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1. Introduction

In 1954 Yang and Mills [1] wrote a paper in which they made a theory in
analogy with QED for a system in which a particle could carry more than one,
“‘charge”. In those days there were particles like protons and neutrons which
were thought to be one object — a nucleon which appears in two guises — pro-
ton and neutron. This is the theory of isospin in which the analogue of charge
is /,, the z-component of isospin; + ! for proton, — 1 for neutron. Then there
was the question of what field, analogous to the photon in QED, could inter-
act with such a charge. In the case of QED the photon is a vector field; there-
fore Yang und Mills tried to make a theory of a vector field interacting with
“charges” that might have more than one value. There had already existed for
‘some time a theory of (pseudo) scalar fields which could interact with particles
of different “charge” but their properties weren’t as interesting as those of
vector fields. Since the “charge” can be flipped back and forth, the fields which
are coupled to the “charges” are more interesting than that of QED. Finally
the theory had very great beauty and simplicity.

We human beings see in a symmetrical theory a certain beauty; the Greeks,
for example, saw in the theory of the planets that they went uround in circles
at a uniform speed, a phenomenon which today, we would characterise by a
group theoretic property: the orbit is such that a displacement in time is
equivalent to a rotation.

Today we still have this desire to see symmetrical things and therefore the
Y—M theory looks very good. In contrast to QED, here we have a field with
many components which couple to different “charges™, This is because the
field, in addition to the neutral component which couples to + and — charge,
also has charged components which flip one “charge™ into another. Therefore
in the case of isospin we have a source ofisoanin% (the nucleon) and a field
of isospin 1. Now this theory was beautifully symmetric but it did not agree
with experiment; although isospin is almost exactly conserved the theory is
similar to electrodynamics in that the mass of the vector field is zero, but there

is no obvious long rangé force between nucleons: so it's wrong. The first hope
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was to put a mass in somehow, but that destroyed the symmetry and conse-
quently the beauty. What were the vector particles anyhow? They were sup-
posed to be p mesons, but there seemed to be nothing more fundamental
about the p meson than all the other hadrons. So the idea that one of these
hadrons was the fundamental field was lost.

Later people such as Goldstone [2] began to look at broken symmetries;
Higgs [3,4] and Kibble [5] found that a massless vector theory with broken
symmetry was in some sense equivalent to one with mass. Today the only
symmetries we see in nature are isospin (a near perfect symmetry) and SU(3)
(a clear, but imperfect symmetry) and we would, therefore, think that, be-
cause we like symmetries so much, the excitement of the day would be that
we had an understanding of these symmetries at last. We do not. In fact, the
Y—M theory with broken symmetry is assumed to apply somewhere else.

In the meantime, there was developed a weak interaction theory in which,
in one interpretation, one had vector mesons with mass. Taken directly, a field
theory of massive vector mesons is highly non-renormalisable. Such-a theory
works fine as long as we only work with first order diagrams. However, at-
tempts to go to higher order lead to unremovable divergences. It is necessary
to go to higher order for two reasons:

(1) Itis not sensible to have a theory which only works to {irst order.

(2) Consider a process where the amplitude is calculated to first order in g.
The probability of the process occuring is O(g?). Therefore the probability of
non-occurrence is ~1 — O(g?). Hence the amplitude for non-occurrence
""W ~1 — 0(g?). Therefore one must know something about am-
plitudes to order g2. It is, therefore impossible to have a theory which only
works to first order if one wants to conserve probability. People did not worry
about this until recently. When they did, they found that if they started with
one of these symmetric theories and used the Higgs mechanism to add mass
they might be able to represent these vector mesons (intermediate vector
bosons) with mass in a way that was renormalisable in the same sense as QED.
This was subsequently proved in detail, and the consequences of these theo-
ries are, therefore, as calculable as those of QED.

Sunsequently it was found by Llewellyn Smith [6], that if one starts with
massive vector mesons and requires renormalisability one is driven to Y—M
theories with broken symmetries, provided one is prepared to introduce new
particles to cancel divergences. One has a choice of such particles and a par-
ticular choice leads to a particular model. It is important to realise that there
is no unique prescription for doing this. One can also use different symmetry
groups and different methods of breaking the symmetry. It is therefore, not
true to say that these theories make an unambiguous prediction of the exis-
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tence of neutral currents, because one can always take a dilferent theory which
has no neutral current but some other new particle(s) (e.g. “heavy” lepton). It
appears that there is now experimental evidence for both neutral currents and
heavy leptons.

In hadron physics the quark theory was evolved and found to be paradoxi-
cal. Protons are supposed to be made out of three quarks as is the A", which
has spin % Consider the case where J, = +‘%:

u u u

t £ 3

The dynamical theory says that the quarks are in a relative S-state in order to
get the right order of magnitude for matrix elements and magnetic moments;
then we have three particles in the same state. There is a problem in that it had
been proved that we can’t put three spin 3 particles in the same state. This
proof assumed that the particles could be separated from each other. We also
know that quarks don’t seem to appear as free particles. It s, therefore, not
clear that the proof holds for quarks. Nevertheless, to be conservative, we will
accept the theorem, and so a simple explanation of the problem is that the
three quarks are different, i.e. we assign them a new quantum number (colour)
which takes three values A, B, C: *

Up U VY
t ot ot

There are, at present, only two places in the experimental world where the
colour hypothesis can be checked:

(1) A subtle test is connected with the anomaly in the 70 = 2 decay. It
turns out that a theory without colour gives a decay rate a factor of three too
small; a theory with three colours agrees with experiment.

(2) The ratio
_ o(e€ ~ hadrons)

olee —~ uf)

R ;
is equal to the sum of the squares of the quark charges and equals 2/3 foru.d.s
without colour, In fact, the data shown symbolically™ in fig. 1.1 are in disagree-
ment with this value. u, d, s with colour give R = 2 in better agreement below 4 GeV.
Another possible experimental test of colour is lepton production in pp col-
lisions by the Drell—Yan mechanism but the evidence is inconclusive. The
amount of experimental evidence for the beautiful symmetry of colour is not

* See the lectures by G. Wolff and B.H. Wiik for a discussion of the data.
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great but is theoretically very strong because it helps to explain a number of
other features e.e. why three quarks in a baryon held together.
~ This theory of colour is so symmetrical that a good guess is that hadrons
are made of quarks with flavours u, d, s, ¢, ... and three colours A, B, C with
exact colour symmetry. It turns out that the colour couples to an eight com-
ponent field. The reason why there are eight components is as follows:
When a field quantum (gluon) is emitted, the quark colour may or may
not change. There are nine ways of coupling a gluon between an initial (three
colour possibilities) and a final (three colour possibilities) quark.

A—-B

A-C A=A

B—+A B—+B

B—~C B

C—+A

C—~B
But the linear combination of the components of the vector field which cou-
ples equally to all the quarks (the singlet) need not be in the theory, all its
properties are independent of the other eight components. Under a linear
transformation of the colours, the eight mix together so all are necessary, but

the singlet stays unchanged. Hence we are left with eight components. (Whether
we add the ninth or not, and with what coupling, is up to us, but we will leave

GAUGE THEORIES = 127

it out as apparently unnecessary at present.) This theory with exact SU(3)
colour symmetry is called quantum chromodynamics (QCD).

At first sight we have a problem, viz., massless vector mesons would imply
a long range force between quarks and so we could separate them. Experimen-
tally this does not seem to be true. One solution to the problem is that QCD
is wrong. Another way out is to say that we do not understand the conse-
quences of Y—M well enough and that at large distances the forces might be-
come large enough to confine the quarks, That is the foremost problem of
QCD. Also there are infrared divergences in QCD which are more serious that
in QED and the method to handle them is not yet known. In spontaneously
broken Y—M theories these infrared problems are absent.

To summarize, there are two applications of Y—M theories: with broken
symmetry in weak interaction (e.g. Weinberg [7] — Salam [8] model) and in
strong interactions by QCD with perfect unbroken colour symmetry.

2. Classical Yang—Mills theory

We are going to take a more or less elementary and direct view of Yang—
Mills theory, rather like the authors did. We start with the example of SU(2)
in which we have a 2 component spinor representing proton and neutron. We
start with the Lagrangian density for the free proton and neutron fields

Lp=iP, 3y, + iy, W, - ”'p'f_"pﬂ’p = mad (2.1

where we use the notation of Bjorken and Drell [9].

In the old days people wanted to add interactions with pseudoscalar parti-
cles. Consider 3 pseudoscalar particles (e.g. the pion) with charges 0(gg).
+1(¢,), —1(¢_); the simplest coupling to the nucleons is

L =ifad bgrs¥y +BU,00YsVn t TWpbeTsVn t TWad_vs¥p). (22
P P P P

If the nucleon—nucleon force is independent of the nucleon type (and y #0),
then.

Ca=—f=yN2. (2.3)

A neater way to write the Lagrangian in this case is to introduce a spinor
Y, (a = p, n) and an isovector ¢; (i=1,2,3)in isospin space, where

1 ,
#1="56s+0.), ¢;=é(¢+—¢_1 3 = g (2.4

If m, = m, the Lagrangian Ly + £; must be invariant under a rotation of the
Y field in isospin space, i.e.
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p'rp—'-cosﬁﬂ.-p-f sin@y,, ¥, = —sin Ehiﬂp +cos Oy, , (2.5)

provided we also rotate the ¢ field at the same time. The Lagrangian becomes
L=ipdy - mpy + &Edﬁ-t'}s ¢+ K.E. terms for ¢, (2.6)

where

0 1 : 0 —i 1 0
— — = 2
2 (I u)' 272 (i 0 ) 23 (0 —1)' a3

are the Pauli spin matrices.

This is the famous pseudoscalar meson theory which was supposed to be
the explanation of everything. When there were summer schools, professors
explained that this was the key to the whole of strong interaction theory: they
were going to explain scattering and everything else and it was just a matter of
calculating the next order on a machine. But that failed so they keep on trying!
The question now is, can we write a similar theory for a vector particle inter-
acting with nucleons. It is easy to guess that a vector particle A, could be cou-
pled the same way ie.

L=ipdy —mpy + YA )T, 0, (2.8)
where A has been rescaled to absorb the coupling constant g. The Yu is present
to contract with the space time index on the 4, and the t is present to con-
tract with the isospin index on 4. We could also add derivative couplings on
the form

v(0,0) trs7,.V (2.9)
in the pseudoscalar case, and similarly in the vector case. However for simplici-
ty we exclude these and other more complicated couplings. (There is no way
a priori 1o exclude these couplings but theoretically there may be problems
with renormalisability but in the old pion theory of nuclear forces they were
all tried.)

Now the problem of coupling the vector field is very easy but it is only part
of the real problem which is — what are the equations for the propagation of

the field? Yang and Mills treated this problem in analogy with electrodynamics.

In electrodynamics, the piece of the Lagrangian connected with the propaga-
tor of the vector fields is

Fquut"
where
Fp,=ap‘4v-a,4n : i (2.10)

b
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The piece of the Lagrangian analogous to (2.8) is

L=Y@d - my+vd, v, ¥. @.11)
Why do we have such a funny looking business? Why not have, for example,
(8,4,)(0,4,) . €2:12)

Electrodynamics has a property of gauge invariance; this means firstly if

¥ —+e 'y and « is a constant, nothing happens to (2.11). But now suppose
that the phase of the wave function is changad by different amounts at differ-
ent space-time points i.e. eis a function of x. Thisis usually called a local gaupe
transformation. Now the kinetic energy term in (2.11) will change since

00,0 > Y, ¥ + Y(d,e)y . (2.13)

One can easily make (2.11) gauge invariant by supposing that at the same time
we change

A=A, -0, (2.14)

Now if the theory is to be gauge invariant we cannot use (2.12) in the Lagran-
gian as it changes under the gauge transformation; however F, is invariant so
that /7, F,,, is a possible invariant contribution to the Lagru;gian.

Now we can use the same trick to try to find what kind of invariant we get
in this new theory with the multiple component field (isovector). Consider
the transformation

¥~ exp{—i(a-t)h¥, (2.15)

applied to (2.8). The transformation has to be unitary and consequently it can
be written in the form (2.15). We only consider the transformation to first
order in ¢, viz.

p=(1—iat)y. : (2.16)

(It can be shown that if the theory is invariant under infinitesimal transforma-
tions then it is also invariant under a finite transformation, (2.15) since this
can be built up from infinitesimal transformations.) Eq. (2.8) is invariant if a
is not a function of space-time provided

Ayt —>exp(—ia-t)(4, - t)exp(iart)
ie.

A=A, t—ilar, 4, 1] =A t+(aXA )T

i.e.
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Ay =A,+(aX4,),, B0

which is an infinitesimal rotation of the vector A, in isospace.

So far we have considered only SU(2). In another group one should have a
similar sort of thing except that the ’s would be a different set of matrices,
with another set of commutation relations. [n general

[T:', T’_.T =i ”ka, . (E.g. for SU(EJ”’U’: = El:,".t) = (2.18)
We can generalise the notion of a vector to any group g; =a where ¢ =a X b
means ¢; = [y a;by.

Then all the equations we write are completely general, they apply not just
for SU(2). Some properties of the cross product are

a-(bXe)=(aXb)- e, aXa=0, aXb=-bXa,
aX(bXe)thX(cXa)+cX(aXb)=0(Jacobiidentity) (2.19)

but note a X (b X ¢) = b{a * ¢) — c{a + b) holds only for SU(2). For any group
SU(n), the number of components of 4 is n2 — 1 because the transformation
parameter, a can have n2 — | components (this being the dimension of the
group). :

Now consider e in (2.16) to be a function of space-time, The idea is that
we should be able to change the phase of the wave function arbitrarily at each
space-time point and transform the vector field such that the physics does not
depend on this choice. We must choose the transformation of A, so that (2.8)
is invariant under the transformation (2.16). « is called the gauge parameter.
Therefore under

g —ia(x) W, iPY,d,0 > iYy,d,¥+ Py, (d,a) P, (220)
So A must transform like
A, —A +aXd,—d,a. (2.21)

The next problem is to find a Lagrangian term for A, which is invariant when
A, is changed in this manner. There are very beautiful and elegant ways of
getting these things these days; but suppose that you were inventing it, what
would you do to find an invariant form? You fiddle around. All the elegant
stuff is found later; the way to learn is not to learn elegant things, it's to fiddle
around blind and stupid. Later you see how it works; polish it up; remove the
scaffolding and publish the result for other students to be amazed at your in-
genuity. ’

For the moment forget the a XA, term in (2.21), and try to find some ex-
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pression like the square of the elcc—trnmagnetic field tensor, i.e.
2
(9,4, —9,4,)".
This transforms under (2.21) as

B#AL— ap‘d; = Elu.'lp— avdp + o X [apzlp— BPAH)

+(a“a)xt4,—(a,u}m# 1 (2.22)
If the last 2 terms were absent we would be 0.K. because then
ap.f'lu —a,4,,

would transform as an isovector (i.e. ¥ = V' + a X ¥) and therefore its square
would be invariant. So we must try to get rid of the last 2 terms. Notice that
the gradient of a is coming from the transformation of 4, (2.21) so that if we
had a term like 4, X 4, then when we transformed it we would pick up a

Ay X aua. Try

AL XA, =A, XA, +4, X(aXA,)—A4,Xd,a

+(aXA ) XA, —@,a)XA,.
But
(aXA,) XA, =4, X(4, Xa).
Add and subtract aX (4, XA, ) and use the Jacobi identity (eq. (2.19)) 1o get
Ay XA, =A, XA, —(Q,a) XA, —A, X@,a)+aX (4, XA,). (2.23)
We can now get rid of the debris between (2.22) and (2.23) by defining
Em, = ﬂuApuav.ﬂi“'l'Alu xd,,
and so
E =B taXEg. . (2.24)

Hence we can make an invariant quantity Bt Ew" Therefore we may write
the Lagrangian density (in analogy with QED) as
1 = R -
£=—E;E,W'E“.,+n£fihb-- myy + (4, - t)y, 0. (235)

Note if we rescale 4, > gd L becomes

L= =3E,, E,,+ifdy - mPy +g0(d, - 07,y
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where E_, is now
p=0,A,—3,4,+g4, XA,
This is the form given by Abers and Lee [10].

You may ask why use £, , £, in the Lagrangian instead of another in-
variant piece? For example F called the dual of £,,,,, defined by E_w
€uvpoEpo 18 such that the q:.laritlti-s:izlL - Eand E-'F are also invariant. The
former is a pseudoscalar and one could consider it as a possible additional
term in L. It can be shown that this term has no consequences for the equa-
tions of motion provided that when A is varied to obtain them one assumes
that as usual there is no variation of A at ==, Possible consequences of a viola-
tion of this condition will be discussed later.

Now consider the action S derived from the Lagrangian (2.25)

s= -5 R LA A A (2:26)
We find the equations of motion by varying the action. Varying with respect
0 E gives

(ip+A 1) =m, (2.27)

and a similar equation for  is obtained by varying with respect to . Varying
with respect to A gives

——{a,,.'swm XEy)=J,, (2.28)
g
where
= . 2.29
LSV, TV (2.29)
Any vector will transform as
b draxd, (2.320)
The derivative of a vector transforms in a more complicated way:
3,630+ uxaymauum. (2.31)
Therefore if ¢ is a vector, its derivative is not. However we notice that
d,b+AX b, (2.32)

transforms as a vector. Hence we define a covariant derivative

D,=(@,+4,% (2.33)
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which when operating on a vector produces a vector. We can now re-write
(2.28) as

1

=Dy =4y (2.34)
&
Consider the action of the commutator [Dy,ﬂy] on ¢. We easily see that
D,D,$--D,D,b=E,, K. (2.35)

This is the first time we have got this combination of A’s (viz. £,,) outin a
logical way.

Since £, is an isovector, we can substitute it for ¢ in (2.35). Then we get,
using the antisymmetry of £,

D DE ;=0 (2.36)
Comparing this with (2.34) we see that for consistency we must have
D,J,=0. ' (2.37)

In other words these field equations are meaningless equations unless the cur-
rent is conserved in the sense that its covariant divergence is zero. This causes
alot of complications when we go to the quantum theory. The reason is that
in the quantum theory, when we calculate a diagram and so forth, some par-
ticles in the theory interact and provide a contribution to the current which
is then a source which generates a new field propagating to the next interac-
tion. We figure out how the vector fields propagate by solving the differential
equations (2.34). It may not be that our source automatically satisfies (2.37),
and hence eq. (2.37) does not make sense, it has no solution and we do not
know how thefield should propagate. Eq. (2.34) is the analogue of the Max-
well equation '

3, F,,=J,. (2.38)

utpy

The current J,, is produced by the matter field and it is a consequence of the
Dirac equation (2.27) (and its conjugate) that this current is indeed conserved
and satisfies (2.37). If matter is a Dirac spinor as we have assumed, J,, does
not explicitly depend on A ,. This is not true in general, if we define J,, as the

* The analogue of the other 2 Maxwell equations, uhlch are an algebraic consequence of
Fyp being a curl, is

DyEpg+DpEgy+DoEyp=0.

It is easy 1o check that this is an identity satisfied by E),, since it is of the form d,A4, -
DAy + Ay XAy
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first variation of the matter term (in the action) with respect to 4 . The cur-
rent would have a different form in, for example, scalar electrodynamics where
the quadratic term is the Lagrangian has the form

(3, +A,)8" (0, +A,)0+ mip¥e. (2.39)
The current is found by differentating this with respect to 4 and is
R ad
J,=¢"0,0+2¢0°4,9, (2.40)

and so in this case there is an extra non-matter term in the current. Let us write
= o)
EF,, F#,+AFXA_,, (2.41)

where F,,, looks like the field tensor in electrodynamics being just the curl of
A,.Theneq. (2.34) can be written as

—::EE!”FW =J, ";]i (8,(A, XA4,)* A4, XE,,}. (2.42)
This is just like electrodynamics. Each field is produced by a source; the source
is isospin density (analogous to electric charge in electrodynamics) which here
is a sum of the contributions from the matter and the field itself. The disad-
vantage of looking at it in this way is that we have lost the gauge invariance.
It's strange but it’s true that the amount of isospin density in the field depends
upon the gauge — it’s not a gauge invariant quantity. This is analogous to the
way some people like to do gravitation. '

The gravitational field equations (cf. (2.34)) are

Gup=Typ s (2.43)

where T, is the energy-momentum tensor of the matter and G, is the
Finstein tensor. Algebraically

D.G, =0, (2.44)

HT MY
where D, is some covariant derivative, and hence we have
;EII,J = 0, (2.45)

analogous to (2.37). However, as in (2.42) we can rewrite (2.43) as
Gy = Ty * Koy » (2.46)

where G;;- is linear in g, and K, , contains only terms quadratic and higher
ing,, .. This is now the equation for a spin 2 particle where K, is the energy-
momentum density in the gravitational field, and we say that the gravitational

field is produced by all energy, the energy of matter and the energy of the field
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itself; that’s why it's non-linear. However if we make a generalised co-ordinate
transformation, T,,, + Kuv is not a real tensor; this is a famous problem, there
is no real way to define the total energy-momentum tensor of the universe.

3. A geometrical look at gauge invariance

At each point in space-time imagine a frame defining axes in SU(n) in some
sense continuous (nearby frames nearly the same), but otherwise arbitrary.
Then physically we might hope to define what we mean by the frames at x
and x' are in the same direction. That is, imagine that we take an up particle
(e.g. a proton in SU(2)) at x and send it over to x' so the guy at x' can see what
we call up. If there were no external influence, which could rotate isospin,
acting in the space between x and x', we might hope to define and check that
everyone is using the same frame and can expect that one choice of frames at
all x to be best in the sense of making the physics equations simplest (e.g. all
parallel).

But under an influence, we must correct for the influence. If the influence
is not universal (e.g. acts on protons but not on pions), we can compare frames
using a particle which is affected least, or by looking at the different ways in
which different particles are affected. If a universal influence acts which ro-
tates the axis of isospin of every particle to the same degree, it clearly has no
effect locally; but if the rotation varies from point to point and from time to
time, than under some circumstances there may be an effect.

Now suppose there is such a universal influence and let us try to compare
a frame at b to a frame at a by sending a particle from a to b. Then the frame
at @ “carried” to point b might find (the frame as it is carried is of course turned
by the universal influence), in general, that it is not lined up with the frame
originally chosen at b, bul requires an additional rotation R(b + a). Thus
R(b + a) tells us how much the frame b differs from the frame 4 when a is
carried over, through space-time, to make the comparison. We could, ol course,
get a set of “‘best” frames so that all R = 1 by choosing at b the [rume we get
by carrying our a frame to each space-time point.

Rlc+<a)=R(c<b)R(b<a), (3.1)

i.e. unless R(c + a) is independent of the route by which a is carried, in which
case we do not have an interesting physical theory at all; R can be made equal
to the identity by a proper choice of a universal set of frames.

The interesting theory arises if this is not the case, i.e. i the rolutionR{h;“]
depends on the path & in space connecting the points. We now study this gen-
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eral case — the geometry of a field of frames with a method of parallel displace-
ment, or comparison along geomatrical paths. (If the frames were Lorentz
frames arbitrarily displaced, the theory is differential geometry and the physi-
‘cal theory is Einstein’s General Relativity.)

b

a

Of course R(b;—") which compares frames at b and ¢ does depend on the origi-

nal frame choice at each point. If the frames at each point were rotated by
Pa) then the rotation between b and a would now be

&(° }") = P(b)R (bEH)P‘l{a}. (32)

Physics should not depend on this choice, so we look for invariant properties
of R, this is most easily done geometrically.

For a closed path £}, @ +a, we might get a resulting rotation R(“%) de-
pendent on £ This determines a “strain” or physical effect indcpem?enl of
the choice of frames and thus invariant. To analyse these things most easily,
we work with infinitesimal displacements and closed circuits (a$ any finite
closed circuit can be represented as an area integral of infinitesimal closed cir-
cuits. in the manner familiar in the usual demonstration of Stokes’s theorem).

Thus consider b to be separated from a by an infinitesimal coordinate dis-
placement Ax,. Then R is nearly 1, the difference being of order Ax,,. Hence
we can write, to first order in rlxp

Rla+ Ax<a)=1-— in“(x]ﬁx N . (3.3)

where 1, is a vector field, in Minkowski space, depending on x, the location
of point g, and is an operator in isospace. The transformation property of n, un-
der a rotation P of the frames is given (using (3.2)) by

1— inL Ax, =PAx+ Ax)(1 —in, f.‘ax")P" (x).
Putting

aP(x)
I .-lxn

s

Plx+ Ax)=P(x) +

we pel

n,, = PC)n, P (x) + i%’}{}f’"' (x) 34

I
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{we call this a gauge transformation of n).
What happens il we go round a small square?

bx";

(3.5)

ﬂ=l€.!l

ﬁXF

Calculating to second order we obtain (to be correct to 2nd order we should
expand each R to second order beyond (3.3), but it is readily seen that these
terms will cancel in this order in going up and down the sides of the square,
i.e. such terms in the first bracket will cancel with terms in the third bracket,
since 1o second order they are opposite)

R= |:I +inn(x +%{)E~xﬂ +...][I +i1;-,,(x +%£+5x]dxp+ ]
X [I - ina(x + ﬂx+%)ﬁx0 + ] [] — i, (x +%{)dx, + ]

1+i{3,n, — 3,m, +iln,, n,1}6x,4x, (3.6)

n

n

14iM,,5x,Ax, , (3.7)
where we have defined
(mj_;p = apﬂy i ap‘?,,, + i[n‘_p Tllp] ] (3'8)

which is associated with an area 8x, Ax,, and is an antisymmetric tensor opera-
tor of the second rank. W, is the physically interesting thing associated with
the connection 1, which takes us from place to place.

Suppose 9 is any tensor operator. We wish 1o know how it changes from
place to place. It will not do simply to take B (x + Ax) — 9B (x) since we can-
not compare objects at a distance because of the effects of the universal in-
fluence. We must take account of the rotation of the frame by transporting
PB(x + Ax) back to x before making a comparison. Hence the total change
in P is

[1+in,Ax,]B(x+ Ax)[1 —in,Ax,] — B(x)

) .
= [} + mpmﬂ} (fﬁ(x] P ai )a.xf) [1 - fnu&xul — B(x)

2[323:,1;) + qu.qa{x]]] Ax, . (3.9)

TH
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This enables us to define a covariant derivative on any tensor B by
DM =988 +i[n,,DB]. (3.10)

We will now deduce an interesting geometrical identity satisfied by W -

P

of Z

-~ 0

We wish to calculate the difference in circulation between the top and bot-
tom faces of the cube. To get this difference it will not do simply to take
M, (x +dx,) — ‘??{w(x), because to get back to O we must go from O to P
(a factor 1 —in dx, ), then around the top (a factor 1 + i, (x + dx)dx,Ax,),
and then back down to O (a factor 1 + in,dx,); hence we want to compare

[1+ingdx, ][I +iNM,,(x +dx,)éx,Ax,] [I —in.dx,]
with

1+iM, (x)5x,Ax, .

The difference between these two terms is \
3":‘.’(#, )
oy +1[r15 } dl’um , (3.11)
where

4V, =dx,Ax,dx, .

Notice that the term in the bracket is just the covariant derivative of I,
this is not surprising as all we have done is to compare M, (cf. (3.5)) at O
and P.

By comparing M., on opposite pairs of faces, and noting that the net
effect of going round the sum of the following 3 paths is zero,
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A >z - "3-D—>C+G-»F*-?5—vce_D
sy et T B b )

+(A+D—>C>B—+A—-E->F->G>H—->E—+A)

0o
=

+(A>B->F>E->A->D>H>(G>C->D—=4),

we get

D, M, +D, M, +D,M,,=0. (3.12)
By taking B round a small closed loop, or by using (3.10), we get

D,D,B~D,D,B=i[WM,,, B], (3.13)
and hence

D, DM, =0. _ (3.14)

Now we will associate this with what we did before with Yang—Mills theory.
Here each R is a rotation in isospace and so can be written in the form

R =exp(—ia-T) , (3.15)

where the T are the generators of some representation of the SU(2) Lie algebra,
and « is a vector depending on the rotation it is desired to represent.

For the infinitesimal rotation (3.3), a is also an infinitesimal of first order
in &.xp, say a = —A”&xu 50

R=1+i(d,-T)Ax, . (3.16)
Comparing this with (3.3) we see that

n,=—A,-T. o ERY))
Substituting this into (3.8) we obtain

= —Ey T (3.18)
where

Epum QA — A, v A, XA, (3.19)

and we see that is the same as the £, which we obtained in (2.24). The ques-
tion now is — can we understand any of the Yang—Mills field equations
(2.26)—(2.37) geometrically? The answer is for most of the equations, no. In
particular, why did we put the combination (U’clg-}E +E,, in the Lagran-
gian? Physics tells us, not geometry. All we have dlSCUSSEd are lhe qualitative
features of a classical field, and the response of particles to it (they rotate the
axes as they move through it), but how the field itself has energy and behaves
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dynamically we haven't determined. But there are a few things we can work
out. Using (3.12) and (3.18) we have

D E  +DE, +DE;;=0. (3.20)
And using (3.13) and (3.14), we have

D,D&-D,Db=E, Xé, (321
where @ is any isovector and

D.DE,, =0 (3.22)

{cf. (2.35) and (2.36)).
The analogue of (2.34) would be

Dn :)l'f'“, “Ey - (333]

What is DM‘HI - geometrically? If | knew an easy way to describe this
geometrically then we could state this equation as: DF“J’H 18 the total isospin
in a small volume. Unfortunately 1 haven't worked this out, and therefore |
cannot describe the full Yang—Mills classical theory in an elementary way. (I
am looking for a law like that in gravity, which says that the excess of the
proper radius of a small 3 dimensional sphere over the radius calculated from
the area, v/(area/4m), is proportional to the mass inside the sphere — which is,
assuming Lorentz invariance, a complete statement of the Einstein law R, —
S RETLD

We have said that the A field represents a universal turning of the axes of
a diffusing particle, and now we should check that the equation of motion of
the matter (iff — A =) = my, for example, implies that indeed it does. To
make it is easy, we first do it with the Schroedinger equation and electrody-
namics but you will see that the method of proof is readily extendible to other
cases. The free particle Schroedinger equation is

2y_ .oy

3 (3.24)

Solving this equation, we find that a particle propagates as follows. Suppose
it is confined at x at time 1| (the wave-function is a delta-function). Then the
wave-function at time f, and position x, is

[Eniu_«,: - rl]} =32 rimlxy - x) )2

- om e _ﬁm]
which we call Ky(2,1), this being the function which describes how the parti-
cle diffuses outwards in time. Now consider a possible trajectory for the particle

(3.25)

~—r o —

e —
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/_'_.'/E
Al ax

The amplitude for the particle to go from 4 to B can be found by multiplying
the amplitudes for it to go along all the infinitesimal sections of the path.
Now add an external field to the Schroedinger equation

2

e _. Y .
szlf A+ V=i (3.26)

a

Consider an infinitesimal distance Ax. Over this distance, A and V' may be
treated as constants and are therefore expressible as the gradient of a poten-
tial x

A=Vx, V= dxfot , (3.27)
where
x=Ax+Vr.

By a pauge transformation we see that the wave-function ¢' = e~ixy is a solu-
tion of (3.26) if  is a solution of (3.24), and hence we may write the ampli-
tude for propagation over a short distance and time Ax in the presence of the
field as

K, (x + Ax, x) = exp {ix(x + Ax)}exp {—ix(x)} Kg(x + Ax, x)

=exp(id ,Ax,)Kg(x + Ax, x}, (3.28)
where
‘AU ==V, A,-=£-

Iterating this over a continuous path, we get
exp(ifA_udx"] X (Amplitude for process without the A field) . (3.29)
In the case of Yang—Mills theory, this generalises to
exp(i [ 4,,* Tdx,) X (Amplitude for process without Y-M field),  (3.30)

where we must order the operator T aleng the path
For infintesimal paths this reduces to
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[1+i(4,-T)Ax,] X(Amplitude for process without Y-M field), (3.31)

and thus we see that the expression (3.16) has emerged naturally.

4. A qualitative critique of QCD

One of the possible applications of Yang—Mills theory is to Quantum
Chromodynamics. The question to which we wish to address ourselves in this
chapter is whether or not this theory has a real chance of being right. Ordi-
narily, when the right theory is found, it isn’t long before we can calculate
consequences and check that it agrees with everything relevant that is known.
For example, the whole subject of electrostatics was in complete confusion
until the Coulomb law was discovered; before then people were rushingaround
in complete chaos and then suddeniy they were calculating the capacity of
elliptical condensors elc. ... . Similarly, before Schroedinger’s equation, there
was a lot of pulling and hauling on ideas which were inconsistent, and sudden-
ly, as soon as the equation was discovered, there was a tremendous tumbling
out of results which showed how everything worked. Therefore it's expected
(at least by an old fogey like myself) than when the correct theory is found,
lots of results will tumble out which will agree with experiment. Now QCD is
proposed as a theory which is supposed to be the correct theory of strong
interactions; it's been around for a few years now and we don’t have any quan-
titative results. At the moment we cannot look at the theory quantitatively
(due possibly to technical difficulties in its interpretation) so we will look at
it qualitatively to try and decide whether it is useful or not.

4.1, Forces between the quarks

The most characteristic thing about the quark bound state which have been
seen is that they are colour singlets. Coloured states have not been seen and we
must conclude that either their mass is infinite or is out of the reach of present
experiments.

In this theory the three quarks in a baryon form an antisymmetric state
with respect to colour:

TZ' {1AMIBYC) +|BYCYAY+[CHA)B)

— IBYAYCY —[A)NC)BY —C) B} A, (4.1)
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The first thing to look at is when we put three quarks together, can their
energy be lower in some other state than in the singlet state? Similarly putting
& quark and an anti-quark together, is the colourless (singlet) state lower than
any vther state? At the level we will work, we will not attempt to caleulate the
energies correctly, we merely wish to see whether we can get their order right. In
QED we know that the force between two static particles is

>n.n/\rwwv< e (4.2)

Similarly the force between two static quarks due to single gluon is

>vvwvu< ~——!——1—1U‘1] )
1 2 r

i i (4.3)

where ); are the SU(3) matrices.

One can see this as follows. For a static source J_ =J, =J, =0, and J, = p,
the density of colour charge, we find a solution of the form Ay=d4,=4d,=0,
A, # 0 where

VA, =p, (4.4)

(from 2.34). This is just as in electrostatics except that here we have three iso-
spin components. We could look at this problem mathematically (by ddling
around with the X's); however we wish o take a simpler view. The gluons
which couple to the colours of the quarks, can be represented as

- - S i [ I PR
AB, BA, AC.. CA, BC, CB, \ﬁ(BB—CC). v@(EAA—BB—E;C;

The last two gluons are the non colour changing states orthogonal to the
singlet (1/v/3)(AA + BB + CC) which is omitted for reasons discussed earlier.
This symbolism really tells us what happens to the colour of a quark when it
emits or absorbs a gluon. That is, an AB gluon can be absorbed by an A quark
turning it into B, with amplitude 1. (Annihilate the A and create a B instead.)
We now calculate the relative strengths with which various quarks couple. Con-
sider this vertex;an A quark emits a BA gluon changing to B.

B

BA
>W'M (4.6)

A



144 R.P. FEYNMAN

This BA gluon can be absorbed by a B quark (turning it to A) but cannot be
absorbed by an A or C (it can by an A antiquark however). Therefore, if we
wish to look at the A—A quark force, this vertex cannot contribute because
this gluon cannot be absorbed by an A quark. ie.

B B

P

A A

does not go.
The only contribution to the A—A force is that due to the colourless gluon
exchange, viz.

1 . mio B
— (2AA.-BB-CC
A Vrﬁ'l }A

>.n.'u-wwu-u< (4.7)

A A

The interaction energy for this process is +2/4/6 (+2/4/6) = +3, which is posi-
tive, so they repel just as in electrostatics (like charges repel).
Now what about the A—B force? Here there are two allowed diagrams.

1 - -
—= [2AA-BB-CC
A s 1B 5

2 1 1
>“VVWWW< interaction energy = +—= (——) ===, (4.8)
2 3 NN 3

and the exchange diagram

k. 3 interaction energy = (+1){+1)=+1. (4.9)

4.8 and 4.9 must be combined to give the total interaction energy which gives
+5. —
We could de the same for all the other colour combinations, but we’d be
wasting our time as we know that the interaction is symmetric with respect to
colour. The only cases we have to worry about are when the colours of the
quarks are the same or different. We can summarize the results as follows. In-
troduce a colour exchange operator P which interchanges a pair of quarks, it
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has eigenvalues +1 or —1 corresponding to whether the quarks are in a sym-
metric or antisymmetric colour state. In the case when the quarks are different
{cf. (4.8), (4.9), the interaction energy can be written

(P —3), (4.10)

where p is the eigenvalue of P. The lovely thing about this formula is that, if
we apply it to the case where the colours are the same (cf. (4.7), p = | in this
case), we get the right answer 1 — 3 = 5. Thus we have shown that E()Li)'{)\f-}z =
P — L. This is analogous to the Dirac formula for the interaction between two
spins (e.g. two electrons in an atom):

Pexch —1 = 22(0)1 (02 , @.11)

(the —3 becomes — 1/n for SU(n).

In order to generalise formula (4.10) to states of more than two quarks, we
merely sum it over all possible pairs of quarks. )

We shall now calculate the energy of various quark states using (4.10). Each
quark will have some self-energy, we don’t know what this is, but to make it
easier to see what’s going on, we will take +3 for each quark — the qualitative
results do not depend on this choice (because we will always compare the ener-
gies of states of the same total number of quarks).

We will symbolise the quark states as follows: draw a series of boxes with
one box for each quark in the state, for example a possible 6 quark state is

levels

—_—

colours J
| (4.12)

This represents a quark configuration in which the wave-function is sym-

- metric with respect to the interchange of any pair of quarks in the same row,

and antisymmetric with respect to the interchange of any pair of quarks in the
same column, e.g. for a two quark state, [:Ijrepresents the symmetric state

and Erepres&ms the antisymmetric state. We can use these (Young) diagrams

to calculate the energy of a bound state using (4.10). We will work out one of
these diagrams in detail for a three quark state which is symmetric under ex-
change of one pair of quarks and antisymmetric under exchange of another
pair:
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|
] (4.13)
The contribution from the exchange is
(+1) + (=1)

row  column

Therefore the total interaction energy is (+1) + (—1) — 3(3) = — 1. When we
add +; for each quark we obtain +3. The following table summarises the results
for various states.

MNo. of Diagram Interaction energy State energy
quarks (+; added per
quark)
I ] 0 +3
: O SR
= 1 4 4
“l-3=-3 *3
3 [(TT]  sen-3d=+ +6
] +1+(=1) - 3G) = -1 +3
] -1 -3G)=-4 0
4 — F143(=1) - 6(3) = -4 +3
§ s +a--106) = -5 +3
|
6 3+1) +6(—1) — 15(5) = -8 0

Motice that[—, which is totally antisymmetric with respect to colour and

|

which we identify with a baryon, has the lowest energy. Further| |  has the
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same energy as @ + D i.e. a single quark should be only weakly bound toa

proton. Similarly has the same energy as| |+ B{in our approximation,

zero) and it is impossible to say, in this poor approximation, whether or not
such a bound state of two baryons will exist.
Now let us try the same thing for the mesons. Consider

| T
A V-—{I -BB-CC) A

6 2
>\nANw1N\.< interaction energy = +%(H v'zTﬁ—) = —%, (4.14)

A A

The minus sign appears at the antiparticle vertex because the theory is a
vector theory this is just like electricity where the antiparticle has the oppo-
site charge to the particle. Another possible term in the A—A interaction is
that in which the quarks change their states

B - B
B A
>‘MN'< interaction energy = +1(—1)=—1 (4.15)
A A
Similarly
5 B =
CA
has the same energy as (4.15), —1 . (4.16)
A A

Now we can figure out the energy of the meson state (1/5/3) (1A A) + | BY| BY
+]C)ICY) (singlet) i.e. we need Lo consider the coupling of this state to itself.
Since this state is symmetric in A, B, C we get 3 X 1//31A)A) X 13 (1AA)
+|B)B) +C)CY) wlur:h is simply the sum of (4.14)—(4.16). Therefore the
interaction energy is —3 2. Adding +3 for each quark, we find the meson energy
to be 0. (The mesons have the same energy scale as baryons, with this +3 choice
for each quark.)
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Finally. we examine the state | A}IB), a coloured meson: there is only one
possible diagram

]
— (2AA-BBTcC)
A Ve B ol

- L2,y 1
W interaction energy-+\",6(+\@)-+3_ (4.17)

A 8

Adding the quark self-energy we get a coloured meson energy of +3, which
is much higher than for a colourless meson. We could ask why

ABC AB.C

B
]
o

AB.C

does not contribute to the energy of the colourless meson. The answer is that

the s channel gluon must be colourless: no such gluon exists — it was elimi-
nated earlier. '

4.2, Infra-red behaviour

We have indicated that a r—! potential exists between two quarks in this
theory. We know that this cannot really be correct, since the force between
two quarks is known not to be long range — it is not easy to knock the quarks
apart inside a proton (c.f. the case with which we can knock electrons out of
atoms). This problem cannot be argued away by saying that the charges in
QCD are stronger than in QED — with enough energy, we should be able to
pull them apart. The long distance (infra-red) forces have to be modified in
order to agree with experiment. Those who believe in QCD believe that this
will happen when the theory is worked out. I think that the central problem
in QCD is to see if, qualitatively, the forces are so modified. In some models,
e.g. the lattice theory (see [12]), they are, but we are not sure if this an arti-
fact of the models or not. It is true that when we go to higher order perturba-
tions, we find the force increasing with distance (there are logarithmic correc-
tions) relative to 1/r2, but it is unknown if this change is sufficient.
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4.3, Dependence of masses on flavours
4.3.1. Isospin dependence

The proton and the A are both supposed to be made out of 3 quarks in a
totally antisymmetric colour state.

Mass (MeV) Isospin Spin
938 3 L
A 1236 3 2

If OCD has forces depending only colour, how could there be a difference
between these two masses depending on the isospin? In addition to the isospin
being different, the spins are also different and we know, for example, that
the forces are spin dependent and different for different spin states in QED; so
there is no reason why this cannot be the case in QCD. The difference in the
P and & masses, therefore, may simply be due to the fact that their spins are
different. Then we say — look through the Rosenfeld tables to find particles
with different isospins and masses, but the same spins and for which we expect
the same space. Then QCD could be in trouble. However we cannot find any
for the following reason.

The wave-function is antisymmetric with respect to interchange of two
quarks (Fermi statistics). This total exchange is equivalent to an exchange of
space, spin, flavour and colour. Since the state is antisymmetric with respect
to colour exchange (colour singlet), the flavour symmetry must equal the
space symmetry X the spin symmetry; hence the flavour symmetry properties
of a state are completely determined by its space and spin symmetry proper-
ties. But colour forces depend on the space and spin configurations and there-
fare can apparently depend on the isospin symmetry. In other words, we can
find no way to verify the proposition that the forces are independent of fla-
vour. This, by the way, should be noted because in the early days of hadron
theory the forces had explicit isospin dependence, e.g. there were interaction
terms like ¢ (- 1)y, for a proton coupled to a pion. In QCD we cannot have
any such directly isospin dependent terms, but it doesn’t matter as we have
seen that the masses can depend indirectly on isospin.

A very rough empirical formula exists [13] which summarises the mass
splitting between baryon multiplets. It says that there is a contribution of
—-0.53 (GeV)? to the (mass)? for every pair of quarks which are both sym-
metric in space and antisymmetric in spin. Mathematically this is
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. = : +
AM? = —0.53 (GeV)? E (1 "B:::x s|nn)(1 ‘D._-: space ) (4.18)
patrs ! =

Notice that the masses are lower if the spacial state is symmetric as opposed
to antisymmetric, in an antisymmetric state, it is impossible for the quarks to
be at the same point; but in the symmetric state this is allowed, so that the
qualitative features of (4.18) may be summarized by saying that the correc-
tion force is short range. The spin part says that antiparallel spin states are
lower which is the right sign for the spin interaction of attracting particles due

to a vector potential.

4.3.2. Dependence on the quark masses

We know that the K mass does not equal the o mass, although the K and
the 7 both have the same spin-parity. How can we explain this? If all the forces
are independent of flavour, then the masses should be exactly the same. Itis
therefore a failure of the simplest possible picture that SU(3) is broken. But
we do not need to destroy QCD, we need only complicate it by supposing
that the s quark has a higher mass than the u and d quarks (but keeping
the interaction independent of flavour). No-one knows where this extra mass
comes from, we have left for the people of the future the problem of why the
masses are different. Some people think that the masses of the u and d quarks
are equal and that all the mass differences in isospin multiplets are due to elec-
trodynamics (e.g. proton—neutron), there are some technical difficulties in
signs and magnitudes in this approach and it would help if we could say that
the d quark is slightly heavier than the u quark for the same intrinsic (unknown)
reason that the s quark is heavier than the u and d quarks. Another flavour
now seems to have been found and maybe there are more; this new quark
(usually called charm) must have a higher mass than the other three. We
mustn’t forget that it is strange that we have to put in mass differences which
are of the same order of magnitude as the bound state masses we are trying to
explain. If we go to very high momentum transfers where masses are irrelevant,
the SU(3) (flavour) should become better, I don’t know of any direct demon-
stration that this is, or is not, the case — it would be nice to think of some ex-
periment in which this could be tested.

4.4, Zweig rule

Consider the following groups of mesons
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T n n' 0
Mass(GeV) 0.14 0.55 0.96

p W —é 1~
Mass(GeV) 077 078 102 sl 1}

A, f f' 2*
Mass(GeV) 131 1.27 1.52

These are the non-strange mesons from the 07, 17 and 2" nonets and one
might expect some similarity between these groups. Now it is known that the
o (e.g. in its decay, KK dominates) is an |55} state. Similarly the e (37 decay
mode dominates) is 1/3/2(lu) + |dd?}) and the p is LA\2(lul) — |dd?) and
they are very nearly degenerate. But the n and the 1" do not have this pattern
Approximately,

p=L(lum +1dD) =25 and 7' =F(Iul) +1dd) ++/2]s5))

agrees with experiment. Note that this combination is very ditferent from the
¢, ® case. Why? We would think that, in a state which contains |s5), the s and
5 could annihilate and then turn back into s and §, but also intouand uor d
and d: therefore an |s3) state should become a mixture of all 3 quark types,
and this is presumbly what is happening in the n, 7' system. Why does this not
happen in the w, ¢ case (and also does not happen in the f, f' case)? Thisisa
mystery. This mystery is summed up in the Zweig rule, an ad hoc rule which
says that this annihilation process is inhibited.

One possible attitude is as follows

= v

With an 0 state, we need 2 gluons to connect both sides of this diagram.
At first sight, we would think that with a 17 state, we could connect with |
gluon since the gluon has quantum numbers 1~ (cf. photon); but this would
require a colour singlet gluon and we have no such object; so we need a mini-
mum of 3 gluons. If we could assume that the gluons were weakly coupled to
the quarks, we might try to argue that the mixing in the w, ¢ case Is less than
in the 1, ' case, but it's a little hard to get g3 less than g‘z unless ¢ (the cou-
pling constant) itself is very small. Furthermore, if we look at the 2% mesons,
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we could make the connection in the diagram with only 2 gluons. so it should
look rather like n. n' system: but it doesn’t (here the suggestion was made that
the higher angular momentum 2% makes it harder for the gluons 1o get 1o-
gether to annihilate).

There is also another attitude, which is to suppose that. for some reason.
when momentum transfers and energies become large, the coupling becomes
small, then we can say the mixing is less in the 2* case than in the 0~ case be-
cause the energy is higher. In order for this work, the rate of change of coupling
with mass scale must be large.

This is not a satisfactory situation — it looks suspicious, as there is some
feature of QCD that we do not understand. If we have a way of calculating
with QCD (e.g. on a lattice) and if we wish to concentrate on something which
will tell us if the theory is wrong, this seems to me to be an ideal place.

4.5. Large transverse momentum in hadronic collisions

Consider the process
pt+p—hadron(largep,) + X . (4.19)

The average p, of a produced hadron at high energies is of order 350 MeV.
In a field theory, it is not easy to understand why there isn't a reasonable
amount of larger p,. Let us look specifically at particles produced at very
large p,.

In our picture the proton is made of a bunch of quarks, so we might expect
that a large p, particle would be produced by quarks scattering via gluen ex-
change.

proton proton

:>

equals
(4.20)

quarks ———
—t—

-~s——— quarks
B
If the ratio x; = p /p is kept constant. the cross-section at large p, should

20 as pl_4. (This follows merely by dimensional arguments and this result would
9 - x .t . —-8.2

be obtained for any gluon diagram.) Experimentally. it is more like Py §-2.

This is very disturbing. Is this process operating or not? A possibility is that

it really does occur, but when we put in the correct couplings and allow for
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the fact that the coupling constant will fall as p, increases, the process (4.20)
is masked by some other process which falls like pl‘s‘z. We must then assume
that this other process hasn't yet fallen enough to let us see the mechanism
(4.20). However the cross-section is already pretty small at 400 GeV and still
seems to be falling like p;a ; it is therefore up to the people who propose this
explanation to give some energy above which they believe the process (4.20)
will take over: and to explain what mechanism is responsible for the present
trend. (One possible mechanism is described by the constituent interchange
model. which gives a cross-section falling like pf3.) But in any event there is
a challenge to see what process QCD predicts that is so large as to dominate
over all the experimental range so far investigated and which behaves like pfs.
Any theory of this process has to explain much data such as charge ratios cor-
relations, etc... . Details such as the fact that as X, rises (toward 0.6) the ratio
't /7~ rises to more than 2, have to be explained.

4.6. Partially conserved axial current and vector meson dominance

Certain hadrons have special properties and it is not clear where these prop-
erties come from. One of these hadrons is the pion, which has the property of
PCAC associated with it; another is the p meson which participates in VMD.

Both PCAC and VMD were discovered when it was thought that the parti-
cles were themselves fundamental fields. Why bound states of quarks (as QCD
assumes the 7 and p are) should behave as if they were fundamental fields is
apuzzle. | don’t know whether this is a serious problem for QCD or not.

5. Spontaneously broken symmeiries and the Higgs mechanism

We will try to show why it is necessary to use a Yang—Mills theory in weak
interactions by considering the difficulties which appear in a more phenomeno-
logical approach. We will discuss some relevent points from weak interaction
theory although we do not propose to give a review of it. Consider the decay
of a u™; one interpretation of this decay is the following diagram.

i -
f f
e v, (5.1)

where the weak interaction is mediated by a massive charged spin one boson
W7, (The W™ must be massive as the weak interaction is short range.) The
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couplings at the two vertices are assumed to be V—A and equal (coupling con-

- stant ). The amplitude for this decay is

2
a=—t"_, (5.2)
2 2
q- - My,
where g is the momentum transfer between the ¢~ and the ™. For g <My,
this reduces to

M, . (5.3)

In this limit the interaction looks like the four point Fermi interaction

1e e
ST it = (G (5.4)
3 L

i.e. comparing (5.3) with (5.4) we get
My, =GIVE . -(5.5)

Let us write a Lagrangian for the W™ and its anti-particle, the W', with a
mass; we do this by analogy with QED for a massive photon:

£=—; (3,W, - BFWF}"‘! +3M2 W, W, + matter terms . (5.6)
Varying the action with respect to W, to obtain the equations of motion, we
get

9,0,W,—d,I,)+ MW, =S, (5.7)

where 5, is the current generated by the matter fields in the Lagrangian. S, is
not conserved: one contribution to S, (the pwi¥ vertex in (5.1)) is

Vo1~ 1)) (5.8)

This has non-zero divergence. It would have zero divergence if the v were
absent and the masses of 1~ and v, were equal, but this non-zero divergence
is all right since the divergence of (5.7) is

2 =~
M2 W, =23,S, . (5.9)

So we see that the presence of the mass term saves us from a possible incon-
sistency.

We derive the propagator for the IV, as follows. Eq. (5.7) can be re-written
using (5.9) as
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|
& 2 _ ;i -
a3 l",p +M Il"H -Su + Ea”{ay}jv} X (5.10)
In momentum space, this is
1 I{ kykl,) )
W = 8, — -15.. (5.1
TN Y

Therefore, given the sources S,,, we can calculate the field I¥, using the propa-
gator

By — (KK, IM?)
k2-M

This tells us how a field W, propagates from one interaction to the next. Using
this, we can construct diagrams for the theory. There are indices on the propa-
gator because W is a vector and therefore has various polarisation states. We
can see that a free IV, has three polarisation states, as required of a vector par-
ticle, and not four as we might guess at first sight: take (5.7) with §, = 0: this
describes the propagation of non interacting W's. Substitute a free particle solu-
tion

(5.12)

W, =g, ek, (5.13)
where e, is the W polarisation vector. This gives

—kp{kuev-kveﬂ)+Mle"=[l. (5.14)
Multiplying by k, we get

—k2(ke) + k2(k-e)+ M2(k-e)=0 . (5.15)
Hence

kre=0 (M=+0), (5.16)

i.e. the polarisation vector e, is orthogonal to k,, and so has only three de-
grees of freedom. Of course, when the W's are off mass shell, there are four
polarisation states. Similarly, in massless QED, the photon has two polarisa-
tion states when it is on its mass shell, and three when it’s off (the extra degree
of freedom represents the freedom to make gauge transformations in QED
which is lost if a mass term is added as in (5.6)).

We attempt to calculate with this massive W theory. Everything works well
as long as we do not have any diagrams with closed loops i.e. as long as we
only calculate tree diagrams:
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(5.17)

Another way to say this is that the theory works perfectly at the classical level.
At the guantum level, we run into difficulties with closed loops

:i (5.18)

The reason is that we must integrate over the momentum & running round the
closed loop. At large k, the propagator, 5.12 ~ kpkusz so the propagator does
not assist the convergence of the integral; the diagram diverges. Unfortunately
we cannot remove these divergences as in QED, because as we go to more loops
the divergences become more and more severe: (i.e. it is not renormalizable),
e.g.

deverges diverges

> ke KD 2 i like K*

(5.19)

The theory is therefore a disaster quantum mechanically and in order to con-
struct a workable renormalisable theory of weak interactions we go to a Yang—
Mills theory with broken symmetry. To do this, we first discuss symmetry
breaking in simpler cases. [ shall take a rather physical view of symmetry break-
ing and leave the more abstract mathematics to other people. I do this because
I think that it is useful to have more than one way of looking at a problem;
thie way I shall present it may be unfamiliar, but people may benefit from this
physical approach.

We will start with a simple model and gradually increase its complexity.
First take a real scalar field only; the Lagrangian is

A

2
L=3(8,0)* -5 92 — 0%, (5.20)

where we have included a ¢* interaction term. The theory has discrete symme-
try ¢ = —¢. Normally the vacuum expectation value of ¢({¢}) is zero; however
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Fig. 5.1.

this is not always the case as we must choose (¢} to minimise the energy.
In fig. 5.1, we have plotted the classical potential

2
My Ky
V(¢}-_2¢ i (5.21)
for the two cases (a) 2 >0 and (b) 2 < 0. We look for the state of minimum
energy (the vacuum) which we get by minimising V(¢):
aVi(¢)/oe=0, (5.22)

ie.d=0o0r¢=t/—p2f\

From fig. 5.1, we see that
for p?>0, (¢)=0

for p?<0, (p)=y/—plfh=zv. (5.23)

Take {¢) to be + v, although the choice of sign is arbitrary; however notice
that once we have chosen (¢} = + v, we have broken the symmetry ¢ - —¢.
In case (b), we now perturb about v

¢(x)= v+ nlx) (5.24)
Substituting this in (5.20) we get

L=-3(3,m)? - win? - don? f%n“ + %u“ . (5.25)
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Suppose 1 is small®; to a first approximation only the first two terms matter:
these represent a scalar meson with a real mass of +/2X v2. (Note that in 5.20
the ¢ meson had an inaginary mass in the case u2 < 0.) The other two i terms
in the Lagrangian represent n self couplings viz.

! N
! Sy
I Ay
A A
~ &N (5.26)
5o s ~
! \ i'rr‘
s L
-Aun?

These couplings would appear when we do perturbation theory with (5.25).

Why does the whole world have {¢} =+ v? Why doesn’t it have (¢} = —v
somewhere? Suppose that God created the universe in the state {(¢) =0 and
then the universe discovered that it could lower its energy; where it puts its
energy is none of my business, but it gets rid of it — gives it back to God or
something; then under some disturbance the vacuum tries to fall down with
some parts going to + v and other parts to —v . But what happens in between?
It just changes suddenly, but not too suddenly, because to get low energy the
{a“-jlz term must not be too large. This extra (Buq‘,-}l energy, plus the energy
due to the fact that ¢ is above its minimum potential energy, is stored in the
boundary between the two regions, so that if we have some region in which
{¢} = —v surrounded by a region where (¢} = + v, we can lower the energy by
shrinking the region where (¢} = — v to zero decreasing the surface area and
hence the energy so that the whole universe is in the same state.

Secondly, we look at a complex scalar field i.e. ¢ is a two component field
with the components Re ¢ and Im ¢.

L= * 'ui * Aos 7 i
=3(0,8) (2,9) —59 p—(¢9)°, (5.27)

with p2 < 0.
We minimise the potential

aV_;Iz *

* 2 * * £, 0%
Vg, 0" ) =5 ¢ ¢+i{¢ $)2, +24%6°9)=0 (5.28)
2 4 g 2 2

ie.g* =0 (a local maximum) or [¢12 = —p?/A = v2.

* . — x » .

Large perturbations about the minimum will not interest us. They can only occur is sys-
tems at very high energy density e.p. in very dense material such as neutron stars. Other-
wise there are only minor effects due to barrier penetration.
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Fig. 5.2.

The minimum fixes |¢|2 to be v2, i.e. the minimum is a circle in the ¢
plane.

Since § (the phase angle of the complex field) is undetermined, we can fix
the vacuum to be at any 8 we wish. We will take 8 = 0. In order to make per-
turbations about this vacuum we now make the substitution

¢. — eiE.lr ”[U + ﬂ) . '\529}

where ¥ represents perturbations in the 8 direction and n represents perturba-
tions in the radial direction. For small £, 5 this reduces to

p=vtntif, (5.30)

which is equivalent to doing perturbations about Re ¢ = v and Im ¢ = 0. Sub-
stituting this into (5.27) we get

2
L=3 (@, £)2+ {ayn}'lj - %nl + cubic and higher order terms . (5.31)

This tells us that we have a particle 5 with mass Aw2/2. This mass is a conse-
quence of trying to displace the i against the restoring forces of the potential
(the potential is like fig. 5.1(b) in the 5 direction). The ¥ particle has no mass
— it is known as a Goldstone boson; it corresponds to digplacements around
the minimum surface (i.e. around the circle in fig. 5.2) where there is no re-
storing force, since the potential is flat.

We can ask in this case, what happens if (¢} takes different phase values in
different places A and B. In between, we would like to keep the gradient of
¢ as small as possible in order to keep the energy as small as possible; but if
A and B are far apart we can manage this because (¢} can continuously vary
as we go from A and B. As A and B get infinitely far apart, the gradients tend
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to zero and so the enerpy stored is zero. We can consider this changing of ¢ in
the vacuum as a long wavelength excitation: as the wavelength tends to in-
finity (A and B tend to infinite separation) the energy tends to zero. so this
excitation in the vacuum will correspond to a zero mass particle.

The need for such a massless particle appears to be general. and not depen-
dent on our specific example. If the original Lagrangian has symmetry, this
symmeltry may be broken by the solution of minimum energy in the real world
(the physical vacuum). But if the symmetry is represented by a continuous
variable (like a rotation of phase) the “direction” of breaking can be slightly
different in different places and waves due to perturbations in this direction
must always be possible. In general, little energy is associated with long wave
disturbances and we have (after quantising these perturbation waves) particles
bl"necessariiy zero mass — called Goldstone bosons. There are, however, cases
where the variation of direction generates a current or charge density of some
kind with which there are long range forces associated (i.e. =1 potentials).
Then the large contribution of large volumes to the energy of interaction in
the long wavelength waves, increases the energy w of the long waves to a
finite value; the quantised excitations are now of finite energy as the wave-
number & — 0 and hence of finite mass. (This “mass”™ generation by long range
force is familiar in solid state physics where density variations of neutral mole-
cules give rise to phonons with a dispersion w = Ck, but compressional oscil-
lations of charges like electrons give rise to plasma waves with a dispersion w =
\/wp? + k2 (wp = a constant) due to the long range Coulomb interaction be-
tween the charge densities.)

Since later we shall want to use symmetry breaking to explain how mass
terms arise and since zero mass Goldstone bosons are not found, we whall have
to add long range interactions (of zero mass Yang—Mills fields) to give them
mass by this mechanism, called the Higgs—Kibble mechanism [4,5,14]. If there
is more than one way to vary ¢, while keeping the energy a minimum then there
will be more than one Goldstone boson. The following example illustrates
this. In SU(2), take an isovector ¢; the minimum of the potential V(g* o) will
occur for some non zero magnitude of @, but its direction is undetermined and

0
we can take (¢} =(0). In order to look at small perturbations about the mini-
w

mum we consider (by analogy with the previous example)

(gL itsLa) 7 O
b= exp( o jexp 'U ( 0 )‘ (5.32)
/ G
where L, and L, are two of the three SU(2) generators. Now the minimum is
on the surface of a sphere (cf. the circle in fig. 5.2) there are now two inde-
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pendent directions in which the potential is flat viz. the £ and £,. The n meson
has a mass corresponding to radial displacements off the sphere, in which direc-
tion I"m*f.iﬂ increases.

In general if the Lagrangian is invariant under a group G but the vacuum
has a lower symmetry i.e. it is invariant under a group G’ where G' < G. Then
there will be massless bosons whose number n = dim G — dim G'. In the SU(2)
example above, the vacuum is invariant under U(1) so that the number of
massless mesons is 3—1 = 2.

We give another example of this phenomenon which has more relevance to
the physical world. Suppose the u and d quarks have zero mass. Then the
Lagrangian

L= @uifd:,-'fu + adia“l"d + chirally invariant interaction terms , (5.33)
is invariant under the transformation
P e-ibrsy, U= pe-ibrs (5.34)

which is called a *“chiral transformation™ for arbitrary constant 6. We can see
this easily, as y5 anticommutes with the other 7y matrices. Note however that
a mass term would not be invariant

wmy - yme—2ibrs g {5.35)

but a coupling to a vector potential via 7y, would be invariant. Thus unless the
svimmelry is broken all the solutions of the Lagrangian must be chirally in-
variant and so, for example, the proton would have to be massless or parity
doubled (because the chiral transformation changes the parity of a wavefunc-
tion). Experimentally the physical world does not have this symmetry. There-
fore this symmetry must be broken and a Goldstone boson must exist if (5.33)
is valid. No such massless particle exists but it would have to be a pseudoscalar
meson. and therefore there is a temptation to associate it with the pion. Un-
fortunately the pion is not massless — but it is very light and people have there-
fore concluded the following. 1t might be that the u and d quarks have a small
mass and therefore the chiral symmetry is only approximate; this would then
possibly give a small mass to the pion. If this is the case, we can deduce a num-
ber of things about the pion couplings; these relations, such as the Goldberger—
Treiman relation [e.g. 15], known as PCAC, are approximately verified ex-
perimentally. (We could expect another low mass boson coupled to uu + dd

i.e. a pseudoscalar but with isospin equal to zero. This is not found, people

feel that the i" is too heavy, and how this difficulty can be resolved has always
been a fascinating problem (the problem of the ninth pseudoscalar boson in
SU(3)). | am sorry to find that the length of this course is too short to permit
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me to discuss it along with many other interesting things I had hoped to discuss).

Let us return to vector fields. As we have so far discussed them, only the
massless ones seem to make sense quantum mechanically. These have long
range forces and we might therefore expect that the presence of these fields
would eliminate the Goldstone boson when we break the symmetry. This is
indeed the case as we will now show. Take a Lagrangian describing charged
scalar particles interacting with photons

=13, +14,)6°0, ~ 14,065 "2 092 1 F F,,. (536)

with p2 < 0.

This is just the same as the Lagrangian (5.27) with electromagnetism added.

We make the same substitution as before viz. ¢ = el/¥ (v + ). Again we take
the minimum of the potential to be v, giving

Al
= 1@, + 4@, — N2+ § 0247 0 B, — 5F Py - (537)

It looks as if the 4, field has acquired a mass (see the term % v2A2) but there
is a peculiar term where A, is coupled to d,£ but the coupling is really ju?
o, — (B”Ej’ v))2 so we can remove this term by doing a gauge transformation

p'=e-itlhg Ay =A,-(3,4V). (5.38)

The Lagrangian then becomes

w? A
£=3(3,m? - 02+ 30242 —xn? — 2t

1 » 1
+ jA!Zﬂz tyuAd'lg — EFquuv

(5.39)
(F, is invariant under this gauge transformation). In this Lagrangian we again
have a massive field AL but now the field £ has disappeared altogether and

all the interactions are cubic or higher order. This phenomenon is called the
Higgs mechanism. (There is no term like 4 ,3,,£.) These interactions may be

represented by the following diagrams

i‘ ™ 1/ ~
> i
A K -4 (5.40)
—Ayn? A ukn _‘_A-!n].\

i 2

where - ————= is an n propagator;

is an A, propagator.
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One could say: haven't we lost a degree of freedom (£) between Lagrangians
(5.36) and (5.39)? No, because the theory is no longer gauge invariant electro-
dynamics — the free vector particle ,-1; now has three polarisation states since
it has a mass, whereas the massless 4, only had two polarisation states. There
are four dynamical degrees of freedom in each case. We lost the gauge invari-
ance when we made the explicit gauge transformation to eliminate £ and a
gauge transformation on (5.39) will not leave it invariant;in particular, it will
bring back a term of the form 4,8, & where ¥ is the gauge parameter.

We will now give a physical example of this phenomenon. The example is
superconductivity and it is discussed in detail in [16]; here we shall merely
give an outline. Superconductivity has the same properties as described above®
except that it is non-relativistic. In the case of a metal at low temperatures, the
electrons form (Cooper) pairs of opposite spin in such a way that these pairs
act as bosons. Let ¢ be the wave function for one of these bosons; it satisfies
the Schroedinger equation. We consider the case of  interacting with an elec-
tromagnetic field

(T - ed) Y =EY, (5.41)

where E is a constant and e is the charge of a pair of electrons. Since the ¥ is
a boson, many pairs of electrons can be in the same state. The electromagnetic
current is

=5 ([T —e)W]* ¥ + [4°GT ~eA)]]. )

Suppose that in the absence of A there is no current but that all particles are
in the same state because of the Bose condensation. This j represents not only
the probability current of one particle, but when multiplied by e and N/2 (the
number of particles) represents the physical electric current of the bosons.
When very many bosons are in the same state, the wave function acquires a
real physical significance, just as the photon wave function becomes the physi-
cally real (gauge transformations excepted) 4 (x, 1) of classical mechanics and
electromagnetism (Maxwell theory) when there are sufficient numbers of
photons in the same state to make a “real” light wave. Turn on a very small
field A. To a first approximation, in many cases (those which yield supercon-
ductivity) the wavefunction is unchanged because so many interacting bosons
are in the same state; so that the current we get is

* The Higgs Lagrangian (5.36) in the static case is identical to the Ginzburg—Landau free
energy in the thecry of type Il superconductors [17].



164 R.PLTTYNMAN L
i= AU dim . (5.43)

But "¢ is simply the density of bosons: call this N2 (N is the density of the
electrons). The current is

] N feld
Jsuper =-2 {F ) (5.44)

i.e. the current in a superconductor is proportional to the vector potential.
The Maxwell equation

Vid=j, (5.45)
becomes

V2 A= Jexiernal * dsuperconducting » (5.46)
i.e.

(V2 = A4 =jexrernal » (5.47)

where A = Ne2/2m and is called the London constant. This is the equation
which describes the behaviour of a vector particle with a mass. The theory has

spontaneously acquired a mass exactly as in the Higgs case. Notice that we have

also lost the gauge invariance as we did in the Higgs case; we have chosen the
gauge where the equations describing the physical properties of the theory are
in simplest form.

Recall that when we considered the geometrical significance of gauge in-
variance in sect. 3 we saw how the gauge information could be carried from
place to place by a particle. In this problem we have merely chosen the gauge
which is carried by the electrons and it is clear that this is the natural gauge
for this problem; this is why the equations appear simpler in this gauge.

We shall now look at spontaneous symmetry breakdown in Yang—Mills
theories. We look at two cases

(i) Isospinor scalar particles. We construct the same V(¢) as we had earlier

,
; [ A
V@) =5 67 ¢;+5 (979 (5.48)
where i = 1.2. Let us assume that at some point in space

1 s
= 5.49
¢=v (C_] . (5.49)
If ¢ is pointing in the three direction of the three dimensional space of SU(2),
there will no longer be gauge independence in the 1 and 2 directions since il
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we rotate about the 1 or 2 directions ¢ changes. so we expect thal two com-
ponents of the 4, field pick up mass. But what about the 3 direction? When
we rotate about the 3-direction. a spinor gets multiplied by a phase i.e.

({'}) - (EEE”) ‘ (5.50)

for a rotation through 6. So we do not have any gauge freedom left and there-
fore all three components of 4, pick up a mass.
Mathematically

1

s —I;Em,fp" + 30, +it- AT, —it-A)o— V() - (5.51)

Puté = (})) v and look at the mass term for the A’s. This is
; o ow?
(1 ﬂ}(r-AH_r-A](O) =?[A;f+.4§+.4§] . (5.52)

So we see that all three components of A have acquired the same mass.
(i) Isovector scalar particles

i
¢=(zi).

The potential has the same form as (5.48) withi= 1,2, 3. Let the vacuum expec-

\

tation value of ¢, (&) = (ﬂ) v, define the 3 direction in isospace. Carrying this
1

¢ particle around tells us where the 3 directions is everywhere. Hence, we lose
the freedom to rotate the ¢ field about the 1 and 2 directions and therefore
AV and A2 will become massive — we have broken the gauge invariance in the
1 and 2 directions. But if we rotate by & about the 3 direction the 1 compo-
nent is multiplied by e the 2 component is multiplied by e~  and the 3
component is left unchanged i.e. we still have a freedom of gauge rotation
about the 3 direction. 43 will still have zero mass.

Mathematically,

£=EL“25""EH" + 1@, + 4,081 1@, +4, X)) — V@) (553)

]
Substituting ¢ = (ﬂ) v we get the mass term for A:
1

LA+ (422 (5.54)




o ST ERETI T RTLAT

mmnmm, L R

166 R.P. FEYNMAN

i.e.A! and A2 have the same mass and A3 is massless, as expected. One might
ask — why do we use scalar particles to break the symmetry? They are of
course the simplest to write down. But this *“superconductivity™ elfect can be
generated in many ways (as indeed in real electrodynamics where pairs of fer-
mions do it), and it is possible that the symmetry breaking if it occurs, in say,
weak interactions or other places in physics, may have a more complex mecha-
nism than the Higgs scalar method. But to-day we have a severe restriction on
the meaningful theories we can write down i.e. that they are relativistic, quan-
tum mechanical, and renormalisable. If all these restrictions are imposed it
looks as if only the Higgs method can be formulated at present.

6. Quantisation
6.1. Philosophy

Before we commence a detailed study of the quantisation of a Yang—Mills

fields, we shall describe the various approaches to quantising a classical theory.

Fig. 6.1 illustrate a general schema for quantising particle mechanics.

We begin with a Lagrangian from which we can deduce a classical Hamilto-
nian, written in terms of ¢(¢) and its conjugate momentum p(r), defined by
p(t) = d.£/dq(r). There are two routes by which we can quantise the theory.

LAGRANGIAN HAMILTOHIAN CLASSICAL
ACTION qlt) plt)
qlt) //
PATH
| IMTEGRAL
[ PHASE SPACE)
// qlt) plt)
HEISENBERG
PATH INTEGRAL OPERATORS
[ SPACE) qit) pit) QUANTUM
) SCHROEDINGER
q EQUATION

AN 2’
( PHE HOHE@

Fig. 6.1.
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From the Hamiltonian we can define operators associated with p(r) and q ()
and hence obtain either the Heisenberg or Schroedinger pictures; from these
we can deduce results which predict the behaviour of phenomena in the physi-
cal world. There may be a problem with operator ordering when we go from
the classical to the quantum theory. The alternative approach is to start with
the Lagrangian and introduce a path integral which associates a certain ampli-
tude with each trajectory in space [18]: this enables us to proceed directly to
calculate the consequences of the quantum theory. (There exists an alternative
path integral method, not much used these days, devised by DeWitt —Morette
[19] and Garrod [20] in which one can construct a path integral in phase space
directly from the Hamiltonian. This resolves many questions of the order
of operators in the Hamiltonian. From it the ordinary path integral is easily
obtained.) All methods lead to the same consequence physically, but each
method has its advantages and disadvantages and we choose which ever is the
more convenient for the problem at hand e.g. spin 1 is very awkward to handle
in path integral approach.

Consider now the situation when we try to quantise a field theory (fig. 6.2).

L AGRANGIAN HAMILTONIAN
CLASSICAL SEri .
® (x,t) X, td, »
PATH PROBLEM
SHORT INTEGRAL oF
cut {PHASE SPACE) OPERATOR
® (=,t), Klxt) ORDERING
PATH / HEISENBERG
QUANTUM INTEGRAL OPERATORS
SPACE - TIME dilnt), Wix,t)
SCHROEDINGER
Pt EQUATION
_# PERTURBATION
DIAGRAMS THEORY
AND
RULES
(PHENUHENA
Fig. 6.2.
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The classical variables g(r) and p(r) are replaced by ¢(x, 1) and its conju-
gate momentum n(x, ) defined by n{x, 1) = aB,faé(x. r). The situation is simi-
lar to that in quantising a particle theory and historically people like Heisen-
berg and Dirac [e.g. 21] followed the Hamiltonian approach. This leads to
¢(x. r)and mix, r) being operators and again we have a problem with operator
ordering in the more complicated field theories. There is also a Schroedinger
approach which people don’t use much these days in which the vacuum has a
wave function in terms of the co-ordinates i.e. an explicit functional of the
field function ¢(x). Alternatively we can proceed by the path integral method;
the path is now a function of ¢(x, ). Because of difficulties in calculating with
the theory we usually proceed by perturbative methods. To do this we nor-
mally use diagrams and rules, all of which can easily be deduced from the path
integral formulation. We can also get these rules from a Heisenberg approach,
but it is more difficult. Nowadays we know of an obvious and simple-minded
short cut to get straight from the Lagrangian to the diagram rules. Some peo-
ple who are not sufficiently acquainted with the theory, think that the rules
are all there is, and then say that the theory is only defined by a perturbation
expansion. [t is true that we can only calculate things by perturbation theory,
but this may be only a limitation of the era and in any case there are certain
things that we can deduce from the Lagrangian without using perturbation
theory. (For non-relativistic field theories, such as those that arise in solid state
physics, we are not at all limited to perturbation theory, and many methods
and solutions for large or intermediate couplings are known.)

In a field theory there is a problem of renormalisability, because, when we
calculate diagrams with closed loops we get infinite answers. When we go
through the Heisenberg approach, the theory is not manifestly Lorentz in-
variant; but in the path integral approach it is, so for this reason the latter ap-
proach is to be preferred when we attempt to renormalise the theory. The dif-
ficulty is to keep the renormalisation process Lorentz invariant when the form
of the equations is not manifestly invariant. There is difficulty in the path inte-
gral approach, however, and that is concerned with the inclusion of fermions.
The path integral method doesn’t work in this case: but when people went
through the operator approach they found that there were only differences in
signs when fermions were introduced, and so minor were these differences
that they forced the path integral formalism to work by introducing Grassmann
algebras. :

In attempting to quantise Yang—Mills theory, Schwinger [22], after a lot
of hard work, found the Hamiltonian from the Lagrangian, but an attempt to
proceed with the Hamiltonian approach ran into serious difficulties with the
ordering of operators and progress in this direction ceased. 1 took the short cut

L

-
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(in fig. 6.2) [23] and found that there are certain complications in the diagrams
at the one loop level: but I got round these by introducing a contribution from
a fictitious particle. The correct rules for this particle were first worked out by
de Witt [24] and subsequently understood in a more general way by Fadde’ev
and Popov [26]. However | could only do it for one closed loop: if there were
two or more closed loops I didn’t know what to do — [ sort of half understood
it. Fadde’ev and Popov straightened this problem out by going via the path in-
tegral method and discovered that to all orders we have to add a closed loop
of scalar particle with Fermi statistics for every closed loop with a Yang—Mills
vector meson, they also went via the Morett path integral approach using the
Hamiltonian derived by Schwinger. The prablem of renormalisability was solved
by 't Hooft [25] using his method of dimensional regularisation,

Yang—Mills theory is often presented as being complicated, but now that
all this work is done and proofs proved, it is really not much more complicated
than QED apart from the more complex algebra which is involved; and a bit
more care is needed with the gauge invariance, We just add the contribution of *
the ghost and regulate by the dimensional regularisation scheme.

It would be sensible now to give the correct and complete theory, say as
outlined in Abers and Lee [10] and many students might prefer this. But to
get a clear feeling for the need for the Fadde’ev—Popov ghost, we can contrast
the theory with QED by asking what happens if we just plough along and make
diagram rules by direct analogy with QED. This is a sort of “damn the torpe-
does, full speed ahead™ approach. We will discover that we are hit by a torpedo,
but let’s try it anyhow,

We will attempt to calculate with the theory by first deriving the diagram
rules directly from the Lagrangian.

6.2. Derivation of the rules for diagrams

We shall assume that the reader is familiar with the methods of deriving the
rules from the Lagrangian and so we will merely give an outline of the deriva-
tion as we go along. Consider the following model Lagrangian for spin 3 iso-
spinors ¥ and spin O isovectors ¢ interacting with Yang—Mills ﬁeldsA_u

L= —zE, E, 4+ Y(id +gd V)Y - myy

+ 11663, + 24, 0B 110, + 24, X)) — g%, (6.1)

where we have rescaled A, togd  and so now

p= 0,4, — 0,4, +gA, XA, . (6.2)
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We separate the Lagrangian into terms of second order and terms of third and
higher orders in the fields. The second order terms give the propagators and
the higher order terms give the interactions:

= —3F,, Fy, t Uin,d, — )y +3((3,9)(0,4) - M26"$] 2nd order
+g¢f"ru LTV g4, XA,) 0,4, +3g[3,07 (4, X8) + 3,4 (4, Xé7)]

3rd order

+38%(A, XY - (A, Xb) —382(A4, XA,) (4, XA,) 4th order
(6.3)

where we have retained F,, =9,4,—9,4, to pull out second order terms in
A, which will give the vectur ﬁeld propagator

As there is some problem in deriving the propagator for the A ; field, we will
first derive the diagram rules for the interaction terms. Consider the term

vy, A, Ty, (6.4)

this corresponds to the following interaction —  coming in, absorbing or
emitting an A, and going out as a Y, viz.

(]
9T,>—wv\fiv
F (6.5)
In co-ordinate space we take
¢a=u5e—ipl-", @=1f2e+ipix, Angpeﬂqx . (6.6)

i.e. free waves. Going to momentum space the diagram becomes
B P :
g‘l'(>p~4\N?~—\-n“ (6.?)
Uy ¥

where the momenta carried by the particles are indicated on the diagram. We
can now read off the vertex;it is

ity (7, T a,)u - (6.8)

'IThis, except for the presence of the t matrix, is identical to QED. In fact, as
in QED, we do not need actually to write the u, it spinors for virtual fer-
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mions, but just string the Dirac (and t) matrices together in a product in order,
as we come to them following a fermion line.

We now consider, in a similar fashion, the third order (in the fields) term
for the scalar field ¢ interacting with the Yang—Mills field A ,

+32{0,0 (4, X®)+3,b-(4, X$')}. (6.9)
Putting in, as before, the free fields

b=S,e" X, dt=5,etPX A =a,e”T, (6.10)
we get

+ig+ ipy, 5> “(a, X8)) - ip,5 (e, X §9)}exp{—ilp; — P2 +q)x},

. (6.11)

then going to momentum space we have

S’\‘-f’ N . - g

i %"-";‘""“g ig(p) +P3), 152 (g, XS))] (6.12)

g5 !
Similarly, the term 382 (A4, X¢7) - (4, X&) gives

S % By

~ g2 (b, X S3)-(a, X §y) + (a, X §3) - (b, X 5y)].
. 7 (6.13)
557 P % Eip

So far, these interaction are similar to (apart from the isospin labels) those in
QED. But in Yang—Mills theory there are two extra vertices which have no
QED analogue (they arise because the A, field itself carries “‘charge™). The
lterm -g{A XA,)- a,A, gives, in mnmentum space, wg(ﬂ Xb,)c wle,,
when we subshluteae“?ﬁ" for the first, b, ' for the second and

¢, -e!7eX for the third with momenta g,,, ‘?b g, Hence altogether it gives,
takmg account of permutations and with a bit of re-arranging of the dots and
Crosses:

£ A

—g{(a, — a )y by (e, X a,) +(q, — ap)ya,* (b, X c,)

™ e i y
< +(gp — qg)uc, g, X b)) (6.14)

by Cw
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There are six terms altogether since each of the three A ’s can be eithera,, b,
or ¢, in every possibly way.
| [ .
The term —z2-(4 , X A )" (A, X A,) gives

9, b,

.
- % {(a,Xb,)(c,X d,) + three other symmetric

g, 3 combinations} , (6.15)

which comes to a total of —g2 (a, Xb,) (e, X d,) by a bit of rearranging.
We must finally derive the propagators for the theory from the guadratic

terms in (6.3). The propagators for Y and ¢ are easy to get. The equation of

motion for ¥ is (obtained from the Lagrangian by varying with respect to ¥)

(ig — )y =7, (6.16)

where J is some source for  (whose exact form is irrelevant, e.g. some non-
linear combination of other fields like A +t 4, that in the diagrams generate a
source away from which a particle  is to propagate)

A

A
out
Source

A
So symbolically

1
I =
v T (6.17)
In momentum space this is

1
I'L'P-ﬂ—.rn};’

(6.18)

This gives the Y which enters into a source term for another interaction, and
so each virtual  line brings in a factor (¢ — m)~!. This then defines the propa-
gator .

] ] a!‘j

. (6.19)

The i and j are isospin indices. The & i is present since ¥ must couple to the
same isospin al both ends.
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For the ¢ field, the equation of motion is

(o+MDp=-J". (6.20)
Therefore
1
T £ (6.21)
where we have again transformed to momentum spa. ..ic gives the ¢ propa-
gator
b
R f e e (6.22)
p? - M2

where the @ and b are isospin indices.
Finally consider the A, propagator, the equation of motion is

(0,4, ~ a,4,)=—,, (6.23)
ie.

A, —9,0,4,)=—J, (6.24)
where J’; is the total current — matter plus contributions from the A , itself
due to the third and higher order terms in the Lagrangian. We need to solve
this equation to get the propagator. However in general we cannot solve it be-

cause by itself it is meaningless unless the divergence of.i':, is zero, for the dive
gence of the left side is identically zero. We conclude therefore that

3,4, =0,
i.e.

BP{JP+B“(.4HXAU}+A#XEN}=O. (6.25
This equation can indeed be verified using the relation (2.42).

When we attempt to obtain the propagator in QED, we do so by choosing

a,4,=0, (6.26
as we may do due to gauge invariance. The equation of motion then becomes
simply

D ==, (6.28

u o
and we can solve this to obtain the propagator viz.
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i
_ue
Ay =—J,, (6.29)
p?
so the propagatar is
Byulp? . (6.30)

It turns out that when we use this and calculate diagrams in QED, the current
we get from the diagrams is automatically conserved so that everything is al-
right, as it must be since

8,04, =-3,J, . : (6.31)
from (6.28), and both sides are separately zero; so the gauge choice is self con-
sistent. This is equivalent to replacing the action —3 IF#F#yd“x by —3 J@,4,)
(ayAF)d“x, or in other words to adding an extra term +%J’(BFAP)2d4x to the
action, so the Lagrangian becomes simply —%FPPF”u + %(a,,A#) (0,4,).
Take a flying guess and try to do the smme thing for Yang—Mills — an excel-
lent method of doing physics. The purpose of physics is to find out what's
true, not to find out what you can prove. If you allow yourself the liberty of
knowing things with different degrees of certainty, then you can know a lot
more physics than if you have to prove everything. So in (6.24) we suppose
that we can choose the gauge

8,4, =0, (6.32)
and we then get the following for the equation of motion
DA, =-J,. (6.33)

We can invert this equation to get
A —5""[—1') 6.34
v =g T (6.34)
which in momentum space is
[
Aply =—5 Up)y - (6.35)
P

This defines the propagator

6,6
a b pz

Notice that if we take the divergence of both sides of (6.33), both sides are
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separately zero, the left side by the gauge condition (6.32) and the right side
by (6.25) so we appear to be self consistent. We have all the rules and can cal-
culate processes and see whether we run up against any problems, such as gauge
non invariance of a physical process. We will, indeed, run into problems when
we consider Yang—Mills loops and shall see that we need to introduce some-
thing extra (the ghost particle) to cure them.

6.3. Explicit caleulations of physical processes in Yang—Mills theory

As an application of the rules that we have derived, we shall now calculate
several physical processes. We begin with Compton scattering for I = 1 scalon.

The process under consideration here is Compton scattering of a gluon 4,
and an isovector scalar particle ¢ (scalon) using the Lagrangian (6.1)

gluon + scalon — gluon + scalon . (6.37)

We define the momenta, polarisation vectors and isospin labels as follows

- q
\\pz 2
. 4 i"
(6.38)
//
s 7 i'"l
1, N
7 v 9

The momenta are py, p, and g, g, the isospin labels of the scalons are A
and §, and the polarisation vectors and isospin labels of the gluons are @), and
a,,. To second order in the coupling constant there are four diagrams which
contribute to this process, and we will calculate them in turn

(i)

B! G2
p

(pyva,) AT

(6.39)
ik

5, Oy
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where we have temporarily put an isospin index @ on the intermediate scalon
to make it easier to apply our rules. The amplitude for this process is (we must
sum over all isospin directions of ¢ as all will contribute to the diagram)

1

T £42p; +ay),5 @3, Xo) ——————
isospin (pytqq)—m
directions .

Xa-faluxsl}(l'p]*-ql]u? (6.40)
Re-writing 5, * (a5, X a) as (S X ay,) - o and using the formula
?{A .6)(c-B)=A "B, (6.41)
we get for the contribution from this diagram

5 (2p; +q4), (S5, Xay,) - (ay, XS)2py +qy),

(py +qy)? - m?
The second diagram is the same as (i) with the two gluons interchanged.

(i)

(6.42)

g

\Ez Eh
p}‘\ 9%

Ipy-a,)} (6.43)
ilff g,

/1;1 u'lp

The amplitude for this diagram can be obtained immediately from (i) if we
notice that making the substitutions

gy +*—a, ay, <>ay, (6.44)
in (i) gives (ii). Therefore the contribution from (ii) is
2 (2py - ‘?l)ufsz Xﬂ'],,) - [ﬂ'z_u XS])(E.U] = qz],_.

£ (6.45)
(py —q2)? — m?
The third diagram is
(iii)
p.
iv. = 3 %, (6.46)
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(S3X8y) - ex(py +P2a

amplitude = —
(py — )

{(gy— py *Py)yay, (@, X )

% ':—l?z . ql)vcv'{alp X alu} + [pl — P +ql)u":'lv' (c;.l X aiu}} '

where ¢, is the polarisation vector of the intermediate gluon, and therefore we
must sum over its directions in space and isospace using the formula

;E(A “¢,)c,"BY=A-B5,, . (6.47)

The amplitude for this diagram is then
5 (5, X8})

—g 7 {lay, X a1, )[(py +P2), 241 — q2),

(p1 - P2

+(py +P2),(2az — q1),) —(ag, X ay,)(py + pa)ylgg + a2} (6.48)

Finally we have the diagram

5N 98
\-\"i 2
ra
(6.49)
%Iﬁl 9y Gy
The amplitude is
g2 {(S; Xay,) " (S) Xay, )+ (53 Xay,) (S Xay, )} (6.50)

Adding the contributions from each of the diagrams, rearranging dot and cross
vector products, putting the scalons on mass shell and using momentum con-
servation (but keeping the gluons off mass shell for the moment) we get the
total amplitude for the process to be

(2py +q,), (2P +4y),

(S:xﬂzp)'(slxﬂlp] 3
zplql +£}']

4, -92)u(P1 + o)y + (Py +P2)(245 — 41)y
(q; - q2)°

(py +p7) @y +3) +(qy — q2)?
+ 5,,

. 2
@1 -42) (6.51)

equation continued on nexi page.
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2py — 42),(2P2 — @)y

‘|‘(SI X RZF) & {52 }(ﬂ“‘) [‘
—Zquz’fqi

+(2f?1 — )Py +P2), t (Py +P2), (a2 —ay)y
(q "Qz)z

, ~(py tpPy)(qy ta) t(q) - qz)zﬁ-”,]-

(a1 - a2)*
So what? What do we do with the answer? There are two possibilities — we
can use it to calculate the Compton scattering — maybe we are interested in
this; or we can use it to calculate the annihilation of a pair of scalons into a
pair of gluons (see below).

In order to get the Compton scattering of real gluons we must put them on
their mass shell i.e. qf=q§ =0 but this alone is not sufficient, as we can see as
follows. Consider the equation of motion for the gluons in the absence of any
sources (free gluons):

(6.51, cont’d)

2,(0,4, — 0,4,)=0 (6.52)
In momentum space, this becomes

qn{q,u a, — qvﬂu) =0 [6,53)
ie.

q%a, —(q,0,)q,=0. (6.54)

" There are two solutions to this equation: either (a) g2 = 0 and we must have
q,a, =0.le. for a Yang—Mills particle on its mass shell, the polarisation vec-
tor is perpendicular to the momentum; or (b) q? #0;thena, = (qnan;’qz}qp,
i

a,=aq, . (6.55)

This corresponds in co-ordinate space to A, = 8, x which is a pure gradient. So
we would perhaps expect that this field could be removed by an infinitesimal
gauge transformation. Let us try this; to gauge it away we would have to have

0=a,x+d,a+(d,xXa).

Since 8, x Xa is higher order in the field, it can be neglected since we are
working with a free wave and hence a, must be small (otherwise there would
be self coupling terms on the tight hand side of 6.52 which we neglected in
order to get the free wave solution, since they are of second and higher order
in the fields). We can therefore take & to be —% and gauge the field away.
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Case (b) cannot produce any physics. If we calculate an amplitude for a
physical process first with a,,, and then with a,,, where a, is related to a,, by
an infinitesimal gauge transformation a; =a, +3,a, there should be no dif-
ference in the answers since the theory is gauge invariant. The effect ofa“ and
”L is linear and this means that if we were to calculate with @, the amplitude
must be zero.

So we can test for the correctness of the solution to any physical process
by putting the polarisation vectora, of an external gluon equal to aq, where
q,is its momentum, and checking that this gives zero. Note that we must carry
out this test for a whole physical process; we should not expect that a single
diagram by itself is gauge invariant as it is only part of an answer and by itself
represents no physics.

In the Compton effect above, we gauge the incoming gluon, putting

ay, =aqy, (6.56)
Do we get zero? We make the substitution, and of course we don’t get zero —
because we made a couple of mistakes; however fiddling around a bit more and
correcting the mistakes, the Compton amplitude (6.51) becomes

2p, +

—g2(5, Xa)* (S, x;zp{az)){ﬂq_'h‘]

(q) - f?z)z

(—2p,y tqy)
—g2(S, Xa) - (S, x;zp(az})[_z_q'li‘]
a1 — fi'z)

where
‘flu(al):q%alu S qiu(qhal v:' ; (6.57)

Is this zero? Yes, because a, , is supposed to represent a free sourceless gluon,
so the term j, ,(a,) must vanish by 6.54. 1 a,, is not sourceless

scattering
diagrams

(6.58)
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J2,(ay) is not zero, so the process we have calculated does not seem to be
gauge invariant. Is there a fault in the theory? Need the theory be gauge in-
variant if the a5, has come from a source? Yes, the theory must be — the fault
lies in the fact that we are not now calculating a complete physical process.
Consider as an example that the source of a, , is another scalon, i.e.

NN
R
N
EumptFn
g (6.59)
Vg
#
”
Then in addition to the diagrams
(6.60)

which contribute to (6.58), there are two additional diagrams which we must
consider for the whole physical process, viz.

~ - S5 ’a’
~ -~
TV VT W g
-~ \Et,‘ e ‘}2 (6.61)
~ - S

When the sum of all diagrams in (6.60) and (6.61) is considered and we put
ay, =aqy,,we will get zero, It is not surprising that we do not get zero for
the diagrams (6.60) as they only constitute part of an answer to a physical
process, and there is no reason why this partial answer should be gauge in-
variant. The diagrams (6.61) correspond to a modification of the source in
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(6.58). Therefore, if we always only apply a gauge transformation to a physi-
cal process we will find that the amplitude is invariant (provided we stick with
tree diagrams). Hence the diagram rules which we have constructed will work
as long as we do not calculate any diagrams with closed loops. Before consider-

ing the difficulties with closed loops, we will consider the Compton scattering

process further.
The formula for the real Compton effect is obtained from (6.51) by putting
both gluons on their mass shells i.e.

2 2oy - =
q1=4,=0; Q1pT1y =92,92, =0 (6.62)
in accordance with the situation (a) earlier. We get
28%(S; Xay,)" (5 X"I;JI (P1,P2)(P1r422)

q1°492 (Py-qy)
5, «— 5
1 2

By taking the crossed diagrams of the Compton scattering process we obtain
the process for scalon annihilation into gluons

¥
L 3

T L in the center of mass system (6.64)

by

The amplitude for this process can be deduced immediately from (6.63); it is

2 [p]pPIP ProPay ]{
+ +8,,||(py - qp)A,,t (P -a,)B ] (6.66)
4, qy LP17 9, P14, [ I F e altpy
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where

Apv=—(Sl)(a#}-(Sz)(b"). BN=—I:SIXBP}-{31X£H].

(6.67)

In the centre of mass system, the incident scalons have three momenta p; and

—p; respectively and velocity v; and —u; where
v; = pilw =P.‘f\"ﬁ'2 M,

The amplitude for this process is then

2u:v
[l__l_if..____ B,-;] [(1 +ucost)Ady+ (1 —vcos E)Bif}

—v2cos?e

We consider the possible polarisation states for the gluon: state (a) in the plane

of the reaction viz.,
1 x ¥ z
a,= (0, —sin@,cosf,0)a,

state (b) perpensicular to the plane of the reaction viz.,

t xy z

a,=(0,0,0,1)a.
Apply (6.69) to the following polarisation combinations:
(i) both gluons in state (b)
Amplitude = [(1 + v cos )A4; + (1 —vcos 8)B;] =4,
(ii) both gluons in state (a)
Amplitude = fit(cos 8) ,
where
2sin2 g2
1-vlcos20’

(iii) one gluon in state (a) and one in state (b)

t{cos@)=1—

Amplitude =0 .

(6.68)

(6.69)

(6.70)

_ (6.?1}:

(6.72)

(6.73)

(6.74)

(6.75)

We can calculate f given the isospin states of the scalons. The results are tabu-
lated below, where [ is the total isospin of the scalons in the initial state

f]oi 1 |2
ﬂ|4|2ucosﬁl2

(6.76)
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Finally we outline the calculation of the Compton scattering of gluons
from isospin % spinors using the Lagrangian (6.1) and the rules which we de-
rived from it. The diagrams and the amplitudes are

(i

L o Eh

i 1 .
gluz(azp-t‘rﬂ)ﬁ-————l rpa—— (y,ay, " Duy , (6.77)
WPy gy Ej.
(ii)
LN PR P P
— 1
32”2("‘1»"7»]#1—_“,?,;(?#“3# “t)uy (6.78)
Py 9y iy,
(iii)

2= %
BFUyy, Uy
—'u“?'[(ﬂz., X 31,,}(241 = '?1},

Ty A i (gy— a3
M + (25, X 01,)24, — 41), (6.79)

I _[alu X ﬂlp}(‘?]_ + q2)51] =

We do not have the fourth diagram in this case. As in the scalar case, we can
gauge one vector boson, a, ~aqy,, where upon we get, adding the results
(6.77)—(6.79)

ﬁt_'fﬂ)_;fl”h(ﬂz) Xa] (6.80)

ffI1—f12

As before (6.57), jzu(az) = q%ah‘ ~ q2,(22,82 ») and again this is zero if a;,
is free wave, or if it is a pure gradient (c.f. (6.54). However j, ,(a,) is not zero
i.fazu has a source ':f!u{“:') = sou:cezu), but in this case, viz.,
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(6.81)

(6.82)

All the diagrams are taken into account, we again find that the physical
process is gauge invariant. Hence there is no difficulty here as we expect, since
these are tree diagrams.

7. Quantisation continued — Loops

So far we have been successful in our attempt to quantise Yang—Mills theo-
ry. Now we want to try the procedure that we have adopted for higher order
diagrams; this will entail diagrams with closed loops (the higher order tree dia-
grams do not present any difficulties). Why not therefore try to calculate the
polarisation of the vacuum? But wait, if you want to discover a difficulty with
a theory, you've got to look at a physical problem because some of your diffi-
culties might come from not asking for a complete physical process (see the
previous section). So the only way to discover whether something is right or
wrong is not to pick up some arbitrary thing like the vacuum polarisation or
the vacuum expectation value of a pair of operators, but to ask a physical
question. But what should we ask? Correction to the Compton effect. This
would be a fine problem, as good as any, but I decided to look at the follow-
ing example — the scattering of two scalons by gluon exchange. In lowest order
this is

GAUGE THEORIES 185

S (7.1)

-~
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rd et ~ - ~

We are not actually going to evaluate these diagrams, but only indicate what
happens. When we calculate the diagrams (7.2) we, of course, have problems
with renormalisation; but when we’ve straightened these out we would still
like to check the result in some way. We can do this by checking whether or
not we satisfy unitarity.

Consider the following diagram, where a pair of scalons annihilate into two
gluons

G N9: % Oy
(7.3)
z‘/ \‘\
The amplitude for this process is
c}ﬁpvalpalv * (?.4:]

where f}?EFP is some tensor function of the momenta and isospin labels of the
scalons. (We calculated this process to first order in the previous chapter.)

If we assume that the gluons are physical particles, there are constraints
which their momenta and polarisation vectors must satisfy.
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=Q§=U, qyra;=qy°a,=0, (7.5)
i.e. there are only two polarisation states for each physical gluon. The proba-
bility for process (7.3) to take place is | Amplitude|? i.e.

Probability « (W , a1, 87,) (W f:,r ay 0 a2,7) (7.6)

where we have taken the a’s to be real. In calculating this we see that it is
closely related to the amplitude for the following process

5\ ]

N

Al B (7.7)
.“’ \\

The amplitude for this process is

2 ‘?HWQRL X (propagator terms for gluons A and B). (7.8)
all u
all »

If we take the imaginary part of (7.8) we get

aﬂZ’Ij n,,,nt, . (7.9)
all v

where the propagators have been removed by this process and the correspond-
ing gluons are now on mass shell, and irrelevant constants have been ignored.
Unitarity tells us that this must be the same as (7.6) summed over physical
polarisation states:

phgca] (rmﬂualuazv}(cmn*v'ﬂlu- ﬂ‘z,-) . {7.10)
polarisation
states

However note that in evaluating (7.9) we have summed over more polarisation
states than we would have done had the intermediate gluons been physically
real particles, so it is not obvious that (7.9) and (7.10) are equal.

In making the comparison we will only consider the u index. We lose no
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generality by doing this since if we can sort this out then we can also sort out
the v index. Tn making this assumption, we really compare

T 7
2 Ma, M, (7.11)
2 poln. states

ol’a|u;aH

v statles

with (7.9). We can think of (7.11) as follows

1 !
\. J
2.
11-0
L |
“ 7.12
a2 =0 : (7.12)
\
f' \

The gluons a; and a, are on mass shell since they are physical gluons. This
diagram, when the gluon line is not connected, is similar to, but more com-
plicated than the Compton scattering process; it is

(7.13)

 When we calculated the Compton effect we noticed that whena; , =aq,,,
then the amplitude was of the form

glaX ‘-',\)'f.‘x(ﬂz) ’ (7.14)
where
f.\(al} = q%nlh == (q2va2u)q2h z (7.15)

In the case of the Compton scattering proper
N (8, XS8)(py + P2

(7.16)
(Pl - P;)z

€
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but in general we may think of ¢, as being the gluon field produced by some
source

ey (7.17)

Since we are really only interested in the indices, define
oo )
T -a% W, WL, (7.18)

so that (7.11) becomes

—~

2 poln. smes%”walpalpf’ (.19)
of gy
and (7.9) becomes
Ex .., (7.20)

Since q% = 0 we can choose the axes so that
Iz xyp
gy = w(1,1,0,0). (7.21)

a; then has components only in the x and y direction and (7.19) becomes
— Wy — W, - (7.22)
Similarly (7.20) becomes

My — My — Wy — My - (7.23)
Eqs. (7.22) and (7.23) differ by

Wy — My - (7.24)

So when we took the imaginary part of (7.8) we obtained the extra piece
(7.24), which we do not want; the theory will be unitary if we can show that
this extra piece is zero. Rotating the axes we can re-write (7.24) as

1 o ~~
E{QH(z—r},le) y (}?{[”,)_(z_,)}. (7.25)

Consider the first term in (7.25): the second term is similar. We would get
such a term if we considered a process with two gluons which have polarisa-
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tions in the directions
l tz x ¥
:E(l,l.{],(l] viz. @y, =qy, (7.26)
and
L 1.0,0) Vi ag, =B (7.27)
ﬁ ] y My - Ip _QI'N ¥ e

We get zero for M (21}, (z+1) ONIY if j, (a;) is zero (from (7.14)). However it
is not zero although g3 is, since g, * @, is not zeto (the particle is not free).

In QED, this problem does not occur, because when we have a process with
two external photons, if we gauge one photon (i.e. put the polarisation vector
parallel to the momentum) the amplitude vanishes irrespective of whether or
not the other photon is physical. That is, the quantity analogous to j,(a,) is
identically zero independently of the state of the photon.

There is nothing we can do about this problem in Yang—Mills theory. If
we wish to make the theory unitary we must subtract something to get rid of
these extra pieces. By taking the simple Compton case, we can get some idea
of the form of the thing we have to subtract. The Compton amplitude (7.14)
becomes

glaXe,) agy, . (7.28)

when we use (7.27) and the fact that q% = 0. The polarisation a is summed
over when we make a closed loop. This is the extra piece that we have to get
rid of, We can see that the most direct way to do this is to add an isovector
scalar particle & which is self coupled and also coupled to the vector according
to (7.28). (This is the ghost particle.) In co-ordinate space this coupling be-
comes

g(PXA,)-3,P. (7.29)

Clearly since the particle has to cancel a piece coming from the 4, its propa-
gator must have the same form as that of the A, viz. 1/k2. We can see from
the form of its coupling that this ghost appears in closed loops in diagrams in
the same way as A’s. It is not allowed to appear in the initial or final states
since it is not a physical particle. It was not obvious to me from the type of
analysis presented above, what to do in a diagram with more than one closed
loap. (Unitarity is not a sufficient constraint in this case.) [n fact the solution
to the problem for larger numbers of loops is to add the ghost as if it were a
Fermi particle. (At the one loop level, adding a Fermi particle is equivalent to
subtracting the contribution from a particle coupled in the same way but
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_ having Bose statistics, which is what we did above.) The contribution from
this ghost could come from a Lagrangian of the form

L, =50,PT 8, P+gd Pt (A, XP) (7.30)
This Lagrangian leads to the following diagram rules.

ghost propagator:

O XXMM NN N b ﬁdb;kz [?.31)

ghost vertex:

&+ \rf + 7,
u}q:b:-_’_;#;h 1
" i£g7507 * (@, Xayp), (7.32)
al
where the ghost only enters in closed loops. Topologically for every diagram
with an A , closed loop there is one with a ghost loop in the same place. Note
that (7.32) is not symmetric looking and this asymmetry is fundamental, so
we add a check mark (/) to one of the ghost legs. We must keep track of
these /s as we go round a closed loop so as to ensure that they are always on
the same side of a vertex. (It does not matter on which leg we put the +/ pro-
vided that we always put it on the same one, since it can be shown that both
choices lead to the same results.) In order to get the right factors it is neces-
sary to assume that the ghost is a complex field.

All these details were proved by Fadde’ev and Popov [26]. We haven’t proved
them; we have merely indicated how if we proceed in a straight forward and
naive way, we come into difficulties; and we got a pretty good smell of what
to do. But for the full glory of the theory we must follow the approach of
Fadde’ev — it requires more machinery and we will discuss it later.

Finally we write the total Lagrangian as

L=—3E,, E,, —3(,4,)2 +33,P"-2,P
+383,P" (A, X P) + Matter ($, ¥, A) (7.33)

Why is the second term in (7.33) present? If we expand the quadratic parts of
—}Em, £ E,m which will give us the propagator we get:
—3(0,4,-0,4,)-(3,4,—8,4,)=—3(0,4,)2 +3(3,4,)2. (134)
We have changed the form of the Lagrangian in this by integrating the action
by parts, throwing away (as usual) the surface terms at infinity. These changes

s
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can produce no physics as they do not change the action. We now see that the
—%(apAFF term in (7.33) cancels the same term in (7.34) to leave the qua-
dratic terms in the Lagrangian as

A (7.35)

This is exactly what we want to give the propagator ﬁabﬁw,l’kl which we have
been using. (This is equivalent to choosing the gauge 3,4 , = 0.) That the
Lagrangian (7.33) is equivalent to the Lagrangian

L=—3E,,-E,, +Matter ($, ¥, A) (7.36)

(i.e. that the ghost Lagrangian (7.30) compensates for the extra term) is a
more difficult problem which was solved by Fadde'ev and Popov [26], who
also showed what form the extra terms in the Lagrangian would take in dif-
ferent gauges.

8. Quantisation via the Hamiltonian formalism. A ghostless gauge

We will now quantise Yang—Mills theory by going via the Hamiltonian
formalism, rather than by path integrals; a similar procedure has been carried
out in QED and one disadvantage is that we lose manifest Lorentz invariance,
although we know that the final results must be relativistically invariant. We
must choose a gauge before constructing the Hamiltonian since, as we know
from our experience with QED, otherwise there are too many variables. The
Hamiltonian is a machine for telling us how operators change with time; thus
the important operator is

ofdr . (8.1)

But we have seen that in Yang—Mills theory the physically interesting operator
is D, which has a time component

(§I+Aux). (8.2)

Hence to recover the operator (8.1) which is appropriate for the Hamiltonian
formalism, we want to put

.*1.0 = U & 183}

Since we have the freedom of gauge transformations we can make this choice.
I we do not do this the Hamiltonian formalism becomes extremely cumber-
some and very difficult. By the way, why don’t we make this choice in QED?
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If we do. then a static charge has a vector potential associated with it which
rises linearly with time. This is an inconvenience. However, in QCD, perhaps
there are no static charges, i.e. we imagine that hadrons cannol separate into
quarks or, when doing a problem, we start initially with no matter present and
then create the matter and anti-matter (so that by doing this we ensure that
the total colour charge of the world stays zero) which exists over a finite time.
There seems to be a danger in this non-linear theory, since if the vector poten-
tial rises linearly with time, certain cross terms may produce physical effects
(e.g. by quantum fluctuations); of course that’s a dream, since if it were true,
we could say that to avoid these difficulties, the vector potential is not al-
lowed to rise linearly with time for ever, and hence we have proved colour
confinement.

We shall write the classical equations for the Yang—Mills field, construct
the Hamiltonian, having defined the conjugate momenta, and then quantise
the theory by using the canonical commutation relations. The classical equa-
tion of motion is (2.28)

e 1 e
3B = ! L 2 AHXEM,
where
Em,= d,4, - 9,4, +A4, XA, , (8.4)

The E,,,, tensor has six (Lorentz) components. Since we have singled out the
time axis by our gauge choice, consider the ri component of E”. (i=x,p,2)
From (8.4)
04,
C

= - i

E (8.5)

where by definition &; is the colour electric field (named using the analogy
with QED). Similarly the ij components are (from (8.4))

where by definition B, is the colour magnetic field. Using this definition, (8.6)
gives 2
X
B=curld +34x 4. (8.1
Look at the i component of (8.4). This now reads
924, X
FYE +(curl B); = —J; — (4 x B);, (8.8)

where we have introduced the notation that the upper vector symbols refer lo
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isospace and the lower symbols to real space.
These three equations can be written generally as
824 x
—2+curlﬁ=— —-AxB. (8.9)

The fourth equation comes from taking the time component of (8.3); this is

il x
— E-ﬂ):—p_ﬂ -

ar £ 2 (8]0}

where we have put
p=dy. (8.11)

If we solve (8.9) we do not have to solve (8.10), because (8.10) is practically
a consequence of (8.9); we can see this by taking the divergence of (8.9) and
re-arranging the terms:

ala _ 0 X ; X
a:[a??- i] "“a?[“ﬂ '51 X-i-4°1 i
This is the same as the time derivative of 8.10 provided

%:E-J“q-{l"-i. (8.13)
The matter will be such that we have current conservation (in the covariant
sense) and hence this equation will be satisfied. In principle, integrating (8.12)
with respect to time to get (8.10) (using (8.13)), we could generate a function
of x, y, and z. We assume that the initial conditions are such that this func-
tion is zero; it will then stay zero for all time. We can therefore forget about
(8.10) in solving the theory.

We can solve (8.9) for A {x, r): (8.9) is just a complicated non-linear dif-
ferential equation for A ;. The dynamical features of the theory are simple
since the only derivative of A which appears is the second time one, and this
appears linearly. Can we find a Lagrangian from which (8.9) comes? It’s easy,
because we know all about Newton’s laws and to get a term like azﬁil'ﬂi’z in
the equation of motion, we know that we must have a term like (BA,-.FB!]?- in
the Lagrangian. This is just like having the square of the velocity in the Lagran-
gian; the equation of motion then has a term linear in the acceleration. In
order to generate the rest of the terms in the equation of motion we proceed
as follows: the term J; is generated by a Lagrangian term of the form J; ~ A,
and it turns out that the remaining field pieces ie. VX B+ 4 ;(,{a” can be de-
rived from a term of the form & * B. So the Lagrangian has the form
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194;784; | .
R LA e1

This is clearly the same as the Lagrangian
—,,lEPv-Em,Humer, (8.15)

when we put Ay = 0 and use the definition of B; given earlier, What about the
Hamiltonian? Mothing could be simpler; define the momentum conjugate to
:1'- b}’

M=—r=——, (8.16)
To get the Hamiltonian take the square of the momentum and add the poten-
tial energy, viz.

H=31, T+ 3B, 8B, —J A;. (8.17)

We now quantise the theory by imposing the canonical quantisation condi-
tions, and treating I[1 and A as operators

(07 (x, 0, 4] (g, O] = 8256783 (x — ). (8.18)

What would the diagrams look like for such a theory? We can get the propaga-
tor from (8.9) by looking at the linear part. This is substituting for B using
(8.7

324 X : X
.:E'IT teurl (curld)=—J —A x B—3curl (4 x 4) . (8.19)
t

All the terms on the left side are linear in 4 and all the terms on the right are
higher order. We can solve this to obtain the propagator which is

8y — (kik;lw?)
w? — kik;
This proof is left as an exercise; it is simple to complete using the method we
described in sect. 6.
What about the coupling terms? They are the same as before except that

there are no time components. This set of rules then gives the correct answers
for Yang—Mills problems.

; ' (8.20)

No fooling around! No ghosts! No nothing! Isn’t that wonderful? Yes it’s won-

derful, but it’s also mysterious because all the rules depend on choosing a time
axis and it's not clear that the answer to a physical problem will be relatavisti-
cally invariant. So what? We know that it must be relativistically invariant be-

s et s s e et
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cause the theory we started with was. True, but the theory diverges and we
encounter the delicate problem of imposing renormalisation without destroy-
ing Lorentz invariance — a problem which took 20 years to solve in the case
of QED. It shouldn’t take us this long to solve the problem in Yang—Mills as
we're much smarter now.

Despite these problems these are perfectly good rules and we can go away
and calculate with them.

Suppose we try to compare closed loops with this propagator and with the
propagator we had earlier viz.

Bk (8.21)

In using (8.21) we are counting the contribution from A y; but there are super-
fluous degrees of freedom; therefore we must subtract something to get rid of
them — this something is the ghost. In some sense therefore, the ghost is the
difference between the result one gets by using (8.20) and (8.21). What we
subtract doesn't look relativistically invariant. The subtraction will be differ-
ent depending on the orientation of the axes; in this case we have singled out
the time axis and therefore if we rotate the axes things will change. The prob-
lem of showing that the results are independent of the method of subtraction
was solved by Fadde'ev and Popov [26].

9. The equivalence of different gauges

The purpose of this chapter is to make clear the ideas involved in Fadde’ev
and Popov’s demonstration of the equivalence of different gauges. [ shall not
prove anything in great detail as this would take too long. We will start with
the formalism of sect. 8, the A, = 0 gauge, and attempt to transform it so as
to obtain the formalism in different gauges; in particular we will try to obtain
the system in which the propagator is ﬁw!kz (Ei‘“A'u = 0 gauge). The simplest
thing to do would be to write down the rules in the A4 = 0 gauge and then
transform them to the rules for the 8, 4 , = 0 gauge. In order Lo get more
generality and check that the formalism works in all orders we will use a more
central approach via path integrals. What we shall do is to construct a path
integral for the Ay = 0 gauge, transform the path integral to the other gauge,
and then get the rules for the other gauge from the path integral. We shall see
that these rules are the same as those obtained in sects. 6 and 7.

As everybody knows, if we have a Lagrangian of the form

-2
ma- V(g) (9.1)

2

L=
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Then the amplitude for the particle to go along a particular trajectory q(1) is
[18]

expliS/h) . (9.2)
where § is the classical action obtained from (9.1). The total amplitude for

the particle to go froma to b is obtained by summing over all trajectories con-
nectinga and b. viz.

Amplitude ttfexp

; 301)2
%f [’"“;” - m:qm)] dr]fl'}q{f). (9.3)

If we have a system of several variables g;(r), (9.3) becomes
; m.g.(n?
Amplitude Efe}:p{%fz}[—'—;—— V{q,.[;):] dr]f'ﬂqi-(r). (9.4)
1 i ¥

In a field theory the variable i becomes continuous and is denoted by x. Eq.
(9.4) then becomes

Amplitude = [ exp{;—! il Quwim]m{ﬁ 0, (9.5)

where £(A) is the Lagrangian density for the theory and the integral over x
replaces the sum over  in the limit i continuous

£ 2
£2(4) =(i‘%i) _W4) . (9.6)

Eq. (9.5) means this: if A is distributed in some way in spacetime, there is a
certain action for this distribution which we can calculate. The classical theory
corresponds to the distribution which makes the action a minimum. Quantum
mechanics corresponds to adding the amplitude corresponding to the actions
for all possible distributions. We can deduce the classical limit by noticing that
in the integration over field distributions, the amplitudes corresponding to
near stationary values of the action add coherently whereas those far from the
minimum are changing so rapidly that the amplitudes from neighbouring dis-
tributions tend to cancel. In the limit of action S$/fi being very large only paths
near the minimum contribute to the integral over distributions and so we ob-
tain the classical theory.

We now return to the Lagrangian density which we derived for the 4, =0
gauge in the previous section (8.14) and substitute it in (9.5). This gives

T 194G AR L ‘
fexp[if {_E ar ’ ar - %E E +ﬁ“f -fi' d ‘x{D:’i(—’E’ ;}{D Matter °
©.7)

iy, ——
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DA(x,1) is defined to mean [1; 5 y dA?(x,7) and in Dyy,y ., we have to
integrate over the spin § ¥ ficld. This means that we must use the path inte-
gral using Grassman algebra, which we mentioned earlier.

Unfortunately from the path integral viewpoint, the expression is not mani-
festly Lorentz invariant. However we can write (9.7) as follows

fexp[if [=3E,, E, +J," A, 1d% | 5(40(x, 0YDAL(x, )D ygapger »
(9.8)

where 8(A( x, 1)) is defined to mean I, , ,8(AG( x, 1)) and in this expres-
sion the functional integral runs over all four space-time components of
A (x, r). Although (9.8) and (9.7) are equivalent (by construction) we note
that in (9.8):

(i) E,, .E;u.- is invariant under all gauge transformations;

(i) J, 'Aﬂ is also invariant under gauge transformations provided that the
matter fields transform in the correct way;

(iif) DA, is also invariant under an infinitesimal gauge transformation

A,~A, +dataXA,. (9.9)

We can see that (iii) is true by the following argument. Since we are consider-
ing "Dfép, i.e. an infinitesimal, we can drop the 9 a term since it is higher order
in infinitesimal. DA, is a volume element in isospace

‘DA“=F'EIJ dAL(x. ) dAX(x. DdA3(x. 1) . (9.10)

The remaining gauge transformation in (9.9) (a XA, ) is a rotation in isospace
and volume elements are invariant under such transformations (cf. dx dy dz
which is invariant under a rotation in three dimensional Euclidean space).
Hence DA, is invariant.

We have therefore shown that (9.8) is gauge invariant apart from the &-
function. What happens to it under a gauge transformation? Under a pauge
transformation (not necessarily infinitesimal),

Ay~ GAg , (9.11)

which in general contains the space as well as time components an'p. Since
any 4, distribution can be gauge transformed so that A, = 0, the §-function
is really more universal than it looks. Consequently we can get to any other
gauge by suitably choosing G.

As a specific example, let us choose to transform to the gauge
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3,4,=0. (9-12)

We will find that when we transform to this gauge,
B(Ag) > 5(2,A,)F(4) 9.13)

and we will also find that the factor F(A4) can be written in such a way that it
exactly reproduces the ghost term (Lagrangian (7.30)) which we required in
the 3,4, =0gauge.

There are several mathematical tricks which we will need in what follows.
Because of the vast number of indices flying around, we will often use a sym-
bolic notation.

Mathematical trick 1. Since almost all the questions about path integrals
which are important are concerned with changes in the fields, the overall nor-
malisation of the path integrals is irrelevant. We can, therefore, ignore any
constants (including infinite ones) which appear as multiplicative factors out-
side the path integral provided that they do not depend on the fields.

Mathematical trick 2. Suppose that we have a number of variables x; and
a number of functions y;, which depend on the x;. If we wish to transform
from the x; to the y; then the §-function transform as follows:

ay; -1
8(vi—yi{0)= [Deld_ﬁ]xj:ua(xj) , (9.14)

or
a}'i- -
8(x;) = [Det-——] 8(y;—y;(0),
x__,-=[l

dxf-

where as before the §-functions are the generalised functions, i.e. 8( y;) means
11;8( v;). This can be seen by extending the result for one variable v = f{x) viz.

8(y)= x), (9.15)

1
AT -
1)l
to several variables.

Mathematical trick 3. Consider the integral

[exp(—zep?)dp = V2Te . (9.16)

We drop the /27 factors in what follows since they will be irrelevant because
of mathematical trick 1. Let us now have several variables and look at the inte-

gral
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ft‘:\'p(*l1 ?p,-f;-pf) n dp; . (9.17)
! 1

This clearly has the value l,l’\,/ll,-c';-.
If we do a linear transtformation on these p;'s:

o= Eﬁ',‘fpj ' (9.18)
f
then (9.17) becomes
1 1
exp (—+ 25 piep)l1 dp; =——— 9.19

[ p( F] i pi ,J,P;) i B plj—-et (‘I-f- ( ]
where the ¢’s and the ¢"’s are related by (9.18). Eq. (9.19) is like a path inte-
gral in quantum mechanics for a Bose particle interacting in a way described
by the matrix ¢; (provided that we make a Wick rotation of the time axis

dr — idz). If we suppose that p; is complex then we are really integrating over
twice as many variables and the square root disappears:

D) Wi o2

Det Ciz

If we try to do the same integral for particles 0; with Fermi statistics (i.e. we
introduce a Grassman algebra), we find that, with a suitable definition of what
we mean by an integral in this case,

fex}]:% EQ:CU f} HdQ[‘=De’- Cii - (9.21)
if i

It will turn out that (9.21) is just the reason that the ghost has Fermi statistics.

When we transform from the 8(4 ) to the 8(9,4 ) in the functional inte-
gral, we will pick up a Jacobian similar to that in (9.14). Symbolically we can
think of the variable x; as being A(x, 1) and y; as being d, A (x, 1) (in this case
y;-[[]) is zero). We will then use (9.21) to turn the determinant into a path inte-
gral. Another equation is useful when it comes to finding the coefficients ¢;;:
consider

_l'l-(.'(;- + P‘r.] =_1','{I;-J ok C:‘j PJ y [933
where we have defined i = [d_v,-fdxf:lxj,g- On multiplying by p; we gel
pi vilx;+ pj) = wilx)) =p] ey - (9.23)

The term on the right has the same form as the expression in (9.20). We are
trying to transform from the gauge 4 =0 to the gauge d A = 0 and there-
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fore we need the matrix
s_‘;('ap.flu]_h_\.l:iﬂ} . (9.24)

which is analogous 1o the matrix d_l'jfdxj. This matrix A(B“AF(_;-'}],F:&(AG(::}]
has infinite dimension corresponding to the continuous variables x and y, and
in addition has isospin labels. If we try to evaluate (9.24) directly, we will run
into difficulties since the two gauges are linked by a finite gauge transforma-
tion which depends on the original fields. (We know that finite gauge transfor-
mations are difficult to handle.) The derivative dyl-fdx;- can fortunately be ob-
tained in an indirect way. Suppose y; and x; are changed by changing a variable
1. We may be able to evaluate dy;/dx; by first evaluating dy;/dr and dxjfd.'
and then using

dy; _dv; dr

[T
It was the very clever idea of Fadde’ev to extend this idea to evaluate (9.24):
in this case he took r to be an infinitesimal gauge transformation. If we do an
infinitesimal gauge transformation on A (gauge parameterer) we get:

(9.25)

Ag=dAgtaXAy+d,x. (9.26)
Transform 9,4, by an infinitesimal gauge transformation with parameter f:

3, A, =0,A,+BX3A, +3,BXA, +2,0,5. @an
As we are trying to use an equation of the form (9.25) to evaluate the matrix
(9.24), we would naively think that we should take a@= . But wait a minute.
What we really need is for the gauge parameter pto be a gauge transformed
by the finite gauge transformation G, defined by (9.11). (All the fields are
rotated by the gauge transformation G and so what we really want is to know
how the fields Ay and 8,4, change in terms of the variables @ and Ga respec-
tively.) However we will use a for a gauge transformed for ease of notation in
what follows. (This sublety is not vital to the argument and must not be al-
lowed to confuse us.) Since Ay = 0 in the original gauge, the change in the
original Ay produced by = (from (9.26)) is

dga. (9.28)
The matrix (9.23) is to be considered as the preduct of the two factors

Ad,ty) )

B i ]
a il L (9.29)

So we have really factored the matrix which described how one gauge varies
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with respect to the other gauge into two parts, each of which tells us how one
of the gauges varies with respect to the infinitesimal gauge transformation a.
The second of these two factors is independent of the fields since A(A ) is
independent of the fields (9.28). Using maths trick 1 we can drop this factor.
The change in 3,4, is from (9.27):

ayu XA, + auapa . (9.30)

where we have used the fact that 8,4, = 0 and we have put = a. This de-
pends on the field A, and so we cannot get rid of the A(0,A4,)/A(a) term in
the same way as we got rid of A(A 4)/Ala).

We can now write (9.8) as

fexp{i f[—},E“','Em_+J’F'Ap]d4x]8{apA"€F{Aﬂ]'-DAHfD Malter »

(9.31)
where F(A ) is the Jacobian for the transformation from &(A ) to ﬁ(apAu)
which we have identified as

A(@,A,)
De[-3—?g;‘—" . 9.32)

This can be written in the form
fexp[«],; [P@,0, -4, X a“}Pd“x}(DP, (9.33)

where P is a Fermi particle. We can show this as follows. Let (9.32) be sym-
bolically Det ¢;;; this can be written, using maths trick 3 (9.21) as

fexp(i PP [Tap,. (9.34)
[

Use (9.23) to re-write the exponent of this, giving
Jexp{=3 P} it + B — v 13 TTap (9.39)
]

We now convert back from the symbolism to the A’s, putting as before y; —
0,4, and x; = Ag:

fexp[—%P‘&{apflp}}(}DP. (9.36)
Substituting for A(3, A ) from (9.30) and carrying out a Wick rotation, we

get eq. (9.33). Integrating by parts in (9.33) and noting that a#,aip =0 by the
choice of gauge, we get



202 R.P. FEYNMAN

fexll[’i_‘fiapp* 9, P+ 3, P4, XP))dtx)DP, (9.37

and thus we have obtained the same propagator and coupling as we did in

sect. 7. B,
In general, if we wish to transform to the gaugcf{Au) = (), we first calculate

flA, + Do) =f(A) +f(4,)D,a, (9.38)
of. (9.27) for the case f(4,)= 0,4 ,. Going through the above procedure

5(49) > 51f(4,)) exp{,i):- [P*11'(4,)D,)Pd*x | DP . (9.39)

To summarise, we have transformed the path integral (9.7) to
fexpli J’[—éfm, "B ¥l A 30,P7 79, P4 13,P7 (4, X P)|dix

KS(BHAR}‘DAH(BP (D:\'lilllel - [9-4[}]

Peaple have tried to make rules from this, but there is an easier way. From
(9.14), we note that the determinant is independent of the value of y;(0) in
the §-function. Hence if instead of choosing the gauge d 4, = 0(.e.y;(0)=0)
we chose the gauge

3,A4,(x,0=B(x.0) (e, (0)=5). ' (9.41)

the only changes this will produce will be to replace 5(9,4,)in (9.40) by
B(Ei‘_l,d;l — P), and add an additional piece to 9.30. The last piece produces an
additional term

PP XP) : (9.42)

which will cancel the extra term appearing in 9.37 when we integrate by parts
since now 8,4, =p. We now that we can multiply 9.48 by the constant

exp (~ 2 )28 9.43)

as this does not produce any difference in the theory.
Integrating over P using 6(a, 4, —p) we obtain the following path integral

fexp{‘:j [—3 E, Eu— 3(2,4,)7(3,4,) +%BHP+ 8P

+30,P77(4, X P]}d“x]i'DAH'-’DPCﬁ . (9.44)
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We have recovered the Lagrangian (7.33) which led to the rules in tl
gauge, and we have therefore shown that the gauges A = Oand 3,
equivalent.

It is possible to choose other gauges by replacing the tern %(a A
by {EIE]IBFA“)'[BPAH}, where A takes any value between 0 and 1.
course will produce a different effective Lagrangian. (What people r
when they choose a gauge is to construct an effective Lagrangian an
culate with it.) This produces a propagator for the A, of the form

8 — (1= Nk, K, Jk2)

K2

which of course must produce the same physics. The modified prop
useful when it comes to proving the renormalisability of gauge theo
which I would have said more if | had more time) since if we take I
gauge we can then use naive power counting (i.e. the smart thing to
power counting tells us whether something has a danger of diverginy
doesn’t prove anything: theories which look divergent by naive pow
ing may not be, due to cancelations among the divergences. In some
naive power counting makes the theory look horribly divergent but
that this cannot be the case. In the A = 1 gauge, there are no power:
menta in the numerator of the propagator and so naively the power
is better.

Fadde’ev and Popov, in fact, proceeded in the following way, with
ing a specific gauge. Blindly if we were to write the simple simplest
path integral for the theory, it would be

fexp{if[—%f‘,, L, A, 1d%x) DA, Dygayger -

However, if we make a gauge transformation on the exponent, it dc
change; so when we integrate over the A s which are connected by
transformation, we will get infinity. An analogy is when we evaluate |

fexp{fa(xz +2xy + y2)}dx dy
Changing variables to x — y and x + y, this becomes, up to a consta
fexp{—a(x +y)2}d(x +¥)d(x - y) .

Since the exponent is independent of (x — ), the integral over (x -
A similar thing happens in the path integral except that the situatic
complicated: the Jacobian in the change of variables depends on A4
is what introduces the ghosts we have been discussing.
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