at vertex i, and is zero otherwise, and similarly
for ⌘0ja in terms of external vertices xa. Each z2

j then gives an invariant separation between the vertices connected by
line j. Inserting the identity into the integrand for the minus component of each line di↵erence, we write

GE ({xa}) =
(�ig)N

(4⇡2)L

Z Y

i2N

d4yi

Y

j2L

Z
dz�j

1

�2z�j z+
j + z2

j? + i✏
�
�
z�j � ⌘jiy

�
i � ⌘0jax�

a

�

=
(�ig)N

(4⇡2)L

Z Y

i2N

d4yi

Y

j2L

Z 1

�1

dE+
j

2⇡

Z 1

�1
dz�j

eiE+
j (z�

j �⌘jiy
�
i �⌘0

jax�
a )

�2z�j z+
j + z2

j? + i✏
, (7)

where in the second equality we reexpress each delta function as an integral over a conjugate light-cone momentum,
which we denote by E+

j and refer to as a light-cone energy. Here and below, we will use the notation N, E, V, L to
denote the sets of internal vertices, of external vertices, of internal plus external vertices, and of lines of the diagram,
and also the numbers of elements in each of these sets. For the example in Fig. 1, N = E = 3, L = V = 6 and, for
example, ⌘11 = 1, ⌘011 = �1, while ⌘43 = 1, ⌘42 = �1, so that in particular, z4 = y3 � y2, as indicated by the arrows
in the figure.

⇒

6

P = � P = +

1

2 3

4

5 6

1

2 3

4

5 6

FIG. 2: Ordered diagrams discussed in text.

this will require several steps, but we can get a good idea of the procedure by evaluating the special cases of Eq. (16),
first for P = 4+,

G(2,1)4+ ({x2, x3}out, {x1}in) = (2⇡)3
(�ig)3

(4⇡2)6
(�i)6

Z 0
@

3Y

i=1

d3yi

6Y

j=1

✓(z+
j )

2z+
j

1
A

⇥
Z

dE+
6 ✓(E+

6 ) e
�iE+

6

✓
[x�

3 �x�
1 ] �


z2
1,?
2z

+
1

+
z2
3,?
2z

+
3

+
z2
6,?
2z

+
6

�
�i✏

◆

⇥
Z

dE+
5 ✓(E+

5 ) e
�iE+

5

✓
[x�

2 �x�
1 ] �


z2
1,?
2z

+
1

+
z2
2,?
2z

+
2

+
z2
5,?
2z

+
5

�
�i✏

◆

⇥
Z

dE+
4 ✓(E+

4 ) ✓
�
E+

6 � E+
4

�
e
�iE+

4


z2
3,?
2z

+
3

�
z2
2,?
2z

+
2

�
z2
4,?
2z

+
4

�

. (17)

Secondly, for P = 4� we get

G(2,1)4� ({x2, x3}out, {x1}in) = (2⇡)3
(�ig)3

(4⇡2)6
(�i)6

Z 0
@

3Y

i=1

d3yi

6Y

j=1

✓(z+
j )

2z+
j

1
A

⇥
Z

dE+
6 ✓(E+

6 ) e
�iE+

6

✓
[x�

3 �x�
1 ] �


z2
1?

2z
+
1

+
z2
3?

2z
+
3

+
z2
6?

2z
+
6

�
�i✏

◆

⇥
Z

dE+
5 ✓(E+

5 ) e
�iE+

5

✓
[x�

2 �x�
1 ] �


z2
1?

2z
+
1

+
z2
2?

2z
+
2

+
z2
5?

2z
+
5

�
�i✏

◆

⇥
Z

dE+
4 ✓(E+

4 ) ✓
�
E+

5 � E+
4

�
e
�iE+

4


z2
2?

2z
+
2

� z2
3?

2z
+
3

� z2
4?

2z
+
4

�

. (18)

We now integrate over the remaining light-cone energies and obtain an expression in terms of denominators corre-
sponding to each path from the initial external vertex to a final external vertex. For P = 4+, the result is given
by

G(2,1)4+ ({x2, x3}out, {x1}in) = (2⇡)3
g3

(4⇡2)6

Z 0
@

3Y

i=1

d3yi

6Y

j=1

✓(z+
j )

2z+
j

1
A

⇥ 1

x�
2 � x�

1 � D521 � i✏

1

x�
3 � x�

1 � D631 � i✏

1

x�
3 � x�

1 � D6421 � i✏
, (19)

where each denominator corresponds to a di↵erent path going forward from the initial vertex to either of the final
vertices, and where we have defined the cumulative “light-cone distance” for each line traversed on a path,

Din,...,i1 =

nX

j=1

z2
ij?

2z+
ij

. (20)

ordering (a)

G
(Ca)
Oa

({x2, x3}out, {x1}in) = −
(−g)3

(2π)9

3∏

i=1

∫
d2yi⊥

∫
dy+

i

6∏

j=1

θ(z+
j )

2z+
j

×
1

(x−
3 − x−

1 − D631 − iϵ)

1

(x−
2 − x−

1 − D521 − iϵ)

1

(x−
2 − x−

1 − D5431 − iϵ)

with

Din,...,i1 =
∑

j∈{in,...i1}

z2
j⊥ + iϵ

2z+
j

ordering (b)

G
(Cb)
Ob

({x2, x3}out, {x1}in) = −
(−g)3

(2π)9

3∏

i=1

∫
d2yi⊥

∫
dy+

i

6∏

j=1

θ(z+
j )

2z+
j

×
1

(x−
2 − x−

1 − D521 − iϵ)

1

(x−
3 − x−

1 − D631 − iϵ)

1

(x−
3 − x−

1 − D6421 − iϵ)
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3. Inclusive & Weighted Cross sections

• Generic “total” cross section

σF (Q) =
∫ n∏

i=1

d4pi

(2π)4
2πδ+(p

2
i )|A(p1, . . . pn)|2(2π)4δ4


q −

n∑

j=1
pj


 (1)

• Case of current induced

A(p1, . . . pn) = ⟨p1, . . . pn|J(0)|0⟩

• We have LCOPT for Fourier transformed amplitude

Ã(y1, . . . yn, 0) ≡
n∏

j=1

∫ d4pi

(2π)4
e−ipj·yjA(p1, . . . pn) , (2)

and its complex conjugate, starting from

∆∗(z) =
1

4π2

1

−z2 − iϵ
. (3)

• for the cross section, just need Fourier transform of the final state (“cut”) on-shell
propagator,

∆c(z) =
∫ d4p

(2π)4
e−ip·z(2π) δ+(p

2)

=
1

4π2

1

−z2 + iϵz0

=
1

4π2

1

−2(z+ − iϵ)(z− − iϵ) + z2
⊥
.
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• This defines a coordinate picture for total cross sections

σF (Q) =
∫
d4ζ e−iq·ζ n∏

i=1

∫
d4wi d

4yi Ã
∗(w1, . . . wn, 0)

×
n∏

j=1
∆c (wj − yj) Ã(y1, . . . yn, ζ)

• represented by

AA *
w1

nF

y
1

ynF

F

0

w
z

• The same picture in terms of ordered paths: but now paths extend from ζ out to largest
y+
i (always increasing) – then to the largest wj and (always decreasing) back to 0.
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• The “Schwinger-Keldysh” like paths follow from reverse order of complex conjugate
propagators and lack of order for cut propagators

1

−z2
j + iϵ

=
−i

2|z+
j |

∫ ∞
−∞ dE+

j e
−iE+

j


z−j −

z2j⊥+iϵ

2z+j




θ
(
E+

j z
+
j

)

1

−2(z+
j − iϵ)(z−

j − iϵ) + z2
j⊥

=
−i

2(z+
j − iϵ)

∫ ∞
0

dE+
j e

−iE+
j


z−j −

z2j⊥
2(z+j −iϵ)

−iϵ




1

−z2 − iϵ
=

i

2|z+
j |

∫ ∞
−∞ dE+

j e
−iE+

j


z−j −

z2j⊥−iϵ

2z+j




θ
(
−E+

j z
+
j

)

• Otherwise, energy integration can be carried out as for amplitudes, leading to parth form
for cross section.
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• Current-induced cross section in terms of paths OA,OA
∗ for final-state F at order NA+

N∗
A is a sum over paths and integral over +,⊥ vertex positions:

σ
(NA,NA∗)
F (Q) =

(−g)NA(g)NA∗

(2π)2L−N

∑

OAOA∗

NA∏

i=1

∫
d2yi⊥

∫

OA
dy+

i

×
NA∗∏

i′=1

∫
d2wi′⊥

∫

OA∗
dw+

i′

∫
d4ζ e−iq·ζ

× ∑

C∈C[OAOA∗]
G

(C)
OAOA∗(y

+
i , yi⊥, w

+
i′ , wi′⊥, ζ) (4)

• With integrand:

G
(C)
OAOA∗(y

+
i , yi⊥, w

+
i′ , wi′⊥, ζ) =

LA∏

j=1

θ(z+
j )

2z+
j

LF∏

k=1

1

2(z+
k − iϵ)

LA∗∏

j′=1

θ(−z+
j′)

2z+
j′

× ∏

πα∈C

−1

0− +

∑
j′∈π

(A∗)
α

z2
j′⊥

2|z+
j′ |

−
z2πF⊥

2(z+πF−iϵ)
− ∑

j∈π
(A)
α

z2j⊥
2z+j

− ζ− − iϵ




.

• LC time deficits follow the path out to infinity and back. If zµ
j are collinear, can generate

infrared divergences as times on the way back cancel those on the way out.
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4. Short distances and beyond

• Individual final states generally show infrared divergences, which should cancel with
appropriate sums over state (KLN)

• For example, collinear singularities, when β2 ≡ z2
j⊥/(2(z

+
j )

2) same for all lines on a path,
then can have:

∑

j′∈π
(A∗)
α

z2
j′⊥

2|z+
j′ |

−
z2
πF⊥

2(z+
πF

− iϵ)
− ∑

j∈π
(A)
α

z2
j⊥

2z+
j

= −β2




∑

j′∈π
(A∗)
α

z+
j′ + z+

πF
+

∑

j∈π
(A)
α

z+
j




• The z+
j′ are all < 0, so the integrals over positions of vertices are infinite, giving same

collinear singularities as in momentum space.

• This takes some power counting for scalar and gauge theories; let’s assume that.

• So, what happens?
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• When the vertex with the largest LC time “crosses” the final state, the integrand is
almost unchanged, only (−1)NA changes sign in:

(−1)NA
LA∏

j=1

θ(z+
j )

2z+
j

LF∏

k=1

1

2(z+
k − iϵ)

LA∗∏

j′=1

θ(−z+
j′)

2z+
j′

AA *

w1y1

F

0ymax

=  − AA *
w1y

1

F

0w
max

y
max

= w
max

z

z

• This is the “largest-time” equation (Veltman). In this total cross section, only vertices
between 0 and ζ+ survive! This is an expression of unitarity.
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• Where this is going . . .

• Infared safe cross wighted sections:

σF [Q, h] =
∫ n∏

i=1

d4pi

(2π)4
2πδ+(p

2
i )hn(p1, . . . , pn) |A(p1, . . . pn)|2(2π)4δ4


q −

n∑

j=1
pj




• IR safety: hn(. . . pn−1, pn) = hn(. . . pn−1, αpn, (1−α)pn), 0 ≤ α ≤ 1 (hn symmetric).

In coordinate space, a convolution,

σF [Q, h] =
∫
d4ζ e−iq·ζ n∏

i=1

∫
d4wi d

4yi Ã
∗(w1, . . . wn, 0)

×
n∏

j=1

∫
d4rj ∆c (wj − yj − rj) h̃(r1, . . . , rn) Ã(y1, . . . yn, ζ) . (5)

• In principle, we can see how cancellation limits regions in coordinate space, depending
on the weight function involved.
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• Illustration, Laplace weghts of thrust at lowest order in the “soft function” (color-singlet
product of light-like Wilson lines meeting at cusp vertex).

• Fourier transform for Laplace moments of thrust (a = 0 angularity):

Thrust weight for the soft function (Wilson lines in LC ± directions):

fτ(k) = δ
(
min

(
k+/Q , k−/Q

)
− τ

)

Laplace moments (for each final-state particle)

fN(k) =
∫
dτ e−Nτ fτ(k)

Fourier transform (ν ≡ N
Q
) of the thrust:

τ̃ν(r) =
∫ d4k

(2π)4
e−ik·r [e−νk− θ(k+ − k−) θ(k−) + e−νk+ θ(k− − k+) θ(k+)]

=
δ2(r⊥)

(2πi)2
1

r+ + r− − iν




1

r+ − iϵ
+

1

r− − iϵ



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• Real-gluon final state as a convolution

σreal
LO =

αg

2π

∫ ∞
0

dλdσ
∫ ∞
−∞

dr+dr−

(2πi)2
1

r+ + r− − iν




1

r+ − iϵ
+

1

r− − iϵ




×
1

2(λ + r+ + iϵ)(σ − r− − iϵ)

=
αg

4π

∫ ∞
0

dλdσ
1

σ − λ − iν



1

λ
−

1

σ




• virtual (µ renormalzation scale for cusp)

σvir
LO = −

αg

4π

∫ ∞
1/µ

dλdσ
1

λσ

• The real and virtual cancel beyond length scale given by ν = N/Q, as expected from
“largest time” . . .
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• All together, with complex-conjugate diagrams

σ(ν,Q) =
αg

2π

∫ ∞
1/Q

dλdσ
1

λσ




ν2

(σ − λ)2 + ν2




• Worth noting: λ = σ enhanncement in denominator results in power correction like ν

(linear) as for momentum space.

• Integral is suppressed when λσ ≫ ν2.

• For λσ ≪ ν2, it goes like ln2(µν), and in summary,

σ(ν,Q) =
αg

2π

∫ ν

1/Q
dλdσ

1

λσ




ν2

(σ − λ)2 + ν2




• Natural projection to all orders (using an exact result for the virtual cusp form factor):

σ(ν,Q) =
∫ ν

1/Q
dλdσ

A(αs(1/λσ))

λσ




ν2

(σ − λ)2 + ν2




with A(α) the cusp anomalous dimension of the theory in question.
Transition at λσ = 1/Λ2

QCD
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5. Summary

• LCOPT theory in coordinate space gives a role to paths.

• IR cancellation can be realized in coordinate space.

• Suggests the possibility of a geometric picture of the perturbative-nonperturbative tran-
sition.
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