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Outline
• General concepts of small-x physics and saturation: 
• Quarks and gluons in a proton; DIS in the dipole picture; BFKL 

Pomeron; Unitarity; GGM/MV formula
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• Non-linear small-x evolution:  
• Non-linear BK and KL evolution equations; Solution of BK/KL 

equations; geometric scaling symmetry 
• Running coupling corrections; LT solution 

• Particle production at small-x 
• AGK cross sections formula; The linear but with complicated 

kernel evolution of σn  and its solutions  
• Applications at EIC era: Multiplicity distribution and 

entanglement entropy for produced gluons
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• There is a large number of quarks, 
anti-quarks and gluons at small-x in 
a proton. We still don’t have a clear 
picture of how they are distributed.

atom 10-8 cm

nucleus 10-12 cm

electron < 10-16 cm

nucleon (proton/
neutron)  10-13 cm

quark < 
10-16 cm

gluon < 10-16 cm

Quarks and Gluons in the Proton



Quarks and Gluons in the Proton
• High number of gluons populates the transverse extent of 

the proton or nucleus, leading to a very dense saturated 
wave function known as the Color Glass Condensate (CGC)
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• As energy 
increases, gluons 
not only split into 
more gluons, but 
also recombine.
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DESY, Hamburg, Germany BNL, Upton, NY
Deep inelastic scattering (DIS) 

x =
Q2

2P ⋅ q
≈ Q2 /s

s = (P + q)2 = W2

q

P

Q2 = − q2 = (k − k′￼)2

k

k′￼
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Dipole picture of DIS
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• The total DIS cross section is:

N N

ep/dipole-proton 
collision
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eA/dipole-nucleus 
collision
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ωω→p/A
tot =

∫
d2x01

2ε
d2b

∫ 1

0

dz

z (1 → z)
|!ω→→qq̄(x01, z,Q

2)|N(Y ;x01,b)
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Dipole picture of DIS
• How does the dipole interacts with the proton?

J = spin of exchanged particle

• Answer: the (two) gluon exchange dominates (J=1). Spin-2 
particles are weakly-coupled at nowadays energies. 
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ω → ... sJ→1

<latexit sha1_base64="rOrG7glAq4aYijPonzJXI2V5GmY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnt5nffuLaiEg94DTm/ZCOlAgEo2ilx15IcewHqTsblCtu1Z2DrBIvJxXI0RiUv3rDiCUhV8gkNabruT H2U6pRMMlnpV5ieEzZhI5411JFQ2766TzxjJxZZUiCSNunkMzV3xspDY2Zhr6dzBKaZS8T//O6CQbX/VSoOEGu2OKjIJEEI5KdT4ZCc4ZyagllWtishI2ppgxtSSVbgrd88ippXVS9WrV2f1mp3+R1FOEETuEcPLiCOtxBA5rAQMEzvMKbY5wX5935WIwWnHznGP7A+fwBk2OQ3w==</latexit>

0
<latexit sha1_base64="cDmoj6SeUUz31ueK43W5xtz07vA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftB6s0G5Ypbdecgq8TLSQVyNAblr94wYkmI0jBBte56bmz6KVWGM4GzUi/RGFM2oSPsWippiLqfzhPPyJlVhiSIlH3SkLn6eyOlodbT0LeTWUK97GXif143McF1P+UyTgxKtvgoSAQxEcnOJ0OukBkxtYQyxW1WwsZUUWZsSSVbgrd88ippXVS9WrV2f1mp3+R1FOEETuEcPLiCOtxBA5rAQMIzvMKbo50X5935WIwWnHznGP7A+fwBlOiQ4A==</latexit>

1

proton

<latexit sha1_base64="Fz0mcvYlxmgoGcSVXti0ub2wM8Q=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF/FUxX5AG8pmO2mXbjZhdyOU0n/gxYMiXv1H3vw3btoctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G15nffkSleSwfzCRBP6JDyUPOqLHS/W2pX664VXcO8pd4OalAjka//NkbxCyNUBomqNZdz02MP6XKcCZwVuqlGhPKxnSIXUsljVD70/mlM3JilQEJY2VLGjJXf05MaaT1JApsZ0TNSC97mfif101NeOlPuUxSg5ItFoWpICYm2dtkwBUyIyaWUKa4vZWwEVWUGRtOFoK3/PJf0jqrerVq7e68Ur/K4yjCERzDKXhwAXW4gQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb9hpjO0=</latexit>

J

<latexit sha1_base64="Sj3Al3JWWaO7irwnbdF0hbO+8Pc="></latexit>

N2→gluons =
1

4
x2
01 Q

2
s0

bi=b

<latexit sha1_base64="0q6uTNj7Rqoqmpds+MTmoDY+esw="></latexit>

N (0) = 1 → e→
1
4x

2
01Q

2
s0 ↑ ω

<latexit sha1_base64="0q6uTNj7Rqoqmpds+MTmoDY+esw="></latexit>

N (0) = 1 → e→
1
4x

2
01Q

2
s0 ↑ ω

<latexit sha1_base64="ifruBnE2NQV0g0OL7vG7WzI1KoI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbLIm2UpZ+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32Z+e0KVZlI8mGlM/QgPBQsZwcZKfk+x4chgpeRTqdQvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbT+dEzdGaVAQqlsiUMmqu/J1IcaT2NAtsZYTPSy14m/ud1ExNe+ykTcWKoIItFYcKRkShLAA2YosTwqSWYKGZvRWSEFSbG5pSF4C2/vEpaF1WvVq3dX1bqN3kcRTiBUzgHD66gDnfQgCYQeIRneIU3Z+K8OO/Ox6K14OQzx/AHzucPN/KRwA==</latexit>→

<latexit sha1_base64="B7mI6civTK5iDPdCLQnokqvvyww=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIQ/jMQ=</latexit>
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The BFKL Pomeron
• The previous result does not include any energy 

dependence. Energy dependence comes in through 
quantum corrections, which bring in powers of  

2

=

1

2

3

n-1

n

kT, Y

<latexit sha1_base64="HzNSyFioac6GODU9iIgzr5AtdNA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURqS6LblxWtA9oQphMJ+3QySTMTMQSsnPjr7hxoYhbf8Gdf+M0zUKrBy4czrl35t7jx4xKZVlfRmlhcWl5pbxaWVvf2Nwyt3c6MkoEJm0csUj0fCQJo5y0FVWM9GJBUOgz0vXHl1O/e0eEpBG/VZOYuCEachpQjJSWPHM/dfJHUp8lJHMQi0fIu3EYr9nH90eZZ1atupUD/iV2QaqgQMszP51BhJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumq+QwUOtDGAQCV1cwVz9OZGiUMpJ6OvOEKmRnPem4n9eP1HBuZtSHieKcDz7KEgYVBGchgIHVBCs2EQThAXVu0I8QgJhpaOr6BDs+ZP/ks5J3W7UG9en1eZFEUcZ7IEDUAM2OANNcAVaoA0weABP4AW8Go/Gs/FmvM9aS0Yxswt+wfj4Bgk5mWg=</latexit>

ωS ln(1/x)

per rung 

<latexit sha1_base64="OxK1UCvmhOiNhhrBcuHT2WZCZbM=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCqJSHVZdOOyon1IE8JkOmmHTh7MTIQS4sZfceNCEbf+hTv/xmnahbYeuHA45965c4+fcCaVZX0bpaXlldW18nplY3Nre8fc3WvLOBWEtkjMY9H1saScRbSlmOK0mwiKQ5/Tjj+6mvidByoki6M7NU6oG+JBxAJGsNKSZx5kTvFI5vOU5g7myRB7t+g+98yqVbMKoEViz0gVZmh65pfTj0ka0kgRjqXs2Vai3AwLxQinecVJJU0wGeEB7Wka4ZBKNyuW5+hYK30UxEJXpFCh/p7IcCjlOPR1Z4jVUM57E/E/r5eq4MLNWJSkikZkuihIOVIxmsSB+kxQovhYE0wE039FZIgFJkqHVtEh2PMnL5L2ac2u1+o3Z9XG5SyOMhzCEZyADefQgGtoQgsIPMIzvMKb8WS8GO/Gx7S1ZMxm9uEPjM8fCiSXRg==</latexit>

ωSY

proton/nucleus

BFKL 
ladder

<latexit sha1_base64="QUsAKmrVJp4tXv+SDGg9ITrMNX0="></latexit>

NBFKL(Y,x01,b) → N0(x
2
01Q

2
s(Y,b))

1→ ωcr = N0e
ω̄ z ↑ GP (z)

<latexit sha1_base64="abgmlxlTKgYla24fr2xWXRh36qI=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEpLoRSgURFKlgH9DEMplO26GTSZiZiCFm4a+4caGIW3/DnX/jtM1CWw9cOJxzL/fe44WMSmVZ30Zubn5hcSm/XFhZXVvfMDe3GjKIBCZ1HLBAtDwkCaOc1BVVjLRCQZDvMdL0hmcjv3lPhKQBv1VxSFwf9TntUYyUljrmzvVd4vhe8JA4ivIYVs8vr9L0tGMWrZI1BpwldkaKIEOtY3453QBHPuEKMyRl27ZC5SZIKIoZSQtOJEmI8BD1SVtTjnwi3WR8fwr3tdKFvUDo4gqO1d8TCfKljH1Pd/pIDeS0NxL/89qR6p24CeVhpAjHk0W9iEEVwFEYsEsFwYrFmiAsqL4V4gESCCsdWUGHYE+/PEsahyW7XCrfHBUr1SyOPNgFe+AA2OAYVMAFqIE6wOARPINX8GY8GS/Gu/Exac0Z2cw2+APj8wegSpXc</latexit>

NBFKL ==
<latexit sha1_base64="HJH3Tc7XMaHN2Bdtf6xwPEfcGQw=">AAACGnicbVC5TgMxEPVyhnAtUNJYREihCbsBBcoADWUikUPKJpHX8SZWvIfsWUS02u+g4VdoKECIDtHwNzhHAQlPGunpvRl75rmR4Aos69tYWl5ZXVvPbGQ3t7Z3ds29/boKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBm7DfumVQ8DO5gFLG2T/oB9zgloKWuaVe7qlN0FPfxVSexT89SRzAP8o4nCU3sNHlIHcn7AzjpOEI/2yNdM2cVrAnwIrFnJIdmqHTNT6cX0thnAVBBlGrZVgTthEjgVLA068SKRYQOSZ+1NA2Iz1Q7mZyW4mOt9LAXSl0B4In6eyIhvlIj39WdPoGBmvfG4n9eKwbvsp3wIIqBBXT6kRcLDCEe54R7XDIKYqQJoZLrXTEdEB0K6DSzOgR7/uRFUi8W7FKhVD3Pla9ncWTQITpCeWSjC1RGt6iCaoiiR/SMXtGb8WS8GO/Gx7R1yZjNHKA/ML5+AMJhoMA=</latexit>

Q2
s → A1/3

(
1

x

)ω

<latexit sha1_base64="v7QdX3wCxKAv8RtX6oCzxuzfHUg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDhcOMxQ==</latexit>
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• As we increase energy, the single BFKL Pomeron violates 
unitarity of the total cross section 

The BFKL Pomeron

• We call the Froissart boundary the following limit of the 
energy growth of the total cross section:

<latexit sha1_base64="GSWY4dn1HlYLyMXf/VlhCu27oro=">AAACB3icbVA9SwNBEN2LXzF+RS0FWQyCRQh3QaJlMI1lBPMBuTPsbTbJkr29c3dOCEc6G/+KjYUitv4FO/+Nm+QKTXww8Hhvhpl5fiS4Btv+tjIrq2vrG9nN3Nb2zu5efv+gqcNYUdagoQhV2yeaCS5ZAzgI1o4UI4EvWMsf1aZ+64EpzUN5C+OIeQEZSN7nlICRuvljV/NBQLoJhDBxi65g97jmFrEr5F0Z626+YJfsGfAycVJSQCnq3fyX2wtpHDAJVBCtO44dgZcQBZwKNsm5sWYRoSMyYB1DJQmY9pLZHxN8apQe7ofKlAQ8U39PJCTQehz4pjMgMNSL3lT8z+vE0L/0Ei6jGJik80X9WGAI8TQU3OOKURBjQwhV3NyK6ZAoQsFElzMhOIsvL5NmueRUSpWb80L1Ko0ji47QCTpDDrpAVXSN6qiBKHpEz+gVvVlP1ov1bn3MWzNWOnOI/sD6/AGoYJiH</latexit>

ωtot → C ln2 s

<latexit sha1_base64="zzrNYPpBWIKHbYwMLxYOn/tndMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRrVfLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO88VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtdssjjycwTlcggdVqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIdHjMY=</latexit>
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Fixing the problems
• Let us define the saturation scale Qs(Y) like a transition 

point between the region where N (x⊥,Y) grows with x⊥ 
and the region where this growth is tamed, that is, by 
requiring that N (x⊥ = 1/Qs(Y ), Y) = const, with some 
order-one constant.

<latexit sha1_base64="3J4d55VFPEy5LsGNHMmUQe532es=">AAACGnicbVDLSsNAFJ34rPUVdekmWIQKWhOR6rLoxmUF+4AmhJvptB06k8SZSaGEfocbf8WNC0XciRv/xmmbRW09MMyZc+7lzj1BzKhUtv1jLC2vrK6t5zbym1vbO7vm3n5dRonApIYjFolmAJIwGpKaooqRZiwI8ICRRtC/HfuNARGSRuGDGsbE49ANaYdiUFryTcftQxyDe+qSx4QO9I17tOh2gXPwUyxGJ+dF52z27ZsFu2RPYC0SJyMFlKHqm19uO8IJJ6HCDKRsOXasvBSEopiRUd5NJIkB96FLWpqGwIn00slqI+tYK22rEwl9QmVN1NmOFLiUQx7oSg6qJ+e9sfif10pU59pLaRgnioR4OqiTMEtF1jgnq00FwYoNNQEsqP6rhXsgACudZl6H4MyvvEjqFyWnXCrfXxYqN1kcOXSIjlAROegKVdAdqqIawugJvaA39G48G6/Gh/E5LV0ysp4D9AfG9y9cHqB0</latexit>

ω → ε(ϑcr)/(1↑ ϑcr)
<latexit sha1_base64="OBWvKXdGjJi3tsE8u2vB7HZzRFI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgKSQqrReh6MVjBfsBbQib7aZdursJu5tCCf0nXjwo4tV/4s1/47bNQasPBh7vzTAzL0oZVdrzvqzS2vrG5lZ5u7Kzu7d/YB8etVWSSUxaOGGJ7EZIEUYFaWmqGemmkiAeMdKJxndzvzMhUtFEPOppSgKOhoLGFCNtpNC2+0PEOQpzLGc3nntZD+2q53oLOH+JX5AqFGiG9md/kOCME6ExQ0r1fC/VQY6kppiRWaWfKZIiPEZD0jNUIE5UkC8unzlnRhk4cSJNCe0s1J8TOeJKTXlkOjnSI7XqzcX/vF6m4+sgpyLNNBF4uSjOmKMTZx6DM6CSYM2mhiAsqbnVwSMkEdYmrIoJwV99+S9pX7h+za09XFUbt0UcZTiBUzgHH+rQgHtoQgswTOAJXuDVyq1n6816X7aWrGLmGH7B+vgGc26S5g==</latexit>

ωcr = 0.37where 
<latexit sha1_base64="1owmIHD9Q6SggOtWnSQJ/8cM9qk=">AAACJnicbZDLSgMxFIYz9VbrbdSlm8EiVGjLTJHqplB047KCvUAzlEyatqHJzJBkhDL0adz4Km5cVETc+Sim01G09UDgz/efQ3J+L2RUKtv+MDJr6xubW9nt3M7u3v6BeXjUkkEkMGnigAWi4yFJGPVJU1HFSCcUBHGPkbY3vpn77QciJA38ezUJicvR0KcDipHSqGfWIB7RAhwiztE5LNZgsQJDSQuOvpRgMdE/7jdwSinqmXm7bCdlrQonFXmQVqNnzmA/wBEnvsIMSdl17FC5MRKKYkamORhJEiI8RkPS1dJHnEg3TtacWmea9K1BIPTxlZXQ3xMx4lJOuKc7OVIjuezN4X9eN1KDKzemfhgp4uPFQ4OIWSqw5plZfSoIVmyiBcKC6r9aeIQEwkonm9MhOMsrr4pWpexUy9W7i3z9Oo0jC07AKSgAB1yCOrgFDdAEGDyCZzADr8aT8WK8Ge+L1oyRzhyDP2V8fgEoeKKJ</latexit>

ω(ε) = 2ϑ(1) → ϑ(ε) → ϑ(1→ ε), , 

<latexit sha1_base64="HdYaPsUbM4jt6p6aiglfRV7CsYw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRrVfLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzOs+imXcWJQsuWiYSKIicj8azLgCpkRU0soU9zeStiYKsqMzaZgQ/BWX14nrauyVylXGtel2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIjLjMc=</latexit>
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Fixing the problems
• To reconcile with unitarity, we say that the dipole system in 

the saturation region develops the BFKL Pomeron cascade:
r

R

=
R

rriY

Y0

• S=1-N. The wavy lines denote the BFKL Pomeron 
exchanges. The circles denote the Born amplitude.  

• This is a non-Borel summable series.

<latexit sha1_base64="+Okz9Ee2SD/qEhJ0+bbAzKsztgI="></latexit>

Sd
p/A(Y,x01,b) =

→∑

n=0

(→1)n Cn G
n
P (Y,x01,b) =

∮

C

dn

2ω i

ω

sin(ω n)
Cn G

n
P

<latexit sha1_base64="QxbklJp5hXu0N2VcsvvtRUjyHS0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0FvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A4pPjMg=</latexit>
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Non-linear  
small-x evolution 



Small-x Evolution
• Let us denote by the red rectangle the GGM exchanges. The 

quantum corrections are the virtual and long-lived s-
channel gluons:

+ + … +
• In general we don’t know how to sum this gluon cascade, 

only at leading log-1/x and next to leading log. Also due to 
color factors, still hard to resume. To resume the cascade we 
take the large-Nc limit (’t Hooft ’77): 

<latexit sha1_base64="pvSKdI7SQ2PeGwlWzkgcE84V4p0=">AAACA3icbVBNS8NAEJ34WetX1JteFovgqSQi1WPRi8cK9gPaEDbbTbt0swm7G6GEghf/ihcPinj1T3jz37hpc7CtDwYe780wMy9IOFPacX6sldW19Y3N0lZ5e2d3b98+OGypOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxjd5n77kUrFYvGgxwn1IjwQLGQEayP59nEvwnoYhNlo4rvlOfh2xak6U6Bl4hakAgUavv3d68ckjajQhGOluq6TaC/DUjPC6aTcSxVNMBnhAe0aKnBElZdNf5igM6P0URhLU0Kjqfp3IsORUuMoMJ35xWrRy8X/vG6qw2svYyJJNRVktihMOdIxygNBfSYp0XxsCCaSmVsRGWKJiTax5SG4iy8vk9ZF1a1Va/eXlfpNEUcJTuAUzsGFK6jDHTSgCQSe4AXe4N16tl6tD+tz1rpiFTNHMAfr6xez/JMH</latexit>

k1 <latexit sha1_base64="rcgAY+Pi1nvjzl5NkcYUp46Ei58=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaJ4KolI9Vj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9dM96pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwDh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDx5CjRs=</latexit>

&<latexit sha1_base64="bip59li+eBez6j1rP418KEYpW1g=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slgETyUpUj0WvXisYD+gDWWz3bRLN5uwuxFKKHjxr3jxoIhX/4Q3/42bNgfb+mDg8d4MM/P8mDOlHefHKqytb2xuFbdLO7t7+wf24VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74NvPbj1QqFokHPYmpF+KhYAEjWBupb5/0QqxHfpCOp/1qaQF9u+xUnBnQKnFzUoYcjb793RtEJAmp0IRjpbquE2svxVIzwum01EsUjTEZ4yHtGipwSJWXzn6YonOjDFAQSVNCo5n6dyLFoVKT0Ded2cVq2cvE/7xuooNrL2UiTjQVZL4oSDjSEcoCQQMmKdF8YggmkplbERlhiYk2sWUhuMsvr5JWteLWKrX7y3L9Jo+jCKdwBhfgwhXU4Q4a0AQCT/ACb/BuPVuv1of1OW8tWPnMMSzA+voFtY6TCA==</latexit>

k2

<latexit sha1_base64="CJ/WhFVh4ntHq/gDJIkujN6aIoI=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slgETyVRqR6LXjxWsB/QhrLZbtqlm03Y3QglFLz4V7x4UMSrf8Kb/8ZNm4NtfTDweG+GmXl+zJnSjvNjFVZW19Y3ipulre2d3T17/6CpokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX90m/mtRyoVi8SDHsfUC/FAsIARrI3Us4+6IdZDP0hHk95FaQ49u+xUnCnQMnFzUoYc9Z793e1HJAmp0IRjpTquE2svxVIzwumk1E0UjTEZ4QHtGCpwSJWXTn+YoFOj9FEQSVNCo6n6dyLFoVLj0Ded2cVq0cvE/7xOooNrL2UiTjQVZLYoSDjSEcoCQX0mKdF8bAgmkplbERliiYk2sWUhuIsvL5PmecWtVqr3l+XaTR5HEY7hBM7AhSuowR3UoQEEnuAF3uDderZerQ/rc9ZasPKZQ5iD9fULtyCTCQ==</latexit>

k3
—>

<latexit sha1_base64="COf2KTFAwOVgZgC21AafWTwBzbM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF09SwX5AG8pmu02XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I9oqMRQMIpWat/3WS8MvX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysY05F1LFY248bP5uVNyZpUBGcbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umOLz2M6GSFLlii0XDVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdWrVWsPl5X6TR5HEU7gFM7Bgyuowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Aw02PNg==</latexit>

Nc → 1

<latexit sha1_base64="rnSJAPNppYfNLrXui2HSk/RnvXU="></latexit>

Nc → large, ωS Nc = const

<latexit sha1_base64="N0jF13yyogdjvRGvz3GC6BJJ50U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/tlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+wEjPo=</latexit>

10



• The original dipole has developed a dipole cascade, each 
of which interacts with the nucleus via GGM scattering

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

• Where S=1-N and ρn denotes the dipole densities 
(probability to find n dipoles in the amplitude)

Small-x Evolution

<latexit sha1_base64="6hdLJSBDs2fSfMtOWuJG1OqJNl8="></latexit>

S (Y ;x01,b) =
→∑

n=0

(→1)n
∫ n∏

i=1

ωBA(x01,i,x0→1→ ,bi) d
2x01,i d

2bi εn(Y ;x01,b, {x01,i,bi})
<latexit sha1_base64="6JZuwxrS74trxJ57OIsMQMTv2UQ="></latexit>

S (Y ;x01,b) =
→∑

n=0

(→1)n
∫ n∏

i=1

ωBA(x01,i,x0→1→ ,bi) ↑ d2x01,i d
2bi εn(Y ;x01,b, {x01,i,bi})

<latexit sha1_base64="qlClGe4gEiwbkVSPpYamFAXt9l8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+2IjPs=</latexit>
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• In arriving to that expression, the dipole–nucleus S-matrix 
is found to obey the following non-linear evolution 
equation (Balitsky ’96; Kovchegov ’99)

<latexit sha1_base64="OIxq+i4vcGWKHvhB5mFDmHjlAzY="></latexit>

ω SdA (Y,x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→ [SdA (Y ;x12,b) SdA (Y ;x02,b) ↑ SdA (Y ;x01,b)]
<latexit sha1_base64="OIxq+i4vcGWKHvhB5mFDmHjlAzY="></latexit>

ω SdA (Y,x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→ [SdA (Y ;x12,b) SdA (Y ;x02,b) ↑ SdA (Y ;x01,b)]

where 
<latexit sha1_base64="G/sqitJTk+KRq+wrnM5lgwM6OSM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclJqIVDdC0Y3LCvYhTSiT6aQdOpmEmYkYQv0VNy4UceuHuPNvnKRZaOuBC4dz7uXee7yIUaks69tYWl5ZXVsvbZQ3t7Z3ds29/Y4MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcl15ncfiJA05HcqiYgboBGnPsVIaWlgVu6d2qVTcxiH9sljOcfArFp1KwdcJHZBqqBAa2B+OcMQxwHhCjMkZd+2IuWmSCiKGZmWnViSCOEJGpG+phwFRLppfvwUHmllCP1Q6OIK5urviRQFUiaBpzsDpMZy3svE/7x+rPwLN6U8ihXheLbIjxlUIcySgEMqCFYs0QRhQfWtEI+RQFjpvLIQ7PmXF0nntG436o3bs2rzqoijBA7AITgGNjgHTXADWqANMEjAM3gFb8aT8WK8Gx+z1iWjmKmAPzA+fwCcqZGE</latexit>

Y = ln 1/x and <latexit sha1_base64="IOd/44UJRkJZjjoYQtxnU1XQ1JM=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguakhEqhuh6MZlBfuAJoTJdNJOO3kwMxFLyF+48VfcuFDEre78GydtFrX1wMCZc+7l3nu8mFEhTfNHW1peWV1bL22UN7e2d3b1vf2WiBKOSRNHLOIdDwnCaEiakkpGOjEnKPAYaXujm9xvPxAuaBTey3FMnAD1Q+pTjKSSXN2wAyQHnp8+Zm5Kh5ldvbKrMxo9nfkMy65eMQ1zArhIrIJUQIGGq3/bvQgnAQklZkiIrmXG0kkRlxQzkpXtRJAY4RHqk66iIQqIcNLJXRk8VkoP+hFXL5Rwos52pCgQYhx4qjJfUsx7ufif102kf+mkNIwTSUI8HeQnDMoI5iHBHuUESzZWBGFO1a4QDxBHWKoo8xCs+ZMXSevMsGpG7e68Ur8u4iiBQ3AEToAFLkAd3IIGaAIMnsALeAPv2rP2qn1on9PSJa3oOQB/oH39Ag03oHs=</latexit>xij = xi → xj ,
<latexit sha1_base64="L1kizcaNcyda4vZeiZEXEPyaiHA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBRSmJSHUjFN24rGAf0IQwmU7asZMHMxNpSbNx46+4caGIW//BnX/jJO1CWw9cOJxzL/fe40aMCmkY31phaXllda24XtrY3Nre0Xf3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDq8zv/1AuKBhcCfHEbF91A+oRzGSSnL0w5GT0PvUqlxalYnlIzlwvWSU5uLE0ctG1cgBF4k5I2UwQ8PRv6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSITwEPVJV9EA+UTYSf5FCo+V0oNeyFUFEubq74kE+UKMfVd1ZneKeS8T//O6sfQu7IQGUSxJgKeLvJhBGcIsEtijnGDJxoogzKm6FeIB4ghLFVxJhWDOv7xIWqdVs1at3Z6V61ezOIrgAByBE2CCc1AHN6ABmgCDR/AMXsGb9qS9aO/ax7S1oM1m9sEfaJ8/TBGZHQ==</latexit>

xij = |xij |

Small-x Evolution

<latexit sha1_base64="rvzVnxr+hUTAJsPw7yhUXHOXFkM="></latexit>

SdA (Y = YA,x01,b) = exp

(
→1

4
x2
01 Q

2
s(YA,b)

)• The initial condition with energy is given by

<latexit sha1_base64="FtPuBCp7RR4MXZ+LupSv1wtkHeI=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFcFUSkeqy6MZlBXuRJpTJdNIOnVyYmQglZOHGV3HjQhG3PoQ738ZJG0Rbfxj4+M85M3N+L+ZMKsv6Mkorq2vrG+XNytb2zu6euX/QkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpXXu/dUSBaFt2oaUzfAo5D5jGClrYFZdXyBSerEWCiGefZD6C4bmDWrbs2ElsEuoAaFWgPz0xlGJAloqAjHUvZtK1Zuml9IOM0qTiJpjMkEj2hfY4gDKt10tkSGjrUzRH4k9AkVmrm/J1IcSDkNPN0ZYDWWi7Xc/K/WT5R/4aYsjBNFQzJ/yE84UhHKE0FDJihRfKoBE8H0XxEZY52K0rlVdAj24srL0Dmt24164+as1rws4ihDFY7gBGw4hyZcQwvaQOABnuAFXo1H49l4M97nrSWjmDmEPzI+vgGYqZi3</latexit>

ω

ωY

<latexit sha1_base64="SablyYeBseqKUShWcA8BrfAVHzk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ68Kr9UtmtuHOQVeLlpAw5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aVTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07RhuAtv7xKWtWKV6vU7i/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+8MjPw=</latexit>
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Solution of BK equation
• For the leading twist BFKL kernel (E. Levin and K. Tuchin 

’00)

• Introducing

where 

<latexit sha1_base64="vxzcpeANfU8I0SIwTi8zN3f0EEE="></latexit>

ω̄S

2ε

∫
d2x2

x2
01

x2
12 x

2
02

→ ω̄S

2

x2
01∫

Q→2
s (Y,b)

dx2
02

x2
02

+
ω̄S

2

x2
01∫

Q→2
s (Y,b)

dx2
12

x2
12

↑ ω̄S

2

ω∫

→ωs

dϑ02 +
ω̄S

2

ω∫

→ωs

dϑ12

• The BK evolution equation can be rewritten in terms of ξs 
and ξ as 

<latexit sha1_base64="K9VhzZ+S1A/u4T6jyLDySZvwRPo="></latexit>

ωij = ln(x2
ij Q

2
s(Y = YA,b)) and 

<latexit sha1_base64="pB8kYUp2SFdr0/aa2Absi5CTs1w="></latexit>

ω SdA (εs, ε)

ω εs
=

1

ϑ
SdA (εs, ε)

ω∫

→ωs

dε↑ (1 → SdA (εs, ε
↑))

<latexit sha1_base64="d7jr23ooLpnssNdR7is7+xrANrc="></latexit>

SdA (ωs, ω) = exp (→! (ωs, ω))

<latexit sha1_base64="unaeaIl3A9XBUCF+aRNGzYv6nac=">AAACF3icbVDLSsNAFJ34rPVVdekmWAQFLYlIdSNU3bisaH3QhHAznbRDJ8kwcyOW0r9w46+4caGIW935N05rFr4OXO7hnHuZuSeUgmt0nA9rbHxicmq6MFOcnZtfWCwtLV/oNFOUNWgqUnUVgmaCJ6yBHAW7kopBHAp2GXaPh/7lDVOap8k59iTzY2gnPOIU0EhBqeLd8kAfeCEoD4TsQHDmbXldkBJMFyzCjevt6+DQU7zdwc2gVHYqzgj2X+LmpExy1IPSu9dKaRazBKkArZuuI9Hvg0JOBRsUvUwzCbQLbdY0NIGYab8/umtgrxulZUepMpWgPVK/b/Qh1roXh2YyBuzo395Q/M9rZhjt+32eyAxZQr8eijJhY2oPQ7JbXDGKomcIUMXNX23aAQUUTZRFE4L7++S/5GKn4lYr1dPdcu0oj6NAVska2SAu2SM1ckLqpEEouSMP5Ik8W/fWo/VivX6Njln5zgr5AevtExKpnz0=</latexit>

ωs = ε̄S ϑ (Y → YA)

<latexit sha1_base64="X5un7LR1AXU++J1G4VsJhfyRqyw="></latexit>

ω2 ! (εs, ε)

ω εs ω ε
=

1

ϑ

(
1 → e→!(ωs,ω)

)

<latexit sha1_base64="CxP+B1yh3eOZoeH1fDBwJ/1oi/0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa698775Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/CQjP0=</latexit>

13



Solution of BK equation
• For the geometric scaling variable z=ξs+ξ it reduces to

<latexit sha1_base64="OGB2wBxRdIfq9Fbxr+mGR/3FoYo="></latexit>

d2 ! (z)

d z2
=

1

ω

(
1 → e→!(z)

)

• Constants C1 and C2 can be found from matching with 
perturbative QCD region:

<latexit sha1_base64="J1n70/t7IcbKMgRmmC0nNHWFFzU="></latexit>

→ U(!) ↑
!(z)∫

!0(ω)

d!→
√
!→ + e↑!→ ↓ 1 + ε

2 C1

=

√
2

ω
(z + C2)

<latexit sha1_base64="Nma/QxAEwOpcCmtFA5zA86YoqPI="></latexit>

d ln(!(z))

dz

∣∣∣
z=0

= ω̄
<latexit sha1_base64="E3YbmnHvSsV4qQkKcVE+EuSCu84=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxChVISkeqmUHTjzgr2AU0Ik+mkHTozCTMToYbixl9x40IRt36FO//GSduFth64cOace5l7TxBTIpVtfxu5peWV1bX8emFjc2t7x9zda8koEQg3UUQj0QmgxJRw3FREUdyJBYYsoLgdDK8yv32PhSQRv1OjGHsM9jkJCYJKS7554N4w3Ielh5p94pZrbnn69u2Cbxbtij2BtUicGSmCGRq++eX2IpQwzBWiUMquY8fKS6FQBFE8LriJxDFEQ9jHXU05ZFh66eSEsXWslZ4VRkIXV9ZE/T2RQibliAW6k0E1kPNeJv7ndRMVXngp4XGiMEfTj8KEWiqysjysHhEYKTrSBCJB9K4WGkABkdKpZSE48ycvktZpxalWqrdnxfrlLI48OARHoAQccA7q4Bo0QBMg8AiewSt4M56MF+Pd+Ji25ozZzD74A+PzByARlVg=</latexit>

!(z = 0) = !0

<latexit sha1_base64="hqW7WFhaZ6wJG2bTpYXJ2jZJaiE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04F32yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/IUjP4=</latexit>
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Solution of BK equation
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<latexit sha1_base64="hQv6pBZpw4a1rrVCKfY7PMuWkkE="></latexit>

N(Y,x01,b) = N0 (x
2
01 Q

2
s(Y,b))

ω̄ !(1 → x01 Qs(Y,b)) + (1 → e→!(Y,x01,b))!(x01 Qs(Y,b) → 1)
<latexit sha1_base64="K6szLmX4+IzzgukJD1y2acte/1I="></latexit>

+(1 → e→!(Y,x01,b))!(x01 Qs(Y,b) → 1)

<latexit sha1_base64="lHoUh9jhSS2l6sf44pb0DbLfdD4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa69y765Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e68Ur/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/OYjP8=</latexit>
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Solution of BK equation
• Actually, for large Ω′ we have

• Plugging this in the equation we reduce it to the form

<latexit sha1_base64="ewT15xnlsdQso3fmuQULqcNPy0o="></latexit>

1√
!→ + exp(→!) → a

=
1↑

!→ → a



1 +
↑∑

k=1

(2k → 1)!!

k!

(
→ e↓!→

2(!→ → a)

)k




<latexit sha1_base64="KO3Y+nmeG3jcfJeKDPdDW0evne8="></latexit>

U(!) = 2
→
! ↑ a +

→∑

k=1

(↑1)kkk↑
1
2 (2k ↑ 1)!!

2kk!
e↑a k

(
(↑1)k2k

→
ω

(2k ↑ 1)!!
↑ ”

(
1

2
↑ k, k(! ↑ a)

))

• Resolving this equation at large z we have
<latexit sha1_base64="2Pvkr1vTi8aDWV7h9FT0YH3VkqA="></latexit>

S(z) = !LT (z) exp

(
→a +

→∑

k=1

(→1)k↑1(2k → 1)!!

2kkk!

(
2ω

z2

)k+ 1
2

!k
LT (z)

)

where 
<latexit sha1_base64="337xP8RmVdmKzxI7OkFsfS7etR0="></latexit>

!LT (z) = exp

(
→ z2

2ω

)
= exp

(
→ ln2(x2

01Q
2
s(Y,b))

2ω

)

<latexit sha1_base64="3ev8N7igMhPRjA0NOW8wYCMT4lM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04NX65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB/UcjQA=</latexit>
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• At high MX, in addition to the qqbar, one may have many 
more gluons produced (y>Y0):

Single diffractive dissociation

Diffraction evolution as 
fan diagrams 

The process

<latexit sha1_base64="oow5QyUs+/jXYL9q1jl5k7aXmVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx6rWFtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSvVfvlytu1Z2DrBIvJxXI0eyXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV8nhR9WrV2t1lpXGdx1GEEziFc/CgDg24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/agjQE=</latexit>
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• The single diffractive cross section is 
Single diffractive dissociation

• SD is the diffractive S-matrix with the rapidity gap greater 
than or equal to Y0. It is descomposed as SD=1-2N+σSD. 

• SD is a complicated object:<latexit sha1_base64="NSl7jGlZ9gkxQb64DYPRDyqt1lM="></latexit>

SD
dA (Y, Y0;x01,b) =

→∑

n=0

(→1)n
→∑

k=0

(→1)k
∫ n∏

i=1

d2x01,i d
2bi

k∏

j=1

d2x01,j d
2bj ↑ ωBA(x01,i,x0→1→ ,bi) ε

D
n,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="aAzrU6aJa2CJkC5nsecOfnSJ40k="></latexit>

→
∫ n∏

i=1

d2x01,i d
2bi

k∏

j=1

d2x01,j d
2bj → ωBA(x01,i,x0→1→ ,bi) ε

D
n,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="HCCobN3hX6jGxvOLnxhXaUTWos8="></latexit>

→ ωBA(x01,i,x0→1→ ,bi) ω
BA(x01,j ,x0→1→ ,bj) → εDn,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="HCCobN3hX6jGxvOLnxhXaUTWos8="></latexit>

→ ωBA(x01,i,x0→1→ ,bi) ω
BA(x01,j ,x0→1→ ,bj) → εDn,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="ZoExazOQGV+vZcsFO/LZYmpiT7s="></latexit>

M2
X

dωω→A
diff

dM2
X

=

∫
d2x0 d

2x1

∫ 1

0
dz |!ω→→qq̄(x01, z,Q

2)| εS
D(Y, Y0;x01,b)

εY0

<latexit sha1_base64="2XFWpAEEJZNfdNIjHfA29goL+oI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao9FLx6rWFtoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0aOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKV7r16v1xxq+4cZJV4OalAjma//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMM634mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqebyoerVq7e6y0rjO4yjCCZzCOXhwBQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/gkjQI=</latexit>
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• Fortunately, doing one step in evolution and using the 
following cancellations of final state interactions for gluons 
with y>Y0 (Z. Chen, A. Mueller ’95)

Diffractive S-matrix

• The equation for the single diffraction production in QCD 
satisfies again the BK equation, but with different I.C.:

<latexit sha1_base64="QVyLy3VBwW+3Q8Bd4MVee9zvRgU="></latexit>

ω SD
dA (Y, Y0;x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→
[
SD
dA (Y, Y0;x12,b) S

D
dA (Y, Y0;x02,b) ↑ SD

dA (Y, Y0;x01,b)
]

<latexit sha1_base64="A9KFiZslP18ZisH4uyAYvIKNpa4="></latexit>

ω SD
dA (Y, Y0;x01,b)

ω Y
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→
[
SD
dA (Y, Y0;x12,b) S

D
dA (Y, Y0;x02,b) ↑ SD

dA (Y, Y0;x01,b)
]

<latexit sha1_base64="IhdJ176WPRLMws1tSkrLQCqVk6w="></latexit>

SD
dA(Y = Y0, Y0;x01,b) = S2

dA(Y = Y0;x01,b)I.C.

<latexit sha1_base64="dqeMX/LqiWt3zFB97qK+KnhU8g0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt6KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp3rvqlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEl37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6tWqtbvzSv06j6MIR3AMp+DBBdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgH5qI0D</latexit>
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• The solution to this equation has the form:

Solution of KL equation 
<latexit sha1_base64="HrR4zAlvUy50jTfwE5DhTxMXOEE="></latexit>

SD
dA (ω, ωs) = exp

(
→!D (ω, ωs)

)
• Introducing 

• This notation reflects that the production of gluons with 
mass MX occurs in the dipole-Pomeron scattering

<latexit sha1_base64="lYFCWFnzq0cvgOm2BVtP2G1vneI="></latexit>

ω2 !D (εs, ε)

ω εs ω ε
=

1

ϑ

(
1 → e→!D(ωs,ω)

)

<latexit sha1_base64="e6HpFTvSpjTvxplvwSxhEGyQnm0="></latexit>

SD
dA (z) = SD(zm)S2

dA(z0)

• We can use our previous formula found in the elastic case 
but for S2. That means we use a=2Ω

• Then we can calculate quantities such as 
<latexit sha1_base64="hImN1C3nHG4bwgUoB73EceF/16k="></latexit>

ωdi! =
εSD(Y, Y0)

εY

<latexit sha1_base64="hEyPFA2Fjqzu0CIxa88DblTQCmk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSQ9Xtl8puxZ2DrBIvJ2XI0eiXvnqDmKURV8gkNabruQn6GdUomOTTYi81PKFsTIe8a6miETd+Nr90Ss6tMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07RhuAtv7xKWtWKV6vU7i/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+2JjPs=</latexit>
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Running Coupling BK
• we calculate the          corrections to the evolution kernel to 

all orders and then complete      to the QCD beta function

<latexit sha1_base64="m5P2NcO7HNFRDzC13GvPd7lwLXo="></latexit>

ω S (Y,x01,b)

ω Y
=

Nc

2ε2

∫
d2x2 K

Bal
rc (x0,x1,x2) → [S (Y ;x12,b) S (Y ;x02,b) ↑ S (Y ;x01,b)]

where 

<latexit sha1_base64="536CEtW3BpFC2n22uhJotu5kNpE="></latexit>

KBal
rc (x0,x1;x2) = ωS(1/x

2
01)

[
x2
01

x2
02 x

2
12

+
1

x2
02

(
ωS(1/x2

02)

ωS(1/x2
12)

→ 1

)
+

1

x2
12

(
ωS(1/x2

12)

ωS(1/x2
02)

→ 1

)]

<latexit sha1_base64="6hZEy2SMlcvS9Srn6gtjLHKuv4A="></latexit>

ω S (Y ;x01,b)

ω Y
=

Nc

2ε2

∫
d2x2 K

Bal/KW
rc (x0,x1;x2) → [S (Y ;x12,b) S (Y ;x02,b) ↑ S (Y ;x01,b)]

• There is also the KW prescription, they differ in what we 
call the subtraction term.

• Here’s the BK equation with the running coupling 
corrections (H. Weigert, Yu. K. ’06; I. Balitsky, ‘06):

<latexit sha1_base64="0MEIxr3uq3KCU2WXbKZmcpA+O/I=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBg5REpHosevEkFe0HNCFMtpt26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKXiVBLaJDGPZScARTkTtKmZ5rSTSApRwGk7GN5M/faISsVi8ajHCfUi6AsWMgLaSJ4LPBmA/+Ce3fmhX67YVXsGvEycnFRQjoZf/nJ7MUkjKjThoFTXsRPtZSA1I5xOSm6qaAJkCH3aNVRARJWXzY6e4BOj9HAYS1NC45n6eyKDSKlxFJjOCPRALXpT8T+vm+rwysuYSFJNBZkvClOOdYynCeAek5RoPjYEiGTmVkwGIIFok1PJhOAsvrxMWudVp1at3V9U6td5HEV0hI7RKXLQJaqjW9RATUTQE3pGr+jNGlkv1rv1MW8tWPnMIfoD6/MHJjSRtg==</latexit>

ωS Nf
<latexit sha1_base64="f/b3F7znDwSIWVj6j5ieLx+ZAdY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVA04S7kd0qEQoGEUr3d/2w3654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWt355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4BH5qNtg==</latexit>

Nf
<latexit sha1_base64="Zw1z6YwsuDGZyqik4n52P7cE3ck=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUVwUUtSpLosunElFewDmhIm00k7dJIJMzdKCd278VfcuFDErT/gzr9x2mahrQfu5XDOvczc48ecKbDtbyO3srq2vpHfLGxt7+zumfsHLSUSSWiTCC5kx8eKchbRJjDgtBNLikOf07Y/upr67XsqFRPRHYxj2gvxIGIBIxi05JnFGy9wy65kgyFgKcWDWz6taSFmuvkUsFf1zJJdsWewlomTkRLK0PDML7cvSBLSCAjHSnUdO4ZeiiUwwumk4CaKxpiM8IB2NY1wSFUvnd0ysY610rcCIXVFYM3U3xspDpUah76eDDEM1aI3Ff/zugkEF72URXECNCLzh4KEWyCsaTBWn0lKgI81wUQy/VeLDLHEBHR8BR2Cs3jyMmlVK06tUrs9K9Uvszjy6AgV0Qly0Dmqo2vUQE1E0CN6Rq/ozXgyXox342M+mjOynUP0B8bnD2PimgM=</latexit>

Nf → ↑6ω ε2+ +… +…

<latexit sha1_base64="puJSkCBBFu+MeWtYkIA9JqdkANg="></latexit>

KBal
rcBK(x0,x1;x2) = ωS(1/x

2
01)

[
x2
01

x2
02 x

2
12

+
1

x2
02

(
ωS(1/x2

02)

ωS(1/x2
12)

→ 1

)
+

1

x2
12

(
ωS(1/x2

12)

ωS(1/x2
02)

→ 1

)]

<latexit sha1_base64="epTvmHu6bRfercMLAZDB9twQTzs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qHr9UtmtuHOQVeLlpAw5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aVTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07RhuAtv7xKWtWKV6vU7i/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+8NjPw=</latexit>
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Running Coupling BK
• In the vicinity of the saturation scale where

<latexit sha1_base64="5ULuv1oFlfBf8yo7UhIjgL5Sgbk=">AAACKXicbZDLSsNAFIYn9VbrLerSTbAILkrNBKkui25ctmAv0KRhMp22QyeTMDORltDXceOruFFQ1K0v4rTNQlt/GPj5zjmcOX8QMyqVbX8aubX1jc2t/HZhZ3dv/8A8PGrKKBGYNHDEItEOkCSMctJQVDHSjgVBYcBIKxjdzuqtByIkjfi9msTEC9GA0z7FSGnkm9Wxn9pw2nXckoviWERjt6QRdFaQvYTgRd2XXcc3i3bZnstaNTAzRZCp5puvbi/CSUi4wgxJ2YF2rLwUCUUxI9OCm0gSIzxCA9LRlqOQSC+dXzq1zjTpWf1I6MeVNae/J1IUSjkJA90ZIjWUy7UZ/K/WSVT/2kspjxNFOF4s6ifMUpE1i83qUUGwYhNtEBZU/9XCQyQQVjrcgg4BLp+8appOGVbKlfplsXqTxZEHJ+AUnAMIrkAV3IEaaAAMHsEzeAPvxpPxYnwYX4vWnJHNHIM/Mr5/AJm/pZ4=</latexit>

x2
01 → x2

12 → x2
02 → 1/Q2

s

we can consider                                                so that  
<latexit sha1_base64="xMrjpd7G8yrC6D0UPWBO3vpNG+Q=">AAACJHicbVC7TsMwFHXKq5RXgZElokIqEipJhQoSSwULYxH0ITUlunGdxtR5yHaAKurHsPArLAw8xMDCt+CmHWjhWJaOzz1X1/c4EaNCGsaXlpmbX1hcyi7nVlbX1jfym1sNEcYckzoOWchbDgjCaEDqkkpGWhEn4DuMNJ3++ajevCNc0DC4loOIdHzoBdSlGKSS7PypBSzywL4qmocPdkJvhzflfetAHU57ngTOw/v0OWUzzJHNzheMkpFC/0vMCSmgCWp2/t3qhjj2SSAxAyHaphHJTgJcUszIMGfFgkSA+9AjbUUD8InoJOmSQ31PKV3dDbm6gdRT9XdHAr4QA99RTh+kJ2ZrI/G/WjuW7kknoUEUSxLg8SA3ZroM9VFiepdygiUbKAKYU/VXHXvAAUuVa06FYM6u/Jc0yiWzUqpcHhWqZ5M4smgH7aIiMtExqqILVEN1hNEjekav6E170l60D+1zbM1ok55tNAXt+wcpRqNF</latexit>

ωS(1/x
2
ij) → ωS(1/x

2
01)

<latexit sha1_base64="otqIT0i2PvQFW51+JSptPp/sW/s="></latexit>

KBal
rcBK(x0,x1;x2) → ωS(1/x

2
01)

x2
01

x2
02 x

2
12

<latexit sha1_base64="29y8cGUomnNJpplW+iNBci2NW0o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qFb7pbJbcecgq8TLSRlyNPqlr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpyiDcFbfnmVtKoVr1ap3V+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/CRjP0=</latexit>
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• The LT equations becomes more complex
<latexit sha1_base64="aHQSWuhrcqqAKiK+8hhTmWYo30k="></latexit>

ω S (Y,x01,b)

ω Y
= S (Y,x01,b)

x2
01∫

Q→2
s (Y,b)

dx2
01

x2
01

ε̄S(1/x
2
01) (1 → S (Y,x01,b))

where 
<latexit sha1_base64="INzZVjVqUOyCs050ewBb2AkSLBs="></latexit>

Q2
s(Y ) = !2

QCD e

√
8Nc
b0

ω(εcr)
1→ εcr

Y

<latexit sha1_base64="1bwKvOuJfjc9Ddcag51cNwOs8nA="></latexit>√
16Nc

b0

z̃→
2Y

d2 !(z̃)

d̃ z2
+

d2 !(z̃)

d̃ z2
= 1 ↑ e→!(z̃)

• We can try to find a solution with geometric scaling z, but 
it will give us (with                             )

(Compare it with fixed 
coupling case) 

<latexit sha1_base64="EC61gz3THofvAAkOIdREbCorZJg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiYi1Y1QdONKKtgHNCFMJtN26OThzI1QQ3Hjr7hxoYhbv8Kdf+O0zUJbD1w4nHMv997jJ4IrsKxvY25+YXFpubBSXF1b39g0t7YbKk4lZXUai1i2fKKY4BGrAwfBWolkJPQFa/r9y5HfvGdS8Ti6hUHC3JB0I97hlICWPHPXAS4Chh/OHXUnIbMr1x498j1r6Jklq2yNgWeJnZMSylHzzC8niGkasgioIEq1bSsBNyMSOBVsWHRSxRJC+6TL2ppGJGTKzcYvDPGBVgLciaWuCPBY/T2RkVCpQejrzpBAT017I/E/r51C58zNeJSkwCI6WdRJBYYYj/LAAZeMghhoQqjk+lZMe0QSCjq1og7Bnn55ljSOy3alXLk5KVUv8jgKaA/to0Nko1NURVeohuqIokf0jF7Rm/FkvBjvxsekdc7IZ3bQHxifPy/Mlqo=</latexit>

z̃ =
√
16Nc/b0

<latexit sha1_base64="cdBhdV7/9JDAxJDeWoNyBRn32EE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBQuKuSLQRgjZWEsE8ILsss5NJMmT24cxdIVnS2PgrNhaK2PoPdv6Nk2QLjR64cDjnXu69x48FV2BZX0Zubn5hcSm/XFhZXVvfMDe36ipKJGU1GolINn2imOAhqwEHwZqxZCTwBWv4/cux37hnUvEovIVBzNyAdEPe4ZSAljxz1wEu2gwPzx11JyG1y9cePfI9a+QcDj2zaJWsCfBfYmekiDJUPfPTaUc0CVgIVBClWrYVg5sSCZwKNio4iWIxoX3SZS1NQxIw5aaTL0Z4Xytt3ImkrhDwRP05kZJAqUHg686AQE/NemPxP6+VQOfMTXkYJ8BCOl3USQSGCI8jwW0uGQUx0IRQyfWtmPaIJBR0cAUdgj378l9SPy7Z5VL55qRYucjiyKMdtIcOkI1OUQVdoSqqIYoe0BN6Qa/Go/FsvBnv09ackc1so18wPr4BQmOXyg==</latexit>

z̃ =
√

16Nc/b0 z



Running Coupling BK
• We are not able to find a solution with geometric scaling 

(GS) for the model LT kernel. We defined instead a new 
variable “zeta”, and wrote the equation in terms of this 
variable:

<latexit sha1_base64="o5DeG0HVBwCfG6dt8W695M5AUHQ="></latexit>

!(Y,x01,b) = !ω(ω) + !→(Y, ω)

<latexit sha1_base64="KFNDwOytDIIKKu84KSnxhXiekAs="></latexit>

ω = Y (l → ls) = →4Nc

b0
Y ln(ε̄S(Q

2
s(Y ))/ε̄S(1/x

2
01))

<latexit sha1_base64="1YfHHlZ6e/C+J8HAqzrlhYGl8w0="></latexit>

ω
d2!ω(ω)

dω2
+

d!ω(ω)

dω
= 1 → e→!ω(ω)

Exact

Ωζ

Ωζ
(2)

Ωζ
(3)
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• No geometric scaling even with this new variable!

<latexit sha1_base64="dL3yOYSprt3Ru7mIhg93SWEDPxg="></latexit>

ω2!→(ε, l → ls)

ωY ω(l → ls)
= e↑!ω(ω)!→(ε, l → ls)

<latexit sha1_base64="nE0o1jKQ1sX2zD9r9wOWto17guA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFL0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP41XjMo=</latexit>;

<latexit sha1_base64="b6dLotmBnEumZNdiykQrtwzIivk=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLRK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHyFYz+</latexit>
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Running Coupling BK
• In general, you need to compute the effects of the “general 

corrections” of the approximation. We did this using the 
homotopy approach
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<latexit sha1_base64="RtC+MzoDpjajgrJmnx1Nuxhz7KI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY9ELx7RyCOBDZkdZmHC7OxmpteEEP7AiweN8eofefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHirVfrHklt0FyDrxMlKCDI1+8as3iFkacYVMUmO6npugP6UaBZN8VuilhieUjemQdy1VNOLGny4unZELqwxIGGtbCslC/T0xpZExkyiwnRHFkVn15uJ/XjfF8NqfCpWkyBVbLgpTSTAm87fJQGjOUE4soUwLeythI6opQxtOwYbgrb68TlqVslcr1+6rpfpNFkcezuAcLsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gDzmYz/</latexit>
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Running Coupling BK
• No traveling wave solution ->
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<latexit sha1_base64="uSlJA1V86bLMPV7Q4s5AMy52j9M=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+8vSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1HY0A</latexit>
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Particle production  
at small-x 



Gluon production at small-x  
dipole

coherent state
of dipoles

mess of dipole interactions dipole−gluon
transitions

detectors

interaction      t=0 t =  �t = −

i i

• The interaction of fast hadron (dipole) with the virtual 
photon (γ∗). The coherence of the partonic wave function 
of the fast hadron is destroyed at t = 0, while the gluons 
can be measured at t = ∞.

<latexit sha1_base64="9OJ3GYUJZQ2dFfpJY/YDRllJgrM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSQ7XWL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoVr1ap3V+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/ahjQE=</latexit>
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The Cut Pomeron
• Goal: To find the multiplicity distributions of produced 

gluons in the final states. For that, we calculate first cross 
section of productions of n gluons in the final state. 

• This relation gives us connection between the Pomeron 
Green’s function and the cross section of produced gluons 
and determines the so-called cut Pomeron.

2 Im G

2 Im G

<latexit sha1_base64="P4DUoNid6j9wPwn0YF9r1F6AiNI="></latexit>

2NBFKL = ωBFKL
in

<latexit sha1_base64="exhi2uiZ3tYFvxVsQvL9GONQpbI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJAY9ELx7RyCMBQmaHWZgwO7uZ6TUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0x6eGS6F4EwVK3ok1p6Eveduf3M799hPXRkTqEacx74d0pEQgGEUrPVRqg2LJLbsLkHXiZaQEGRqD4ldvGLEk5AqZpMZ0PTfGfko1Cib5rNBLDI8pm9AR71qqaMhNP11cOiMXVhmSINK2FJKF+nsipaEx09C3nSHFsVn15uJ/XjfB4LqfChUnyBVbLgoSSTAi87fJUGjOUE4toUwLeythY6opQxtOwYbgrb68TlqVslctV++vSvWbLI48nME5XIIHNajDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD4JY0C</latexit>

27



The AGK cutting rules

where<latexit sha1_base64="BTPH5fxbyN2ZiW1Lbofvfyvrs/g="></latexit>

ωk
n (Y ; r,b) =






(→1)k
(
2k → 2

)
Fk(Y ; r,b) for n = 0

(→1)k→n k!

(k → n)!n!
2k Fk(Y ; r,b) for n ↑ 1

<latexit sha1_base64="BTPH5fxbyN2ZiW1Lbofvfyvrs/g="></latexit>

ωk
n (Y ; r,b) =






(→1)k
(
2k → 2

)
Fk(Y ; r,b) for n = 0

(→1)k→n k!

(k → n)!n!
2k Fk(Y ; r,b) for n ↑ 1

<latexit sha1_base64="T3vwvDLg8sgT10TzY8p9ie7PsoA="></latexit>

ωAGK
n (Y ; r,b) =

→∑

k=n

ωk
n (Y ; r,b)

and

• The Abramovsky-Gribov-Kancheli (AGK) cutting rules 
allows us to calculate the cross sections for production of 
n-cut Pomerons if we know Fk: the contribution of the 
exchange of k-Pomerons to the cross section

• particles in the final states is the convolution of σk with the 
distribution of particles inside k-cut Pomerons 

<latexit sha1_base64="pq7MuoOwbAsDnu3TRuRVox+25go="></latexit>

ωf.s.
n (Y,x01,b) =

→∑

k=1

ωAGK
k (Y,x01,b)P

Poisson
n (k →nP (Y )↑)

<latexit sha1_base64="3nW6Ck2044s+DNP2kVwQ8pBJ6Rg=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoUEoiUt0IxYK6rGAf0MQwmU7aIZNJmJkINXThxl9x40IRt36EO//GSduFth64cDjnXu69x4spEdI0v7Xc0vLK6lp+vbCxubW9o+/utUWUcIRbKKIR73pQYEoYbkkiKe7GHMPQo7jjBY3M79xjLkjEbuUoxk4IB4z4BEGpJFcvXrpB+eHIrpzblYYb2JUrN22O7zKt4Ools2pOYCwSa0ZKYIamq3/Z/QglIWYSUShEzzJj6aSQS4IoHhfsROAYogAOcE9RBkMsnHTyxNg4VErf8COuikljov6eSGEoxCj0VGcI5VDMe5n4n9dLpH/mpITFicQMTRf5CTVkZGSJGH3CMZJ0pAhEnKhbDTSEHCKpcstCsOZfXiTt46pVq9ZuTkr1i1kceVAEB6AMLHAK6uAaNEELIPAInsEreNOetBftXfuYtua02cw++APt8wdqy5YN</latexit>

Fk(z) = Ck G
k
P (z) . The multiplicity distribution of

<latexit sha1_base64="rwT6TzIJPQ/IHSfFQOs3drvpvxA=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY5ELx7RyCMBQmaHXpgwO7uZmTUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUx6caBZfYNNwI7MQKaegLbPuT27nffkKleSQfzTTGfkhHkgecUWOlh0ptUCy5ZXcBsk68jJQgQ2NQ/OoNI5aEKA0TVOuu58amn1JlOBM4K/QSjTFlEzrCrqWShqj76eLSGbmwypAEkbIlDVmovydSGmo9DX3bGVIz1qveXPzP6yYmqPVTLuPEoGTLRUEiiInI/G0y5AqZEVNLKFPc3krYmCrKjA2nYEPwVl9eJ61K2auWq/dXpfpNFkcezuAcLsGDa6jDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD5qY0D</latexit>
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The AGK cutting rules
• The I.C. from the GGM formula

<latexit sha1_base64="jBhM7n5jXmF4V57CCFf0ZdXwv7Y=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxChVKSItWNUHTjsgV7gaaGyXTSDp1MwsyJtIS+hhtfxY0LRVzqyrcxabvQ1gMzfPz/Ocyc3w0F12Ca38bK6tr6xmZmK7u9s7u3nzs4bOogUpQ1aCAC1XaJZoJL1gAOgrVDxYjvCtZyhzep33pgSvNA3sE4ZF2f9CX3OCWQSE7OtEfcLtrFq/SyhcS2YB4URk5sWpP7sl2sO7E2U1K8P4CzrJPLmyVzWngZrDnk0bxqTu7T7gU08pkEKojWHcsMoRsTBZwKNsnakWYhoUPSZ50EJfGZ7sbTzSb4NFF62AtUciTgqfp7Iia+1mPfTTp9AgO96KXif14nAu+yG3MZRsAknT3kRQJDgNOYcI8rRkGMEyBU8eSvmA6IIhSSMNMQrMWVl6FZLlmVUqV+nq9ez+PIoGN0ggrIQheoim5RDTUQRY/oGb2iN+PJeDHejY9Z64oxnzlCf8r4+gEbKp6F</latexit>

ω = ln
(
x2
01 Q

2
s0

)

<latexit sha1_base64="FYcbEoAhnIf8FeudQ+cxBEbdUMU="></latexit>

=

(
1
2 x

2
01 Q

2
s0

)n

n!
exp

{
→ 1

2
x2
01 Q

2
s0

}

<latexit sha1_base64="KFd+qYwbYaowCjHGw15jNQNNXEc="></latexit>

ωAGK
n,01(Y = YA) =

→∑

k=n

(→1)k↑n k!

(k → n)!n!
2k

1

k!

(
x2
01 Q

2
s0

4

)k

• For<latexit sha1_base64="KRBLwT8NPDRqNzqwPxG0R9yWJhw="></latexit>

ωAGK
n (Y = YA;x01,b) =

(
1
2 e

ω
)n

n!
exp

{
→ 1

2
eω
}

<latexit sha1_base64="KhPdS4HJ/mflKaurPgatTIalrvs="></latexit>

N (0)(Y = YA,x01,b) = 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)
=

→∑

k=1

(→1)k+1 1

k!

(
x2
01Q

2
s(YA,b)

4

)k

<latexit sha1_base64="hzBJn6Oz9fB9X/PHhLrvFEdklTg="></latexit>

N (0)(Y = YA,x01,b) = 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)
=

→∑

k=1

(→1)k+1 1

k!

(
x2
01Q

2
s(YA,b)

4

)k

︸ ︷︷ ︸
Fk

<latexit sha1_base64="ogSc/PnznCObD7HYnfJ02nzTpvk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiXoLevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh8p1r1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8MqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmlWyl61XL2/KNVusjjycAKncA4eXEIN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wf7LY0E</latexit>
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The AGK cutting rules
• General case n=1

<latexit sha1_base64="SJQo63877dZ2yZJPclHeBc/R5Tg="></latexit>

ωAGK
1 =

→∑

k=1

(→1)k↑1 k!

(k → 1)! 1!
2k Ck (ImGBFKL)

k

<latexit sha1_base64="vzu5+ZhXqacFccR+7tmVQJfVk2g="></latexit>

= C1 ω
BFKL
in + C2 2 (2 ImGBFKL)ω

BFKL
in + C3 3 (2 ImGBFKL)

2 ωBFKL
in + · · ·

<latexit sha1_base64="vzu5+ZhXqacFccR+7tmVQJfVk2g="></latexit>

= C1 ω
BFKL
in + C2 2 (2 ImGBFKL)ω

BFKL
in + C3 3 (2 ImGBFKL)

2 ωBFKL
in + · · ·

= -2 +2 …

<latexit sha1_base64="fL/MAScHjK4y3ytlqI3Dg6qtydA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P3f75Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb+8OjPw=</latexit>
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The AGK evolution equations
• The AGK cutting rules can be replaced by the evolution 

equations for σn. From the s-channel unitarity:

• We define a new quantity – the particle production S-
matrix “Sin”: it includes σn along with the no-interaction 
term (=1) and all the interaction terms (N and σsd) on 
either side (or both sides) of the final state cut: 

<latexit sha1_base64="6Bc3CmXqsy8fzwRq5TpvoWHZ2ZI="></latexit>

2N(Y ;x01,b) = ωSD(Y ;x01,b) + ωin(Y ;x01,b)

<latexit sha1_base64="SswTOLxtv2wTtdXM4jlEQNH9nBY="></latexit>

Sin = 1 → 2N + ωSD +
→∑

n=1

ωn

• From the final state cancellations, the evolution equation 
for Sin is of BK type too

<latexit sha1_base64="tPezQRGW4PMqOvP7PA5MR3NOMKA="></latexit>

ω

ωY
Sin(Y ;x01,b)

︸ ︷︷ ︸
select fixed multiplicity terms

=
ε̄S

2ϑ

∫
d2x2

x2
01

x2
12 x

2
02

[Sin(Y ;x12,b)Sin(Y ;x02,b) → Sin(Y ;x01,b)]︸ ︷︷ ︸
select fixed multiplicity terms

<latexit sha1_base64="kWlz9B+sbW9nUEXAmLj30X3mIlg="></latexit>

2 ImA(Y ;x01,b) = |A(Y ;x01,b)|2 + Gin(Y ;x01,b)
• For N=Im A

<latexit sha1_base64="8JQRvgLoZxWzudnYgjO82GrZfg0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P/f65Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/CSjP0=</latexit>
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The AGK evolution equations
• Replacing Sin=1-2N+σSD+Σnσn in the equation for the Sin-

matrix, we obtain the evolution equation for σn:
<latexit sha1_base64="FkiNtGfhzUvGue1t7m/SaSoQsRQ="></latexit>

ω

ω Y
εn (Y ;x01,b) =

ϑ̄S

2ϖ

∫
d2x2

x2
01

x2
02 x

2
12

[εn (Y ;x12,b) + εn (Y ;x02,b) → εn (Y ;x01,b) + εn (Y ;x12,b) εSD (Y ;x02,b) + εn (Y ;x02,b) εSD (Y ;x12,b) +
n→1∑

k=1

εn→k (Y ;x02,b) εk (Y ;x12,b) → 2εn (Y ;x12,b) N (Y ;x02,b) → 2εn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="1FOJB5d+DXQo1uhY/bRmMOlOGc4=">AAAFGHicnZRNb9MwGMe9JcAIbx0cuVhUk4ZIq6RCY9KENAEHTmgIug3VIXJcp7XqOJHtIKooH4MLX4ULBxDiuhvfhqRLS7stVekjxXry2D/9/34NEs6Udpw/G5uGee36ja2b1q3bd+7ea2zfP1ZxKgntkpjH8jTAinImaFczzelpIimOAk5PgtHLsv/kE5WKxeK9HifUi/BAsJARrIuSv220kWYRVcjuQaTYIMK+QJyGehd+OEAR1sMgzD7nfuZ2cnv6H+QQSTYY6sfIRvaTsrGWws4iPE+3ymY57C7CUxrOxCs8E/kq1mc8/Ee+e3U1usT4Kso1+CrKdabnpNPIz0bP3fxjJlpuOWRqBrbg6H/nU7E1XI2b2QZ21t0EZL9Z68TAzppnzqpTrDHoWQvhN5pO25kEvJy4VdIEVRz 5jTPUj0kaUaEJx0r1XCfRXoalZoTT3EKpogkmIzygvSIVuLiMXja52DncKSp9GMay+ISGk+o8keFIqXFU2N0pnauLfWXxqr5eqsN9L2MiSTUV5FwoTDnUMSxfCdhnkhLNx0WCiWSFV0iGWGKii7ekXAT34pQvJ8edtrvX3nv7tHn4olqOLfAQPAK7wAXPwCF4DY5AFxDji/HN+GH8NL+a381f5u/zoZsbFfMALIR59hdnUKt+</latexit>

→ [ωn (Y ;x12,b) + ωn (Y ;x02,b) ↑ ωn (Y ;x01,b) + ωn (Y ;x12,b) ωSD (Y ;x02,b) + ωn (Y ;x02,b) ωSD (Y ;x12,b) +
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) ↑ 2ωn (Y ;x12,b) N (Y ;x02,b) ↑ 2ωn (Y ;x02,b) N (Y ;x12,b)]<latexit sha1_base64="uxqm8mErGCFuDxBMH338MxrLQU8="></latexit>

+ ωn (Y ;x12,b) ωSD (Y ;x02,b) + ωn (Y ;x02,b) ωSD (Y ;x12,b) +
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) → 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="RbjWadnjg5u4KiL9VLb6I7fI4jU="></latexit>

+
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) → 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]

<latexit sha1_base64="sZ49VBuEcyRJjHXedAzsdjsoPdQ="></latexit>

→ 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]

<latexit sha1_base64="YBGDeG9aF9QqmqnwoBC/X9b/QRg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4aLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHyFoz+</latexit>
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Evolution of σn at large Nc

δ—δY σn
σn

σn

σ
σn

σn

σ

σ
σ

σn

SD

n

n-k

k

σn
σn

σn

σn
σSD

σn

σn

σ

n-kσ
σk

σnN
σn

σnΣ
n - 1

k = 1
+ -  2 -  2

+ +

+=

-

0

1

0

1

2
0
2

1

0
2

1

0
2

1

0
2

1

0
2

1

0
2

1

0
2

1N

• We can see the equation is linear but with complicated 
kernel (KBFKL + 2 - 4 N) and non-homogeneous 

SD

<latexit sha1_base64="em8Q0tAfN13j5+byH577eTWZoQo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbFoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoVLpFUtu2Z2DrBIvIyXIUO8Vv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mr90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7G3S5wqZEWNLKFPc3krYkCrKjA2nYEPwll9eJc2LslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHzmoz/</latexit>
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Evolution of σn at large Nc
• Noticing that

• we reduce to 
<latexit sha1_base64="8RrH9uDvfFNz49XBgJ7XWOjEoXI="></latexit>

ω

ωY
εn (Y,x01,b) =

ϑ̄S

2ϖ

∫
d2x2

x2
01

x2
12 x

2
02

<latexit sha1_base64="fWuRcVkqrX3+a+W7+Gek3WCoHmw="></latexit>

= ω02
n (Y )

(
1 + ω12

SD (Y ) → 2N12 (Y )
)

= ω02
n (Y ) SD

12 (Y, Y0 = 2)
<latexit sha1_base64="OS5U9bQsB7nujOuL8P4c0nabZjY="></latexit>

= ω12
n (Y )

(
1 + ω02

SD (Y ) → 2N02 (Y )
)

= ω12
n (Y ) SD

02 (Y, Y0 = 2)

<latexit sha1_base64="sWjHCmLhEOt/aScVZ31UUdpwMuI="></latexit>

→
[
↑ωn (Y,x01,b) + ωn (Y,x12,b) S

D (Y, Y0 = 2,x02,b)
]

<latexit sha1_base64="IxpO9dI6toXbdUMSl7knrVAlyPQ="></latexit>

+ SD (Y, Y0 = 2,x12,b) ωn (Y,x02,b) +
n→1∑

k=1

ωn→k (Y,x02,b) ωk (Y,x12,b) ]

• For model LT kernel and GS scaling we have 

<latexit sha1_base64="GwIgZ3EpHM1u5HtUZza2j+nVoks="></latexit>

ω
dεn(z)

d z
= →

(
z →

∫
dz→SD(z→, z0 = 2)

)
εn(z) + SD(z, z0 = 2)

z∫

ωA0

dz→εn(z
→) +

n↑1∑

k=1

z∫

ωA0

dz→εn↑k(z
→)εk(z)

<latexit sha1_base64="fnyB7bCuk29Lccq13zSNprpB/tQ="></latexit>

ω
dεn(z)

d z
= →

(
z →

∫
dz→SD(z→, z0 = 2)

︸ ︷︷ ︸
=T (z)

)
εn(z) + !(z)

z∫

ωA0

dz→εn(z
→) +

n↑1∑

k=1

z∫

ωA0

dz→εn↑k(z
→)εk(z)

<latexit sha1_base64="zb5Icw+tSN9EOufkLIcasX6DfPI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4bLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1Ho0A</latexit>
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Evolution of σn at large Nc
• Defining                                     , we can rewrite it as

<latexit sha1_base64="ROQHVtvCjZEbs2Mwwh7WGHt/1kc="></latexit>

!n(z) =

z∫

ωA0

dz→ ωn(z
→)

<latexit sha1_base64="DhYBBHhhOgeMDqXbdfvfRMGoQ3Y="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) + !n(z) +

n→1∑

k=1

!n→k(z)εk(z)
<latexit sha1_base64="DhYBBHhhOgeMDqXbdfvfRMGoQ3Y="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) + !n(z) +

n→1∑

k=1

!n→k(z)εk(z)

• Rewriting the sum as 
<latexit sha1_base64="92VNODMLOqBAp8A4Pa2IIva/TSA="></latexit>

n→1∑

k=1

!n→k(z)ωk(z) =
1

2

d

d z

n→1∑

k=1

!n→k(z)!k(z)

• and introducing                                       , we have  

<latexit sha1_base64="9fcLeUxnOWb/QNpmN8HMoK6sVbw="></latexit>

Sn (z) =

z∫

ωA0

dz→ !n (z
→)

<latexit sha1_base64="pBMF1nJ0xph9hnLpNzObFEjvmD8="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) +

dSn(z)

d z
+

1

2

d

d z

n→1∑

k=1

!n→k(z)!k(z)
<latexit sha1_base64="Cq8Aw9kffdRTgFZL9SgKRr/5h6M="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) +

dSn(z)

d z
+

1

2

d

d z

[
n→1∑

k=1

!n→k(z)!k(z)

]

<latexit sha1_base64="FG+XWgxsPWwjLhtmoV+t+W4Ptog=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEeiF49o5JEAIbPDLEyYnd3M9JqQDX/gxYPGePWPvPk3DrAHBSvppFLVne4uP5bCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqd+84lrIyL1iOOYd0M6UCIQjKKVHs4ve8WSW3ZnIMvEy0gJMtR6xa9OP2JJyBUySY1pe26M3ZRqFEzySaGTGB5TNqID3rZU0ZCbbjq7dEJOrNInQaRtKSQz9fdESkNjxqFvO0OKQ7PoTcX/vHaCwXU3FSpOkCs2XxQkkmBEpm+TvtCcoRxbQpkW9lbChlRThjacgg3BW3x5mTTOyl6lXLm/KFVvsjjycATHcAoeXEEV7qAGdWAQwDO8wpszcl6cd+dj3ppzsplD+APn8wf2oo0B</latexit>
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The large n≳<n(z)> Solution 
• We suggest that the solution has the following form

• Functions Φ (z) and ϕ (z) we will find from the equation. 
Replacing and taking the large z and n limit we find 

<latexit sha1_base64="IHWaK4hLpnARagB2wUIM7fsZap8=">AAACInicbVDLSgMxFM34rPVVdelmsAgVtMyIVF0IRTcuK1oVOqVk0jttaCYzJHfEWvotbvwVNy4UdSX4MWY6Xfg6kHDuOfeS3OPHgmt0nA9rYnJqemY2N5efX1hcWi6srF7qKFEM6iwSkbr2qQbBJdSRo4DrWAENfQFXfu8k9a9uQGkeyQvsx9AMaUfygDOKRmoVDr1z3glpS5butrxtb/sovby4y7MabmNPQIClHWmqWiYr3uniVqtQdMrOCPZf4o5JkYxRaxXevHbEkhAkMkG1brhOjM0BVciZgGHeSzTElPVoBxqGShqCbg5GKw7tTaO07SBS5ki0R+r3iQENte6HvukMKXb1by8V//MaCQYHzQGXcYIgWfZQkAgbIzvNy25zBQxF3xDKFDd/tVmXKsrQpJo3Ibi/V/5LLnfLbqVcOdsrVo/HceTIOtkgJeKSfVIlp6RG6oSRe/JInsmL9WA9Wa/We9Y6YY1n1sgPWJ9f0p6iCA==</latexit>

!n(z) = ω(z) exp (→n”(z))

<latexit sha1_base64="pYta8iH1utSXqITUU8dSk9+7b00="></latexit>

ω
d!n

dz
= →(z → !!(z))!n(z) + Sn(z) +

n→ 1

2
ε (z) !n (z)

<latexit sha1_base64="oWxB6Pb/7CfhzV6LI3Q26AtugAU="></latexit>

ωn (z) =

(
ε→ (z)→ nε (z)!→ (z)

)
exp (→n! (z))

n↑N(z)→→→→→↑ 2

ϑ

z2

N (z)
”

(
ϖ =

n

N (z)

)
• We can now solve the equation and find for DIS:

where
<latexit sha1_base64="6rUQQiPnzZN4SoGXMAT2jUoBSV8=">AAACHnicbZDLSsNAFIYnXmu9VV26GSxChVoS0epGKLpxWcGq0MQymZ60QycXZk7EEvokbnwVNy4UEVzp25jELurlh4Fv/nMOM+d3Iyk0muanMTU9Mzs3X1goLi4tr6yW1tYvdRgrDi0eylBdu0yDFAG0UKCE60gB810JV+7gNKtf3YLSIgwucBiB47NeIDzBGaZWp3RgN7WwJXhYofadsJXo9XHHrh7b1fxehZtkN6NRcUKdUtmsmbnoX7DGUCZjNTuld7sb8tiHALlkWrctM0InYQoFlzAq2rGGiPEB60E7xYD5oJ0kX29Et1OnS71QpSdAmruTEwnztR76btrpM+zr37XM/K/WjtE7chIRRDFCwL8f8mJJMaRZVrQrFHCUwxQYVyL9K+V9phjHNNEsBOv3yn/hcq9m1Wv18/1y42QcR4Fski1SIRY5JA1yRpqkRTi5J4/kmbwYD8aT8Wq8fbdOGeOZDfJDxscXO4mdbg==</latexit>

! (ω) = ω e→ω and 
<latexit sha1_base64="kddCvDQggs5ovup0hkXP2tABozg="></latexit>

→n(z)↑ = 2n0 z e
(z→z!)2

2ω

<latexit sha1_base64="ocy7SId0KB1yyD6oUP+C/DuaOW4="></latexit>

ωn (z) =

(
ε→ (z)→ nε (z)!→ (z)

)
exp (→n! (z))

n↑↓n(z)↔→→→→→→↑ 2

ϑ

z2

↓n (z)↔”
(
ϖ =

n

↓n(z)↔

)KNO structure 
but without 
KNO scaling

<latexit sha1_base64="FQvMuZgv+9JcBl+dXulswOYIHvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P6/1yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf3/gmjQI=</latexit>

36



Entropy of produced gluons
• The probability to have n-cut BFKL Pomerons in the final 

state is equal to 
<latexit sha1_base64="K4U/Eq0NR9G+7mUXAyi11cbHYMM="></latexit>

PAGK
n (z) → ωAGK

n (z)∑→
n=1 ω

AGK
n (z)

=
2

ε

z2

↑n(z)↓ !
(

n

↑n(z)↓

)

• The probability to have n-gluons in the final state is

<latexit sha1_base64="CiV5mkY6bYeqYV1YcdBVvg+0BSA="></latexit>

z→1
=

2

ω

z2

→n(z)↑ !
(

n

→n(z)↑ →nP (z)↑

)

<latexit sha1_base64="sjGKSus6/CYMjafRBQ32HiW3XnA="></latexit>

P gluons
n (z) =

→∑

k=1

PAGK
k (z)P Poisson

n (k →nP (z)↑)

<latexit sha1_base64="jhM8cYTUS6nE6SSJ3vYfJcNjAVI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbVgEeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD5fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8NqfCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpoXZa9SrtxflWo3WRx5OIFTOAcPqlCDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH5qo0D</latexit>
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Entropy of produced gluons

• The new observable of DIS — the entanglement entropy — 
is given by the von Neumann’s formula

<latexit sha1_base64="C3660jA4akNHpfY9rC0PcdxhYD8="></latexit>

SE (z) = →
∑

n

Pn (z) ln (Pn (z))
<latexit sha1_base64="GM8NTYUUr4ibYSYwtaEt8tIvOU8="></latexit>

z→ 1→→→↑ z2

2ω

<latexit sha1_base64="lPamlVkMH+XKDKrE/uqqK/wP+qs=">AAACFXicbVDLSgMxFL3js9bXqEs3wSJUKGVGpLoRim5cVrAP6JSSSdM2NJMZkoxQh/6EG3/FjQtF3Aru/Bsz0y609YTA4Zx7b26OH3GmtON8W0vLK6tr67mN/ObW9s6uvbffUGEsCa2TkIey5WNFORO0rpnmtBVJigOf06Y/uk795j2VioXiTo8j2gnwQLA+I1gbqWuXEi8bkvg8ppNLr2QOF8jjWAw4RaL4cOLJjE/y+a5dcMpOBrRI3BkpwAy1rv3l9UISB1RowrFSbdeJdCfBUjOSTvRiRSNMRnhA24YKHFDVSbKFJujYKD3UD6W5QqNM/d2R4ECpceCbygDroZr3UvE/rx3r/kUnYSKKNRVk+lA/5kiHKI0I9ZikRPOxIZhIZnZFZIglJtoEmYbgzn95kTROy26lXLk9K1SvZnHk4BCOoAgunEMVbqAGdSDwCM/wCm/Wk/VivVsf09Ila9ZzAH9gff4AOuueNQ==</latexit>

= ln→n(z)↑

• In agreement with Kharzeev and Levin (2017) predictions. 
• Using “local parton-hadron duality (LPHD)”, we have

<latexit sha1_base64="8Hwqvck+OcQXjNVv2muSJOMHZP0="></latexit>

Shadron → Sgluons

• DIS probes only a part of the proton’s wave function 
(region A). A

B

<latexit sha1_base64="CVHdPcnkzAFGONWqsJDG5eF4ErU=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KDUpUj0WvXhswX5A05bNdtMu3U3C7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZ58ecKe0439bG5tb2zm5uL79/cHh0bJ+cNlWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57Tljx/mfmtCpWJR+KSnMe0KPAxZwAjWRurbtuyVvaKnmPCK7nW9V+7bBafkLIDWiZuRAmSo9e0vbxCRRNBQE46V6rhOrLsplpoRTmd5L1E0xmSMh7RjaIgFVd10cfkMXRplgIJImgo1Wqi/J1IslJoK33QKrEdq1ZuL/3mdRAd33ZSFcaJpSJaLgoQjHaF5DGjAJCWaTw3BRDJzKyIjLDHRJqy8CcFdfXmdNMslt1Kq1G8K1fssjhycwwVcgQu3UIVHqEEDCEzgGV7hzUqtF+vd+li2bljZzBn8gfX5A4Yukk4=</latexit>

r2 → 1/Q2

<latexit sha1_base64="7ZbA9uN+jLKDafMnDRucv42PipI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD5fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifFsOpPhEpS5IotFoWpJBiT2dukLzRnKMeWUKaFvZWwIdWUoQ2nYEPwll9eJc2LslcpV+6vSrWbLI48nMApnIMH11CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH7Lo0E</latexit>
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Homotopy solution

<latexit sha1_base64="5OWIoERRsSHoCqH+B+H7fTE+YP8="></latexit> z∫

ωA0

dz→ !(z→) =

↑∫

ωA0

dz→ !(z→)

︸ ︷︷ ︸
= z!

→
↑∫

z

dz→ !(z→)

︸ ︷︷ ︸
= !̃!(z)

;

z∫

ωA0

dz→ ω1(z
→) =

↑∫

ωA0

dz→ ω1(z
→)

︸ ︷︷ ︸
=ε0,1

→
↑∫

z

dz→ ω1(z
→)

︸ ︷︷ ︸
= !̃1(z)

<latexit sha1_base64="48eaoEUPb0uQeDwdjiAdwJQd55Y="></latexit>

ω
dε1 (z)

dz
= → z ε1 (z) + ε1 (z)

z∫

ωA0

dz→ ! (z→) + ! (z)

z∫

ωA0

dz→ ε1 (z
→)

<latexit sha1_base64="AeEtAX8Zi3euVFXBo6i5FB6Nw8g="></latexit>

= →



z →
z∫

ωA0

dz→ ! (z→)



ω1 (z) + ! (z)

z∫

ωA0

dz→ ω1 (z
→)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="sRJ89I/kWveHXo3wwfrBs3Nr0eM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvXis0C9oQ9lsN+3SzSbuboQa+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8w8L+JMadv+tgpr6xubW8Xt0s7u3v5B+fCoo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vepv63UcqFQtFS88i6gZ4LJjPCNZG6rWqT+clg2G5YtfsDGiVODmpQI7msPw1GIUkDqjQhGOl+o4daTfBUjPC6bw0iBWNMJniMe0bKnBAlZtk987RmVFGyA+lKaFRpv6eSHCg1CzwTGeA9UQte6n4n9ePtX/tJkxEsaaCLBb5MUc6ROnzaMQkJZrPDMFEMnMrIhMsMdEmojQEZ/nlVdK5qDn1Wv3+stK4yeMowgmcQhUcuIIG3EET2kCAwzO8wpv1YL1Y79bHorVg5TPH8AfW5w8smI4c</latexit>

T (z)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="njcMOSqcSNQbB/OYdZ8PznGKgHw="></latexit>

= →T (z)ω1(z) + ω0,1 !(z) → !(z) ”̃1(z)
<latexit sha1_base64="G7RIvpJ0szhfxIH0SS3p5dUuqOM="></latexit>

→ ω
dε1(z)

dz
+ T (z)ε1(z) ↑ ε0,1 !(z) + !(z) ”̃1(z) = 0

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="qGUzXAdfSQe2px1B5iRLzEcDcRk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiJSXRbduHBRwT4gCWEynbRDZyZhZiKU0K0bf8WNC0Xc+gfu/BsnbRBtPXDhcM693HtPlDKqtON8WUvLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyFFGBWkralmpJdKgnjESDcaXRV+955IRRNxp8cpCTgaCBpTjLSRQhv6HOkhRiy/mXjQV3TAUegG1R+Eds2pO1PAReKWpAZKtEL70+8nOONEaMyQUp7rpDrIkdQUMzKp+pkiKcIjNCCeoQJxooJ8+skEHhulD+NEmhIaTtXfEzniSo15ZDqLu9W8V4j/eV6m44sgpyLNNBF4tijOGNQJLGKBfSoJ1mxsCMKSmlshHiKJsDbhFSG48y8vks5p3W3UG7dnteZlGUcFHIIjcAJccA6a4Bq0QBtg8ACewAt4tR6tZ+vNep+1LlnlzAH4A+vjGwholqk=</latexit>

L[ω1]
<latexit sha1_base64="w3HL0bQThu7120q3V/2THx4GHb8=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROR6rLoxoVIBfuAJITJdNoOnZmEmYlQQj7Djb/ixoUibrvzb0za4KP1wMCZc+7l3nuCiFGlLevTKC0tr6yuldcrG5tb2zvm7l5bhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWB0lfudByIVDcW9HkfE42ggaJ9ipDPJN09cjvQQI5bcpn7y/blJUwe6ig448m2v8gPfrFo1awq4SOyCVEGBpm9O3F6IY06Exgwp5dhWpL0ESU0xI2nFjRWJEB6hAXEyKhAnykumh6XwKFN6sB/K7AkNp+rvjgRxpcY8yCrzzdW8l4v/eU6s+xdeQkUUayLwbFA/ZlCHME8J9qgkWLNxRhCWNNsV4iGSCOssyzwEe/7kRdI+rdn1Wv3urNq4LOIogwNwCI6BDc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzAmXwhrnRw=</latexit>

NL[ω1]

• For σ1 in region I (GS) (here SD=Δ)

<latexit sha1_base64="fi8ldrpU1lUSSuDYfWwCwJodtxo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRL0FvXiMYh6QhDA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj26nffEKleSQfzTjGbkgHkgecUWOlh/PrXrHklt0ZyDLxMlKCDLVe8avTj1gSojRMUK3bnhubbkqV4UzgpNBJNMaUjegA25ZKGqLuprNLJ+TEKn0SRMqWNGSm/p5Iaaj1OPRtZ0jNUC96U/E/r52Y4KqbchknBiWbLwoSQUxEpm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/jyMmmclb1KuXJ/UareZHHk4QiO4RQ8uIQq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/8so0F</latexit>
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<latexit sha1_base64="pCjcd/01BcJ5ZUn0iIkoaEuMhm8="></latexit>

L[ω1] = ε
dω1 (z)

dz
+ T (z)ω1 (z) → ω0,1 ! (z)

<latexit sha1_base64="WClPMjPG08sCjMmm3qT3yPHN214="></latexit>

NL[ω1] = ! (z) ”̃1 (z)

<latexit sha1_base64="ysp0sgWDQ489qSj23JElz1Dg8Jg="></latexit>

ω1 = ω(0)
1 + pω(1)

1 + p2 ω(2)
1 + · · ·

• As a solution, we introduce

• We have divided the equation in two parts

such that 
<latexit sha1_base64="wHW7XFG3wXHLv/wAlE+RRVwIjQE="></latexit>

L[ω(p)
1 ] + pNL[ω

(p)
1 ] = 0

• The 0th iteration is 
<latexit sha1_base64="zBYGD6std7AInrMuac7p6gc0Nvc="></latexit>

L[ω(0)
1 ]; ε

dω(0)
1 (z)

dz
= →T (z)ω(0)

1 (z) + ω0,1 !(z)

Homotopy solution
<latexit sha1_base64="MWRTlYukbTOSb3CxIsFNacCnazE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/CTjP0=</latexit>
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• The solution is a sum of the solution to the homogeneous 
part of the equation and the particular solution of the 
non-homogeneous one. We obtain 

<latexit sha1_base64="ZyDuUqzTeO2gfoLYwXmwmT7j/J0="></latexit>

ω(0,I)
1 (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





︸ ︷︷ ︸
ε̃(0)
1

{
ω0,1

ε

z∫

ωA0

dz→ ! (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)





︸ ︷︷ ︸
ε̃(0,I)
1

+ C(1)
ϑ

}

where 
<latexit sha1_base64="WpFqFnrsWbT9tcnWSRvy5YiieuI="></latexit>

C(1)
ω =

1

2
eε

A
0 exp

(
→1

2
eε

A
0

)

• For the next homotopy iteration we need to account for 
the linear terms in p:

<latexit sha1_base64="l0AVali6onMdpkAtWIg9Q34oBa0="></latexit>

L[ω(0)
1 + pω(1)

1 ] + pNL[ω
(0)
1 ] = 0

• The equation takes the form
<latexit sha1_base64="ggMW0bPVa/zAsqSGi6ODdPHYptk="></latexit>

ω
dε(1,I)

1 (z)

dz
= →T (z) ε(1,I)

1 (z) → ! (z) ”̃(0)
1 (z)

Homotopy solution
<latexit sha1_base64="MOEp2wR4I53N1/E2s8SbX6TovYA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cOn1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/IXjP4=</latexit>
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where 
<latexit sha1_base64="cS+MEEQ+/23ypYEL/8yjHJzM8YY="></latexit>

!̃(0)
1 (z) =

→∫

z

dz↑ω(0)
1 (z↑). The general solution is  

<latexit sha1_base64="CEXLZpBwdW+TvYudTHIwtxEjo9Q="></latexit>

ω(1,I)
1 (z) = → 1

ε
exp



→ 1

ε

z∫

ωA0

dz→ T (z→)




z∫

ωA0

dz→! (z→) ”̃(0)
1 (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)





• In general, the equation for the p-iteration (p≥1) in 
region I takes the form 

with solution  

<latexit sha1_base64="5jYyoZYaUKbNA+b8d104CzGmiN4="></latexit>

ω
dε(p,I)

1 (z)

dz
= →T (z) ε(p,I)

1 (z) → ! (z) ”̃(p→1)
1 (z)

<latexit sha1_base64="ZkRkbNmJKrPpE2s/LnWflZsyDZc="></latexit>

ω(p,I)
1 (z) = → 1

ε
exp



→ 1

ε

z∫

ωA0

dz→ T (z→)




z∫

ωA0

dz→ ! (z→) ”̃(p↑1)
1 (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 .

Homotopy solution
<latexit sha1_base64="O3cks8P9kt1vC4Nas3QcIc6c01Y=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY9ELx7RyCOBDZkdZmHC7OxmpteEEP7AiweN8eofefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHqqVfrHklt0FyDrxMlKCDI1+8as3iFkacYVMUmO6npugP6UaBZN8VuilhieUjemQdy1VNOLGny4unZELqwxIGGtbCslC/T0xpZExkyiwnRHFkVn15uJ/XjfF8NqfCpWkyBVbLgpTSTAm87fJQGjOUE4soUwLeythI6opQxtOwYbgrb68TlqVslcr1+6rpfpNFkcezuAcLsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gDzm4z/</latexit>
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Homotopy solution for σn
• Now we need to add to our definition of L[σ1] the non-

homogeneous term

• We solve the equation in a similar way to σ1, yielding 

<latexit sha1_base64="QgYFMEmt8K9y8fF5/HKgtuNrvpA="></latexit>

L[ωn] = ε
dωn (z)

dz
+ T (z)ωn (z) → ω0,n ! (z) →

n→1∑

k=1

”n→k (z) ωk (z)
<latexit sha1_base64="rAwhIKFouXJMtCNyAM6e1e4wTA0="></latexit>

NL[ωn] = ! (z) ”̃n (z)

<latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>}<latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>}
<latexit sha1_base64="SfzDlBa6x9614/eS0dXYp4CLssc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpZdkeqx6MVjBbettEvJptk2NMkuSVaoS3+FFw+KePXnePPfmH4ctPpg4PHeDDPzwoQzbVz3y8ktLa+sruXXCxubW9s7xd29ho5TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vJ74zQeqNIvlnRklNBC4L1nECDZWuj/tnPhdWX487hZLbsWdAv0l3pyUYI56t/jZ6cUkFVQawrHWbc9NTJBhZRjhdFzopJommAxxn7YtlVhQHWTTg8foyCo9FMXKljRoqv6cyLDQeiRC2ymwGehFbyL+57VTE10GGZNJaqgks0VRypGJ0eR71GOKEsNHlmCimL0VkQFWmBibUcGG4C2+/Jc0zipetVK9PS/VruZx5OEADqEMHlxADW6gDj4QEPAEL/DqKOfZeXPeZ605Zz6zD7/gfHwDY0OPgQ==</latexit>

→Un(z)

<latexit sha1_base64="Qg8GnoOE9wcuFKKC/4bWKIuahSk="></latexit>

ω(0,I)
n (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





{
1

ε

z∫

ωA0

dz→ Un (z
→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 + C(n)
ε

}

where 
<latexit sha1_base64="IJM7G6K5Jl8QsNoGCkwRj1Ir3Qc="></latexit>

C(n)
ω =

(
1
2e

εA0

)n

n!
e→

1
2 e

ωA0 . The formula for the p-iteration is  
<latexit sha1_base64="/eeDiAZMF2zlILnZ1TN20soAM+Q="></latexit>

ω(p,I)
n (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





{
1

ε

z∫

ωA0

dz→ Un (z
→) !̃(p↑1)

n (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 + C(n)
ε

}

<latexit sha1_base64="T1+9j3zva1WA2TLO1ia5R2pdHTo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1H40A</latexit>
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Numerical estimates
• Ratios of σ1, σ2, σ3 and σ5 for ξ0A=0, αS=0.2, z0=2.
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<latexit sha1_base64="6/NTPbXtYOZQPXh+tZ1nY3EK784=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KomU6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qFb7pbJbcecgq8TLSRlyNPqlr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpyiDcFbfnmVtC4rXq1Su6+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/ajjQE=</latexit>
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• Ratios of σ1, σ2, σ3 and σ5 for ξ0A=0, αS=0.2, z0=2.
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Numerical estimates
<latexit sha1_base64="jv1CogC6YhlY0FfpKuhbnWrDyuo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNokeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH4J40C</latexit>
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• One can see that the first iteration turns out to be rather 
large in the small-z region which corresponds to region I. 

• Despite the fact that after an appropriate number of 
iterations the corrections become small, the approach 
may break down for a sufficiently large n. For this reason, 
we use this method only for small values of n.  

• We solve the equation in the large-n limit, and study the 
possible matching with this solution. 

Numerical estimates
<latexit sha1_base64="8ddPC2uAVcFRyUFvqtZKN2oOvAI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh8tav1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/mrjQM=</latexit>
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Applications at EIC era
• Having these cross sections, we can calculate the 

multiplicity moments using Mueller’s formula

where

<latexit sha1_base64="xrWjFrYAi7t+dkIpCOe0jBOsFbI="></latexit>

→nk(z)↑ = ωAGK
k (z) →nP (z)↑k

<latexit sha1_base64="7lwtP45NfHJv5srIXOAwwBgnknA=">AAACFHicbVDLSgMxFM34rPVVdekmWISKpcyIVDdC0Y3LCvYBTSl30rQNTTJDkhHaoR/hxl9x40IRty7c+TdOHwttPXDh5Jx7yb3HDwU31nW/naXlldW19dRGenNre2c3s7dfNUGkKavQQAS67oNhgitWsdwKVg81A+kLVvP7N2O/9sC04YG6t4OQNSV0Fe9wCjaRWplTIkB1BcOqFZdHueEJ0ZM3yV+RPPFBky5ICSQ/TKdbmaxbcCfAi8SbkSyaodzKfJF2QCPJlKUCjGl4bmibMWjLqWCjNIkMC4H2ocsaCVUgmWnGk6NG+DhR2rgT6KSUxRP190QM0piB9JNOCbZn5r2x+J/XiGznshlzFUaWKTr9qBMJbAM8Tgi3uWbUikFCgGqe7IppDzRQm+Q4DsGbP3mRVM8KXrFQvDvPlq5ncaTQITpCOeShC1RCt6iMKoiiR/SMXtGb8+S8OO/Ox7R1yZnNHKA/cD5/AL0+nVs=</latexit>

→nP (z)↑ = ω̄ z
• And therefore, all cumulants can be calculated:

<latexit sha1_base64="XjfJw/8s9Q0GrtHYJQXK0vzjMCQ=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhzCBmO0ItOLMNzF4wT3AmspaZZuYWlaklSYZZ/Bi1/FiwdFvHry5rcx3XrQzT8k/Pg/z0Py/P2YUaks69tYWV1b39gsbBW3d3b39s2Dw46MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/XEzq3fviZA04ndqEhM3RENOA4qR0pZnVpqeXX6oOFWnepVdDkN8yAjkmSlmXJzLM0tWzZoJLoOdQwnkannmlzOIcBISrjBDUvZtK1ZuioSimJFp0UkkiREeoyHpa+QoJNJNZytN4al2BjCIhD5cwZn7eyJFoZST0NedIVIjuVjLzP9q/UQFl25KeZwowvH8oSBhUEUwywcOqCBYsYkGhAXVf4V4hATCSqeYhWAvrrwMnbOaXa/Vb89Ljes8jgI4BiegDGxwARrgBrRAG2DwCJ7BK3gznowX4934mLeuGPnMEfgj4/MHeBCZjg==</latexit>

C1(z) = →n(z)↑
<latexit sha1_base64="G8L5q71XAqmek547dniyWP0h9iY=">AAACNHicbVDLSgMxFM3UV62vUZdugkWoUMtMkepGKHYjuKlgH9BpSyZN29BMZkgyQh36UW78EDciuFDErd/gzHRE23og4eSce7m5x/YYlcowXrTU0vLK6lp6P bOxubW9o+/u1aXrC0xq2GWuaNpIEkY5qSmqGGl6giDHZqRhjyqR37gjQlKX36qxR9oOGnDapxipUOrq15VuMXd/bOWt/EV0WQzxASOQd2JZxK/IOJlxf71OMfODrp41CkYMuEjMhGRBgmpXf7J6LvYdwhVmSMqWaXiqHSChKGZkkrF8STyER2hAWiHlyCGyHcRLT+BRqPRg3xXh4QrG6t+OADlSjh07rHSQGsp5LxL/81q+6p+3A8o9XxGOp4P6PoPKhVGCsEcFwYqNQ4KwoOFfIR4igbAKc45CMOdXXiT1YsEsFUo3p9nyZRJHGhyAQ5ADJjgDZXAFqqAGMHgAz+ANvGuP2qv2oX1OS1Na0rMPZqB9fQPFHaVh</latexit>

C2(z) = →n2(z)↑ ↓ →n(z)↑2
<latexit sha1_base64="mijA+77x7DlZNJ6ec+ElMkfis5A="></latexit>

C3(z) = →n3(z)↑ ↓ 3 →n2(z)↑ →n(z)↑ + 2 →n(z)↑3

Mean
Variance Third central 

moment of our 
distributions 

<latexit sha1_base64="J8YcbgmAdArpRbe0nuv3VPLXJac="></latexit>

Pn(z) =

∮
dω

2ε i

ef(ω)

ωn+1

•  Finally we can obtain the multiplicity distribution of the 
produced gluons in the saturation region as follows 

<latexit sha1_base64="gH85I79crBvK2CTRvb92dExfpNQ="></latexit>

f(ω) =
→∑

n=1

Cn

n!
(ω→ 1)n

<latexit sha1_base64="nE0o1jKQ1sX2zD9r9wOWto17guA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFL0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP41XjMo=</latexit>;

<latexit sha1_base64="Hw48wOkdcsbL1al0djaGxNqn+yc=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNAY9ELx7RyCMBQmaHWZgwO7uZ6TUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0x6eGS6F4EwVK3ok1p6Eveduf3M799hPXRkTqEacx74d0pEQgGEUrPVRqg2LJLbsLkHXiZaQEGRqD4ldvGLEk5AqZpMZ0PTfGfko1Cib5rNBLDI8pm9AR71qqaMhNP11cOiMXVhmSINK2FJKF+nsipaEx09C3nSHFsVn15uJ/XjfB4LqfChUnyBVbLgoSSTAi87fJUGjOUE4toUwLeythY6opQxtOwYbgrb68TlpXZa9art5XSvWbLI48nME5XIIHNajDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD7L40E</latexit>
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Solution to the equation of sigma n 
in momentum space?



The momentum space approach
• We could also solve the evolution equations by going to 

momentum space, using the following transformations: 
<latexit sha1_base64="7qlXHT0inz3qSBGIAM5ZYh1SXUs="></latexit>

N(Y,x01,b) = x2
01

∫ →

0
dkT kT J0(kT x01) Ñ(Y,kT ,b)

• For the initial condition, we have 
<latexit sha1_base64="SxhXiux8B/FEhL3NkyWQd7AYgEo="></latexit>

Ñ(Y = YA,kT ,b) =

∫ →

0

dx01

x01
J0(kT x01)

(
1→ exp

(
→1

4
x2
01 Q

2
s0

))

<latexit sha1_base64="tMeJOjl51RakJ/OVB3WqLVaQUWw="></latexit>

=
1

2
!

(
0,

k2T
Q2

s0

)

This is a positive initial condition.

<latexit sha1_base64="QaqxlfIoPP03u8TnjE8bw6gpOnY="></latexit>

Ñ(Y,kT ,b) =

∫ →

0

dx01

x01
J0(kT x01)N(Y,x01,b)

<latexit sha1_base64="bmV0z6kfJDN7u3rjdScRUOcnViM=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY5ELx7RyCMBQmaHXpgwO7uZmTUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUx6caBZfYNNwI7MQKaegLbPuT27nffkKleSQfzTTGfkhHkgecUWOlh0ptUCy5ZXcBsk68jJQgQ2NQ/OoNI5aEKA0TVOuu58amn1JlOBM4K/QSjTFlEzrCrqWShqj76eLSGbmwypAEkbIlDVmovydSGmo9DX3bGVIz1qveXPzP6yYmqPVTLuPEoGTLRUEiiInI/G0y5AqZEVNLKFPc3krYmCrKjA2nYEPwVl9eJ62rslctV+8rpfpNFkcezuAcLsGDa6jDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD8s40F</latexit>
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The momentum space approach
• For σn 

• For the initial condition, however

<latexit sha1_base64="H3oAi7uQWilk+oedObSF1cO0AZI=">AAACn3ichVFdixMxFM2MX2v92KqP+hAtQoWhzIisvgjr+rDiilRo94OmGzKZTDc0yQxJRjqE/C1/iG/+G9N2kHVX8EK4J+fey7k5yWvBjU3TX1F84+at23d27vbu3X/wcLf/6PGxqRpN2ZRWotKnOTFMcMWmllvBTmvNiMwFO8mXH9f1k+9MG16piW1rNpdkoXjJKbGBwv0fyHJRMIcMX0jisTp3SObVygVetfDD4ZH3w7MESWIv8tItPXYT/+ea+1coeY8SxJXF6XlIpW0hKjWhrlhhl2beuy6j5 DNOh0s8QcmWCaNb1f+Jrvym/7Iq7g/SUboJeB1kHRiALsa4/xMVFW0kU5YKYswsS2s7d0RbTgXzPdQYVhO6JAs2C1ARyczcbfz18GVgClhWOhxl4Ya9POGINKaVeehcr2iu1tbkv2qzxpbv5o6rurFM0a1Q2QhoK7j+LFhwzagVbQCEah52hfSCBHdt+NJeMCG7+uTr4Pj1KNsb7X17M9g/6OzYAU/BCzAEGXgL9sEnMAZTQKNn0UF0FH2Jn8eH8dd4vG2No27mCfgr4rPf09TPBA==</latexit>

ω̃AGK
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• Unfortunately, this gives a negative initial cross section for 
large n. What can we do?
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Conclusions and outlook

• We calculated the entropy and the multiplicity 
distributions directly from QCD evolution equations and 
the s-channel unitarity constraints. These results are in 
agreement with the predictions of Kharzeev and Levin. 

• σ1, σ2 and σ3 are cross sections for 1, 2 and 3 cut Pomeron 
production which are closely related to the moments and 
cumulants of the multiplicity distributions for DIS 
experiment. Calculations of the moments <n^k> for small k 
will be subject of next papers. 

• As our understanding of high-energy QCD deepens, new 
challenges and questions arise. Stay tuned.
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