
DIS dijet production and the search for 
saturation at the EIC
Andrey Tarasov

Gluon Saturation, Diffraction and Multihadron Production at the EIC, 16th July 2026

Based on Tiyasa Kar, AT, Vladimir Skokov “DIS dijet production in Background Field Approach: General 
formalism and methods”, arXiv:2603.08805 and in preparation



QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

αs (Q)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

Sept. 2013

Lattice QCD (NNLO)

(N3LO)

τ decays (N3LO)

1000

pp –> jets (NLO)(–)

<latexit sha1_base64="9ZTJPmWbWmLGZsPurE44Ttxk4l0=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiBz1WsB+YhLLZTtqlu5uwuxFK6L/w4kERr/4bb/4bt20OWn0w8Hhvhpl5UcqZNq775ZRWVtfWN8qbla3tnd296v5BRyeZotCmCU9ULyIaOJPQNsxw6KUKiIg4dKPx9czvPoLSLJH3ZpJCKMhQsphRYqz0EIgswP4NdMJ+tebW3TnwX+IVpIYKtPrVz2CQ0EyANJQTrX3PTU2YE2UY5TCtBJmGlNAxGYJvqSQCdJjPL57iE6sMcJwoW9LgufpzIidC64mIbKcgZqSXvZn4n+dnJr4McybTzICki0VxxrFJ8Ox9PGAKqOETSwhVzN6K6YgoQo0NqWJD8JZf/ks6Z3WvUW/cndeaV0UcZXSEjtEp8tAFaqJb1EJtRJFET+gFvTraeXbenPdFa8kpZg7RLzgf38xhkF0=</latexit>

µ [GeV ]

<latexit sha1_base64="b2kPVx0faZh5PfX6hTjea5pXiCo=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpeyKVI9FLx4r2A/oLmU2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjlo5TRWiTxDxWnRA05UzSpmGG006iKIiQ03Y4upv57TFVmsXy0UwSGggYSBYxAsZKgQ88GUJPV3yRXvRKZbfqzoFXiZeTMsrR6JW+/H5MUkGlIRy07npuYoIMlGGE02nRTzVNgIxgQLuWShBUB9n86Ck+t0ofR7GyJQ2eq78nMhBaT0RoOwWYoV72ZuJ/Xjc10U2QMZmkhkqyWBSlHJsYzxLAfaYoMXxiCRDF7K2YDEEBMTanog3BW355lbQuq16tWnu4Ktdv8zgK6BSdoQry0DWqo3vUQE1E0BN6Rq/ozRk7L86787FoXXPymRP0B87nD0U4kco=</latexit>

↵s(µ)

2

How do the characteristic properties of 
hadrons arise from the interactions of their 
most elementary constituents — quarks and 
gluons?

Chapter 1

Overview: Science, Machine and
Deliverables of the EIC

1.1 Scientific Highlights

1.1.1 Nucleon Spin and its 3D Structure and Tomography

Several decades of experiments on deep inelastic scattering (DIS) of electron or muon beams
o↵ nucleons have taught us about how quarks and gluons (collectively called partons) share
the momentum of a fast-moving nucleon. They have not, however, resolved the question of
how partons share the nucleon’s spin and build up other nucleon intrinsic properties, such
as its mass and magnetic moment. The earlier studies were limited to providing the lon-
gitudinal momentum distribution of quarks and gluons, a one-dimensional view of nucleon
structure. The EIC is designed to yield much greater insight into the nucleon structure
(Fig. 1.1, from left to right), by facilitating multi-dimensional maps of the distributions of
partons in space, momentum (including momentum components transverse to the nucleon
momentum), spin, and flavor.

Figure 1.1: Evolution of our understanding of nucleon spin structure. Left: In the 1980s,
a nucleon’s spin was naively explained by the alignment of the spins of its constituent quarks.
Right: In the current picture, valence quarks, sea quarks and gluons, and their possible orbital
motion are expected to contribute to overall nucleon spin.
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• The fundamental complication is the phenomenon of 
confinement: hadron structure is governed by the 
dynamics of a dense QCD medium



The structure of the dense QCD medium can 
be probed in high-energy scattering 
experiment

Richard E. Taylor: Deep inelastic scattering
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FIG. 21. Schematic drawing of the counter system inside the 8 GeV shielding hut.

tor, giving large pulse height in the counters. In most
cases pions wi11 not shower, giving an almost independent
indication of their identity. By the time of the erst in-
elastic scattering experiments using the 8 GeV spectrom-
eter, a gas Cerenkov counter had been added in front of

the trigger counter as a further tool for particle discrim-
ination. The dE/dx system was used only for the lowest
secondary energies where the pion-electron ratios were
large. The 20 GeV spectrometer's counter system (Fig.
22) was similar to that in the 8 GeV spectrometer, with
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FIG. 22. Schematic of the 20 GeV spectrometer indicating the various computer control and readout functions. Also shown is a
schematic of the 20 GeV counter system. Particle identification in the spectrometer was somewhat more complex than for the 8 GeV
instrument, partly because of the higher energies involved, but also because it was sometimes desirable to identify m mesons in a large
electron background in the 20 CxeV spectrometer.
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•At high energies, large external scales, the QCD medium 
admits a factorization description: different partonic 
interaction modes, can be identified


•The ``quantum” field modes can be computed  theoretical 
constraints on the structure of the medium

⇒

Wide separation 
of scales!
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• The phenomenon can be formalized  factorization theorems


• Separation of modes is characterized by a set of factorization scale(s)  (e.g. a single scale  in col. fact.)

• The structure of the factorized modes depends on the scattering reaction and observable

→
σ σ = μ
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p? ⌧ µ

Factorization collinear factorization in DIS

ordering of the emission 
in transverse momentum
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 ̄(z�)

• The structure of the dense QCD medium can be formally defined in terms of matrix elements of gauge invariant 
QCD operators (quark and gluon fields)  distribution functions.


• The structure of these operators is defined by the structure of interaction between the perturbative and non-
perturbative mode


• The operators fully describe the dense QCD medium

→
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p? ⌧ µ

Factorization collinear factorization in DIS

ordering of the emission 
in transverse momentum
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Evaluation of this functional integral is hard in general, so, following the logic of the 
background field method, we split the field into different field components

The background field approach provides an efficient 
formulation of the QCD factorization

Functional integral representation of a general physical observable:
<latexit sha1_base64="U8xWaZguDD2emY4gZB/QMzln5pg="></latexit>

X →

∫
DC !→

Pf
( ωC(tf ))H(C)!Pi( ωC(ti))e

iSQCD(C)

operator defining the observable, e.g. product 
of electromagnetic currents
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X →

∫
DC !→

Pf
( ωC(tf ))H(C)!Pi( ωC(ti))e

iSQCD(C)

perturbative “quantum ”fields non-perturbative background fields
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of electromagnetic currents
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DCeiSQCD(C) →

∫
DBeiSQCD(B)

∫
DAeiSbQCD(A,B)

QCD functional 
integral

functional integral over background 
fields, gives rise to the matrix element 
of the operators of the B fields

functional integral over quantum field, 
to be integrated by means of the 
perturbative method, coefficient 
functions, computation in the non-
perturbative background!

<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A

<latexit sha1_base64="NyHPVUVlO6gTN6ogtLJ2PdsLuH0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJfzjNE=</latexit>

B

<latexit sha1_base64="S35O4U9kqQpJSl84TPQuLJ0dWCg=">AAAB73icbVBNS8NAEJ3Urxq/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3OZ+54kqzWL5YKYJDQQeSRYxgo2Vun3NRgK77qBS9WreHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdOb2U00TTCZ4RHuWSiyoDrL5vTN0ZpUhimJlSxo0V39PZFhoPRWh7RTYjPWyl4v/eb3URNdBxmSSGirJYlGUcmRilD+PhkxRYvjUEkwUs7ciMsYKE2MjykPwl19eJe2Lml+v1e8vq42bIo4ynMApnIMPV9CAO2hCCwhweIZXeHMenRfn3flYtJacYuYY/sD5/AENEo9W</latexit>ω



background-QCD action describes propagation of a 
“quantum” particle ( ) in a background field Aμ Bμ

<latexit sha1_base64="dy7DzOjQ8J5qG3HCnOM36WkXMoo=">AAACE3icbVBJSwMxFM7UrdZt1KOXYBFalzIjUr0ItfXgsUW7QDsMmTTThmYWkoxQhv4HL/4VLx4U8erFm//GtB1EWx8EvuU9Xt7nhIwKaRhfWmphcWl5Jb2aWVvf2NzSt3caIog4JnUcsIC3HCQIoz6pSyoZaYWcIM9hpOkMKmO/eU+4oIF/J4chsTzU86lLMZJKsvXDWzt2apXrUe7qGJbz8BIqYcqPFD35oeW8rWeNgjEpOA/MBGRBUlVb/+x0Axx5xJeYISHaphFKK0ZcUszIKNOJBAkRHqAeaSvoI48IK57cNIIHSulCN+Dq+RJO1N8TMfKEGHqO6vSQ7ItZbyz+57Uj6V5YMfXDSBIfTxe5EYMygOOAYJdygiUbKoAwp+qvEPcRR1iqGDMqBHP25HnQOC2YxUKxdpYtlZM40mAP7IMcMME5KIEbUAV1gMEDeAIv4FV71J61N+192prSkpld8Ke0j28GlJne</latexit>

SbQCD(A,B) = SQCD(A+B)� SQCD(B)

<latexit sha1_base64="bL5/G6f6r4q0/G6rHsS5u4NLS8M=">AAAB7HicdVDLSsNAFJ34rPVVdelmsAiuQhLbmu5K3bisYNpCG8pkOmmHzkzCzEQood/gxoUibv0gd/6N04egogcuHM65l3vviVJGlXacD2ttfWNza7uwU9zd2z84LB0dt1WSSUwCnLBEdiOkCKOCBJpqRrqpJIhHjHSiyfXc79wTqWgi7vQ0JSFHI0FjipE2UtAc9Hk2KJUdu173Kr4HHbvq+XW/aojjOdVLF7q2s0AZrNAalN77wwRnnAiNGVKq5zqpDnMkNcWMzIr9TJEU4QkakZ6hAnGiwnxx7AyeG2UI40SaEhou1O8TOeJKTXlkOjnSY/Xbm4t/eb1Mx36YU5Fmmgi8XBRnDOoEzj+HQyoJ1mxqCMKSmlshHiOJsDb5FE0IX5/C/0nbs92aXbutlBvNVRwFcArOwAVwwRVogBvQAgHAgIIH8ASeLWE9Wi/W67J1zVrNnIAfsN4+ARiHjug=</latexit>

Bµ

<latexit sha1_base64="JvXgmKT1hy4ZOJ3TItknHeHbRMk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48VTFtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgo2V/JtBX6SDas2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6DjImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd1r1FvPFzWmrdFHGU4gVM4Bw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/n3KOlQ==</latexit>

Aµ

<latexit sha1_base64="zOiWnWecsRZBsCReiuJPT9RjiRk="></latexit>∫
DCeiSQCD(C) →

∫
DBeiSQCD(B)

∫
DAeiSbQCD(A,B)

Computation of the A mode is not in 
the vacuum but in the background of 
the B fields

We can systematically study the interaction between 
the field modes, unambiguously derive the structure 
of the QCD operators, distribution functions etc.



We look for the following form of the result of integration over  fields:A

Factorization formula

<latexit sha1_base64="TgEbFsxtc6YnLQuvKDs23vvFXB0="></latexit>∫
DAe

iSbQCD(A,B) H(A+B) =
∑

k

Hk(ω)→Ok(B,ω)

<latexit sha1_base64="dhox6ddFKwQcb8x6b6UnTpGab4M="></latexit>

X →

∑

k

Hk(ω)↑ ↓Pf |Ok(B̂)|Pi↔
ω

where operators  are constructed from the background fields . As a result we get (the matrix element 
corresponds to the functional integral over background fields )

𝒪 B
B



<latexit sha1_base64="dhox6ddFKwQcb8x6b6UnTpGab4M="></latexit>

X →

∑

k

Hk(ω)↑ ↓Pf |Ok(B̂)|Pi↔
ω

Result of the integration 
over the A field modes

Contribution of the B 
field modes 

• Contribution of the A and B field modes are disentangled, the 
result has the factorized form


• The operators of the background B fields are gauge invariant

• It is not obvious that these conditions can be attained (higher 

twist effects, TMD factorization, sub-eikonal corrections, spin 
effects at small-x etc.)

 quantum  background∝ ⊗
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Perturbative computation in the non-perturbative background 

<latexit sha1_base64="CDivuv+Gryivh7MqSXMFKdDUKQ8=">AAAB7nicbVDJSgNBEK1xjXGLevTSGARBCDPidgzx4jGCWSAZQ0+nJ2nS0zN014hhyEd48aCIV7/Hm39jZzlo4oOCx3tVVNULEikMuu63s7S8srq2ntvIb25t7+wW9vbrJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHJtRKzucZhwP6I9JULBKFqp8dSpkOrDaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8m547IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTytsQvPmXF0n9rORdli7uzovlyiyOHBzCEZyAB1dQhluoQg0YDOAZXuHNSZwX5935mLYuObOZA/gD5/MHO6SO3A==</latexit>

xBP
+

<latexit sha1_base64="5F3jRLCn16NYRSY84MEmEv9ekHw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOafrejUKtuueJX/RnIMglyUoEc9W75q9NLWZagtExQY9qBr2w4ptpyJnBS6mQGFWVD2se2o5ImaMLx7NwJOXFKj8SpdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8HY65VJlFyeaL4kwQm5Lp76THNTIrRo5Qprm7lbAB1ZRZl1DJhRAsvrxMHs+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMEQnuEV3jzlvXjv3se8teDlM4fwB97nDxXZj2w=</latexit>

0?

<latexit sha1_base64="wGKArQJVX3ERuBUc3NGWPcCxP7g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOaUbejUKtuueJX/RnIMglyUoEc9W75q9NLWZagtExQY9qBr2w4ptpyJnBS6mQGFWVD2se2o5ImaMLx7NwJOXFKj8SpdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8HY65VJlFyeaL4kwQm5Lp76THNTIrRo5Qprm7lbAB1ZRZl1DJhRAsvrxMHs+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMEQnuEV3jzlvXjv3se8teDlM4fwB97nD2LNj54=</latexit>

b?

<latexit sha1_base64="CDivuv+Gryivh7MqSXMFKdDUKQ8=">AAAB7nicbVDJSgNBEK1xjXGLevTSGARBCDPidgzx4jGCWSAZQ0+nJ2nS0zN014hhyEd48aCIV7/Hm39jZzlo4oOCx3tVVNULEikMuu63s7S8srq2ntvIb25t7+wW9vbrJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHJtRKzucZhwP6I9JULBKFqp8dSpkOrDaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8m547IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTytsQvPmXF0n9rORdli7uzovlyiyOHBzCEZyAB1dQhluoQg0YDOAZXuHNSZwX5935mLYuObOZA/gD5/MHO6SO3A==</latexit>

xBP
+

<latexit sha1_base64="qNO/TrR5G8HVqnx3y8X5AZoBync=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOaqttRqFW3XPGr/gxkmQQ5qUCOerf81emlLEtQWiaoMe3AVzYcU205EzgpdTKDirIh7WPbUUkTNOF4du6EnDilR+JUu5KWzNTfE2OaGDNKIteZUDswi95U/M9rZza+DsdcqsyiZPNFcSaITcn0d9LjGpkVI0co09zdStiAasqsS6jkQggWX14mj2fV4LJ6cX9eqd3kcRThCI7hFAK4ghrcQR0awGAIz/AKb57yXrx372PeWvDymUP4A+/zB3hZj6w=</latexit>p?

<latexit sha1_base64="qNO/TrR5G8HVqnx3y8X5AZoBync=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOaqttRqFW3XPGr/gxkmQQ5qUCOerf81emlLEtQWiaoMe3AVzYcU205EzgpdTKDirIh7WPbUUkTNOF4du6EnDilR+JUu5KWzNTfE2OaGDNKIteZUDswi95U/M9rZza+DsdcqsyiZPNFcSaITcn0d9LjGpkVI0co09zdStiAasqsS6jkQggWX14mj2fV4LJ6cX9eqd3kcRThCI7hFAK4ghrcQR0awGAIz/AKb57yXrx372PeWvDymUP4A+/zB3hZj6w=</latexit>p?

<latexit sha1_base64="Ty43vnDNZR8eKm0Fcu3r3NUStgs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF2y2Sy7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvlJxp43nfTmlldW19o7xZ2dre2d2r7h886jRTFFs05anqhEQjZwJbhhmOHamQJCHHdhjfTv32EyrNUvFgxhKDhAwFixglxkrtuN+TqGS/WvPq3gzuMvELUoMCzX71qzdIaZagMJQTrbu+J02QE2UY5Tip9DKNktCYDLFrqSAJ6iCfnTtxT6wycKNU2RLGnam/J3KSaD1OQtuZEDPSi95U/M/rZia6DnImZGZQ0PmiKOOuSd3p7+6AKaSGjy0hVDF7q0tHRBFqbEIVG4K/+PIyeTyr+5f1i/vzWuOmiKMMR3AMp+DDFTTgDprQAgoxPMMrvDnSeXHenY95a8kpZg7hD5zPH3Cnj6c=</latexit>

k?
<latexit sha1_base64="PeCZG68bswfsTfg1ZEr3FW2efaA=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2AR3FhmxNuy6MZlBXuBdhgyaaYNzWRCklFK7aO4caGIW5/EnW9j2s5CW38IfPznHM7JH0nOtPG8b2dpeWV1bb2wUdzc2t7ZdUt7DZ1mitA6SXmqWhHWlDNB64YZTltSUZxEnDajwc2k3nygSrNU3JuhpEGCe4LFjGBjrdAtDcKOpEqiEyRnFLplr+JNhRbBz6EMuWqh+9XppiRLqDCEY63bvidNMMLKMMLpuNjJNJWYDHCPti0KnFAdjKanj9GRdbooTpV9wqCp+3tihBOth0lkOxNs+nq+NjH/q7UzE18FIyZkZqggs0VxxpFJ0SQH1GWKEsOHFjBRzN6KSB8rTIxNq2hD8Oe/vAiN04p/UTm/OytXr/M4CnAAh3AMPlxCFW6hBnUg8AjP8ApvzpPz4rw7H7PWJSef2Yc/cj5/AIb6k4s=</latexit>

k? � p?

<latexit sha1_base64="PeCZG68bswfsTfg1ZEr3FW2efaA=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2AR3FhmxNuy6MZlBXuBdhgyaaYNzWRCklFK7aO4caGIW5/EnW9j2s5CW38IfPznHM7JH0nOtPG8b2dpeWV1bb2wUdzc2t7ZdUt7DZ1mitA6SXmqWhHWlDNB64YZTltSUZxEnDajwc2k3nygSrNU3JuhpEGCe4LFjGBjrdAtDcKOpEqiEyRnFLplr+JNhRbBz6EMuWqh+9XppiRLqDCEY63bvidNMMLKMMLpuNjJNJWYDHCPti0KnFAdjKanj9GRdbooTpV9wqCp+3tihBOth0lkOxNs+nq+NjH/q7UzE18FIyZkZqggs0VxxpFJ0SQH1GWKEsOHFjBRzN6KSB8rTIxNq2hD8Oe/vAiN04p/UTm/OytXr/M4CnAAh3AMPlxCFW6hBnUg8AjP8ApvzpPz4rw7H7PWJSef2Yc/cj5/AIb6k4s=</latexit>

k? � p?

<latexit sha1_base64="UdLwgU6k/qOjEklxUrDE12Fd3iE=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaUY8ELx4xkQ8DK+mWLjS03bXtmpANv8KLB43x6s/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsYXU/91hNVmkXyzoxj6gs8kCxkBBsr3dce0q4S6HHSK5bcsjsDWiZeRkqQod4rfnX7EUkElYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUslFlT76ezgCTqxSh+FkbIlDZqpvydSLLQei8B2CmyGetGbiv95ncSEV37KZJwYKsl8UZhwZCI0/R71maLE8LElmChmb0VkiBUmxmZUsCF4iy8vk+ZZ2bsoV27PS9VaFkcejuAYTsGDS6jCDdShAQQEPMMrvDnKeXHenY95a87JZg7hD5zPH4vrkEI=</latexit>

Bq

<latexit sha1_base64="6AwsLHNdlA/ffKlEAxVGSVHhjeo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzAOTNcxOZpMhM7PLzKwQlvyFFw+KePVvvPk3ziZ70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89hNVmkXy3kxi6gs8lCxkBBsrPdQf054SKBhO++WKW3VnQMvEy0kFcjT65a/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP51dPEUnVhmgMFK2pEEz9fdEioXWExHYToHNSC96mfif101MeO2nTMaJoZLMF4UJRyZC2ftowBQlhk8swUQxeysiI6wwMTakkg3BW3x5mbTOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AE5fpCk</latexit>

Bbg

<latexit sha1_base64="6AwsLHNdlA/ffKlEAxVGSVHhjeo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzAOTNcxOZpMhM7PLzKwQlvyFFw+KePVvvPk3ziZ70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89hNVmkXy3kxi6gs8lCxkBBsrPdQf054SKBhO++WKW3VnQMvEy0kFcjT65a/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP51dPEUnVhmgMFK2pEEz9fdEioXWExHYToHNSC96mfif101MeO2nTMaJoZLMF4UJRyZC2ftowBQlhk8swUQxeysiI6wwMTakkg3BW3x5mbTOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AE5fpCk</latexit>

Bbg

<latexit sha1_base64="whvOFF87eTMIGkR/+oUieTP2ygg="></latexit>

gωε(pϑB
ϑ +Bϑkϑ) + 2i(ωωBε → ωεBω)→ pωBε →Bωkε

Can we formulate a systematic framework for 
gauge-covariant factorization 
computations?

Kar, Skokov, Tarasov, arXiv:2603.08805
Mukherjee, Skokov, Tarasov, Tiwari, Yao, 2602.15137
Mukherjee, Skokov, Tarasov, Tiwari (2025)

• Entanglement of the quantum momentum flow 
and the background-field interactions


• The background fields B don’t enter the 
computation in the gauge covariant form
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<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="EqqFnyGYS6qVphEEHH21NvAmzwE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KolI9Vj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9iLNeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzYuKV61U7y/LtZs8jgIcwwmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzgWjSw=</latexit>

l→

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P

<latexit sha1_base64="x3IrGtXWN2jP/hA/VMcdf4kaVLw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH7ZY2e</latexit>

k1

<latexit sha1_base64="6sGXyOmjzYGYbqtktuqMR0FpXBU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw7hf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AH86Y2f</latexit>

k2

<latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X

<latexit sha1_base64="NAwlOYAaaCXFSEUEE0mqugDTKYA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfmATy2S7aZfubsLuRiil/8KLB0W8+m+8+W/ctjlo64OBx3szzMyLUs608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLhzdRvPVGlWSLvzSilocC+ZDEjaKz0EPRRCHwMZNYtlb2KN4O7TPyclCFHvVv6CnoJyQSVhnDUuuN7qQnHqAwjnE6KQaZpimSIfdqxVKKgOhzPLp64p1bpuXGibEnjztTfE2MUWo9EZDsFmoFe9Kbif14nM/FVOGYyzQyVZL4ozrhrEnf6vttjihLDR5YgUcze6pIBKiTGhlS0IfiLLy+T5nnFr1aqdxfl2nUeRwGO4QTOwIdLqMEt1KEBBCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/nB6Q5Q==</latexit>

ωω <latexit sha1_base64="ph7IwnE1w4mJC246TvPlLwXhgiA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfmATy2S7aZfubsLuRiil/8KLB0W8+m+8+W/ctjlo64OBx3szzMyLUs608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLhzdRvPVGlWSLvzSilocC+ZDEjaKz0EPRRCHwMRNYtlb2KN4O7TPyclCFHvVv6CnoJyQSVhnDUuuN7qQnHqAwjnE6KQaZpimSIfdqxVKKgOhzPLp64p1bpuXGibEnjztTfE2MUWo9EZDsFmoFe9Kbif14nM/FVOGYyzQyVZL4ozrhrEnf6vttjihLDR5YgUcze6pIBKiTGhlS0IfiLLy+T5nnFr1aqdxfl2nUeRwGO4QTOwIdLqMEt1KEBBCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/mpmQ5A==</latexit>

ωµ

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="EqqFnyGYS6qVphEEHH21NvAmzwE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KolI9Vj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9iLNeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzYuKV61U7y/LtZs8jgIcwwmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzgWjSw=</latexit>

l→

Computation of the dijet production in the background field approach
<latexit sha1_base64="tHTodrm77pMUFykCkVywMmj+SbI="></latexit>

E→ dω

d3l→
=

εEMy

4ϑ2Q4

1∑

ω,ω→=↑1

(→1)ω+ω→
Lωω→

ωε↑p
ωω→

The scattering cross section for a virtual 
photon off the target

Using the background field method we can write the 
cross section in terms of quark propagators in the 
background field
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<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="EqqFnyGYS6qVphEEHH21NvAmzwE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KolI9Vj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9iLNeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzYuKV61U7y/LtZs8jgIcwwmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzgWjSw=</latexit>

l→

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P

<latexit sha1_base64="x3IrGtXWN2jP/hA/VMcdf4kaVLw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH7ZY2e</latexit>

k1

<latexit sha1_base64="6sGXyOmjzYGYbqtktuqMR0FpXBU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw7hf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AH86Y2f</latexit>

k2

<latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X

<latexit sha1_base64="NAwlOYAaaCXFSEUEE0mqugDTKYA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfmATy2S7aZfubsLuRiil/8KLB0W8+m+8+W/ctjlo64OBx3szzMyLUs608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLhzdRvPVGlWSLvzSilocC+ZDEjaKz0EPRRCHwMZNYtlb2KN4O7TPyclCFHvVv6CnoJyQSVhnDUuuN7qQnHqAwjnE6KQaZpimSIfdqxVKKgOhzPLp64p1bpuXGibEnjztTfE2MUWo9EZDsFmoFe9Kbif14nM/FVOGYyzQyVZL4ozrhrEnf6vttjihLDR5YgUcze6pIBKiTGhlS0IfiLLy+T5nnFr1aqdxfl2nUeRwGO4QTOwIdLqMEt1KEBBCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/nB6Q5Q==</latexit>

ωω <latexit sha1_base64="ph7IwnE1w4mJC246TvPlLwXhgiA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfmATy2S7aZfubsLuRiil/8KLB0W8+m+8+W/ctjlo64OBx3szzMyLUs608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLhzdRvPVGlWSLvzSilocC+ZDEjaKz0EPRRCHwMRNYtlb2KN4O7TPyclCFHvVv6CnoJyQSVhnDUuuN7qQnHqAwjnE6KQaZpimSIfdqxVKKgOhzPLp64p1bpuXGibEnjztTfE2MUWo9EZDsFmoFe9Kbif14nM/FVOGYyzQyVZL4ozrhrEnf6vttjihLDR5YgUcze6pIBKiTGhlS0IfiLLy+T5nnFr1aqdxfl2nUeRwGO4QTOwIdLqMEt1KEBBCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/mpmQ5A==</latexit>

ωµ

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>
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Computation of the dijet production in the background field approach
<latexit sha1_base64="tHTodrm77pMUFykCkVywMmj+SbI="></latexit>

E→ dω

d3l→
=

εEMy

4ϑ2Q4

1∑

ω,ω→=↑1

(→1)ω+ω→
Lωω→

ωε↑p
ωω→

The scattering cross section for a virtual 
photon off the target

Using the background field method we can write the 
cross section in terms of quark propagators in the 
background field

6

where

T{O(A)}B →
∫

DAe
iSbg(A,B)O(A)∫

DAeiSbg(A,B)
↑ (same at B = 0) , (17)

and similarly for T̃{O}B̃ . Here, the background QCD action

Sbg(A, B) → SQCD(A + B) ↑ SQCD(B) (18)

defines the action for A fields in the background of B fields. Subtraction in Eq. (17) removes disconnected diagrams.
In Eqs. (16) and (17) we assume that the integration satisfies the boundary conditions Ã(ωx, t = ↓) = A(ωx, t = ↓)
and B̃(ωx, t = ↓) = B(ωx, t = ↓).

Integrating over the B fields in Eq. (16) yields a matrix element between the hadron states:

∑

X

↔P, S|T̃{ε(x2)j
µ(x)ε̄(x1)}|X↗↔X|T{ε(y1)j

ω(y)ε̄(y2)}|P, S↗

= ↔P, S|T̃{ε(x2)j
µ(x)ε̄(x1)}B̃T{ε(y1)j

ω(y)ε̄(y2)}B |P, S↗ . (19)

Substituting Eq. (19) into Eq. (13), we find that the cross section reduces to computing the time-ordered opera-
tors (17) in the background of the B fields:

dϑ
ε→p
ϑϑ↑ =

∑

s1,s2

2ϖϱEMx

V4Q
2

ς
ϑ→
µ ς

ϑ↑

ω
dk

↑
1 d

2
k1↓

(2ϖ)32k
↑
1

∣∣∣
k2
1=0

dk
↑
2 d

2
k2↓

(2ϖ)32k
↑
2

∣∣∣
k2
2=0

Z
↑1
2

∫
d
4
xe

iqx (20)

↘
∫

d
4
x1e

↑ik1x1

∫
d
4
x2e

↑ik2x2 v̄s2(k2)/k2↔P, S|T̃{ε(x2)j
µ(x)ε̄(x1)}B̃/k1us1(k1)Z

↑1
2

↘
∫

d
4
ye

↑iqy

∫
d
4
y1e

ik1y1

∫
d
4
y2e

ik2y2 ūs1(k1)/k1T{ε(y1)j
ω(y)ε̄(y2)}B |P, S↗/k2vs2(k2) .

This expression corresponds to integration over the
quantum modes, A. The result takes the form of ma-
trix elements of the B-field operators, which encode the
interaction of the perturbative component, A, with the
non-perturbative fields of the hadron, B.

In work, we perform the integration over the quantum
fields A at leading order, i.e. without quantum loops;
the extension of our formalism to loop computations is
straightforward. At leading order, a typical contribution

to dijet production is shown in Fig. 2a, where the quan-
tum (anti)quark propagates in the background of the B

fields. We focus on the gluon background field contribu-
tion, see Fig. 2b, leaving the analysis of the quark back-
ground field for a separate publication. Some elements
of our approach can be found in Ref. [112].

For the gluon background field, the time-ordered prod-
ucts in Eq. (20) take the form

T{ε(y1)j
ω(y)ε̄(y2)}B = e(y1|

i/̂p

p̂2 + iς
+

i/̂p

p̂2 + iς
(ig /̂B)

i/̂p

p̂2 + iς
+ . . . |y)φω

↘(y| i/̂p

p̂2 + iς
+

i/̂p

p̂2 + iς
(ig /̂B)

i/̂p

p̂2 + iς
+ . . . |y2) ↑ (B = 0) , (21)

where the ellipses stand for higher-order terms in the
expansion in the strong coupling constant.

In what follows, we adopt the Schwinger notation [113],
which provides a compact and e!cient formulation for
computations in the background field. We introduce co-
herent states |x) and |p), which are eigenstates of the
position and momentum operators,

x̂µ|x) = xµ|x); p̂µ|p) = pµ|p) , (22)

with the normalization
∫

d
4
x |x)(x| = 1 ; (23)

∫
d↑4

p |p)(p| = 1; (24)

(x|p) = e
↑ipx

. (25)

The background field operator acts on the coordinate
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FIG. 2. a) Dijet production at the leading order of quantum fields A in the background fields of the target B; b) dijet production
in the gluon background field.

states as B̂|x) = B(x)|x). For brevity, in the following
we drop the “hat” notation for operators.

The infinite sums in Eq. (21) can be formally re-
summed as

T{ω(y1)j
ω(y)ω̄(y2)}B

= e(y1|
i

/P + iε
|y)ϑω(y| i

/P + iε
|y2) → (B = 0) , (26)

where the covariant derivative Pµ = pµ + gBµ. And
similarly,

T̃{ω(x2)j
µ(x)ω̄(x1)}B̃

= e(x2|
→i

/̃P → iε
|x)ϑµ(x| →i

/̃P → iε
|x1) → (B̃ = 0) , (27)

where P̃µ = pµ + gB̃µ.

In the cross section (20), the time-ordered products

can be further simplified. Using /P
2

= P
2 + g

2ϖ
µω

Fµω , we
obtain

∫
d
4
y1e

ik1y1

∫
d
4
y2e

ik2y2 ūs1(k1)/k1T{ω(y1)j
ω(y)ω̄(y2)}B/k2vs2(k2) (28)

= eūs1(k1)/k1(k1|/P
i

/P
2

+ iε

|y)ϑω(y| i

/P
2

+ iε

/P | → k2)/k2vs2(k2) → (B = 0)

= eūs1(k1)k
2
1(k1|

i

P 2 + g
2ϖµωFµω + iε

|y)ϑω(y| i

P 2 + g
2ϖµωFµω + iε

| → k2)(→k
2
2)vs2(k2)

→(B = 0) .

Similarly, for the anti-time-ordered product:

∫
d
4
x1e

→ik1x1

∫
d
4
x2e

→ik2x2 v̄s2(k2)/k2T̃{ω(x2)j
µ(x)ω̄(x2)}B̃/k1us1(k1) (29)

= ev̄s2(k2)(→k
2
2)(→k2|

→i

P̃ 2 + g
2ϖµω F̃µω → iε

|x)ϑµ(x| →i

P̃ 2 + g
2ϖµω F̃µω → iε

|k1)k
2
1us1(k1)

→(B̃ = 0) .
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where

T{O(A)}B →
∫

DAe
iSbg(A,B)O(A)∫

DAeiSbg(A,B)
↑ (same at B = 0) , (17)

and similarly for T̃{O}B̃ . Here, the background QCD action

Sbg(A, B) → SQCD(A + B) ↑ SQCD(B) (18)

defines the action for A fields in the background of B fields. Subtraction in Eq. (17) removes disconnected diagrams.
In Eqs. (16) and (17) we assume that the integration satisfies the boundary conditions Ã(ωx, t = ↓) = A(ωx, t = ↓)
and B̃(ωx, t = ↓) = B(ωx, t = ↓).

Integrating over the B fields in Eq. (16) yields a matrix element between the hadron states:

∑

X

↔P, S|T̃{ε(x2)j
µ(x)ε̄(x1)}|X↗↔X|T{ε(y1)j

ω(y)ε̄(y2)}|P, S↗

= ↔P, S|T̃{ε(x2)j
µ(x)ε̄(x1)}B̃T{ε(y1)j

ω(y)ε̄(y2)}B |P, S↗ . (19)

Substituting Eq. (19) into Eq. (13), we find that the cross section reduces to computing the time-ordered opera-
tors (17) in the background of the B fields:

dϑ
ε→p
ϑϑ↑ =

∑

s1,s2

2ϖϱEMx

V4Q
2

ς
ϑ→
µ ς

ϑ↑

ω
dk

↑
1 d

2
k1↓

(2ϖ)32k
↑
1

∣∣∣
k2
1=0

dk
↑
2 d

2
k2↓

(2ϖ)32k
↑
2

∣∣∣
k2
2=0

Z
↑1
2

∫
d
4
xe

iqx (20)

↘
∫

d
4
x1e

↑ik1x1

∫
d
4
x2e

↑ik2x2 v̄s2(k2)/k2↔P, S|T̃{ε(x2)j
µ(x)ε̄(x1)}B̃/k1us1(k1)Z

↑1
2

↘
∫

d
4
ye

↑iqy

∫
d
4
y1e

ik1y1

∫
d
4
y2e

ik2y2 ūs1(k1)/k1T{ε(y1)j
ω(y)ε̄(y2)}B |P, S↗/k2vs2(k2) .

This expression corresponds to integration over the
quantum modes, A. The result takes the form of ma-
trix elements of the B-field operators, which encode the
interaction of the perturbative component, A, with the
non-perturbative fields of the hadron, B.

In work, we perform the integration over the quantum
fields A at leading order, i.e. without quantum loops;
the extension of our formalism to loop computations is
straightforward. At leading order, a typical contribution

to dijet production is shown in Fig. 2a, where the quan-
tum (anti)quark propagates in the background of the B

fields. We focus on the gluon background field contribu-
tion, see Fig. 2b, leaving the analysis of the quark back-
ground field for a separate publication. Some elements
of our approach can be found in Ref. [112].

For the gluon background field, the time-ordered prod-
ucts in Eq. (20) take the form

T{ε(y1)j
ω(y)ε̄(y2)}B = e(y1|

i/̂p

p̂2 + iς
+

i/̂p

p̂2 + iς
(ig /̂B)

i/̂p

p̂2 + iς
+ . . . |y)φω

↘(y| i/̂p

p̂2 + iς
+

i/̂p

p̂2 + iς
(ig /̂B)

i/̂p

p̂2 + iς
+ . . . |y2) ↑ (B = 0) , (21)

where the ellipses stand for higher-order terms in the
expansion in the strong coupling constant.

In what follows, we adopt the Schwinger notation [113],
which provides a compact and e!cient formulation for
computations in the background field. We introduce co-
herent states |x) and |p), which are eigenstates of the
position and momentum operators,

x̂µ|x) = xµ|x); p̂µ|p) = pµ|p) , (22)

with the normalization
∫

d
4
x |x)(x| = 1 ; (23)

∫
d↑4

p |p)(p| = 1; (24)

(x|p) = e
↑ipx

. (25)

The background field operator acts on the coordinate

Infinite number of interactions with the 
background field B dressed with quantum 
propagators. The standard quark-gluon vertex

Can we represent the background fields B 
in terms of the gauge covariant operators?

Can we disentangle quantum momenta 
and the background field B insertions?

̂p
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<latexit sha1_base64="/5AVXb8QmoBI4iu/TT/4nV4uGd4="></latexit>∫
d4y1e

ik1y1

∫
d4y2e

ik2y2 ūs1(k1)/k1T{ω(y1)jω(y)ω̄(y2)}B/k2vs2(k2)

<latexit sha1_base64="yPz5AnIVwkGpzgqhrIHO1wL9r/E="></latexit>

= eūs1(k1)k
2
1(k1|

i

P 2 + g
2ω

µωFµω + iε
|y)ϑω(y| i

P 2 + g
2ω

µωFµω + iε
|→ k2)(→k22)vs2(k2)→ (B = 0)

One can construct gauge covariant form of the 
quark propagators in the background field
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<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b
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xµ(ω1)

<latexit sha1_base64="YyIgpZGYuLdCWmChMIlLW3fykOo=">AAAB9HicbVDLTsJAFJ3iC/GFunQzkZjghrTEoEuiG5eYCJjQppkOU5gwM63zIJKG73DjQmPc+jHu/BsH6ELBk9zk5Jx7c+89Ucqo0q777RTW1jc2t4rbpZ3dvf2D8uFRRyVGYtLGCUvkQ4QUYVSQtqaakYdUEsQjRrrR6Gbmd8dEKpqIez1JScDRQNCYYqStFDyFPjdVXyMT1s/DcsWtuXPAVeLlpAJytMLyl99PsOFEaMyQUj3PTXWQIakpZmRa8o0iKcIjNCA9SwXiRAXZ/OgpPLNKH8aJtCU0nKu/JzLElZrwyHZypIdq2ZuJ/3k9o+OrIKMiNZoIvFgUGwZ1AmcJwD6VBGs2sQRhSe2tEA+RRFjbnEo2BG/55VXSqde8Rq1xd1FpXudxFMEJOAVV4IFL0AS3oAXaAINH8AxewZszdl6cd+dj0Vpw8plj8AfO5w8Lu5Gk</latexit>

xµ(ω2)

<latexit sha1_base64="odX54E6npsTgBbZkn0Mo+XX7S+0=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0Wom5KIVJdFNy4r2Ac0IUymk3bozCTOo1hCv8ONC0Xc+jHu/BunbRbaeuDC4Zx7ufeeKGVUadf9dgpr6xubW8Xt0s7u3v5B+fCorRIjMWnhhCWyGyFFGBWkpalmpJtKgnjESCca3c78zphIRRPxoCcpCTgaCBpTjLSVgqfQ56bqa2RC7zwsV9yaOwdcJV5OKiBHMyx/+f0EG06Exgwp1fPcVAcZkppiRqYl3yiSIjxCA9KzVCBOVJDNj57CM6v0YZxIW0LDufp7IkNcqQmPbCdHeqiWvZn4n9czOr4OMipSo4nAi0WxYVAncJYA7FNJsGYTSxCW1N4K8RBJhLXNqWRD8JZfXiXti5pXr9XvLyuNmzyOIjgBp6AKPHAFGuAONEELYPAInsEreHPGzovz7nwsWgtOPnMM/sD5/AEKNpGj</latexit>

xµ(ω1)

<latexit sha1_base64="YyIgpZGYuLdCWmChMIlLW3fykOo=">AAAB9HicbVDLTsJAFJ3iC/GFunQzkZjghrTEoEuiG5eYCJjQppkOU5gwM63zIJKG73DjQmPc+jHu/BsH6ELBk9zk5Jx7c+89Ucqo0q777RTW1jc2t4rbpZ3dvf2D8uFRRyVGYtLGCUvkQ4QUYVSQtqaakYdUEsQjRrrR6Gbmd8dEKpqIez1JScDRQNCYYqStFDyFPjdVXyMT1s/DcsWtuXPAVeLlpAJytMLyl99PsOFEaMyQUj3PTXWQIakpZmRa8o0iKcIjNCA9SwXiRAXZ/OgpPLNKH8aJtCU0nKu/JzLElZrwyHZypIdq2ZuJ/3k9o+OrIKMiNZoIvFgUGwZ1AmcJwD6VBGs2sQRhSe2tEA+RRFjbnEo2BG/55VXSqde8Rq1xd1FpXudxFMEJOAVV4IFL0AS3oAXaAINH8AxewZszdl6cd+dj0Vpw8plj8AfO5w8Lu5Gk</latexit>

xµ(ω2)

This form of the propagator matches the worldliness 
representation of the quark propagator Tarasov, Venugopalan (2019)

<latexit sha1_base64="YufqTRTuCd3s4E2jqpXRowqV6dI=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiCEJJRKrLUjcuK9gLNCFMppN26OTiXAoldOHGV3HjQhG3PoQ738ZJmoW2/jDwzX/OYeb8fsKokJb1bZTW1jc2t8rblZ3dvf0D8/CoK2LFMengmMW87yNBGI1IR1LJSD/hBIU+Iz1/cpPVe1PCBY2jezlLiBuiUUQDipHUlmdW254TKuiQB0WnMMkv53DUysAza1bdygVXwS6gBgq1PfPLGcZYhSSSmCEhBraVSDdFXFLMyLziKEEShCdoRAYaIxQS4ab5EnN4qp0hDGKuTyRh7v6eSFEoxCz0dWeI5Fgs1zLzv9pAyeDaTWmUKEkivHgoUAzKGGaJwCHlBEs204Awp/qvEI8RR1jq3Co6BHt55VXoXtTtRr1xd1lrtoo4yqAKTsAZsMEVaIJb0AYdgMEjeAav4M14Ml6Md+Nj0Voyiplj8EfG5w87+Jc1</latexit>

Pµ → pµ + gBµ

The quark propagation is represented in terms 
of the covariant derivatives and strength tensors 
in the background field: 

<latexit sha1_base64="syTSL8miLpi+KLZfvdgfw/6woFU="></latexit>

Fµω → ωµBω ↑ ωωBµ ↑ ig[Bµ, Bω ]
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The building block of our computation of the 
diet production is the quark propagator in the 
background field

The dijet production crosss section can be 
represented in terms of these propagators in the 
most general form of the background field

This representation is quite general. The main 
issue that it entangles quantum (quark 
momentum) and the background field degrees 
of freedom. We need to find a way to 
disentangle the quantum and background 
effects

<latexit sha1_base64="YufqTRTuCd3s4E2jqpXRowqV6dI=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiCEJJRKrLUjcuK9gLNCFMppN26OTiXAoldOHGV3HjQhG3PoQ738ZJmoW2/jDwzX/OYeb8fsKokJb1bZTW1jc2t8rblZ3dvf0D8/CoK2LFMengmMW87yNBGI1IR1LJSD/hBIU+Iz1/cpPVe1PCBY2jezlLiBuiUUQDipHUlmdW254TKuiQB0WnMMkv53DUysAza1bdygVXwS6gBgq1PfPLGcZYhSSSmCEhBraVSDdFXFLMyLziKEEShCdoRAYaIxQS4ab5EnN4qp0hDGKuTyRh7v6eSFEoxCz0dWeI5Fgs1zLzv9pAyeDaTWmUKEkivHgoUAzKGGaJwCHlBEs204Awp/qvEI8RR1jq3Co6BHt55VXoXtTtRr1xd1lrtoo4yqAKTsAZsMEVaIJb0AYdgMEjeAav4M14Ml6Md+Nj0Voyiplj8EfG5w87+Jc1</latexit>

Pµ → pµ + gBµ

<latexit sha1_base64="9Rk4hnHxf6rTfhGRn0m1YrMPYaA="></latexit>

ωω→p
εε↑ →

∣∣∣
i

P 2 + g
2ω

µϑFµϑ + iε

∣∣∣
4

<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="EqqFnyGYS6qVphEEHH21NvAmzwE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KolI9Vj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9iLNeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzYuKV61U7y/LtZs8jgIcwwmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzgWjSw=</latexit>

l→

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P

<latexit sha1_base64="x3IrGtXWN2jP/hA/VMcdf4kaVLw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH7ZY2e</latexit>

k1

<latexit sha1_base64="6sGXyOmjzYGYbqtktuqMR0FpXBU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw7hf7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViler1O4vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AH86Y2f</latexit>

k2

<latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X

<latexit sha1_base64="NAwlOYAaaCXFSEUEE0mqugDTKYA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfmATy2S7aZfubsLuRiil/8KLB0W8+m+8+W/ctjlo64OBx3szzMyLUs608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLhzdRvPVGlWSLvzSilocC+ZDEjaKz0EPRRCHwMZNYtlb2KN4O7TPyclCFHvVv6CnoJyQSVhnDUuuN7qQnHqAwjnE6KQaZpimSIfdqxVKKgOhzPLp64p1bpuXGibEnjztTfE2MUWo9EZDsFmoFe9Kbif14nM/FVOGYyzQyVZL4ozrhrEnf6vttjihLDR5YgUcze6pIBKiTGhlS0IfiLLy+T5nnFr1aqdxfl2nUeRwGO4QTOwIdLqMEt1KEBBCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/nB6Q5Q==</latexit>

ωω <latexit sha1_base64="ph7IwnE1w4mJC246TvPlLwXhgiA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfmATy2S7aZfubsLuRiil/8KLB0W8+m+8+W/ctjlo64OBx3szzMyLUs608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZIpQhsk4YlqR6gpZ5I2DDOctlNFUUSctqLhzdRvPVGlWSLvzSilocC+ZDEjaKz0EPRRCHwMRNYtlb2KN4O7TPyclCFHvVv6CnoJyQSVhnDUuuN7qQnHqAwjnE6KQaZpimSIfdqxVKKgOhzPLp64p1bpuXGibEnjztTfE2MUWo9EZDsFmoFe9Kbif14nM/FVOGYyzQyVZL4ozrhrEnf6vttjihLDR5YgUcze6pIBKiTGhlS0IfiLLy+T5nnFr1aqdxfl2nUeRwGO4QTOwIdLqMEt1KEBBCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/mpmQ5A==</latexit>

ωµ

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="EqqFnyGYS6qVphEEHH21NvAmzwE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KolI9Vj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9iLNeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzYuKV61U7y/LtZs8jgIcwwmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzgWjSw=</latexit>

l→
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<latexit sha1_base64="dhox6ddFKwQcb8x6b6UnTpGab4M="></latexit>

X →

∑

k

Hk(ω)↑ ↓Pf |Ok(B̂)|Pi↔
ω

The gauge invariant operators are organized 
along a particular piecewise contour

Straight line counter for the collinear operators:

Staple contour for TMD operators

Dipole operators at small-x
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<latexit sha1_base64="j431RmAHSzdzGIcuVOyo2A65snk="></latexit>

lim
k2→0

k2(k| i

P 2 + g
2ω

µωFµω + iε
|y)

∣∣∣
B=0

To disentangle “quantum” and background 
fields of freedom we need to expand 
background fields of the propagator onto a 
given contour 

 such expansion can be constructed using the  
path-ordered exponent representation of the 
propagator

⇒

Kar, Skokov, Tarasov, arXiv:2603.08805
 quantum  background∝ ⊗
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Path-ordered exponent representation of the 
quark propagator in the background field

9

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>

a
<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b

<latexit sha1_base64="odX54E6npsTgBbZkn0Mo+XX7S+0=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0Wom5KIVJdFNy4r2Ac0IUymk3bozCTOo1hCv8ONC0Xc+jHu/BunbRbaeuDC4Zx7ufeeKGVUadf9dgpr6xubW8Xt0s7u3v5B+fCorRIjMWnhhCWyGyFFGBWkpalmpJtKgnjESCca3c78zphIRRPxoCcpCTgaCBpTjLSVgqfQ56bqa2RC7zwsV9yaOwdcJV5OKiBHMyx/+f0EG06Exgwp1fPcVAcZkppiRqYl3yiSIjxCA9KzVCBOVJDNj57CM6v0YZxIW0LDufp7IkNcqQmPbCdHeqiWvZn4n9czOr4OMipSo4nAi0WxYVAncJYA7FNJsGYTSxCW1N4K8RBJhLXNqWRD8JZfXiXti5pXr9XvLyuNmzyOIjgBp6AKPHAFGuAONEELYPAInsEreHPGzovz7nwsWgtOPnMM/sD5/AEKNpGj</latexit>

xµ(ω1)

<latexit sha1_base64="YyIgpZGYuLdCWmChMIlLW3fykOo=">AAAB9HicbVDLTsJAFJ3iC/GFunQzkZjghrTEoEuiG5eYCJjQppkOU5gwM63zIJKG73DjQmPc+jHu/BsH6ELBk9zk5Jx7c+89Ucqo0q777RTW1jc2t4rbpZ3dvf2D8uFRRyVGYtLGCUvkQ4QUYVSQtqaakYdUEsQjRrrR6Gbmd8dEKpqIez1JScDRQNCYYqStFDyFPjdVXyMT1s/DcsWtuXPAVeLlpAJytMLyl99PsOFEaMyQUj3PTXWQIakpZmRa8o0iKcIjNCA9SwXiRAXZ/OgpPLNKH8aJtCU0nKu/JzLElZrwyHZypIdq2ZuJ/3k9o+OrIKMiNZoIvFgUGwZ1AmcJwD6VBGs2sQRhSe2tEA+RRFjbnEo2BG/55VXSqde8Rq1xd1FpXudxFMEJOAVV4IFL0AS3oAXaAINH8AxewZszdl6cd+dj0Vpw8plj8AfO5w8Lu5Gk</latexit>

xµ(ω2)

<latexit sha1_base64="odX54E6npsTgBbZkn0Mo+XX7S+0=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0Wom5KIVJdFNy4r2Ac0IUymk3bozCTOo1hCv8ONC0Xc+jHu/BunbRbaeuDC4Zx7ufeeKGVUadf9dgpr6xubW8Xt0s7u3v5B+fCorRIjMWnhhCWyGyFFGBWkpalmpJtKgnjESCca3c78zphIRRPxoCcpCTgaCBpTjLSVgqfQ56bqa2RC7zwsV9yaOwdcJV5OKiBHMyx/+f0EG06Exgwp1fPcVAcZkppiRqYl3yiSIjxCA9KzVCBOVJDNj57CM6v0YZxIW0LDufp7IkNcqQmPbCdHeqiWvZn4n9czOr4OMipSo4nAi0WxYVAncJYA7FNJsGYTSxCW1N4K8RBJhLXNqWRD8JZfXiXti5pXr9XvLyuNmzyOIjgBp6AKPHAFGuAONEELYPAInsEreHPGzovz7nwsWgtOPnMM/sD5/AEKNpGj</latexit>

xµ(ω1)

<latexit sha1_base64="YyIgpZGYuLdCWmChMIlLW3fykOo=">AAAB9HicbVDLTsJAFJ3iC/GFunQzkZjghrTEoEuiG5eYCJjQppkOU5gwM63zIJKG73DjQmPc+jHu/BsH6ELBk9zk5Jx7c+89Ucqo0q777RTW1jc2t4rbpZ3dvf2D8uFRRyVGYtLGCUvkQ4QUYVSQtqaakYdUEsQjRrrR6Gbmd8dEKpqIez1JScDRQNCYYqStFDyFPjdVXyMT1s/DcsWtuXPAVeLlpAJytMLyl99PsOFEaMyQUj3PTXWQIakpZmRa8o0iKcIjNCA9SwXiRAXZ/OgpPLNKH8aJtCU0nKu/JzLElZrwyHZypIdq2ZuJ/3k9o+OrIKMiNZoIvFgUGwZ1AmcJwD6VBGs2sQRhSe2tEA+RRFjbnEo2BG/55VXSqde8Rq1xd1FpXudxFMEJOAVV4IFL0AS3oAXaAINH8AxewZszdl6cd+dj0Vpw8plj8AfO5w8Lu5Gk</latexit>

xµ(ω2)

FIG. 3. a) A quark propagating along a coordinate trajectory xµ(ω) in the background field Bµ; b) the quark acquires the
gauge phase (34) as a result of this propagation.

III. QUARK PROPAGATOR IN THE
BACKGROUND FIELD

In the previous section, we derived a general expression
for the dijet production cross section (30). The structure
of this result is transparent: the incoming virtual photon
splits into a quark-antiquark pair that propagates in the
background field of the target until it produces the final
dijet state. The parton propagation in the background
field is governed by the (anti)quark propagator (31).

The goal of this section is to compute the (anti)quark
propagator (31) in a general background field of the form

Bµ(x) = Bµ(x→
, x↑) . (35)

To simplify the computation, we fix the gauge of the
background field to B+(x) = 0 (the so-called wrong
light-cone gauge) and impose the boundary condition
limx→↓↔ Bi(x) = 0. In Eq. (35), we neglect the de-
pendence on the x

+ coordinate. As we will demonstrate
later, this is su!cient for computing dijet production at
the level of precision considered in this paper. Specif-
ically, in the back-to-back limit this dependence con-
tribute to the higher-power TMD operators, while in the
high-energy limit (1) it leads to the sub-eikonal correc-
tions.

We emphasize that, given the background field (35),
our computation is completely general and involves no
additional assumptions. In particular, our analysis with
Eq. (35) includes the derivation of the transverse gauge
link contribution to the operator for dijet production,

which is one of the main results of this paper.

A. Scalar propagator in the background field

The most involved part of computing the (anti)quark
propagator (31) is the derivation of its scalar part. This
is due to the necessity of manipulating the gauge fac-
tors (34) appearing in this propagator. Our approach
provides a solution to this problem by constructing a
gauge-covariant expansion of these factors within the
(anti)quark propagator. To construct such an expan-
sion, we first need to derive a path-ordered exponent rep-
resentation of the propagator, which simplifies handling
the non-trivial background-field dependence and enables
a systematic expansion. We proceed to construct this
representation below.

Starting with a scalar propagator in the background
field,

lim
k2↓0

k
2(k| 1

P 2 + iω
|y) , (36)

we rewrite it as6

lim
k2↓0

k
2(k| 1

P 2 + iω
|y) (37)

= lim
k2↓0

k
2

∫
d
4
z

e
ikz

2k→ (z| 1

p+ + gB→ → P 2
↑

2p→ + iωp→
|y) ,

where the transverse covariant derivative Pk = pk +gBk.
We formally expand the scalar propagator (37) in pow-

ers of the coupling to the B→ field component:

6 Here we use the fact that, since the background field is indepen- dent of x+, the operator p̂→ commutes with the field operators.
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D. Quark propagator in the background field

To derive the (anti)quark propagator (31) in a form analogous to the scalar result (46), we rewrite it as

lim
k2→0

k
2(k| 1

P 2 + g
2ωµωFµω + iε

|y) (72)

= lim
k2→0

k
2

∫
d
4
ze

ikz 1

2k↑ (z| 1

p+ + g(B↑ + 1
4p→ ωµωFµω) → P 2

↑
2p→ + iεp↑

|y) .

Comparing Eq. (72) with the corresponding expression for the scalar propagator (37), we see that the desired form
can be obtained by the replacement

B↑ ↑ B↑ +
1

4p↑ ω
µω

Fµω (73)

in Eq. (46). The result reads

lim
k2→0

k
2(k| 1

P 2 + g
2ωµωFµω + iε

|y) = lim
k2→0

(k↓|
(
ϑ(k↑)ei

k2
↑

2k→ z→
e
↑i

P2
↑(z→)

2k→ z→
∣∣∣
↔

G(↓, y
↑)

+ϑ(→k
↑)ei

k2
↑

2k→ z→
e
↑i

P2
↑(z→)

2k→ z→
∣∣∣
↑↔

G(→↓, y
↑)

)
e
i

P2
↑(y→)

2k→ y→
|y↓)eik→y+

, (74)

where the path-ordered exponent is

G(x↑
, y

↑) = G(x↑
, y

↑; 0↑) , (75)

with a “shifted” path-ordered exponent defined as

G(x↑
, y

↑; ϖ↑) (76)

↔ P exp
{

i

∫ x→

y→
dz

↑
(
e
i

P2
↑(z→)

2p→ (z→↑ε→)
(
iD↑ +

g

4p↑ ω
µω

Fµω

)
e
↑i

P2
↑(z→)

2p→ (z→↑ε→) → P
2
↓(z↑)

2p↑

)}
,

c.f. Eq. (44).
The path-ordered exponent representation (74) of the (anti)quark propagator coincides with that of the scalar

propagator (46), up to insertions of

g

4p↑ ω
µω

Fµω (77)

into the gauge factors. As discussed in Sec. II, these field-strength tensor insertions describe the interaction of the
(anti)quark with the background field via Pauli vertices.

Equation (74) represents the general form of the (anti)quark propagator. Analogously to Eq. (45), the path-ordered
exponent (76) satisfies the identity

e
↑i

P2
↑(x→)

2p→ x→
G(x↑

, y
↑)e

i
P2

↑(y→)

2p→ y→
= e

↑i
P2

↑(x→)

2p→ (x→↑ε→)G(x↑
, y

↑; ϖ↑)e
i

P2
↑(y→)

2p→ (y→↑ε→)
. (78)

We will use this identity later to organize the operators in Eq. (74) by expanding them onto an arbitrary linear
piecewise contour.

Finally, let us list the remaining propagators appearing in the dijet production cross section (30):

lim
k2→0

(y| 1

P 2 + g
2ωµωFµω + iε

|k)k2 = lim
k2→0

e
↑ik→y+

(y↓|e↑i
P2

↑(y→)

2k→ y→
(79)

↗
(
G(y↑

, →↓)ei
P2

↑(z→)

2k→ z→
e
↑i

k2
↑

2k→ z→
∣∣∣
↑↔

ϑ(k↑) + G(y↑
, ↓)ei

P2
↑(z→)

2k→ z→
e
↑i

k2
↑

2k→ z→
∣∣∣
↔

ϑ(→k
↑)

)
|k↓) .

We will also need the propagators for the anti-time-ordered products:

lim
k2→0

k
2(k| 1

P̃ 2 + g
2ωµω F̃µω → iε

|x) = lim
k2→0

(k↓|
(
ϑ(k↑)ei

k2
↑

2k→ z→
e
↑i

P̃2
↑(z→)

2k→ z→
∣∣∣
↑↔

G̃(→↓, x
↑)

+ϑ(→k
↑)ei

k2
↑

2k→ z→
e
↑i

P̃2
↑(z→)

2k→ z→
∣∣∣
↔

G̃(↓, x
↑)

)
e
i

P̃2
↑(x→)

2k→ x→
|x↓)eik→x+

(80)

Path-ordered exponents
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The exponents describe quark’s propagation 
along an arbitrary trajectory in the background 
field B

9
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FIG. 3. a) A quark propagating along a coordinate trajectory xµ(ω) in the background field Bµ; b) the quark acquires the
gauge phase (34) as a result of this propagation.

III. QUARK PROPAGATOR IN THE
BACKGROUND FIELD

In the previous section, we derived a general expression
for the dijet production cross section (30). The structure
of this result is transparent: the incoming virtual photon
splits into a quark-antiquark pair that propagates in the
background field of the target until it produces the final
dijet state. The parton propagation in the background
field is governed by the (anti)quark propagator (31).

The goal of this section is to compute the (anti)quark
propagator (31) in a general background field of the form

Bµ(x) = Bµ(x→
, x↑) . (35)

To simplify the computation, we fix the gauge of the
background field to B+(x) = 0 (the so-called wrong
light-cone gauge) and impose the boundary condition
limx→↓↔ Bi(x) = 0. In Eq. (35), we neglect the de-
pendence on the x

+ coordinate. As we will demonstrate
later, this is su!cient for computing dijet production at
the level of precision considered in this paper. Specif-
ically, in the back-to-back limit this dependence con-
tribute to the higher-power TMD operators, while in the
high-energy limit (1) it leads to the sub-eikonal correc-
tions.

We emphasize that, given the background field (35),
our computation is completely general and involves no
additional assumptions. In particular, our analysis with
Eq. (35) includes the derivation of the transverse gauge
link contribution to the operator for dijet production,

which is one of the main results of this paper.

A. Scalar propagator in the background field

The most involved part of computing the (anti)quark
propagator (31) is the derivation of its scalar part. This
is due to the necessity of manipulating the gauge fac-
tors (34) appearing in this propagator. Our approach
provides a solution to this problem by constructing a
gauge-covariant expansion of these factors within the
(anti)quark propagator. To construct such an expan-
sion, we first need to derive a path-ordered exponent rep-
resentation of the propagator, which simplifies handling
the non-trivial background-field dependence and enables
a systematic expansion. We proceed to construct this
representation below.

Starting with a scalar propagator in the background
field,

lim
k2↓0

k
2(k| 1

P 2 + iω
|y) , (36)

we rewrite it as6

lim
k2↓0

k
2(k| 1

P 2 + iω
|y) (37)

= lim
k2↓0

k
2

∫
d
4
z

e
ikz

2k→ (z| 1

p+ + gB→ → P 2
↑

2p→ + iωp→
|y) ,

where the transverse covariant derivative Pk = pk +gBk.
We formally expand the scalar propagator (37) in pow-

ers of the coupling to the B→ field component:

6 Here we use the fact that, since the background field is indepen- dent of x+, the operator p̂→ commutes with the field operators.
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FIG. 9. a) The virtual photon annihilates into a quark-antiquark pair propagating in the background field of the target; b) the
pair acquires a gauge phase constructed from the background fields of the target. The phase runs along an arbitrary trajectory
and contains insertions of the background field-strength tensors.

these gauge factors run along an arbitrary trajectory of
the (anti)quark, see Fig. 9b. Equation (83) involves a
sum over all possible trajectories for the pair propagat-
ing in the background field.

The operators in Eq. (82) fully encode the interac-
tions between the quantum partons and the background
fields of the target. As a result, Eq. (82) can be used to
compute dijet production in di!erent kinematic regimes.9

Such a computation involves deriving the particular hi-
erarchy of operators defining the scattering — for in-
stance, TMD operators in back-to-back dijet production,
or quadrupole operators in the small-x limit. Crucially,
in our approach the operators in Eq. (82) are gauge co-
variant, making the derivation of the corresponding op-
erator hierarchies straightforward. As we explain in the
next section, these hierarchies can be obtained by ex-
panding the path-ordered exponents (75) in Eq. (82) onto
a fixed contour determined by the kinematics of the prob-
lem. For instance, in the back-to-back configuration the
contour is that of TMD operators, see Fig. 10a, while
in the small-x limit it assumes a quadrupole form, see
Fig. 10b.

The choice of expansion contour is an important ele-
ment of our analysis, as it must be consistent with the
expansion parameter of the problem. For example, ex-
panding the path-ordered exponents in Eq. (82) onto the
TMD contour of Fig. 10a in the back-to-back regime,
one finds that the first few terms of the expansion pro-
vide the dominant contribution to dijet production, while
the higher-order terms — systematically derivable from
Eq. (82) — are suppressed by a small expansion parame-
ter (twist suppression). In the next section, we present an
algorithm for constructing such expansions, allowing one
to systematically derive, order by order, a complete set
of operators defining the scattering in a given kinematic
regime.

9 The methods developed in this paper extend beyond dijet pro-
duction and can be applied to other physical observables.

Finally, we emphasize that the expansion procedure for
the path-ordered exponents, developed in the next sec-
tion, is completely general and exact. It is a purely formal
operation used to derive the operator hierarchies defining
the scattering. In this sense, two di!erent expansions of
the path-ordered exponents onto two di!erent contours in
coordinate space are mathematically equivalent. Our ap-
proach therefore enables a systematic re-expansion from
one contour choice to another, providing a dictionary be-
tween di!erent operator hierarchies in di!erent kinematic
regimes. This makes it possible to match operators and
compare results obtained in di!erent kinematic approx-
imations. Examples of such matching are given later in
this paper.

V. EXPANSION OF THE PATH-ORDERED
EXPONENTS

In the previous section, we computed the dijet pro-
duction cross section, Eq. (82), using the general form
of the (anti)quark propagators in the background field,
Eq. (74). The same approach can be applied to other
physical observables computed within QCD factoriza-
tion. In these propagators, interactions between the
quantum partons and the background field are described
by the path-ordered exponents (76). While the obtained
results are completely general, the path-ordered expo-
nents are not straightforward to evaluate.

These exponents describe propagation of quantum par-
tons between two points in the background field along an
infinite set of arbitrary trajectories, see Fig. 11a. Each
trajectory, determined by the quantum parton dynamics,
gives rise to a gauge link connecting the endpoints with
an arbitrary number of operator insertions (77). The
path of these gauge links is not fixed but is dictated by
the trajectory of the quantum parton. The path-ordered
exponents (76) involve a sum over all possible trajecto-
ries, so they entangle the dynamics of the quantum par-
tons with the background field interactions encoded in
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FIG. 10. a) In the back-to-back limit of dijet production, the operator hierarchy can be derived by expanding the path-ordered
exponents onto a contour of TMD operators; b) for dijet production at small x, the corresponding hierarchy is obtained by
expanding onto a quadrupole contour.

the gauge factors.

For physical observables, however, we generally aim
to derive a factorized form in which the quantum par-
ton dynamics and the background field interactions are
separated. In the factorization formula, the former cor-
responds to a perturbative coe!cient, while the latter
is given by a (generically non-perturbative) matrix ele-
ment of background field operators. We therefore need to
disentangle these two elements within the path-ordered
exponents (76).

An e!cient way to achieve this is to expand the path-
ordered exponents onto a fixed linear piecewise contour,
see e.g. Fig. 10. Such an expansion fixes the path of the
gauge links independently of the quantum parton dynam-
ics, yielding the desired factorized form. In this section,
we develop a general approach for expanding the path-
ordered exponents (75) onto an arbitrary linear piecewise
contour.

In the next two subsections, we consider a path-ordered
exponent (75) between two points (x→

, x↑) and (y→
, y↑),

represented schematically in Fig. 11a:
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and construct its expansion onto the light-cone direction
at a fixed transverse position y↑, see Fig. 11b. We begin
with the simpler case Bi = 0 and then generalize to Bi ↑=
0.

Subsequently, we explain how the transverse position

of the path-ordered exponents can be shifted. Combined
with the light-cone expansion, this provides a general
method for expanding the path-ordered exponents (75)
onto an arbitrary linear piecewise contour.

A. Expansion onto the light-cone direction. Simple case of Bi = 0

We aim to expand the path-ordered exponent in Eq. (84) onto the light-cone direction at the transverse position
y↑, see Fig. 11b. Setting the transverse background field component to zero, Bi = 0, we first expand the path-ordered
exponent in Eq. (84):
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Gauge covariant formulation. This result 
reproduces all known limits, e.g. Wilson 
lines of the dipole operators in the CGC 
computations etc. 



Contains contribution of the transverse gauge links
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FIG. 10. a) In the back-to-back limit of dijet production, the operator hierarchy can be derived by expanding the path-ordered
exponents onto a contour of TMD operators; b) for dijet production at small x, the corresponding hierarchy is obtained by
expanding onto a quadrupole contour.

the gauge factors.

For physical observables, however, we generally aim
to derive a factorized form in which the quantum par-
ton dynamics and the background field interactions are
separated. In the factorization formula, the former cor-
responds to a perturbative coe!cient, while the latter
is given by a (generically non-perturbative) matrix ele-
ment of background field operators. We therefore need to
disentangle these two elements within the path-ordered
exponents (76).

An e!cient way to achieve this is to expand the path-
ordered exponents onto a fixed linear piecewise contour,
see e.g. Fig. 10. Such an expansion fixes the path of the
gauge links independently of the quantum parton dynam-
ics, yielding the desired factorized form. In this section,
we develop a general approach for expanding the path-
ordered exponents (75) onto an arbitrary linear piecewise
contour.

In the next two subsections, we consider a path-ordered
exponent (75) between two points (x→

, x↑) and (y→
, y↑),

represented schematically in Fig. 11a:

(x↑|G(x→
, y

→)|y↑) (84)

= (x↑|P exp
{

i
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→
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e
i
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↑(z→)

2p→ z→(
iD→ +

g

4p→ ω
µω

Fµω

)
e
→i

P2
↑(z→)

2p→ z→
→ P

2
↑(z→)

2p→

)}
|y↑) ,

and construct its expansion onto the light-cone direction
at a fixed transverse position y↑, see Fig. 11b. We begin
with the simpler case Bi = 0 and then generalize to Bi ↑=
0.

Subsequently, we explain how the transverse position

of the path-ordered exponents can be shifted. Combined
with the light-cone expansion, this provides a general
method for expanding the path-ordered exponents (75)
onto an arbitrary linear piecewise contour.

A. Expansion onto the light-cone direction. Simple case of Bi = 0

We aim to expand the path-ordered exponent in Eq. (84) onto the light-cone direction at the transverse position
y↑, see Fig. 11b. Setting the transverse background field component to zero, Bi = 0, we first expand the path-ordered
exponent in Eq. (84):
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= 1 + i
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e
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↑
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↑

2p→ z→
+ . . . , (85)
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FIG. 8. a) Transverse gauge phase for a scalar quark moving along an arbitrary trajectory in the transverse plane; b) The
phase can be expanded onto a straight line connecting end points. The expansion yields an infinite sum of transverse gauge
links with insertions of field-strength tensors and their covariant derivatives, see Eq. (70).

where the ellipsis denotes the higher-order terms of Eq. (65). This gives

(x→|eisp2
→ |y→) + igs

∫ 1

0
du(x→|eisūp2

→{pk, Bk}e
isup2

→ |y→) = (x→|eisp2
→ |y→)

(
1 + ig

∫ 1

0
du(x → y)k

Bk(ωu)
)

+ . . . . (68)

Equation (68) corresponds to the leading term of the transverse gauge link along the straight line (64):

U(x→, y→) = P exp
(
ig

∫ 1

0
du(x → y)k

Bk(ωu)
)

. (69)

This identification is confirmed by computing the higher-order terms of Eqs. (63) and (65). Indeed, one obtains

(x→|eisP 2
→ |y→) = (x→|eisp2

→ |y→)
{

U(x→, y→) + s

∫ 1

0
du uū (x → y)k

U(x→, ωu)DmFmk(ωu)U(ωu, y→) (70)

+2is

∫ 1

0
du ū

∫ u

0
dv v (x → y)k(x → y)m

U(x→, ωu)Fks(ωu)U(ωu, ωv)Fms(ωv)U(ωv, y→) + . . .

}
,

where the ellipsis denotes higher-order terms with insertions of transverse field-strength tensors and their covariant
derivatives.

We thus find that the exponential factor (57), in addition to the “bare” factor (53) describing the quark’s propagation
in the transverse plane, contains a transverse gauge phase acquired during this propagation. According to Eq. (70), this
phase can be represented as an infinite sum of transverse gauge links (69) with insertions of transverse field-strength
tensors Fij and their covariant derivatives.

The content of the scalar propagator (46) is now clear: it describes the quark’s propagation in both the longitudinal
and transverse directions, together with the corresponding gauge phases acquired along the way.

In the subsequent discussion, we will also need the expansion onto the straight line (64) of the following operator
combination:

iD
x
i (x→|eisP 2

→ |y→) = (x→|Pie
isP 2

→ |y→)

= → (x → y)i

2s
(x→|eisp2

→ |y→)U(x→, y→) + (x→|eisp2
→ |y→)

∫ 1

0
duu(x → y)k

U(x→, ωu)Fki(ωu)U(ωu, y→) + . . . , (71)

where the ellipsis denotes higher-order terms with insertions of transverse field-strength tensors and their covariant
derivatives. For our purposes, the explicit form of these terms is not needed, though the methods outlined above can
be used to derive them systematically to any given order of the expansion (65).

Although the scalar propagator (46) is completely general for the background field (35), its direct application is
not straightforward, as it contains an infinite number of operator contributions involving longitudinal and transverse
gauge links. In the next section, we develop an e!cient approach for organizing these contributions, allowing us to
systematically derive a hierarchy of operators characterizing dijet production in di”erent kinematic limits.

Before developing this technique, however, let us generalize the scalar propagator (46) to the full quark propaga-
tor (31) and use it to derive a general formula for the dijet production cross section (30).
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FIG. 8. a) Transverse gauge phase for a scalar quark moving along an arbitrary trajectory in the transverse plane; b) The
phase can be expanded onto a straight line connecting end points. The expansion yields an infinite sum of transverse gauge
links with insertions of field-strength tensors and their covariant derivatives, see Eq. (70).

where the ellipsis denotes the higher-order terms of Eq. (65). This gives

(x→|eisp2
→ |y→) + igs

∫ 1

0
du(x→|eisūp2

→{pk, Bk}e
isup2

→ |y→) = (x→|eisp2
→ |y→)

(
1 + ig

∫ 1

0
du(x → y)k

Bk(ωu)
)

+ . . . . (68)

Equation (68) corresponds to the leading term of the transverse gauge link along the straight line (64):

U(x→, y→) = P exp
(
ig

∫ 1

0
du(x → y)k

Bk(ωu)
)

. (69)

This identification is confirmed by computing the higher-order terms of Eqs. (63) and (65). Indeed, one obtains

(x→|eisP 2
→ |y→) = (x→|eisp2

→ |y→)
{

U(x→, y→) + s

∫ 1

0
du uū (x → y)k

U(x→, ωu)DmFmk(ωu)U(ωu, y→) (70)

+2is

∫ 1

0
du ū

∫ u

0
dv v (x → y)k(x → y)m

U(x→, ωu)Fks(ωu)U(ωu, ωv)Fms(ωv)U(ωv, y→) + . . .

}
,

where the ellipsis denotes higher-order terms with insertions of transverse field-strength tensors and their covariant
derivatives.

We thus find that the exponential factor (57), in addition to the “bare” factor (53) describing the quark’s propagation
in the transverse plane, contains a transverse gauge phase acquired during this propagation. According to Eq. (70), this
phase can be represented as an infinite sum of transverse gauge links (69) with insertions of transverse field-strength
tensors Fij and their covariant derivatives.

The content of the scalar propagator (46) is now clear: it describes the quark’s propagation in both the longitudinal
and transverse directions, together with the corresponding gauge phases acquired along the way.

In the subsequent discussion, we will also need the expansion onto the straight line (64) of the following operator
combination:

iD
x
i (x→|eisP 2

→ |y→) = (x→|Pie
isP 2

→ |y→)

= → (x → y)i

2s
(x→|eisp2

→ |y→)U(x→, y→) + (x→|eisp2
→ |y→)

∫ 1

0
duu(x → y)k

U(x→, ωu)Fki(ωu)U(ωu, y→) + . . . , (71)

where the ellipsis denotes higher-order terms with insertions of transverse field-strength tensors and their covariant
derivatives. For our purposes, the explicit form of these terms is not needed, though the methods outlined above can
be used to derive them systematically to any given order of the expansion (65).

Although the scalar propagator (46) is completely general for the background field (35), its direct application is
not straightforward, as it contains an infinite number of operator contributions involving longitudinal and transverse
gauge links. In the next section, we develop an e!cient approach for organizing these contributions, allowing us to
systematically derive a hierarchy of operators characterizing dijet production in di”erent kinematic limits.

Before developing this technique, however, let us generalize the scalar propagator (46) to the full quark propaga-
tor (31) and use it to derive a general formula for the dijet production cross section (30).
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cf. Eq. (91). The first term of this operator corresponds to the scalar part of the path-ordered exponent, while the
second, → ω

µω , reflecting its spinor degrees of freedom, is the Pauli vertex.

Using Eq. (100), the path-ordered exponent takes the form

G(x→
, y

→) = P exp
{

i

∫ x→

y→
dz

→
(
gB→(z→) +

g

4p→ ω
µω

Fµω(z→) (104)

+
iz

→

2p→ B(z→) +
1

2!

(
iz

→

2p→

)2
[P 2

↑(z→), B(z→)] +
1

3!

(
iz

→

2p→

)3
[P 2

↑(z→), [P 2
↑(z→), B(z→)]] + . . .

)}
,

cf. Eq. (92).

The B→ operators give rise to Wilson lines. Expanding in all remaining operators, we obtain a general expansion
of the path-ordered exponent, cf. Eq. (93):

G(x→
, y

→) = U(x→
, y

→) + i

∫ x→

y→
dz

→
U(x→

, z
→)OB(z→)U(z→

, y
→) (105)

+(i)2
∫ x→

y→
dz

→
∫ z→

y→
dz

↓→
U(x→

, z
→)OB(z→)U(z→

, z
↓→)OB(z↓→)U(z↓→

, y
→) + . . . ,

where

OB(z→) = OB(z→; ε→) (106)

and a “shifted” operator insertion is

OB(z→; ε→) ↑ g

4p→ ω
µω

Fµω(z→) +
i(z→ ↓ ε

→)

2p→ B(z→) +
1

2!

(
i(z→ ↓ ε

→)

2p→

)2
[P 2

↑(z→), B(z→)]

+
1

3!

(
i(z→ ↓ ε

→)

2p→

)3
[P 2

↑(z→), [P 2
↑(z→), B(z→)]] + . . . . (107)

The pattern of this expansion is manifest from Eqs. (105) and (107), and can be written down to any required order.

As in the case Bi = 0, the transverse position of the operators cannot yet be completely fixed. To do so, we
commute the covariant transverse momenta Pk through all background field operators. Commutation through the
light-cone gauge factors is accomplished using

Pk(x→)U(x→
, y

→) ↓ U(x→
, y

→)Pk(y→) (108)

= g

∫ x→

y→
dz

→
U(x→

, z
→)F→k(z→)U(z→

, y
→) ,

cf. Eq. (96).

Commuting the covariant transverse momenta to the left, we obtain

G(x→
, y

→) = U(x→
, y

→) +
ig

4p→

∫ x→

y→
dz

→
U(x→

, z
→)ωµω

Fµω(z→)U(z→
, y

→) (109)

↓ g

2p→

∫ x→

y→
dz

→
z

→
U(x→

, z
→)

(
DkFk→(z→) +

ω
µω

4p→ D
2
↑Fµω(z→)

)
}U(z→

, y
→)

↓ ig

p→

∫ x→

y→
dz

→
z

→
Pk(x→)U(x→

, z
→)

(
Fk→(z→) +

ω
µω

4p→ DkFµω(z→)
)
U(z→

, y
→)

+
ig

2

p→

∫ x→

y→
dz

→
∫ z↑→

y→
dz

↓→
z

↓→
U(x→

, z
→)F→k(z→)U(z→

, z
↓→)

(
Fk→(z↓→) +

ω
µω

4p→ DkFµω(z↓→)
)
U(z↓→

, y
→) + . . . .
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and the covariant derivative D→ = ω→ → igB→(z→) acts on the corresponding z
→ variable. Equation (42) provides the

path-ordered exponent representation of the scalar propagator (36), which we will use to construct a gauge-covariant
expansion of the (anti)quark propagator (31).

For the subsequent discussion, it is convenient to introduce a path-ordered exponent with a “shifted” phase:

S(x→
, y

→; ε→) (44)

↑ P exp
{

i

∫ x→

y→
dz

→
(
e
i

P2
↑(z→)

2p→ (z→→ω→)
iD→e

→i
P2

↑(z→)

2p→ (z→→ω→) → P
2
↑(z→)

2p→

)}
,

so that definition (43) corresponds to a trivial shift: S(x→
, y

→) ↑ S(x→
, y

→; 0→).
One can verify that the path-ordered exponents (43) and (44) satisfy the identity

e
→i

P2
↑(x→)

2p→ x→
S(x→

, y
→)e

i
P2

↑(y→)

2p→ y→
= e

→i
P2

↑(x→)

2p→ (x→→ω→)S(x→
, y

→; ε→)e
i

P2
↑(y→)

2p→ (y→→ω→)
. (45)

As we will explain below, this identity allows one to shift the position of the exponential factors in the path-ordered
exponents and manipulate the form of the gauge factors in the (anti)quark propagator (31), thereby enabling expansion
of these factors onto an arbitrary linear piecewise contour.

As shown in Appendix B, Eq. (42) can be further simplified to

lim
k2↓0

k
2(k| 1

P 2 + iϑ
|y) = lim

k2↓0
(k↑|

(
ϖ(k→)ei

k2
↑

2k→ z→
e
→i

P2
↑(z→)

2k→ z→
∣∣∣
↔

S(↓, y
→)

+ϖ(→k
→)ei

k2
↑

2k→ z→
e
→i

P2
↑(z→)

2k→ z→
∣∣∣
→↔

S(→↓, y
→)

)
e
i

P2
↑(y→)

2k→ y→
|y↑)eik→y+

. (46)

Equation (46) is our final result for the path-ordered exponent representation of the scalar propagator (36).

B. Structure of the scalar propagator in the background field

The meaning of Eq. (46) is not immediately transparent. It contains various exponential factors constructed from
the transverse covariant derivative Pk, as well as a path-ordered exponent involving the B→ field component. Let us
clarify the role of each element in this equation.

To this end, we first (temporary) set the transverse background field component to zero, Bi = 0.7 Equation (46)
then takes the form

lim
k2↓0

k
2(k| 1

P 2 + iϑ
|y)

∣∣∣
k→>0

Bi=0
= lim

k2↓0
(k↑|P exp

{
ig

∫ ↔

y→
dz

→
e
i

p2
↑

2p→ z→
B→(z→)e

→i
p2

↑
2p→ z→}

e
i

p2
↑

2k→ y→
|y↑)eik→y+

. (47)

We further simplify by neglecting the exponential fac-
tors inside the path-ordered exponent:

lim
k2↓0

k
2(k| 1

P 2 + iϑ
|y)

∣∣∣
Bi=0;k→>0

↔ lim
k2↓0

(k↑|U(↓, y
→)ei

p2
↑

2k→ y→
|y↑)eik→y+

, (48)

where U(↓, y
→) is a Wilson line — a gauge factor along

the light-cone direction:

U(x→
, y

→) = P exp
{

ig

∫ x→

y→
dz

→
B→(z→)

}
. (49)

Equation (48) represents the vacuum scalar propagator

lim
k2↓0

k
2(k| 1

p2 + iϑ
|y)

= lim
k2↓0

(k↑|ei
p2

↑
2k→ y→

|y↑)eik→y+

= e
iky

∣∣∣
k2=0

, (50)

dressed with a semi-infinite gauge factor encoding the
interaction of the scalar quark with the background field.

The transverse position of the gauge factor in Eq. (48)
is not yet fixed. Inserting a complete set of transverse
position states, we can rewrite Eq. (48) as

7 For brevity, we also fix k→ > 0. The analysis of k→ < 0 is identical.

This kind of relations allow to construct the expansion of the 
propagators in the background field in a gauge covariant way 
to any necessary order. The higher terms of the expansion 
have a structure similar to the leading terms  allows 
automatization

⇒
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= eiky
(
U(→, y→; y↑) +

ig

4k→

∫ ↓

y→
dz→U(→, z→; y↑)ω

µωFµω(z
→, y↑)U(z→, y→; y↑)
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+
igkk
k→

∫ ↑

y→
dz→(z→ → y→)U(↑, z→; y↓)F→k(z

→, y↓)U(z→, y→; y↓) + . . .
)
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Fixing the transverse position of all operators in Eq. (123), we arrive at

(k1→|e
i

k2
1→

2k↑
1

z↑

e
↑i

P2
→(z↑)

2k↑
1

z↑ ∣∣∣
↓

G(→, y
↑)e

i
P2

→(y↑)

2k↑
1

y↑

|y→) (124)

= e
i

k2
1→

2k↑
1

y↑

e
↑ik1→y→

(
U(→, y

↑; y→) +
ig

4k
↑
1

∫ ↓

y↑
dz

↑
U(→, z

↑; y→)ωµω
Fµω(z↑

, y→)U(z↑
, y

↑; y→)

+
igk1k

k
↑
1

∫ ↓

y↑
dz

↑(z↑ ↑ y
↑)U(→, z

↑; y→)F↑k(z↑
, y→)U(z↑

, y
↑; y→) + . . .

)
.

Equation (124) corresponds to expanding the path-
ordered exponent in the (anti)quark propagator (111)
onto the light-cone direction shown in Fig. 13. Compar-
ing with the contour in Fig. 12 for operators in Eq. (116),
we see that applying the commutation relation (78) for
the exponential factors (57) e!ectively shifts the trans-
verse position of the path-ordered exponents. Once the
exponential factors are at spatial infinity — either the
future (z↑ = →) or past (z↑ = ↑→) — they reduce to
simple transverse gauge links.
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FIG. 13. The light-cone expansion contour defining the oper-
ators in Eq. (124) for the (anti)quark propagator in the back-
ground field. The transverse gauge link at the future infinity
is not shown explicitly, as it is suppressed by the supplemen-
tary boundary condition limx↑→↑ Bi(x) = 0.

The transverse shift introduced in this subsection com-
pletes our approach for expanding the path-ordered ex-
ponents (75) and their “shifted” versions (76). Using this
approach, the path-ordered exponents in the (anti)quark
propagators can be expanded onto an arbitrary linear
piecewise contour, see e.g. Fig. 10, by a suitable sequence
of commutations of the exponential factors (57) with the
path-ordered exponents (75), the latter being expanded
onto the light-cone direction using the methods of the
previous subsections. The construction is fully gauge co-
variant, enabling unambiguous derivation of the operator
hierarchy for physical observables to any required order.
This constitutes the main advantage of our approach.

Once the expansion of the path-ordered exponents is
performed, the expressions for physical observables as-
sume a factorized form, from which one can compute
the perturbative coe”cients and derive the correspond-
ing factorization formulas.

The ability to expand onto an arbitrary linear piece-
wise contour makes our approach applicable to physical
observables in di!erent kinematic regimes. In particular,
this is instrumental for understanding interplay e!ects

between large and small x.
In our framework, the choice of expansion contour is

not fixed: one can derive an expansion onto an arbitrary
combination of transverse and light-cone segments. The
construction is mathematically exact. However, the con-
tour must be chosen consistently with the expansion pa-
rameter of the problem, giving rise to a power counting
that organizes the terms of the formal expansion.

VI. POWER COUNTING OF OPERATORS IN
THE BACK-TO-BACK LIMIT OF THE DIJET

PRODUCTION

In our approach, we first derive a general expression
for a physical observable in terms of (anti)quark propaga-
tors in the background field, constructed from the path-
ordered exponents (76) and exponential factors (57), see
e.g. Eq. (82) for the dijet production cross section. While
completely general and exact, these expressions do not
have a factorized form, since the path-ordered expo-
nents (76) and exponential factors (57) entangle the dy-
namics of the quantum partons with the interactions with
the background fields.

To disentangle these e!ects and derive a factorization
formula for the physical observable, one needs to expand
the path-ordered exponents onto a linear piecewise con-
tour of appropriate choice. This expansion can be carried
out using the methods developed in the previous sections.

The result takes the form of an infinite series of oper-
ators along the light-cone direction connected by trans-
verse gauge links, see e.g. Fig. 10. These operators consti-
tute the hierarchy defining the physical observable. They
contain various insertions of gluon field-strength tensors
and their covariant derivatives into the light-cone gauge
factors. Using our approach, the gauge-covariant form of
these operators can be systematically derived.

One may ask whether such formal expansions are use-
ful for describing physical observables, since it is clearly
impossible to reconstruct all terms of the infinite series
— even though our approach can derive all terms up to
any fixed order. This is where the choice of expansion
contour for the path-ordered exponents becomes impor-
tant. In high-energy scattering, one can typically iden-
tify an expansion parameter defined by the kinematics of
the problem. The choice of the expansion contour must

1) Choose a contour
2) Construct an expansion using 

the commutation relations

quantum and background degrees of 
freedom are mixed

 quantum  background∝ ⊗
Mukherjee, Skokov, Tarasov, Tiwari, Yao, 2602.15137
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Fixing the transverse position of all operators in Eq. (123), we arrive at
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Equation (124) corresponds to expanding the path-
ordered exponent in the (anti)quark propagator (111)
onto the light-cone direction shown in Fig. 13. Compar-
ing with the contour in Fig. 12 for operators in Eq. (116),
we see that applying the commutation relation (78) for
the exponential factors (57) e!ectively shifts the trans-
verse position of the path-ordered exponents. Once the
exponential factors are at spatial infinity — either the
future (z↑ = →) or past (z↑ = ↑→) — they reduce to
simple transverse gauge links.
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FIG. 13. The light-cone expansion contour defining the oper-
ators in Eq. (124) for the (anti)quark propagator in the back-
ground field. The transverse gauge link at the future infinity
is not shown explicitly, as it is suppressed by the supplemen-
tary boundary condition limx↑→↑ Bi(x) = 0.

The transverse shift introduced in this subsection com-
pletes our approach for expanding the path-ordered ex-
ponents (75) and their “shifted” versions (76). Using this
approach, the path-ordered exponents in the (anti)quark
propagators can be expanded onto an arbitrary linear
piecewise contour, see e.g. Fig. 10, by a suitable sequence
of commutations of the exponential factors (57) with the
path-ordered exponents (75), the latter being expanded
onto the light-cone direction using the methods of the
previous subsections. The construction is fully gauge co-
variant, enabling unambiguous derivation of the operator
hierarchy for physical observables to any required order.
This constitutes the main advantage of our approach.

Once the expansion of the path-ordered exponents is
performed, the expressions for physical observables as-
sume a factorized form, from which one can compute
the perturbative coe”cients and derive the correspond-
ing factorization formulas.

The ability to expand onto an arbitrary linear piece-
wise contour makes our approach applicable to physical
observables in di!erent kinematic regimes. In particular,
this is instrumental for understanding interplay e!ects

between large and small x.
In our framework, the choice of expansion contour is

not fixed: one can derive an expansion onto an arbitrary
combination of transverse and light-cone segments. The
construction is mathematically exact. However, the con-
tour must be chosen consistently with the expansion pa-
rameter of the problem, giving rise to a power counting
that organizes the terms of the formal expansion.

VI. POWER COUNTING OF OPERATORS IN
THE BACK-TO-BACK LIMIT OF THE DIJET

PRODUCTION

In our approach, we first derive a general expression
for a physical observable in terms of (anti)quark propaga-
tors in the background field, constructed from the path-
ordered exponents (76) and exponential factors (57), see
e.g. Eq. (82) for the dijet production cross section. While
completely general and exact, these expressions do not
have a factorized form, since the path-ordered expo-
nents (76) and exponential factors (57) entangle the dy-
namics of the quantum partons with the interactions with
the background fields.

To disentangle these e!ects and derive a factorization
formula for the physical observable, one needs to expand
the path-ordered exponents onto a linear piecewise con-
tour of appropriate choice. This expansion can be carried
out using the methods developed in the previous sections.

The result takes the form of an infinite series of oper-
ators along the light-cone direction connected by trans-
verse gauge links, see e.g. Fig. 10. These operators consti-
tute the hierarchy defining the physical observable. They
contain various insertions of gluon field-strength tensors
and their covariant derivatives into the light-cone gauge
factors. Using our approach, the gauge-covariant form of
these operators can be systematically derived.

One may ask whether such formal expansions are use-
ful for describing physical observables, since it is clearly
impossible to reconstruct all terms of the infinite series
— even though our approach can derive all terms up to
any fixed order. This is where the choice of expansion
contour for the path-ordered exponents becomes impor-
tant. In high-energy scattering, one can typically iden-
tify an expansion parameter defined by the kinematics of
the problem. The choice of the expansion contour must

1) Choose a contour
2) Construct an expansion using 

the commutation relations

 quantum  background∝ ⊗
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Integrating over x
→ and y

→, and invoking the translational invariance of the operators, we obtain
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↑ūs1(k1)
{(

ω
→m

ς
ϑ

2k
→
1

+
ς

ϑ
ω

→m

2k
→
2

)
i

q+ → k
+
1 → k

+
2

→
(

k1mς
ϑ

k
→
1

→ k2mς
ϑ

k
→
2

) 1

(q+ → k
+
1 → k

+
2 )2

}
t
d
vs2(k2)

↑
∫

d
2
x↓e

i(k1↓+k2↓→q↓)x↓↓P, S|
∫ ↔

→↔
dz

→
e
→i(k+

1 +k+
2 →q+)z↔

F
a
→k(z→

, x↓)Uac(z→
, ↔; x↓)

↑U
db(↔, 0→; 0↓)F b

→m(0→
, 0↓)|P, S↗ + . . . , (126)

where all operators were written in the adjoint representation using
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From Eq. (126), we find that the dijet production cross section in the back-to-back configuration at leading power
is determined by a matrix element of the gluon TMD operator. For a longitudinally polarized virtual photon, see
Eq. (7), we have
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where gauge invariance of the TMD operator was restored by inserting a transverse gauge link at future infinity, see
the discussion in Sec. V C.

B. Leading power cross section in the back-to-back
limit

While the operator in Eq. (128) provides the leading-
power contribution, the corresponding perturbative coef-
ficient contains factors of subleading power. To see this
explicitly, it is convenient to introduce the variables

z =
k

→
1

q→ ; !k = k1k + k2k; P̄k = zk1k → z̄k2k , (129)

where z̄ ↘ 1 → z. In the back-to-back kinematics,
!↓/P̄↓ ≃ 1, the perturbative coe”cient in Eq. (128)

contains terms suppressed by the expansion parameter
!↓/P̄↓, e.g.

k1k
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k
→
2
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P̄k

zz̄q→ → (z → z̄)!k

zz̄q→ . (130)

To isolate the leading-power contribution to dijet pro-
duction, these suppressed terms must be removed. From
Eq. (128), at leading power we obtain
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Suppose we have a CGC background. 
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FIG. 10. a) In the back-to-back limit of dijet production, the operator hierarchy can be derived by expanding the path-ordered
exponents onto a contour of TMD operators; b) for dijet production at small x, the corresponding hierarchy is obtained by
expanding onto a quadrupole contour.

the gauge factors.

For physical observables, however, we generally aim
to derive a factorized form in which the quantum par-
ton dynamics and the background field interactions are
separated. In the factorization formula, the former cor-
responds to a perturbative coe!cient, while the latter
is given by a (generically non-perturbative) matrix ele-
ment of background field operators. We therefore need to
disentangle these two elements within the path-ordered
exponents (76).

An e!cient way to achieve this is to expand the path-
ordered exponents onto a fixed linear piecewise contour,
see e.g. Fig. 10. Such an expansion fixes the path of the
gauge links independently of the quantum parton dynam-
ics, yielding the desired factorized form. In this section,
we develop a general approach for expanding the path-
ordered exponents (75) onto an arbitrary linear piecewise
contour.

In the next two subsections, we consider a path-ordered
exponent (75) between two points (x→

, x↑) and (y→
, y↑),

represented schematically in Fig. 11a:
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and construct its expansion onto the light-cone direction
at a fixed transverse position y↑, see Fig. 11b. We begin
with the simpler case Bi = 0 and then generalize to Bi ↑=
0.

Subsequently, we explain how the transverse position

of the path-ordered exponents can be shifted. Combined
with the light-cone expansion, this provides a general
method for expanding the path-ordered exponents (75)
onto an arbitrary linear piecewise contour.

A. Expansion onto the light-cone direction. Simple case of Bi = 0

We aim to expand the path-ordered exponent in Eq. (84) onto the light-cone direction at the transverse position
y↑, see Fig. 11b. Setting the transverse background field component to zero, Bi = 0, we first expand the path-ordered
exponent in Eq. (84):
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Expansion onto the TMD contour requires an infinite number of 
terms (all collinear terms do contribute)

2

corresponding to di!erent partonic modes are separated
at the level of the QCD Lagrangian. As a result, the
perturbative mode — defined by “perturbative” partons
propagating in the non-perturbative background — can
be conveniently described in terms of propagators in the
background fields [19, 25, 75]. These propagators possess
a gauge-covariant structure, which allows derivation of
gauge-covariant QCD operators defining the scattering,
an essential requirement for the problem.

This procedure involves expanding the propagators in
a parameter defined by the scattering kinematics, e.g.
q→/Q → 1 in TMD factorization, where q→ is a small
transverse momentum of the final state and Q

2 is the
hard scale of the problem. Remarkably, this expansion
can be formulated as an expansion of the background
fields of the propagators onto a contour of a certain shape
in coordinate space, such that the resulting QCD opera-
tors are ordered along the contour — e.g. a straight-line
contour along the light-cone direction in collinear factor-
ization [76], or a dipole contour in small-x scattering [77].
Hence, computing the operators in the background field
approach requires developing methods for constructing
such expansions.

At present, little is known about the general structure
of these expansions. Typically, a brute-force approach is
applied in which the expansion for a particular scattering
problem is constructed to only the first few orders [56,
59, 78]. This approach requires considerable e!ort, since
the resulting operator structure is not obvious from the
form of the propagators.

In this paper, we develop a general framework for de-
riving such expansions, applicable to any given order of
the expansion onto an arbitrary linear piecewise contour.
The key element of our formalism is the representation
of the “quantum” propagator in the background field in
terms of a path-ordered exponent, which describes prop-
agation of the quantum parton over all possible trajec-
tories in the background field, providing a completely
general formulation of the scattering problem.

The background fields of the path-ordered exponents
can be expanded onto a given contour. We derive a gen-
eral form of the expansion onto the light-cone direction;
the result is constructed from gauge-covariant operators,
which allows unambiguous determination of the oper-
ators to any given order. We subsequently derive an
equation for a parallel shift of the path-ordered expo-
nent in the transverse direction; this gives rise to trans-
verse gauge links with various insertions of the trans-
verse field-strength tensors. Using these formal operator
transformations, the path-ordered exponents represent-
ing quantum propagators in the background field can
be expanded onto an arbitrary piecewise contour con-
structed from light-cone segments connected by trans-
verse gauge links.

Importantly, we formulate these transformations in a
gauge-covariant form, which makes the determination of
the QCD operators direct and straightforward. This is
one of the main advantages of our approach and can be

carried out to any required order of the expansion in a
given kinematic limit.

To illustrate the approach, we apply it to DIS di-
jet production [41, 43, 79–83]. The motivation behind
this choice is that dijet production will be one of the
main channels for probing the dense QCD medium in-
side hadrons at the future Electron-Ion Collider (EIC) at
Brookhaven National Laboratory (BNL), see Refs. [84,
85]. By leveraging the dependence of this process on
various transverse momentum scales and polarization,
this scattering reaction opens broad possibilities for pre-
cision tomography of the hadron structure, e.g. extrac-
tion of transverse momentum dependent parton distri-
bution functions (TMDPDFs) [86–89], probing the or-
bital angular momentum (OAM) [90] contribution to the
hadron spin, and searching for signatures of the satura-
tion regime [31, 91–95].

We begin our analysis by computing DIS dijet produc-
tion in the general framework of the background field
approach, deriving the dijet production cross section in
terms of quantum (anti)quark propagators in the non-
perturbative background field. We limit our computa-
tion of the quantum modes to the leading order, with-
out loop contributions. The resulting expression is com-
pletely general and valid in arbitrary kinematics. By
specifying the kinematics of the problem, we construct
an expansion of the background fields onto a contour of
a given choice.

First, we consider dijet production in the back-to-back
regime, where the transverse momentum imbalance be-
tween the jets is much smaller than the transverse mo-
menta of the jets. The ratio of the imbalance to the
transverse momenta serves as the expansion parameter,
which we apply to our general expression for the di-
jet production amplitude. Expanding in this parameter
corresponds to expanding the background fields of the
propagators onto a contour of TMD operators [96, 97].
Our approach allows one to straightforwardly derive the
gauge-covariant form of this expansion. We explicitly
provide the leading-power result and outline an algorithm
for computing higher-power corrections, which within our
framework can be obtained to any necessary order.

Second, to demonstrate the universality of our ap-
proach, we compute dijet production in the small-x
regime. To introduce an expansion parameter for this
analysis, we employ the high-energy power counting
for the background fields, defined by a boost of the
fields [98, 99]:

B↑(x+
, x
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, x→) ↑ ωB̃↑(ω↑1
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+
, ωx

↑
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x
+
, ωx

↑
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where ω is a large boost parameter and B̃µ is the field
before the boost. The high-energy power counting (1)
has previously been used in computing power corrections
in the TMD framework [47] and in deriving sub-eikonal
corrections in the small-x formalism [59, 78].
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The higher terms of the expansion are suppressed by the higher 
orders of the expansion parameter λ−1

2

corresponding to di!erent partonic modes are separated
at the level of the QCD Lagrangian. As a result, the
perturbative mode — defined by “perturbative” partons
propagating in the non-perturbative background — can
be conveniently described in terms of propagators in the
background fields [19, 25, 75]. These propagators possess
a gauge-covariant structure, which allows derivation of
gauge-covariant QCD operators defining the scattering,
an essential requirement for the problem.

This procedure involves expanding the propagators in
a parameter defined by the scattering kinematics, e.g.
q→/Q → 1 in TMD factorization, where q→ is a small
transverse momentum of the final state and Q

2 is the
hard scale of the problem. Remarkably, this expansion
can be formulated as an expansion of the background
fields of the propagators onto a contour of a certain shape
in coordinate space, such that the resulting QCD opera-
tors are ordered along the contour — e.g. a straight-line
contour along the light-cone direction in collinear factor-
ization [76], or a dipole contour in small-x scattering [77].
Hence, computing the operators in the background field
approach requires developing methods for constructing
such expansions.

At present, little is known about the general structure
of these expansions. Typically, a brute-force approach is
applied in which the expansion for a particular scattering
problem is constructed to only the first few orders [56,
59, 78]. This approach requires considerable e!ort, since
the resulting operator structure is not obvious from the
form of the propagators.

In this paper, we develop a general framework for de-
riving such expansions, applicable to any given order of
the expansion onto an arbitrary linear piecewise contour.
The key element of our formalism is the representation
of the “quantum” propagator in the background field in
terms of a path-ordered exponent, which describes prop-
agation of the quantum parton over all possible trajec-
tories in the background field, providing a completely
general formulation of the scattering problem.

The background fields of the path-ordered exponents
can be expanded onto a given contour. We derive a gen-
eral form of the expansion onto the light-cone direction;
the result is constructed from gauge-covariant operators,
which allows unambiguous determination of the oper-
ators to any given order. We subsequently derive an
equation for a parallel shift of the path-ordered expo-
nent in the transverse direction; this gives rise to trans-
verse gauge links with various insertions of the trans-
verse field-strength tensors. Using these formal operator
transformations, the path-ordered exponents represent-
ing quantum propagators in the background field can
be expanded onto an arbitrary piecewise contour con-
structed from light-cone segments connected by trans-
verse gauge links.

Importantly, we formulate these transformations in a
gauge-covariant form, which makes the determination of
the QCD operators direct and straightforward. This is
one of the main advantages of our approach and can be

carried out to any required order of the expansion in a
given kinematic limit.

To illustrate the approach, we apply it to DIS di-
jet production [41, 43, 79–83]. The motivation behind
this choice is that dijet production will be one of the
main channels for probing the dense QCD medium in-
side hadrons at the future Electron-Ion Collider (EIC) at
Brookhaven National Laboratory (BNL), see Refs. [84,
85]. By leveraging the dependence of this process on
various transverse momentum scales and polarization,
this scattering reaction opens broad possibilities for pre-
cision tomography of the hadron structure, e.g. extrac-
tion of transverse momentum dependent parton distri-
bution functions (TMDPDFs) [86–89], probing the or-
bital angular momentum (OAM) [90] contribution to the
hadron spin, and searching for signatures of the satura-
tion regime [31, 91–95].

We begin our analysis by computing DIS dijet produc-
tion in the general framework of the background field
approach, deriving the dijet production cross section in
terms of quantum (anti)quark propagators in the non-
perturbative background field. We limit our computa-
tion of the quantum modes to the leading order, with-
out loop contributions. The resulting expression is com-
pletely general and valid in arbitrary kinematics. By
specifying the kinematics of the problem, we construct
an expansion of the background fields onto a contour of
a given choice.

First, we consider dijet production in the back-to-back
regime, where the transverse momentum imbalance be-
tween the jets is much smaller than the transverse mo-
menta of the jets. The ratio of the imbalance to the
transverse momenta serves as the expansion parameter,
which we apply to our general expression for the di-
jet production amplitude. Expanding in this parameter
corresponds to expanding the background fields of the
propagators onto a contour of TMD operators [96, 97].
Our approach allows one to straightforwardly derive the
gauge-covariant form of this expansion. We explicitly
provide the leading-power result and outline an algorithm
for computing higher-power corrections, which within our
framework can be obtained to any necessary order.

Second, to demonstrate the universality of our ap-
proach, we compute dijet production in the small-x
regime. To introduce an expansion parameter for this
analysis, we employ the high-energy power counting
for the background fields, defined by a boost of the
fields [98, 99]:

B↑(x+
, x
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where ω is a large boost parameter and B̃µ is the field
before the boost. The high-energy power counting (1)
has previously been used in computing power corrections
in the TMD framework [47] and in deriving sub-eikonal
corrections in the small-x formalism [59, 78].
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FIG. 10. a) In the back-to-back limit of dijet production, the operator hierarchy can be derived by expanding the path-ordered
exponents onto a contour of TMD operators; b) for dijet production at small x, the corresponding hierarchy is obtained by
expanding onto a quadrupole contour.

the gauge factors.

For physical observables, however, we generally aim
to derive a factorized form in which the quantum par-
ton dynamics and the background field interactions are
separated. In the factorization formula, the former cor-
responds to a perturbative coe!cient, while the latter
is given by a (generically non-perturbative) matrix ele-
ment of background field operators. We therefore need to
disentangle these two elements within the path-ordered
exponents (76).

An e!cient way to achieve this is to expand the path-
ordered exponents onto a fixed linear piecewise contour,
see e.g. Fig. 10. Such an expansion fixes the path of the
gauge links independently of the quantum parton dynam-
ics, yielding the desired factorized form. In this section,
we develop a general approach for expanding the path-
ordered exponents (75) onto an arbitrary linear piecewise
contour.

In the next two subsections, we consider a path-ordered
exponent (75) between two points (x→

, x↑) and (y→
, y↑),

represented schematically in Fig. 11a:

(x↑|G(x→
, y

→)|y↑) (84)

= (x↑|P exp
{

i
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y→
dz

→
(
e
i
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g

4p→ ω
µω

Fµω

)
e
→i

P2
↑(z→)

2p→ z→
→ P

2
↑(z→)

2p→

)}
|y↑) ,

and construct its expansion onto the light-cone direction
at a fixed transverse position y↑, see Fig. 11b. We begin
with the simpler case Bi = 0 and then generalize to Bi ↑=
0.

Subsequently, we explain how the transverse position

of the path-ordered exponents can be shifted. Combined
with the light-cone expansion, this provides a general
method for expanding the path-ordered exponents (75)
onto an arbitrary linear piecewise contour.

A. Expansion onto the light-cone direction. Simple case of Bi = 0

We aim to expand the path-ordered exponent in Eq. (84) onto the light-cone direction at the transverse position
y↑, see Fig. 11b. Setting the transverse background field component to zero, Bi = 0, we first expand the path-ordered
exponent in Eq. (84):

G(x→
, y

→)
∣∣∣
Bi=0

= P exp
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i
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e
i
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e
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= 1 + i
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→
e
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p2
↑

2p→ z→(
gB→(z→) +

g

4p→ ω
µω

Fµω(z→)
)
e
→i

p2
↑

2p→ z→
+ . . . , (85)
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FIG. 10. a) In the back-to-back limit of dijet production, the operator hierarchy can be derived by expanding the path-ordered
exponents onto a contour of TMD operators; b) for dijet production at small x, the corresponding hierarchy is obtained by
expanding onto a quadrupole contour.

the gauge factors.

For physical observables, however, we generally aim
to derive a factorized form in which the quantum par-
ton dynamics and the background field interactions are
separated. In the factorization formula, the former cor-
responds to a perturbative coe!cient, while the latter
is given by a (generically non-perturbative) matrix ele-
ment of background field operators. We therefore need to
disentangle these two elements within the path-ordered
exponents (76).

An e!cient way to achieve this is to expand the path-
ordered exponents onto a fixed linear piecewise contour,
see e.g. Fig. 10. Such an expansion fixes the path of the
gauge links independently of the quantum parton dynam-
ics, yielding the desired factorized form. In this section,
we develop a general approach for expanding the path-
ordered exponents (75) onto an arbitrary linear piecewise
contour.

In the next two subsections, we consider a path-ordered
exponent (75) between two points (x→

, x↑) and (y→
, y↑),

represented schematically in Fig. 11a:

(x↑|G(x→
, y

→)|y↑) (84)
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and construct its expansion onto the light-cone direction
at a fixed transverse position y↑, see Fig. 11b. We begin
with the simpler case Bi = 0 and then generalize to Bi ↑=
0.

Subsequently, we explain how the transverse position

of the path-ordered exponents can be shifted. Combined
with the light-cone expansion, this provides a general
method for expanding the path-ordered exponents (75)
onto an arbitrary linear piecewise contour.

A. Expansion onto the light-cone direction. Simple case of Bi = 0

We aim to expand the path-ordered exponent in Eq. (84) onto the light-cone direction at the transverse position
y↑, see Fig. 11b. Setting the transverse background field component to zero, Bi = 0, we first expand the path-ordered
exponent in Eq. (84):

G(x→
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corresponding to di!erent partonic modes are separated
at the level of the QCD Lagrangian. As a result, the
perturbative mode — defined by “perturbative” partons
propagating in the non-perturbative background — can
be conveniently described in terms of propagators in the
background fields [19, 25, 75]. These propagators possess
a gauge-covariant structure, which allows derivation of
gauge-covariant QCD operators defining the scattering,
an essential requirement for the problem.

This procedure involves expanding the propagators in
a parameter defined by the scattering kinematics, e.g.
q→/Q → 1 in TMD factorization, where q→ is a small
transverse momentum of the final state and Q

2 is the
hard scale of the problem. Remarkably, this expansion
can be formulated as an expansion of the background
fields of the propagators onto a contour of a certain shape
in coordinate space, such that the resulting QCD opera-
tors are ordered along the contour — e.g. a straight-line
contour along the light-cone direction in collinear factor-
ization [76], or a dipole contour in small-x scattering [77].
Hence, computing the operators in the background field
approach requires developing methods for constructing
such expansions.

At present, little is known about the general structure
of these expansions. Typically, a brute-force approach is
applied in which the expansion for a particular scattering
problem is constructed to only the first few orders [56,
59, 78]. This approach requires considerable e!ort, since
the resulting operator structure is not obvious from the
form of the propagators.

In this paper, we develop a general framework for de-
riving such expansions, applicable to any given order of
the expansion onto an arbitrary linear piecewise contour.
The key element of our formalism is the representation
of the “quantum” propagator in the background field in
terms of a path-ordered exponent, which describes prop-
agation of the quantum parton over all possible trajec-
tories in the background field, providing a completely
general formulation of the scattering problem.

The background fields of the path-ordered exponents
can be expanded onto a given contour. We derive a gen-
eral form of the expansion onto the light-cone direction;
the result is constructed from gauge-covariant operators,
which allows unambiguous determination of the oper-
ators to any given order. We subsequently derive an
equation for a parallel shift of the path-ordered expo-
nent in the transverse direction; this gives rise to trans-
verse gauge links with various insertions of the trans-
verse field-strength tensors. Using these formal operator
transformations, the path-ordered exponents represent-
ing quantum propagators in the background field can
be expanded onto an arbitrary piecewise contour con-
structed from light-cone segments connected by trans-
verse gauge links.

Importantly, we formulate these transformations in a
gauge-covariant form, which makes the determination of
the QCD operators direct and straightforward. This is
one of the main advantages of our approach and can be

carried out to any required order of the expansion in a
given kinematic limit.

To illustrate the approach, we apply it to DIS di-
jet production [41, 43, 79–83]. The motivation behind
this choice is that dijet production will be one of the
main channels for probing the dense QCD medium in-
side hadrons at the future Electron-Ion Collider (EIC) at
Brookhaven National Laboratory (BNL), see Refs. [84,
85]. By leveraging the dependence of this process on
various transverse momentum scales and polarization,
this scattering reaction opens broad possibilities for pre-
cision tomography of the hadron structure, e.g. extrac-
tion of transverse momentum dependent parton distri-
bution functions (TMDPDFs) [86–89], probing the or-
bital angular momentum (OAM) [90] contribution to the
hadron spin, and searching for signatures of the satura-
tion regime [31, 91–95].

We begin our analysis by computing DIS dijet produc-
tion in the general framework of the background field
approach, deriving the dijet production cross section in
terms of quantum (anti)quark propagators in the non-
perturbative background field. We limit our computa-
tion of the quantum modes to the leading order, with-
out loop contributions. The resulting expression is com-
pletely general and valid in arbitrary kinematics. By
specifying the kinematics of the problem, we construct
an expansion of the background fields onto a contour of
a given choice.

First, we consider dijet production in the back-to-back
regime, where the transverse momentum imbalance be-
tween the jets is much smaller than the transverse mo-
menta of the jets. The ratio of the imbalance to the
transverse momenta serves as the expansion parameter,
which we apply to our general expression for the di-
jet production amplitude. Expanding in this parameter
corresponds to expanding the background fields of the
propagators onto a contour of TMD operators [96, 97].
Our approach allows one to straightforwardly derive the
gauge-covariant form of this expansion. We explicitly
provide the leading-power result and outline an algorithm
for computing higher-power corrections, which within our
framework can be obtained to any necessary order.

Second, to demonstrate the universality of our ap-
proach, we compute dijet production in the small-x
regime. To introduce an expansion parameter for this
analysis, we employ the high-energy power counting
for the background fields, defined by a boost of the
fields [98, 99]:

B↑(x+
, x

↑
, x→) ↑ ωB̃↑(ω↑1

x
+
, ωx

↑
, x→); (1)

Bi(x
+
, x

↑
, x→) ↑ B̃i(ω

↑1
x

+
, ωx

↑
, x→);

B+(x+
, x

↑
, x→) ↑ ω

↑1
B̃↑(ω↑1

x
+
, ωx

↑
, x→) ,

where ω is a large boost parameter and B̃µ is the field
before the boost. The high-energy power counting (1)
has previously been used in computing power corrections
in the TMD framework [47] and in deriving sub-eikonal
corrections in the small-x formalism [59, 78].

CGC field

extension of the model, spin effects, 
sub-eikeonal corrections

The transverse field component of the background 
field at small x starts to contribute already at the 
eikonal order of the computation through 
contribution of the transverse gauge links at the 
spatial infinity
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FIG. 10. a) In the back-to-back limit of dijet production, the operator hierarchy can be derived by expanding the path-ordered
exponents onto a contour of TMD operators; b) for dijet production at small x, the corresponding hierarchy is obtained by
expanding onto a quadrupole contour.

the gauge factors.

For physical observables, however, we generally aim
to derive a factorized form in which the quantum par-
ton dynamics and the background field interactions are
separated. In the factorization formula, the former cor-
responds to a perturbative coe!cient, while the latter
is given by a (generically non-perturbative) matrix ele-
ment of background field operators. We therefore need to
disentangle these two elements within the path-ordered
exponents (76).

An e!cient way to achieve this is to expand the path-
ordered exponents onto a fixed linear piecewise contour,
see e.g. Fig. 10. Such an expansion fixes the path of the
gauge links independently of the quantum parton dynam-
ics, yielding the desired factorized form. In this section,
we develop a general approach for expanding the path-
ordered exponents (75) onto an arbitrary linear piecewise
contour.

In the next two subsections, we consider a path-ordered
exponent (75) between two points (x→

, x↑) and (y→
, y↑),

represented schematically in Fig. 11a:

(x↑|G(x→
, y

→)|y↑) (84)
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and construct its expansion onto the light-cone direction
at a fixed transverse position y↑, see Fig. 11b. We begin
with the simpler case Bi = 0 and then generalize to Bi ↑=
0.

Subsequently, we explain how the transverse position

of the path-ordered exponents can be shifted. Combined
with the light-cone expansion, this provides a general
method for expanding the path-ordered exponents (75)
onto an arbitrary linear piecewise contour.

A. Expansion onto the light-cone direction. Simple case of Bi = 0

We aim to expand the path-ordered exponent in Eq. (84) onto the light-cone direction at the transverse position
y↑, see Fig. 11b. Setting the transverse background field component to zero, Bi = 0, we first expand the path-ordered
exponent in Eq. (84):
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that physically both forms correspond to the same interaction of the (anti)quark with the transverse background field
at a finite position in coordinate space, see Fig. 6.

A similar computation for the complex conjugated amplitude (177) yields

→iM
†µ
s1,s2
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)

Substituting Eqs. (187) and (188) into Eq. (175), the dijet production cross section in the high-energy power count-
ing (1) at the eikonal order can be computed straightforwardly. We now list the results for each virtual photon
polarization.

E. The dijet production cross section at the eikonal order

For the longitudinally polarized photon we obtain the following result
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In this case, the dijet production cross section is defined by a matrix element of the background field operator

U(z↑, z
↓
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↓
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↑, ε
↓
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Here, we restored the gauge invariance of the operator by adding transverse gauge links at the future infinity.
The same operator defines the cross sections with the transversely polarized photon. We obtain the following

equations
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that physically both forms correspond to the same interaction of the (anti)quark with the transverse background field
at a finite position in coordinate space, see Fig. 6.

A similar computation for the complex conjugated amplitude (177) yields
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Substituting Eqs. (187) and (188) into Eq. (175), the dijet production cross section in the high-energy power count-
ing (1) at the eikonal order can be computed straightforwardly. We now list the results for each virtual photon
polarization.

E. The dijet production cross section at the eikonal order

For the longitudinally polarized photon we obtain the following result
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In this case, the dijet production cross section is defined by a matrix element of the background field operator
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Here, we restored the gauge invariance of the operator by adding transverse gauge links at the future infinity.
The same operator defines the cross sections with the transversely polarized photon. We obtain the following

equations
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The transverse field component in the quark 
propagator in the small-x background 
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corresponding to di!erent partonic modes are separated
at the level of the QCD Lagrangian. As a result, the
perturbative mode — defined by “perturbative” partons
propagating in the non-perturbative background — can
be conveniently described in terms of propagators in the
background fields [19, 25, 75]. These propagators possess
a gauge-covariant structure, which allows derivation of
gauge-covariant QCD operators defining the scattering,
an essential requirement for the problem.

This procedure involves expanding the propagators in
a parameter defined by the scattering kinematics, e.g.
q→/Q → 1 in TMD factorization, where q→ is a small
transverse momentum of the final state and Q

2 is the
hard scale of the problem. Remarkably, this expansion
can be formulated as an expansion of the background
fields of the propagators onto a contour of a certain shape
in coordinate space, such that the resulting QCD opera-
tors are ordered along the contour — e.g. a straight-line
contour along the light-cone direction in collinear factor-
ization [76], or a dipole contour in small-x scattering [77].
Hence, computing the operators in the background field
approach requires developing methods for constructing
such expansions.

At present, little is known about the general structure
of these expansions. Typically, a brute-force approach is
applied in which the expansion for a particular scattering
problem is constructed to only the first few orders [56,
59, 78]. This approach requires considerable e!ort, since
the resulting operator structure is not obvious from the
form of the propagators.

In this paper, we develop a general framework for de-
riving such expansions, applicable to any given order of
the expansion onto an arbitrary linear piecewise contour.
The key element of our formalism is the representation
of the “quantum” propagator in the background field in
terms of a path-ordered exponent, which describes prop-
agation of the quantum parton over all possible trajec-
tories in the background field, providing a completely
general formulation of the scattering problem.

The background fields of the path-ordered exponents
can be expanded onto a given contour. We derive a gen-
eral form of the expansion onto the light-cone direction;
the result is constructed from gauge-covariant operators,
which allows unambiguous determination of the oper-
ators to any given order. We subsequently derive an
equation for a parallel shift of the path-ordered expo-
nent in the transverse direction; this gives rise to trans-
verse gauge links with various insertions of the trans-
verse field-strength tensors. Using these formal operator
transformations, the path-ordered exponents represent-
ing quantum propagators in the background field can
be expanded onto an arbitrary piecewise contour con-
structed from light-cone segments connected by trans-
verse gauge links.

Importantly, we formulate these transformations in a
gauge-covariant form, which makes the determination of
the QCD operators direct and straightforward. This is
one of the main advantages of our approach and can be

carried out to any required order of the expansion in a
given kinematic limit.

To illustrate the approach, we apply it to DIS di-
jet production [41, 43, 79–83]. The motivation behind
this choice is that dijet production will be one of the
main channels for probing the dense QCD medium in-
side hadrons at the future Electron-Ion Collider (EIC) at
Brookhaven National Laboratory (BNL), see Refs. [84,
85]. By leveraging the dependence of this process on
various transverse momentum scales and polarization,
this scattering reaction opens broad possibilities for pre-
cision tomography of the hadron structure, e.g. extrac-
tion of transverse momentum dependent parton distri-
bution functions (TMDPDFs) [86–89], probing the or-
bital angular momentum (OAM) [90] contribution to the
hadron spin, and searching for signatures of the satura-
tion regime [31, 91–95].

We begin our analysis by computing DIS dijet produc-
tion in the general framework of the background field
approach, deriving the dijet production cross section in
terms of quantum (anti)quark propagators in the non-
perturbative background field. We limit our computa-
tion of the quantum modes to the leading order, with-
out loop contributions. The resulting expression is com-
pletely general and valid in arbitrary kinematics. By
specifying the kinematics of the problem, we construct
an expansion of the background fields onto a contour of
a given choice.

First, we consider dijet production in the back-to-back
regime, where the transverse momentum imbalance be-
tween the jets is much smaller than the transverse mo-
menta of the jets. The ratio of the imbalance to the
transverse momenta serves as the expansion parameter,
which we apply to our general expression for the di-
jet production amplitude. Expanding in this parameter
corresponds to expanding the background fields of the
propagators onto a contour of TMD operators [96, 97].
Our approach allows one to straightforwardly derive the
gauge-covariant form of this expansion. We explicitly
provide the leading-power result and outline an algorithm
for computing higher-power corrections, which within our
framework can be obtained to any necessary order.

Second, to demonstrate the universality of our ap-
proach, we compute dijet production in the small-x
regime. To introduce an expansion parameter for this
analysis, we employ the high-energy power counting
for the background fields, defined by a boost of the
fields [98, 99]:
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where ω is a large boost parameter and B̃µ is the field
before the boost. The high-energy power counting (1)
has previously been used in computing power corrections
in the TMD framework [47] and in deriving sub-eikonal
corrections in the small-x formalism [59, 78].
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-like form of a small field component, 
the derivative is enhanced. Transverse 
component contribution in the eikonal 
small-x simulations? 
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F→i = →ωiB→ + ω→Bi → ig[B→, Bi]

eikonal order
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