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Motivation




Dijet production

e Studied at small-x and large-x M{ 3 >\/M

e At small-x: CGC in (sub-)eikonal limit

e At large-x: TMD in back-to-back limit

Very interesting process to study the interplay between small and large-x formalisms




Dijet production

electron (Pe) /

>

hadrorl (Py)

Hard scale: Q) ~ P,




Back to back kinematics

v

Transverse imbalance

Imbalance: A, = ki, + koy

Ay =k +kyy

/‘Leading jet
e

Back to back limit: A, < P,

Associate jet

=V

TMD factorization has been shown for dijet production in back to back

kinematics



Current status of calculations

Collinear regime TMD regime

(general x)

o Ay ~iPy

* L.t. collinear
factorization

® no transverse
sensitivity

PDF

(moderate x)

o Ay <Py
* Sudakov resumm.

TMD

Small-x regime  Small-x regime
(CGC-eikonal)  (CGC-subeikonal)

TMD regime
(general x)

cxxl e x <l * A <P
* Wilson lines e Subeikonal corrections ¢ general-x
* eikonal approx. ¢ small-x expansion e including twist-3
operator
e tree level
Wilson-line subeikonal operators
correlators corrections up to twist-3
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TMD factorization at arbitrary bjorken x

Back-to-back dijet production in DIS at arbitrary Bjorken-x:
TMD gluon distributions to twist-3 accuracy

Swagato Mukherjee,! Vladimir V. Skokov,? Andrey Tarasov,?? Shaswat Tiwari,!-? * and Fei Yao!-f

Background field method

Leading order in «y

Both quark and gluon operators upto twist-3

Reproduces the (sub)eikonal results



What operators are considered?

Kinematic twist

expansion in A, /P,

>

twist-2 (leading) twist-3 (linear)
- c G®F_F
Z F_F_;
g 1 ® P C,x 0 (A /P)
2 V »
dynamic twist
tT=d-s
G F;F_;
o
' é C,®F, F_ Co® FyF_;
g CsQ® F_;F_,F_,
v b 4




The procedure summarized

Dijet amplitude

Arbitrary number of insertions | Identify the background propagators

Perform a twist expansion in terms of field strength tensors

Dynamical background | Includes twist-three operators

Substitute back into the amplitude

Construct TMD with full phase i Retain terms upto (9(%)
Dijet cross-section upto twist-three accuracy

Mukjerjee, Skokov, Tarasov, Yao, SST(2026,2026)



TMD factorization at arbitrary bjorken x

Back-to-back dijet production in DIS at arbitrary Bjorken-x:
TMD gluon distributions to twist-3 accuracy

Swagato Mukherjee,! Vladimir V. Skokov,? Andrey Tarasov.?? Shaswat Tiwari,’»?:* and Fei Yao':f

e Background field method

Leading order in «y
e Both quark and gluon operators upto twist-3

e Reproduces the (sub)eikonal results

’Does the methodology work at NLO?




TMD factorization at arbitrary bjorken x

Back-to-back dijet production in DIS at arbitrary Bjorken-x:
TMD gluon distributions to twist-3 accuracy

Swagato Mukherjee,! Vladimir V. Skokov,? Andrey Tarasov,? 3 Shaswat Tiwari,>?* and Fei Yaol 1

Background field method

Leading order in o

Both quark and gluon operators upto twist-3

Reproduces the (sub)eikonal results

| The answer is no!
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ITMD beyond small-x

Methodology developed under kinematic twist expansion not applicable

e NLO in CGC: No problem since all twist

e ITMD formalism: resum kinematic corrections at small-x

kinematic genuine
A N
Ay @ Q
dUCGC:dUTMD+O —1+0 =2 +0 =2
Q@1 Ay Q@1
dorrmp

kotko,kutak, Marquet, Petreska, Sapeta,van Hameren(2015)
Altinoluk, Boussarie(2019)
20)

Boussarie, Mantysaari,Salazar,Schenke(2021)

Boussarie, Mehtar-Tani(
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ITMD beyond small-x

e NLO in CGC: No problem since all twist
e ITMD formalism: resum kinematic corrections at small-x
kinematic genuine
N
oS
QJ_ A, Q.

dU ITMD

dUCGC dUTMD + 0

We propose a new background field method that generalizes ITMD beyond small-x

kotko,kutak, Marquet, Petreska,Sapeta,van Hameren(2015)
Altinoluk, Boussarie(2019)
Boussarie, Mehtar-Tani(2020)

Boussarie, Mantysaari,Salazar,Schenke(2021)
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ITMD beyond small-x

e NLO in CGC: No problem since all twist

e ITMD formalism: resum kinematic corrections at small-x

kinematic genuine
% —
A, Q
dUCGC ZdOTMD+0 — 1+ 0 =5 QS
Q. AJ_ QJ_
dorrvp

Let us understand our back-to-back calculation in more detail ‘

kotko,kutak, Marquet, Petreska, Sapeta,van Hameren(2015)
Altinoluk, Boussarie(2019)

Boussarie, Mehtar-Tani(2020)

Boussarie, Mantysaari,Salazar,Schenke(2021)

13



Quark propagator

—_— > +
(frljb\y)=($\;ﬁ\y)+( 'y

1,1

A T S Iy I S

pory
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The dijet amplitude

o P = (P",0,0,)

e AT =0

iM = —iee,(q)

lim
k2,k2-0

ke (0
7" (q)
k2
P
e —
/
S dtwe e | Galpsslo) || olp - 2)

quark

anti—quark

v (ko)



The dijet amplitude

ke
7 (9)

k2
o P = (P*,0,0,)
e AT =0

P
e —
/
k)l 5190 = k) (i P ) = 70 (sl )
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The dijet amplitude

ki (

e P = (P*,0,0,) ke

e At =0 P
/
iM=iee (q)fd‘*ye*i” lim (k1) kf(kl|;|y) o (y\;\—kz)kmﬁ
g K2 k20 P2+ lowvF,, P2+ lowF,
quark anti—quark

’ We shall work with these propagators now ‘

v(k2)



The propagator and its expansion

(]

2

—[y) = (]

P2+ lowE,, +ie

1
[o-a]+ o™ F,,
2

+ 7€

)

Propagator

gradient expansion

Wilson line +

+ target dynamics +
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Expanding the scalar propagator

Y

1 P2 1

<x|P+—|y> (e[ 5

__l
T + 1€

P++ze Pt +1e 2k~ P+ +ie

Let us simplify the eikonal P* propagator now

)
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Expanding the scalar propagator: Wilson lines

1
Pt +ie

(27 ly™) ==ib(z” -y )27, y"]

Plugging it back into the propagator
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Expanding the scalar propagator

<
<
<

(t]——r——Iy) =5(a" - y") 6™ ~y) (| [ ~i [,y ]

P+—?+Z€

a1 B )

’Let us now generate F insertions‘
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Generating F

insertions

<

Let us now generate F insertions
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Intermediate form of the scalar propagator

= + + +
/ g e T T
1 o A ~ Pl o
(ot ly) =00~y 0™ ) oA =i o] G ) P ]
Pt — 5= +ie

[0 - B e e T )

We can resum the exponential at the boundary: phase ignored in small-x/CGC ‘
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Final form of the scalar propagator

= + + + +
y g o T e
1 5 =0 — —i(m’—y’)Pi@;—) T g
(ol = 80"~y 00"~y ) e O i)
Pt — 5 +ie
1 = o _ o
o [T (P a0 ] .
Y

’We can resum the exponential at the boundary: phase ignored in small-x/CGC ‘
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Going back to quark propagator

= + + + +
I g TR U VUETETT
1 -
(o) = (el ) + 8" ~y*) Bz 1)
P—zk,"’m‘f‘ZG P —%‘FZE
P2 1 "
(s fe [M_ [ Tere) ] +...]|yn
oy

’ Carrying out amputation (LSZ) ‘
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Quark propagator amputated

B T B ST e e e e T

1
lim k2(k|f
k250 P2+ 50F +ie

k{[ooy] f” dz-[jjﬂz-—y-)ﬁ_k(z:yi)ﬁoF(z-,yn][oo,y-Jy}

ly)

where F(27) = [o0,27 |F(27)[27, 00]

’ Similar procedure for target dynamics ‘
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Summary of different terms

Four layers of gradient expansion

(i) Longitudinal propagation
— Wilson line

¢ Resumption of multiple
A~ interactions
 Defines the gauge-

invariant backbone

(ii) dynamics in target

4

* Encodes longitudinal
field gradients

* Generate twist-2 F, _
insertions

 Absent in strict eikonal

limit

(iii) Field-strength insertions

e merges from transverse
momentum expansion

 Generates twist-1 F_;,
two-gluon body F_,F_; ,
and kinematic twist-2

from D;F_;

(iv) Spin-field coupling
— o"F,,

* Pauli spin—field coupling

¢ Produces additional
transverse twist-2
structures Fj;

* Absent for longitudinal

photon
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Final propagators

1 .
Quark propagator: klm}) k2 (k| m |y) = ie”‘y{ —i[e0,y7]y, +¢;(A) F + ¢(k) 6 F + c3(k) DF + ¢y(k) D(oF)
e —O0. e
2

+¢5(K) FF + cg(k) (6F)F + ... }

. 1 .
Antiquark propagator: lim k*(y|——— | —k) = — ie"‘y{i[y‘, o], +cH(—k) F+ ci(=k)o F + c¥(=k) DF
k=0 P2+ ZoF + ie s

+ cjf(—k) D(oF) + cs*(—k) FF + cg‘(—k) (6F)F + ... }
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Dijet amplitude

quark antiquark N
; 1 i 7
. _—— 4, —igy . = 2 P — 2
iM=icer(@ [ aye ™ m ah) K Gl gy 07 Ol | k) Kok,
R Tt AT

[
. dz_dzzl i(lc"' _—AJ_:J_)— i P T — . LV A p P AUV T -
iM=—ee(q) Te 9 (k1) ClyPF_i(z™,x1)+i (S10* 7P+ SoyPot) F(x™, 1)
+CFy*Fy_(z-,21)+ [(']F’fl'y"+icl30_k'y" +iCko7!y" +iCEyP o~ ) Dy (IF,27,21)

+ (T8 4? +iCho~"4* +iChyP o=F +iCh P o~!) D] (—1F, z‘,zl)] z+—0}u(kz)

Two-body (twist-2) operator:
a
2r) k* — I+ +ie

Dy (1%, x7,x)) = iJ de'_e”‘m‘i_"/i)[oo, X1, Fopx™x ) [ 0] Foe™, x)) [x7, 0],
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Cross-section

Differential cross-section

do

ki ks
U2 Gk d2kyy dky d2kyy

=mq 6(ky +k; —q ) [iM|?

Longtudinal polarized

Transverse polarized

2
e_(q)ex(g) = %

1 . 1
5 2 4@ @=-Zg

A=%1

Leading-twist contribution to the cross section.
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Longitudinal photon cross-section

complete phase

[iM|% ~ ez/dz_d%Ldy_dzyl eiks @7 —yT)—iAL (@i~

0, = [2Pipf (- z)(Pw' + Pw’) +8(z—2)"

16 22z
yL)

(Pt

A-P)Pipiy_

P} +¢%

€
———Lﬁpﬁﬂﬁ0H04 e} = 220?

AR

]F_,-(z‘,au) F_;(y~, y1), dynamic leading-twist
T

0, = (Z 2) PP} [F—l(z ) Fy (v, y)+F(7,20) Fa(y™, yJ.)] dynamic twist-3
B

z2q- e

[ k(2) F_i(z™, 1) Dy (l+yy_ayl)+Hkl(z)Dkl(l+yz_y$L)Fvi(y_1:UJ_)]

B et

[sz(z (z7,21) Dr( =1,y yr) + Hia(2) D, (—1* Iisz_)F—i(yi:yJ.)]

. e
where we defined

4Pkpl
Hk[ (Z) = 5kl =

PPye

2Pk p!
2q~

)
1+=0 o
sp—— dynamic twist-3

1+=0"
e e

0
ot

Similarly for transverse photon polarization
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TMD factorization at small-x

e Full longitudinal phase (general-x TMD framework):
eixk;’ x™=y")
e Small-x limit (x — 0), taking phase expansion:
PO 4 ixk;r x =y
e Operator reduction:

— F_;F_; — eikonal, subeikonal
- F_iF_jF_k — eikonal, subeikonal
— F+_F_j, Fu F_j — subeikonal

* Reproduces eikonal and sub-eikonal CGC expressions in Ref. [Altinoluk, Beuf, Czajka & Marquet, PRD 111 (2025)]
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What about quarks?

At large-x we also need to consider dijet in quark background

33



Amplitude

) 1 i )
. 1_ : 4 4 —iq.y A 2 ij @ J v
iM = ekz}lkr%lqo d*zd*ye e} (k) e (q) | k° (K| Plgn, v i+ Z€|z) e(2) ty Y
gluon

1 ba | _p i
P2+ 0F + zeﬂy) K P2+ 20F +ic

quark LSZ’d quark

(2] k1) k3 |0 (k1)

iM2=—ie Bim [ ddize Y ad(ky) k2 (ky|———|2) %Nt (o — Pl Y
i [ (k) Kkl g0t Gl )

90 () (8 eu(a) (3l

: —|k)"
gu) + ’LFV,\ + 1€
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Longitudinal cross-section at leading twist

Z2°q €}
dol = -8€* | ——3=
7 ‘ ((P2+ef)2

D(y) [y, 0]z, 7" [o0, 271, 9%(2)

) fdy dZ dzyldzz e —i(y -z )k++l(yl Zl)kgj_

e Matches with sub-eikonal results at small-x
e Can be used to systematically go beyond leading twist (), 1y F))

e Similar procedure for transverse cross-section

Altinoluk, Armesto, Beuf (2023)
Mukherjee, Skokov, Tarasov, Yao, SST(2026)
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Dijet NLO

What about dijet NLO?

Kay
1
lim k2 (k| - :
k250 P2g,, +1F,) +ie
Ry
%« i b
3,73+ 2= a
( |P2 +i0F + ieﬂy)
1
- Y2y (Kl ly)

However the gradient expansion is not valid anymore! ‘

2 1
P2+ iﬂ'u‘l/Fl“/

2)

j
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Dijet NLO

Kay
S Ry kgj_ oc ky
A
Kg.<gqr DF o< kg F
Need to keep all D" F contributions
< K?-L

’Q: Is it possible to sum these contributions?
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Framing it at leading order

Kay
K" «
3 3 kgi o< AL
9
DF oc A F
Need to keep all D" F contributions
< KZL

’Q: Is it possible to sum these kinematic twist contributions?
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ITMD

The answer is yes at small-x: ITMD formalism

Improved TMD factorization for forward dijet
production in dilute-dense hadronic collisions

P. Kotko,* K. Kutak,’ C. Marquet,* E. Petreska,*¢ S. Sapeta® and A. van Hameren”

kinematic genuine
- —

Q.
@l oA, ) o,

d(f ITMD

docee =dorvp + O

Boussarie, Mantys

(2019)
Tani(2020)
nke(2021)
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ITMD

Improved TMD factorization for forward dijet
production in dilute-dense hadronic collisions

P. Kotko,” K. Kutak,” C. Marquet,® E. Petreska,* S. Sapeta® and A. van Hameren”

kinematic genuine
—- —
docac = dUTMD+O( ) (&) (Q—)
Q@ Q@1
dUITMD

Can we develop a I'TMD formalism beyond small—x?‘
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An improved expansion

‘ Let us exponentiate ‘

(ol g ) = 8" =900 ) o [ -]

—%'FZE

- ]: dz" [z, 27] % (27 y 7]+ ]|yL) 7
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An improved expansion

R —

P .
+ _ 1
P S i€

- —id(a ~y") 0" ) (@ fPexp (=i [T de B0y )

() = o1

‘ Let us simplify the hamiltonian‘

42



An improved expansion

‘ Commuting the covariant derivative ‘

H(z ;27 )=Ho(x" )+ V(2 527)

with

V(z327) = - # {Pi(x_), /:_ dz'" [x_,z'_]Fi(z'_)[z'_,x_]}

1 x
+ o f dz""dz"" (a7, 27 F (7)) [, 2T FL () [ a7
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An improved expansion

’ Carry out a duhamel expansion of the propagator

(@] ———F7——1y) = —id(z" —y") 6(z" - y")

x () |ei(my)H0(1 -1 f dz e i =) Ho V(z5a7) etz =y ) Ho +(9(V2))[x,y]| Y1)
y [ S —— | S —

resummed resummed
F
FeoZZ2Z2Z220 Fe - —-=~— N
v ! V)
vt vy ¥+ -
1% Al L
—_— e — - = - = - - ) —— === _;_ ‘a
4,4, * 4y 4,4, 29
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The amplitude

iMarmp = e€,(q)u(kr) [ d'y e'ov (C,-p Fo(y™,yn)

+ Dp[ dz {F—i(y_vyl)ap—i(z_vyi)} + ZCZV
v

Cp _ 2q722(1€1 —kg)i ’yp
ok e (R et)

2q" 2z

P— yP
(k%L-+E?)(k§l-+€?) ’
z z
cr, = 70_!“)7;2 + 7’7p0;w
pv k§<+e§ k%—re}

Fl“’(y—, yl)

2

) U(k’g)
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At small-x

Does it give ITMD at small x? The answer is no

F
=
2
o
|
+

The operators have small dipole size
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At small-x

Does not resum the dense corrections at small-x|

kinematic dilute genuine
——t—~—~ Y ——

docge =don + O( 22 )+ 0( L)+ o )

"

dostvmp

Can we construct a better operator basis? ‘
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A different expansion

‘Let us reintroduce the dipole size into the game

1
(2l ——1y)
P+ - Shs t i€

bt =)0 -y ) @ lPesp (=i [ d B0 )

=-id(z" -y 0(z” -y ) (z,|R(z")

Pep(=i [ ds B a) )l ][R w)

2 x _
R(x™) = e"'PEEf Lo

The factor R~!(y~) generates transverse link at photon splitting == finite dipole size
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The amplitude

1
Hy(z;27) = —# dafz™, 2 ][R N (a2 ) {Pi(z7), 2 Fi(z)}R(az")[27,27]
_____________ Zz,
- - Z : 3
|
M. = b + Ryt
stTMD e e o e e mm o - __ o,
a‘ oo
—_ - _Z—_.F.'_“ _____ z,
: Tecmg  woith
* [} + hi_a\wec Aumber
: ————————— Oy OB F‘S
a' oo
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Organizing the expansion

Terms should be retained based on eikonality and twist

iMS = iMO + iM1 + ZMQ

mT T T el et =
[} ]
V(V + Ry
sTmD N o - o,
4 ad
—_ - _Z—_.F.'_‘I _____ zZ,
| Terc mg woith
[}
A ] + hi%\wet Surmber
) \
e — - = == Oa 0‘ F S



Organizing the expansion

_____________ z,
- - Za \ 'S
| |
M, « + Ryt
SiND e ———— - ——— = oy e — - - —— = == o,
4 d
__ = F:_\' _____ z
: Termg  woith
+ ] + htahec oumnbes
)
e — - —— === == o % F.
a4 i

We shall now compute the ITMD expansion starting with this amplitude




Going to ITMD

We can use the small-x method to generate F while keeping saturation corrections‘

e Construct F from wilson lines without gradient expansion

@) = F@)+ (@) = F@) = 1) + [ d® [P (@ =b) = 6Dy -0)] (1)

e We use the following identity

2k ik-(xz-b) _ _ik-(y-b)
F@=fw) =i [ @ [ G et 0 )

o f(x)=[y ,o0] gives us F
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ITMD at all bjorken x

‘ Amplitude for single field strength insertion ‘

. . . . Fi; . F_i+F;j;
iMermp = IMET 4 iMGY + M

L _
iM, eep(Q)é(kQ)u(k1)7 U(k2)[o dat kiki(k;l)z f o

f dz=e*n® emtkabi p B (27,0)) (ik; =" -1).

2 2

k'+ :p +€f

pL 20~ ~

q zZz
p:tkll_t_k2j_‘
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ITMD at all bjorken x

’ In general we have all eikonal orders

iMf—i*Fij - ie 6p(ql) - f dy* dz" d224l etk +ks=¢7)y” efiax(kmkm)ﬂ(kl)
Ak (- 13, (5 + 3))

- —i(q+—k2 (%Jr%))z*
(ezkgz e 20\ 2] T2k )

z(ki - k%i)

(2]{31(]{11 — k27) F_Z‘(Zi, Z4L) + eik;[aﬁ'(z*, Z4L)) ’}/p’l)(kg)

. =\t s 1 .
iMPs = ~9iec,(q) f dy*dy~ e TRV () f &2¢, fo do fo dova? itk
. . 2 _
e’(S*U)k%l U(kh_ —Cv(ku n k2l))€w(k1lfa(ku+k2l)) [Ooayi]gDiFij(y ’CL)
[y, 00]c, 7" v(ka)
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ITMD at all bjorken x

‘Reduces to ITMD at small—x‘

1 _
AqF-i N P q 2
iMg eep(q)o(ky) u(ky)y” v(ks) fo dt 4]@{1@2‘(143;1)2 f d°h,

f dz~ e e PaF_o(z,b))

kinematic genuine
— —
dUCGC daTMD+O(QL) (gj)%—@(%)

dU SITMD
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Conclusions

TMD factorization of dijet cross-section at LO upto twist 3 accuracy

Propagators not enough for NLO processes

Develop propagators which resum kinematic twists at LO

Construct an extension of ITMD beyond eikonal accuracy

e Recover the standard I'TMD result at small-x

Mukherjee, Skokov, Tarasov, Yao, SST(2026,2026)
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Outlook

e Compute NLO dijet with arbitrary background
e Understanding the sTMD expansion: Bridging small-x and large-x?

e Phenomenological applications?

Mukherjee, Skokov, Tarasov, Yao,SST(2026,2026)
Boussarie, Mehtar-Tani (2021,2023)
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The end

Thank you for your attention!
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Propagators

! _

]clglelok2(k|P29 A+iF, ) +Z€|Z)Z] =i 2 (ku| =i guafoo, 27 A+ / dz'
Tz - - v\ %2 _ ii
L ]A[QM 2piFoi (2 )+( /—A( z ))][ T2 ]alz)”

. Ao et I S By e
(g = J, dpe (2" =5 e il yle g o d
oF(z7) . & p oF(2) . ] ba

i 27y ] |ly
2z'-y7) -y ) -y) [ ][l

A DIER z’]({Pk, Fo}b(z7) +
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Transverse photon cross-section

complete phase

dz~d?z  dy~d?y,
iM|3 =4e2/—
e G )

+ B (Foi(o™,21) Fao(y™, 1) + Fa—(o7,00) Foi(y™,90)

eiky (@ =y )—iA L (z1—y1) Ty [Aij F_ iz ,z)F_;(y",y1)

+C(Fiy(e™, 20)F -5y, y1)+Fj(27, 2 )Fi5(y™,91))  dynamic twist-3
B e

e

+ (Eikl F_i(@™,z1)DL,(IT,y7,y.) + B Dkt(l+,y_ayJ.)F—i(y_:yJ.))H:O

+ (Gikl F_i(z™,2) Du(—1",y7,y1) + G* D} (—1T,27,21) FLi(y~, yJ_))l+_O:|

Bianchi identity — operator F;;F_; reduction: kinematic twist-3 + three-body operator
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