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My background 1s 1in formal QF 1" with a focus on developing new #ools to compute scattering observables

(observables you can build from S-matrices)



An example of f00/1s SubTropica, e.g,, draw your Feynman diagram, then Shift + Enter

w/ Mizera (Columbia) & Salvatori (IAS) [2604.20954] — subtropi.ca
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All the integrals we will face 1n this talk will be doable systematically in SubTropica



As new tools come along, timely experimental developments with the EIC

which promises a new high-energy QCD precision era to study, e.g., saturation

non-linear — linear

x <0.01

. EIC Vs = 90 GeV (eAu)

B

- L physically
perturbative regime > Limited cases
SU (big)
0 0.5 1 1.5 2 2.5
A%DCD (for 6 quark flavors) [ 1708.01527 ] Qg (Gevz) plana FKL
HERA sits only marginally above the non-perturbative scale: Jull color = infinite herarchy of Walson-line correlators;
the L1C (eA) reaches deciswely beyond the planar limit closes 1t on the dipole: BK

So my talk will be organized around the point of view that a realistic precision direction for saturation is BK

My goal will be to use recently developed tools to push it to three loops




In formula:

the non-conformal part of the three-loop (NNLO) BK Hamiltonian in an arbitrary gauge theory

~
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[2508.03794]
all kernel functions H known in closed form functions of transverse distances z; = lz;—z| and n; d and n/ gt
ad]

Planar QCD N =4 SYM N =1SYM

S _ S L f L S _ f

In progress. matter part of the NGL piece — NNLO BFKL eigenvalues and Pomeron trajectory

|lw/ Garon-Huot]|



What do I mean by planar QCD ?

o N

A7

fixed

't Hooft—Veneziano large- N limit with nfb’d“? =%/ /N and a =

such that: 1/N2 LakKln~ nZa’;

(actual QCD is more like: 1/N2 Sa<kK1l~ nﬁdj)

In particular, planar QCD will keep quarks! 'That 1s, I won’t drop those diagrams

~ UioUy2  (fundamental quarks)

Same as working from the get-go with adjoint matter ~ U10Moo’Uo'2 and setting Hoor — 1 in the end
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& 3.0 MS (3 d?zp 2% ~ (2,1 ~ (1,1 ~ (1,2
HEY ~ HYGP + / 7= (Uroloz — Unz) [boH i) + b1 Hjygy) — b3 Hjioa |
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. w2 220 zge | —(Uiolhos — Uha)H [(1602;)

2. Spacelike-tumelike correspondence 3. Results and what they enable



T'he setup 1n one minute

At eikonal accuracy, the large-p~/static target 1s so slim that the large-p™ DIS probe ¢ffectively fluctuates into dipole long before it interacts with it

*

~

Complicated targel  pgne T lunk of this non-perturbative object as a high-energy OPE.:

(“color glass”) L perturbative impact factors ® dipole correlators of nfinite Wilson lines
[9509348]

TITI @) T) % [ dadeall (e, zala,y) ()T ) )] 1)

=U12

+ / dz1dzodza IO (21, 20, 2], y) (T| Te[U (20)U (20)| Tr[U (20) U (22)] IT) + .. +O(xp)

Stmple projectile
(most likely QCD

decay channel 49) &’

the factorization offers a way to separate radiate emissions i thewr rapidity:

shorthand for transverse space distances AV s VAV, VAR VS
T
zij = |z —a j |

partons with n" > 7 partons with np < n’ <n partons with " < np

(1) corrections) (rad. corr. to oo WL = divl)  (non. pert. target corr.)



A fact

An important property of each of these target matrix elements 1s that,

while they cannot be computed pertubatively, their evolution 1n rapidity can

For the dipole Uiz = (T|Tx[U(21)U"(22)] IT), for example

> + perm. -+

Tree-level impact One loop impact

parameter shace amplitude parameter space amplitude

red blob = shorthand for boosted target VWK PNV < Al




Expanding the amplitude blobs in terms of Feynman diagrams gives

non-linear term term o bare dipole

(T Te[U (1)U (20)] Tx[U (20) U (22)] |T) — Una] + O(a2)

2
as [dzg 2%

— o 2 2
27 T 279709
L 1 2 dzdz
ZZJ—‘CE,L —.Cli‘j| dz = 97

At full color, have an mfinite (2) tower of equations like this: for the 2-trace, 3-trace, ... = Balitsky hierarchy / B-JIMWLK eq.
[9701284, 9709432, 1309.7644, 1310.0378, 1405.0418]



In the planar limit, the only evolution equation we need 1s that ot the dipole (BK)
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BK: O Ui2 = {Z/{lOZ/{OZ — U1

[9509348 (Balitsky), 9901281 (Kovchegov) ]

planar BK 1s simplest saturation sensitive option: infinite hierarchy closes on the dipole — NLO 2007, simulated 2015, used 1n fits
[0710.4330, 1502.02400, 1601.06598]

6 full color (JIMWLK): infinite hierarchy of multi-trace correlator DEs — NLO (2013) never solved (numerically ?)
[1405.0418]



Why three loops (NNLO)?

Non-linear small-x evolution (BK or B-JIMWLK) 1s a cornerstone of saturation physics: EIC!

The NLO correction was big & numerically unstable: blamed on large collinear logarithms
[1502.02400, 1601.06598]

Resumming those logs fixes NLLO, but NLO 1s the only data point it was built to reproduce

NNLO would really be the first chance for the resummation to fail (or convince)

Byproduct: extract unknown (?) NNLO Pomeron trajectory = solutions of linearized BK

(g1ve 1nfo on how the DIS cross section “scales” in some energy window of the forward limit)

Said differently:

Confirm overall consistency of the formalism — OPE is an assumption after all!
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To compute three-loop BK, we borrow from an unexpected place: jet physics

there, one resums non-global logarithms (NGLs) — soft radiation vetoed 1n a region of the detector

Why? NGL resummation and BK rapidity evolution are the same problem*

*almost, as we will see



For example, in back-to-back dijet production (e.g., e"e” — 7" — qq)

Ex

NGLs arise when we consider, e.g., the probability Vi2 that the parent 49 dipole does not radiate

quanta of energy greater than a veto energy scale X in an exclusion region Cout of the detector sphere

At leading order in the strong coupling, large 108(1 = 0) of the veto scale are resummed by the BMS equation

2
a s IN d“y  aqo (0206076
—p0y Viz = ; VioVoz — Vi2 fin planar limit)
s 47 10002
. 1 — cosb;; . . .
with «;; = measuring angular separation between partons 7, 7

2



T'here 15 a clear quantitative equivalence between LLO (one loop) BK and NGL

2
CVSN d Q() X192
27T 47‘(’ 100,02

BMS: — 10, Vig = [V10V02 — VlQ}

(physics of #imelike/real radiation at null infinity)

2
asN [ d°zg 2%

5 [Umz/foz — UlZ}

2
2T T 210209

BK: 5’77 Z/{12 —

(physics of spacelike/virtual radiation disrupted by targets)

aiven that # X € "V < U and by identifying angular with transverse separations

1 —cos0;; 5 1 119 °Q  d°z




Summary: a physical dictionary

BMS (jets, timelike)

BK (small-z, spacelike)

OBJECT

EVOLVES IN

NONLINEARITY

FIXED POINT = 1

FIXED POINT = ()

V12 = probability of no radiation into the
vetoed region

veto scale: —p 0,

soft gluon O splits the dipole,
(12) — (10)(02); at large N the daughters
veto independently: V1o Voo

transparency: never radiates into the
vetoed region (unstable: evolution drives
it down)

black body: radiates into C,,t with
certainty (stable attractor as p — 0)

U115 = probability the dipole crosses the
target color-intact

boost /rapidity: 0,

the same splitting in the transverse plane;
the daughters scatter independently:

U0 Up2

color transparency: never exchanges color
with the target (unstable)

black disc = saturation: scatters with
certainty (stable attractor as xp — 0)

both equations count the odds that nothing happens & the quadratic term 1s what keeps probabilities < 1



Giving names to the integrals from earlier for later convenience

OéSN dQQ() X192

BMS: — 10, Vig = {V10V02 — V12}

27T A7 10002

MS(1

Hyar Vis
a,N [d°zg 22
BK: Op U2 = 5 - 2 [Z/{IOZ/[OZ — 2/112}
1
= H]é}% Ui

the ‘spacelike-timelike correspondence’: the following equality after relabeling

MS(1)

g _
BK D—4 NGL




Clarm: this relation holds and can be explained, order-by-order in @s, by conformal invariance

[Previous works: Hoffman, Maldacena | Hatta | Caron-Huot, Herranen | Mueller | Vladimirov | Balitsky, Chirilli]

In particular, assuming we are allowed to do a conformal transtormation on the BK and NGL kernels

1 2 . 1
Inversion: rtT=——, 1z = Yy 1 . 2= J_ takes
YT YT YT
Target on null sheet at small-x Null infinaty where soft radiation ends
it
T+
< > ’I:O
g-

(ﬂf T s L B & Z) (y T Y yi) (related to angles by a change of variables)



But wait ! QCD is mot conformal 1?! &

Why are we allowed to do conformal transtormations ?



Yet, perturbatiwve QQCD can be 1n dimensional regularization D = 4 — 2¢, where

1 asN  giN 11 2

S Q - — _ 2 — —
W) = —e=pla) = —e—(abo+abit..), a=—pm =g bo= 5 = g~ g

There 1s a Wilson-Fisher point for a particular value of €:

—B(a) ~ O(ay) (conformal dimension)

€ x

Rey observation belund the geometric picture: all-order spacelike-timelike correspondence

Hpk (8* — —5(&)) ~ H@L (up to scheme)

Note: NGLs (just like soft or cusp anomalous dimensions) are mdependent of € in MS scheme, while rapidity

divergences exist in all dimensions since not subtracted by the MS scheme (i.e., remains a function of €)



Writing both terms in Hex (e« = —B(a)) =~ HYGL, respectively, as double and single expansions

a77 U2 = Hpk = Z: Z aeé‘kH](;f{k) and — ,u(? V9o = NGL — Z EHll\\I/ISI(JE)
(=1 k=0

we find, after substituting €+ = —(abo + a’by + ), expanding and //Collect[#,a" ]&

that we can break BK into simpler® building blocks

(1,0) M_S(l) N [few slides ago]

HBK - HNGL ~ ( \/

(up to Scheme) H(Q 0) — b H(l 1) HMS(Q) ~ () \/ [Balitsky, Chirilli]
NGL [our recent paper|]

HGO  boHE )+ R Y ~ o

*] will tell you why “simpler” later



Before moving to the more technical details: why 1s this perspective simpler?

1. Buys a loop order + we learned how to ethiciently deal with dim. regulated Fourier transtorms (F'1)

[w/ Brunello, Crisanti, Mastrolia, Smith] + automation in SubTropica [w/ Mizera, Salvatori]

2. NGLs are simpler to compute: no F'1' + leverage the large body of knowledge about soft currents

COmPUtlng n0n-g|0ba| IOgS 11 - Pull out angular integrals:
d d*Qo d*Qq
® Soft gluon amplitude is universal: + <j|>. Ed—EU12 D / e K100 21U10Uo0r Ugr2
v 7" i
2. Integrate over relative energies:
: € Di
lim M, = Z . 915" x M, - 0
P i o ® Similar to textbook computation of IR o0 |S(7Bo, ﬁ0’2) ,
divergences, except angular integral ‘not global’! K100 2 :/0 Tdr _|7‘—>09( [12700']<Q£10'2])
NLO: i _|T_>009( [00'2]<Q1¢02]) 1

d A CZQQO 12 |
® For a parent dipole: E—Uiz = 2~ (Ur0Uo2 —

® Energy logs from usua dE 872 4Tt aipo2
$12
M;5|? ~ M,|? .
| Ms] 310302| 2 ® Real& virtual related by KLN | \{ﬁy \;}y/

| Qdpo\ [dQ « |
[ dvipsoo) d —» [paff [0 [ 422 .
B, Po T X10Q02 Already known 1n

Square of tree-level soft current relatively simple:
N=4 at NNLO!

® Radiated gluon will induce softer radiation P S | 4 $12800 + 810502 — $107 820
at later steps: dress with a Wilson line $10800’ S0/ 2(s10+s107) (S02+502) ™\ [OCD matter part:
12 N=4SYM
+ (nF —4) WIP w/ Caron-Huot]
[slides from Caron-Huot] soo’ (s10+510/)(s20+520')  gener:

2
(510820° — S10/820) gauge tr

+(24+ns —2n :
( F)28(2)0/(810+810')2(320+820f)2
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Our job: compute O and NLO BK up to ¢ (¢%) and O(e), respectively
3,0 2.1 1,1 2 (1,2 MS(3
H](BK = boH](BK ) + blH](BK  — bOH](BK ' + HNG£ )

How? Let me illustrate the basic 1dea at .O where we can get a result exact in €

HY) >

XU10 Up2




Construct integrand w/ standard Feynman rules and integrate loop momenta

1, S 7,8 B dk__ dPL Ug/ (p/) (gfaij) ¢(k) Us (p) eikrz
%, 'z o k2 — 0][(p — k)2 — i0]

M(Z,k'—l_) — D, =2—-2¢



Construct integrand w/ standard Feynman rules and integrate loop momenta

M(z, k+) — b lz )2 — dk__ dPL 1. Us (p') (gfaij) ¢(k) us(p) oik L2

o k2 — i0][(p — k)2 — i0]

Some unusual features

For each daughter parton crossing the target, we need to Fourier transform to L-position
space since these are the variables on which the dipoles depend on

In LG gauge, only k™ 1s conserved across the target: it 1s only integrated at the amplitude-squared level



Do the numerator algebra and perform the £ integral by residues

Mz, k+) = g fai / D1, 12000205+ (1=€)0), z.s)(lu—fml)c i(/z)]e_(fize(phw) ko
EVI =&kt [pt — kH][+ - Z;i_ki]

take the eikonal limit k" < p" (the parent quark 1s the fastest = follows a straight line)

2ik"
k1

M(z, kT = gf™¥ (k+) / Ptk AN(K) e (k) %% with  AY(k) =

'\
Once we integrate over kT at the arnphtude squared level, this gives the
rapidity log resumed by taking 9 (i.e., we never do this integral)



Using this result, the tull single-real amplitude 1s given by the simple Fourier transtorm

_ e’iko '202)

d*—2°ky 20kt .
/ l 0 (eZkO'ZOl

27)2-2¢ 2

Simple recipe to do them that will work for one-loop and (surprisingly) most of two-loop Fourier

1 > 2
Step 1. Use the Schwinger trick = / da e %1
1 0

Step 2. Integrate over k1L (Gaussian = trivial!)
(keep k' = —i0/0z; numerator for the end)

Step 3. Mathematica’s Integrate[ ] overa

. (9,0)i . <10 <20
Result: A 1902 ( ) — Cs (Z%O)l_e (Z%O)l_g Cg




This gives ingredient #1 to extract 3-loop BK in D = 4: one-loop BK at O

H(3 0) ~ b H(2 1) s H(l 1) sz(l 2) _|_HMS(3)

Derved this way n any dimension [ known already from Balitsky & Chirilli, 2024]

170 171 172 . Py P
oty = O + eHED + HED + . o= [ - i
Z2 1—8
- 12 ~
— Cg/ (2/1102/{()2 — Z/{lg) (,2’2 22 > H[IOQ]
Z 10<02
0
2 2 2 _9 9
(1)  _ <01 — 02 <01 G
H[loz] 2+ 2¢ (Lu 2 log ZT> b =log 4 =5
12 02
2 2 2 2 2
T 28 — Z A 22 -+ 22 z
+€2<6 | Li_zLu 01 _ 0210g 31 . 201 i 0210g2 01>+(9( )
<12 <02 <19 202

Note for the experts: thanks to the conformal measure, transcendental weight of H increases with €



Next, ingredient #2 to extract 3-loop BK in D = 4: two-loop BK at O(e)

H(3 0) _ ~ b H(z 1) s H(l 1) bQH(l 2) _|_HMS(3)

Here we have way more diagrams to consider: double-real (top) and real-virtual (bottom) diagrams

+ perms




Lxample diagram: what are the expected integrals?

XU10Up2

I. There are 3 virtuality integrals d& ™ : trivial by residues

2. There are two ‘energy’ integrals 4108 (ko ) dlog(kq, ). easy one-fold integrals

Variables extracting rapidity divergence: overall (geometric mean) ¥[102] and energy fraction T

Integration over ¥[102] gives a rapidity log!
4+ 74y C.V. B e 4+ g ! picity log
(kO ; kO’ ) ; (V (102] — \/ko k()/ y T = k() / kO’) Only integrate the energy fraction (@ amplitude-level

3. There are 2 Fourier transtorms d2_28k0L : challenging

(one on each side of the target)



After performing the k™ residues the rapidity stripped amplitude 1s

~J

T ky | (RPAK3)(Ritka)' | 2(kitka)t T
- BT R atk)? T k2

= 1) . o . oo - 2

LA —|— Aflg(’n%z(z()l, 202; 7')-|— — 47 / eml 201+1k2-202 k7k1+(k1+k2)2

= 1

L (14 7)kiks

(T)

Integrating™ this in 0 < 7 < o0 15 trivial and gives leaves us with a complicated Fourier transtorm

Asa (k1 — ko)? K K], K2
LN B pl(k1-z01+k2-212) 1 ™ h2 | 1 L | 1oe 1 I
—871 / _k%(kl_k2)2 k%(kl—kz)Z k%k%_ 5 k% ( 1 2)

k1,k2




Those Fourier transtorms used to be the main challenge! Now just a few Shift + Enter'sin SubTropica

Mathematica
code snipet

-
S
-
-
-
S
S
S
-
-
-
-
-
-

-
S

-

-
CS
-
-

D

K)00000000000000
3
=
=
=
=
=
=
=
=
=
=
=
=
=

T

(*# Jacobian between d[Log[x]] and d[x] *)
jac = (Times (@@ xvars)

(* Tropical analysis *)

3

7 o267k / del deg 10g(€%> e’i(€1°X1+€2~X2)
020y — la)?

(¥ Ray {1,0}: x1 — x1/A, x2 fixed *)

STFactor[jac integrand /. {x1 — x1/A, x2 — x2}]

(* > A(-e+q): regulated by & *)

analysis = STPreAnalysis[jac integrand /. q — q eps, xvars, coeffs] {{prefl, intl}, {pref2, int2}}

(* Ray {1,1}: x1 — x1/A, x2 — x2/A *)
STFactor[jac integrand /. {x1 — x1/A, x2 — x2/A}]
(* - A*g: regulated by q only *)

(* Ray {0,1}: x1 fixed, x2 — x2/A *)
STFactor[jac integrand /. {x1 — x1, x2 — x2/A}]
(* - AN-g: regulated by € *)

1
7 : Co
2e

STTropicalContinuation|[
{{pref, jac integrand}},

(# Extract 0(q) coefficient of
intl = SeriesCoefficient[prefl
int2 = SeriesCoefficient[pref2

(* Tropical subtraction in eps
serI1 = STExpandIntegrall[intl,
serI2 = STExpandIntegrall[int2,

- 4 Re|Lig(1—2)] + 4 Rellog(1—2)] Re[Liz(2)]

| <23 |

+ 4 Re[log(1—2z)](Re[log(1—=z) log z] — ¢2) A - O(e)

w/ Mizera (Columbia) & Salvatori (IAS)

3

[2604.20954] — subtropi.ca

xvars, {{1,1}}]

each term *)
intl, {q, 0, 1}];
int2, {q, 0, 1}];

*)
xvars, coeffs]
xvars, coeffs]

Try it yourself!




Summary of new results after all the other amplitudes-squared are computed

HEO ~

b H(Q 1)_|_b H(l 1)

Double-real contributions

2

<12

d2 N d2 AL
DR T2

2

210700’ 0’2

+ (n? ;.
—|—H

2 2

/ 4)
(2)N =4

[10072]

- 2)N=0 -
(Mad; ZnadJ—I_Q)H()

(1007 2]

(2)N =1
H [10072]

Real-virtual contributions

d220

2
<12

RV

|
—

2

Q ZlOZOQ

— (UroUo2 — Ur2)H

sz(l 2) 4 HMS(B)

(UroUoo Uyr2 — Ulz)H

7(2,1)
102]

(2,1)

100"2]

Af—4SYMﬁ

adJ =0 nadj

4



Lxplicit transverse function results for non-conformal contributions from two-loop double-real

2 .2 22 22 v+1 8¢e
Z%OZQO,H[100/2] =— logv(l—eloguv%—QELM)—45L12(1—v)} —Z%0Z%O/H[100/2] —v_llogv 2—8¢ ) (1 5loguv—|—25LM)+1_vL12(1 V)
long 9 9 22 (22 422 —22 V=222 2
+e(14P)q 250N h T - ' re(1P)] 22, 22 o) oI
00 0220 — 210 220)2 | 22,22 22 A\ 2 2 (210250 — 210" %50)
10<907 — <10’ %20 210/ %20720" 210" *10’
2 /.2 2 2 2 2 2 2 .2 2 2
250, (284, (250+2%0 ) —(250—2%4, )% ) —2285 220, 250/ z Z4,
+2280/(Z§0_Z%2_Z%0>B Z%o 280/ Lo 2) 1 20( 00( 10T 210 )2( %0 210) ) 0210’00 B2< 210 go )
2 2 2 2 9 2 210/220/200/ Z]_O/ Z]_O/
210/ %20 210" *10/ 2 .2 ) 0 5 )
Z / Z /_Z . Z Z Z /
4 200 210 10 [2L12 (1_ ;O)—i—log 10 log 00]
200" <10’ ZlO’ Z10/
2 2 4
210 10700’ 2
H[(fgé\é] t_9 (2 log u+ — log v) (1—eloguv 4 2¢L,,) & 22, & 220 250 (€)
Baffling: at e # 0,/ = 4 1s the
u+v—1 . .
+e (2(2—){)(1+v—u)—8 ;L_l )Lig(l—v)+2§2(2\f—2)(1+u—v) most complicated piece!
2 2 2 2
ZSLO, /_/ o <£12<00/ - £10<20/
_ _ o 9 T
+(1+(v—u)(2—X)) log” v+6log ulog v+4log ulog — 22 2120/ Z%O Z%O’Z%O
2 2 2 long 2 2 2
z 2825+ F z z Z50 2 2 2 2 2 2 2
+e(14P)S =22 (230— 250 —325¢/) 20 1 10 Bz( 0 =0 ) N1 = 275(230: — 230) + 2102200 — Z10/%20
220' (210230'_210’230)2 Z%o'zgo Z%O’ Z%O’
2 2 2 pnlong 2 2 2 2 2 2 2 2
za 2225, F z z z4, _— o o
+< > (250 — 230f+3ZSo)+230/?€) L B2< e 30) X = (210 — 2100 — 220 + 230/)/ 212
Z20 (Z10Z20/_Z10’Z20) 2107420 210" 10
9 9 9 2 2 2 9 9 9 9 9 2 2 2 2 2 4 2
Z 2007 Zi0T2000 — 2107 Zi0 T2 — 2000 [ 250 — 200 210200 : , S )
+Bs (Z210 | Zgo ) [ 10 2020 10"y 10 2120 00 ( 2022 00’ | 1022 00 )] Fllonb — oL, (12}20%5 ) 9L (1 20) + log 250222 log zgo
10/ <10’ 10/ 10/ 20 10’ 2107?20 Zzo/ 210/ %20 210/
2 2 9 2 2 2
+Z10_2020'_z10' [2 log ulog 00/ (log £10 log ZOO’ 210/+(1 o 2)> _4@] n <z§0z§§, B Zéo ) B, (Zz%o | Z(E()/)
210 ZlO Z10' 220220' 2107720 20/ 210" 10/
9 9 2 2.2 2 2 2 4
25—z 2z u-z2, 2z zE 25
_|_ 20 10 llog ~10 log 20 _|_10g 10 lOgU] _|_10g ~10 lOg 207700 +O(€2)
D)
212 25 2 2h0r 2Ty 250 -

By (u, ) 2|Lis(2)—Liz(2)]4+(log(1—2)—log(1—2)) log 2z ith {u = 2Z,

& — 2

— (1-2)(1-2)



Lxplicit transverse function results for non-conformal contributions from two-loop real-virtual

ﬁ(Q,l) — 894 nadJ

[102] 97
4 ~ 1 -
T (2@"‘9( adJ_Qnﬁdj_I_Q)) <H[(116;])+2L1_2Lu) T <§H[(116;]) o Lu) (bO(QLM_Ll) + Lo)

13n; 4.

L — 24¢s + PO H{,) + bo(2H g5 + L2 — G2) + (L1 —2bo) Lo

2 2

2 2 2 2
212 T 230 — 210 = 212 T 210 — %20 -
_|_2 2 £17071(<7<) _|_2 9 El,O,l(]-_C,]-_C) .
<12 219

—2 2 4 2 2

+(2,0) — 99 — 2nadJ — BMyg; B ﬁ L, = log Kt <12 Ly =log 22’122 Ly = log 21 log Zio

) 3 de=27® “01702 20 %30
L1,0:1(¢,¢) = Hio1+ Hio1 + HioH1 + HiHi 210 = (Ca1a, 220 = (1-0)(1—C) 27,

Hi0,1=2Lig(1-¢) —log(1—¢) (Li2(1—¢) + {2) — 2¢3, Hio=Liz(1-¢) — (2, Hi=-1log(1—(),



T'he three-loop BK Hamiltonmian predicted by the spacelike-timelike correspondence 1s thus

3,0 MS (3 d220 27 (2.1 ~ (1,1 ~(1,2)
H](BK )~ HNGIS ) T / o 2%015(2)2 (UroUoz — Unr2) _bOH[(102]) T b1H[(102]) B b(Q)H[(102])_

~

d?zo d% 2o/ 4 '
+bo/ = 2 (UroUoo Uy — Una) H )

2 10072
T 210700’ %0’ 2 | |

known [2508.03794]

where all the H are known explicitly in terms of the transverse functions shown on last two slides

in progress: matter part of the NGL piece [w/ caron-Huot]

MS (3 MS (3 MS (3 MS (3
Hyer = HyGr +( Hyar — Hyey”
planar QCD planar N'=4 planar QCD planar N'=4
known [1604.07417] 1IN Progress

— NNLO BFKL eigenvalues & Pomeron trajectory (in progress as well)
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LEnables tests and predictions: Pomeron trajectory from the NNLO kernel

1. linearize BK in the dilute regime (U = 1 — W ~ 1 — 1/N?) using conformal eigenfunctions W diagonalize BK kernel to BFKL

For L < 4, we can package the result as 2 =0
20 — <%

dy A dy dzANdz (1) .
:>H(L)W _ (L) H(1>W / {/ } 1% " 2o =2 —Y
BK "V 12 YeuspIBK VY12 T c i c i BK,|[1 z (2—y) 0] 12 ( ) 20r = 2o
%f—‘ 201 — 20!
=H (D) (y) o

For example, at two loops (because it fits on the shde)

dz A dz 2 y|? y|? [1—2%ly—2|°
H<2)(y)W=4=/ | = |2log 4+ [ 14 . —— | log
c 2w [1—z?ly— 2| 2—1—y|?|z] 1—z[?ly— 2" =1 +y— z|?|%

2. the Pomeron trajectory 1s (one minus) the Mellin transtorm of the impact-parameter Hamiltonian H(y)

Note. Getting to (*) from the L-loop BK equation 1s non trivial because 1t requires integrating over at most L — 1 transverse distances

Over hundreds of z-z integrals todo... automate in a public package ! (in preparation)
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CIntegrate package: extracts the symbol of integrals of the form rational X (multi)polylogarithms

Q =y1 ybl - ybl z - y1 ybl z + ybl 272 - y1 zb - y1 ybl zb + y1 zb~2;
(¥ = Abs[1-2]°2 Abs[y-z]"2 - Abs[1+y-z] "2 Abs[z] "2 *)

integrand = (1 + y1 yb1/Q) Logl[((1-z)(z-y1) (1-2zb) (zb-ybl))/((1+yl-z) z (1+ybl-zb) zb)]1/(Pi (z-1) (z-yl1) (zb-1) (zb-yb1l));
built = FlatConnectionGraded[integrand, {z, zbl}];
triangularSys = BuildTriangularSystem[built];

triangularSys["Flat"] (* True: flatness check *)

bdry = {0, 0, 0, 1}; (* fized on the locus yl, ybl -> -1 %)
symbol = BuildSymbol[triangularSys["Amat"], bdry, 4];

log?(ly|?) | . [Liz(y) — Lia(g) + Liz(~ym) — log(y) log L+ 3G
1-y> (1-75)(1+y)

H(y) =4

matches Caron-Huot & Herranen [1604.07417, eq. (B.9)]

pipeline now running on the 3-loop QCD kernel; stay tuned for the NNLO Pomeron trajectories



Conclusion

We predicted the non-conformal part ot the three-loop BK Hamiltonian i planar QCD

3.0 MS (3 d220 27 (2,1 ~ (1,1 ~(1,2)]
H](BK ) o HNG[E ) T / - 2%01582 (Uroloz — Ui2) _bOH[(mz]) T blH[(102]) - b(%H[(102])_

d?zo d? 2o 2%, i ~(2,1)
+ bo/ (UroUoo U2 — Ur2) H
w2 280280 25 | 10072]

. - HYSE®)
We explicitly check 1t in the large P F where gluons are suppressed: O(a;ng) matches ™ YO lnp—oo

77 MS(3)

Remains to compute the matter part of INGL ~ 1n planar QCD + hinearized eigenvalues

[WIP w/ Caron-Huot]

Solve NNLO BK numerically ? L.ooks complicated, but doable ?

Lixpected check of the full three-loop BR:

Collinear hmit of linearized eigenvalues (e.g., Pomeron trajectories) w/ DGLAP

Spin puzzle and polarized/sub-eikonal BK? N' = 4 BK from subleading Weinberg theorem?



Extra shides



EIC PROSPECT

On the experimental side, the EIC will extend this range and promises decisive tests for saturation!

x <0.01

B - .. - 0 cov o

EIC Vs, = 90 GeV (eAu)

perturbative regime >
0 0.5 1 1.5 2 2.5
2 2
A%)CD (for 6 quark flavors) QS (Gev )

Figure 6: Accessible values of the saturation scale Q2 at an EIC in e+A collisions assuming two different maximal
center-of-mass energies. The reach in Q2 for e+p collisions at HERA is shown for comparison.

HERA kinematic range 1s outside saturation perturbative regime:

Q3 (2HERAY 0.6 GeV? 1s only marginally above the non-pertubarive scale

Review in 1708.01527



Lxample diagram: what are the expected integrals?

There are 5 virtuality integrals d& ™ : done trivially by residues

. 2—2e71.1 2—2e71. 1 R
There are 4 Fourier transforms 4 = %5 ,d™ " ky: require some work

(two on each side of the target)

Two ‘energy’ integrals 4 log(kq ) dlog(kq, ): require some work

Variables extracting rapidity divergence: overall (geometric mean) Y[102] and energy fraction T

V. Integration over ¥[102] gives a rapidity log!
ko k) < (s = \J kS ko = ki kG : gives a rapidity log
( 07 O/) ( [102] 0707 0 / O/) Only integrate the energy fraction (@ amplitude-level



Lixample dragram: betore the hard work apply Feynman rules, some numerator algebra and residues in k™ to find

+ perms

The £ here are perpendicular ones!

Also the v dependence fully factors out

,0)ij
Afiqg()/%]j(T) = /
L
X | —ik1-z1—1k2-22 kﬂik% kﬂik% (e_i(k1+k2)'zl e_i(k1+k’2)'z2>
© - T
k?k2 k2 + k2 k2 2

By (ki) — 7 (ki +k) 'k A 207) (k3 — k{)o¥
(ki + 7k3) (k1 + k2)?

4+ (e—’i(’fl tha)-z1 _  —i(k +k2)-Z2)

We want to do the integrals over momenta (Fourier transtorms) and then those over the energy fraction



The two-loop Fourier transtorms on the previous shde 1s a linear combination ot two master integrals

1k1-z01+1tko-zn7 (2 \2¢e - 2T
1 / ¢ o'1 7%(27p) 7 | Ao

C.? (k% + Tk3)k2 - 39g2 _TZ%O_ ’
k1,k2
1 / et tibaton 7o (250)% = [(T210 + 2100)%
C.? (k% + 7k3) (k1 + ko)2  32e2(1+7)1+2e | 7‘230,
k1,k2

which can be expressed in terms of only one hypergeometric function

~ ['(1—-2¢ cxl'(1—2¢
Fla] = Fyja] — 2B[z]  Filz] = Fg(l_gg (1-2¢)

1+, Bl =g 5pag

25&(1——28,1——8;2—%2-—1ﬂ

First shown using intersection theory and differential equations tew years ago

[w/ Brunello, Crisanti, Mastrolia, Smith]

2

i _Fl_ — ¢ _1—|2—:c _ _ _Fl_ > Fi[z] =1+ 2elog(1+x) + 2 (21og* (1+z) A )+ O(e?)
= £ Fyla] = elog(1+a) + e*(log”(1+x) — Liz(~2)) + O(e?)

8= O

More systematic than Integrate[| in Schwinger parameters [now superseded by Sub'lropica, 2604.20954]



Lxample diagram: post Fourier transtorm, the amplitude 1s thus

+ + perms
Zz’ Zj, Tszi Zj, 'Z2/'
A(gg O)ZJ — (14 P 1020 , 10<10 G | 210
T IS (T L (e e M e £
7" 200 21 + T210%00 + a5y (20— 210/) 0" . (1210 + 2100)*
(14 7)% (T210 + 210 ) (250 ) 2 I T 250 i

(1= )P egi ()%
2(1 -+ ’7')1_'_28 (7'21() —+ 210/)2

(7210 + 210/)2

Fo

2 ) 1+
TZ00/ Glz] = Filz] — — 2 Fyla]

P (2’1, ZO,Z.,T)H<227ZO’7].7 7__1>

Next, we want to do the integrals over the energy fraction



02

A(g

A sad fact of lfe: hypergeometric tfunctions are hard to integrate directly...

T'he strategy 1s to first expand the integrand

9, 0)@3( ) = | e ZooFig T TA0Zpor 2(11T) (270—27¢/)0" . (7210 + 2107)°
100/ 2] - T O (122, + 22,,) (22, )12 _ 722,

in € and then carry out the T integral

This is only possible zf the integral is finite for all values of 0 < 7 < 00 |




In other words, 1n this subtraction scheme, we write the two-loop double-real kernel as

50 - —(2) (1) (1) ] o 2
g3 NZ / dr I[100/2] (7) _I[1Of2]I[1oo/]‘9(V[10/2]>V[100/]) Nz =27
0

(1) (1) _ I'(1-¢)
' /4 _1[102]2[00'2]‘9@[102] >V[00/2)) C. =

7

™~ [102]
1 \

and the integral 1s now finite = do the integral above order-by-over in €

e.g., [IBPs, HyperInt, SubTropica..]

Comments for the experts in the room

: . — 1/L
I. The scheme depends on a ¢hoice of geometric means: Yliai..ar j] = AL X (Ca, - t,)"

2. Make a choice ensuring that all breaking of conformal symmetry comes trom running of coupling:

1
- 2 2 2 q 5= -2 .2 135
" z c .o ) 2L Z Z
AL = | ————H (conformal scheme) =— \| = 102 02
I i i | Rl2




Collecting the double-real (DR) ingredients we get

B ~ WHERD + b~ R+

1—e
g :< i ) 7

5 .2
210700’ 20’2

d?zo d?zo 22 ~ (2,1
HiH :/ 12 [u UooUor2 — U H“?}
BK DR 7T2 Z%OZ(%O/ 23/2 ( 1000 V' 12) [100 2]

Result for the DR BK kernel naturally organizes nicely in terms of SUSY combinations

S

S f ~(2)N=0 Nadj =
(2) (nadj—znadj(jL)%; 28)H[1OO/2} N JéLSYM
& _ f ~ ()N =1 —
H[lOO/Q] — —I_(na’dJN— 4)H[1OO/2] ngdj . 67n£dj _
T(2)N =4
i JrH[(lo)O’Z] i N =1SYM
Angg; = 2An£dj

What we did on previous slides: determined the H in terms of explicit transverse functions



More integrals: similar calculations for real-virtual

2 o0 _ _
2) _ N d7 [(2) (2) bo (1)
1021 — "¢ . = _2[102] (1) — 8[102] (7) - H[102]

71 A
,\
square of \
i W =
"‘;555;»,‘,‘ o $HO0000000000000 + § -+ perms C O u nt e I. t e r m

|

subdivergence subtractions

(2) _ (1) V1102 (1) V1102 (1) V1102
Stioz(7) = /1[102] (I[lof2]9(1 > u[[lf,;]) +I[00f2]9(u[[000,2]] > 1) +I[10/O]9(y[[1§,0]] > 1))

(1)
I[102]




By mspection, the integrals are finite everywhere but at the integration boundary

In these limits, diagrams (integrands) nicely factorize as “iterations of one-loop diagrams”

(2) (1) Since 0 lives much longer; it
A Z : :
100"2] 102] effectively acts as a source for 0
1
T — OO G
ba >0
(Parton 0 takes infinitely 0’
longer to form)
2
(2)
L1002
1
T — 0 <
+ ot
s / £o <<£O
(Parton 0’ takes infinitely 0
longer to form)
2

T'hese factorization channels are thus what we need to subtract from the original expression before expanding in €



