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How do the characteristic properties of
hadrons arise from the interactions of their
most elementary constituents — quarks and
gluons?

 The fundamental complication is the phenomenon of
confinement: hadron structure is governed by the

dynamics of a dense QCD medium
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The structure of the dense QCD medium can

be probed in high-energy scattering A 1
experl ment e — S ——— /y ------- L~
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Wide separation
of scales!

* At high energies, large external scales, the QCD medium > /
admits a factorization description: different partonic
interaction modes, can be identified A. 1
e
* The "quantum” field modes can be computed = theoretical Agep

constraints on the structure of the medium



FaCtorization collinear factorizat_ion in DIS

v

pL > K

pL <

ordering of the emission
In transverse momentum

« The phenomenon can be formalized — factorization theorems

» Separation of modes is characterized by a set of factorization scale(s) o (e.g. a single scale o0 = 1 in col. fact.)
* The structure of the factorized modes depends on the scattering reaction and observable



FaCtori Zation collinear factorizat_ion in DIS

pL > K

pPL < U

d — . - / : C
/ 2,27T e_prrZ <P‘O(2_)‘P> _ fl (:C) ordering of the emission

IN transverse momentum

* The structure of the dense QCD medium can be formally defined in terms of matrix elements of gauge invariant
QCD operators (quark and gluon fields) — distribution functions.

* The structure of these operators is defined by the structure of interaction between the perturbative and non-
perturbative mode

 The operators fully describe the dense QCD medium



The background field approach provides an efficient
formulation of the QCD factorization

Functional integral representation of a general physical observable:

X X /DC \If}kDf(C_()(tf))H(C)\IJPi(é(ti))eiSQcD(C>
!

operator defining the observable, e.g. product
of electromagnetic currents

Evaluation of this functional integral is hard in general, so, following the logic of the
background field method, we split the field into different field components
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C,u N A,u 4 B,u ...............
! ! B,

perturbative “quantum “fields non-perturbative background fields



/ DCe'acr () / DBe'¥ecp(B) [ D AetSracn(4.5)

T T

QCD functional functional integral over background functional integral over quantum field,
integral fields, gives rise to the matrix element to be integrated by means of the
of the operators of the B fields perturbative method, coefficient

functions, computation in the non-
perturbative background!




/ DCe'Pcp(C) / DBe"acn(B) [ D AetSpacn(4.B)

T

Computation of the A mode is not in
the vacuum but in the background of
the B fields

background-QCD action describes propagation of a

“quantum” particle (Aﬂ) in a background field BM

Sbep (A, B) = Sgep(A + B) — Sqcp(B) A,

We can systematically study the interaction between
the field modes, unambiguously derive the structure
of the QCD operators, distribution functions etc.




We look for the following form of the result of integration over A fields:
/ DAe'vacr B (A + B) =) Hy(o) ® Ok(B,0)
k

where operators O are constructed from the background fields B. As a result we get (the matrix element
corresponds to the functional integral over background fields B)

X X ZHk(U) @ <Pf|0k(é)|PZ>J < Factorization formula



X ZHk(J) R (Pr|Ok(B)|F;)°
ko1 !

Result of the integration Contribution of the B
over the A field modes field modes

* Contribution of the A and B field modes are disentangled, the
result has the factorized form

 The operators of the background B fields are gauge invariant

* |t is not obvious that these conditions can be attained (higher
twist effects, TMD factorization, sub-eikonal corrections, spin
effects at small-x etc.)

X quantum @ background



Perturbative computation in the non-perturbative background

 Entanglement of the quantum momentum flow
and the background-field interactions

 The background fields B don’t enter the
computation in the gauge covariant form

g% (po B® + B%k,) + 21(0°B° — 0° B?) — p* B° — BPk°

Can we formulate a systematic framework for
gauge-covariant factorization
computations?

Kar, Skokov, Tarasov, arXiv:2603.08805
Mukherjee, Skokov, Tarasov, Tiwari, Yao, 2602.15137

Mukherjee, Skokov, Tarasov, Tiwari (2025)
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Computation of the dijet production in the background field approach

l/ ( l/
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do OEMY Foa A

E'— = > (DM LM )
3 24 AN
d l/ 47-‘- Q >\,>\/:_1 ‘..<

5
The scattering cross section for a virtual
photon off the target

Using the background field method we can write the
cross section in terms of quark propagators in the
background field
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Computation of the dijet production in the background field approach
1

do OEMY / '~
/ A AT T A
4 ( 4 T 2()4 Z (—1) L o\
d l 47'(' Q NN — 1 <
[ ks [ 7
) o N
q q The scattering cross section for a virtual
ko photon off the target
Using the background field method we can write the

| T
EE\F ;\]E cross section in terms of quark propagators in the
P jX P background field

* T ARME  dky d?kq | dk, d*ko _ -
do\, = e - 4 1/d45’562qx
AA Z ViQ% MY (2m)32k; lk2=0 (27)32k, lk2=0 :

S1,52

x/d4x1€_iklxl /d4$2€_2k2x2%2(k2)%2<3S‘T{@b(@)ju(x)lb(xl)}ékﬂsl(kl)Zgl
Y / dhyeiay / dhy et / a0, ()i T{0 ()7 () B (y2) Y 8| P, S)yvs, (k)
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"(y)(y2) B = e(y1]-

< (Y| ——— + ———(igB)
D2+ 1€ P?+ie
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D2+ 1€ P? + e
?
’ 1y2) — (B =0),

P (zgé) P |

D% + i€

.'-, Infinite number of interactions with the
background field B dressed with quantum
propagators. The standard quark-gluon vertex

Can we represent the background fields B
in terms of the gauge covariant operators?

Can we disentangle quantum momenta p
and the background field B insertions?
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One can construct gauge covariant form of the
quark propagators in the background field

/ gyt / o™V a, (k) T{b(91)7" ()9 (y2) 5 Havs, (k)

; 5 ;i
P2+ S0 F,, + i€ vy P2+ oM F,, + i€

= e, (k1)ki (k1 | — k2)(—k3)vs, (k2) — (B = 0)

The quark propagation is represented in terms
of the covariant derivatives and strength tensors
in the background field:

P, =p,+ 9B,
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This form of the propagator matches the worldliness
representation of the quark propagator Tarasov, Venugopalan (2019)
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’ 9100000
N/
’ 9100000
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The building block of our computation of the
diet production is the quark propagator in the

background field
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P= + 201V F,, + i€

The dijet production crosss section can be
represented in terms of these propagators in the
most general form of the background field

This representation is quite general. The main
issue that it entangles quantum (quark
momentum) and the background field degrees
of freedom. We need to find a way to
disentangle the quantum and background
effects

P,=p,+ 9B,
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X x ) Hy(o) ® (Py

Straight line counter for the collinear operators:

Ox(B)

P))°

The gauge invariant operators are organized
along a particular piecewise contour

Dipole operators at small-x
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l
P* + 2ok EF,, + i€

& quantum @ background

To disentangle “quantum” and background
fields of freedom we need to expand

background fields of the propagator onto a
given contour

= such expansion can be constructed using the

path-ordered exponent representation of the

ropagator
propag Kar, Skokov, Tarasov, arXiv:2603.08805
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Path-ordered exponent representation of the
quark propagator in the background field

lim k°(k

Ul = ey o )
k2 P2 (z7) _ | —00

4_9(_]@—)6”&2;—2 T

= lim (kl|(9(k_)€i2k T Q(oo,y_)

Path-ordered exponents
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The exponents describe quark’s propagation

along an arbitrary trajectory in the background —
ong y Hjstioty J B,(zx)=B,(x ,z1)
field B
: s 3 ». Gauge covariant formulation. This result
S 3 s b, imi '
V* v o ©®, ® reproduces all known limits, e.g. Wilson
g g p lines of the dipole operators in the CGC
computations etc.
"‘ g B“ ;
< B
B, .
(|G, )lyL)
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Contains contribution of the transverse gauge links

(1 1G(z™,y7)|yL)
T P2 (z7) _ P2 (z7) _ P2(»—
= (z |Pexp {z/ dz— (e Pral (iD_ | g_ JWFW>6 2™ (_ )>}\yL)
- 4dp 2p
L1, x| ‘fL
S
= e 4 g .............. T
P e D"“Fk,& ,,,,,,,,,,,,, ‘?JL
Yi oY

1
(@] P lys) = (@il y ) { U@L, y.) + / du uii (x = )"0 (2.1, &) Dy Fouk (60)U (s y1)
0

—I—QZS/O du ’LL/OU dU U (ZU — y)k(iﬁ D y)mU(xLagu)st(gu)U(guagv)Fms(gv)U(gva yJ_) + ... } 9
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Expansion on an arbitrary piecewise contour is straightforward using
simple computation relations (exact)

X

Pk(a?_)U(:E_,y_) — U(:I:_,y_)Pk(y_) Uz~ ,y ) =Pexp {zg/

y dz_B_(z_)}
:g/ dz"U(x™, 27 )F_p(z7)U(z",y")

This kind of relations allow to construct the expansion of the
propagators in the background field in a gauge covariant way
to any necessary order. The higher terms of the expansion
have a structure similar to the leading terms = allows
automatization
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1) Choose a contour V,\/\/\/\N ____________________________________________ (00, 91)
2) Construct an expansion using B
the commutation relations (¥~ ,yL)

lim k:Q(k| — 1 —|y) quantum and background degrees of
k20 Ps+ S0 F,, + 1€ freedom are mixed
j _ g [, _ ) _ L
—eky(U(oo,y Y1) 4k_/ dz"U(oo, 275y )o" Flu (27, y ) U(z7,y 5y )
-

Mukherjee, Skokov, Tarasov, Tiwari, Yao, 2602.15137

& quantum @ background
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the commutation relations (y 7yJ_)

1) Choose a contour AN AN A A VA N
2) Construct an expansion using B § % g

1 back—to—back 27T€fg OéJMZC Q 2 dkl_kolJ— de_koQJ_
dUOO o Z <_) 39— |1n2_ 39— |1n2_
(27m)32k; 1k3=0 (27)32k, 1k3=0

lead. power

_ _ _ — = 322’353(6]_)4 9 i(kl +ko | — )CIZ‘ > _ —Z(k—l_—l—k—l_ —I-)Z—
><27T(5(q —kl —]{72 )ZPkPm(PJZ_—I—ZZQ2)4 /d X | e L 1 —q1L L_/_OO dz

X<P,S‘ng(2_,ﬁlfJ_)Uac(Z_,OO;ZUJ_>UCCZ(ZUJ_,OJ_, )Udb(OO 0 OJ_)F (O OJ_)|P S>

& quantum @ background
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Suppose we have a CGC background. B_(z7, 27,z ) ~AB_ A"tz \x™, z )

l/ ( l/

A — OO

A A A

Expansion onto the TMD contour requires an infinite number of
terms (all collinear terms do contribute)
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Suppose we have the CGC background. B_ (z 7,27,z ) ~ AB_(A"*z™, Az, x| )

l/ ( l/

A — OO

A A A

The higher terms of the expansion are suppressed by the higher j """""""""
orders of the expansion parameter 1~
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We construct expansion for the background field
beyond the CGC approximation

r-------‘

CGC field -+ »B_(zT, 27,2 ) ~AB_(A\"tat a7,z ),
freeeeees > Bi($+,$_,$J_) N Bi()\—lx—l—’)\x—ij_);

B_|_(ZE+,ZE'_,ZCJ_) ~ )\_13—()\_137—'_7 )\ZE_,CEJ_) 7

v extension of the model, spin effects,
. sub-eikeonal corrections

The transverse field component of the background
. field at small x starts to contribute already at the
" eikonal order of the computation through
contribution of the transverse gauge links at the
spatial infinity
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We construct expansion for the background field
beyond the CGC approximation

v p
( daoo

r-------‘

27’(‘6?:04]31\/[[13
V3Q?

></Cil2¢<ueik1“)L /dzwieiku“ll{o(\/ZZQQ!wL —wl\)/dzzLe_“‘“““ /dzz’le_ikzlzl
< Ko(v/72QR21 — 24 (21, 2301, )

2dky d?kq )
(2m)32k,

dk d?ks
k2=0 (27)32k5

eik.

L Olam =k — Ky )32:°8 (g )!
20

U(z, 7 3w ,W)) = (P, S]|tr, (U(oo, —oo;w| Y U(W| ,w;—00)U(—00,00;w, ) — 1)U(WJ_,ZJ_; o)

< (U(00, —00; 21 )U (21, 215 —00)U (=00, 00; 21 ) = 1)U (2L, w/,;00)| P, S).
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The transverse field component in the quark

propagator in the small-x background B ($+7 T, )~ )\B_()\_lx+, AT, 2] );
Bi(ﬂf_l_,ZC_,Q?J_) ~ Bi()\_lm_l_’ )\Qj—’mJ—);
Bi(a" x7,x1) ~ AT B (AT, AT w0 ),

)
P= + 2oV EF,, + i€

F,=-0;B_+0_B;,—ig[B_, B
X A\ X A X A\

eikonal order T

0-like form of a small field component,
the derivative is enhanced. Transverse
component contribution in the eikonal

small-x simulations?
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Thank you for your attention!



