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Day 1 : Introduction to Lattice QCD methods

Highlights of some Lattice QCD results

Euclidean QFT via path integration

Discretization of action: scalar, fermion, Yang-Mills gauge boson

Basic algorithms

Hadron Properties from Lattice 

What are the Challenges?


Day 2 : Highlights of Important Lattice QCD Areas and Results

Structure : Form Factors, Spin, Mass, Parton Disributions

Nuclear Matter Sensitivity to DM and Symmetry Violations

Spectrum & Interactions

(if time allows) Confinement, Entanglement and Quantum Information
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Why Need Numerical Calculations in QCD?

Nonperturbative with αS ~ 1

QCD has unique features in the low-scale (< 1 GeV) / long range (>0.2 fm)

9. Quantum chromodynamics 33

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  
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Figure 9.4: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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Spontaneous breaking  
of chiral symmetry  


⟹ Nambu-Goldstone π, K, ....

Confinement & flux tube

Hadron Spectrum? Interactions?

Hadron Structure? Spin? 

Hadron Sensitivity to new physics  
(dark matter, symmetry breaking, etc)

Mechanism for binding quarks & gluons? 
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Lattice QCD: Numerical QFT on a Space-Time Grid
Kenneth Wilson '76 : formulation of QCD on 4D Euclidean lattice


Originally intended as a way to regularize QCD in a gauge-invariant way

... (5 decades of developing theory, algorithms, computing) ...

calculations with physical parameters, most systematic effects controlled  
(*) Your Uncertainty May Vary depending on the observable

At present: 
The only way to work with QCD 


at long distance ≳ 5 fm 
dictated by the lightest d.o.f : pion

low energy-scale a–1 ≈ 1–4 GeV 
dictated by discretization errors, 
scale window for renormalization / matching

Large community:

Annual symposium with 500++ attendance

Open community software, datasets

Biennial report (latest [FLAG Review 2024, Aoki et al PRD113:014508 (2026)]

Synergies with phenomenology (e.g. PDF fits)
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Successes of  Lattice QCD: Hadron spectrum
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[S.Durr et al (BMW collaboration),  
"Ab-Initio Determination of Light Hadron Masses" 

Science 322 (2008) 1224]

[S.Borsanyi et al (BMW collaboration),  
"Ab initio calculation of the neutron-proton mass difference" 

Science 347 (2015) 1452]

2008 : Light hadron masses 

QCD with 2 light (mu = md) + strange quarks

2013 : Isospin + QED corrections to baryons 

QCD + QED,  (mu – md) effects
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Successes of  Lattice QCD: Hadron spectrum (2)

[A. Kronfeld, Ann.Rev.Nucl.Part.Sci 62(2012) 265; arXiv:1209.3468]

Some lattice mass determinations are more precise than experiment


States without experimental value

21st Century Lattice QCD 7

lightest scalar glueball (26). The pseudoscalar, tensor, and first radially excited
scalar glueballs are all 800–900 MeV higher than the lowest scalar (24).

Lattice QCD has been used to verify the mass spectrum of quark-model hadrons
within a few percent. Figure 2 shows four broad efforts on the spectrum of
the isopsin-1 light mesons and the isospin-12 and -32 baryons (27, 28, 29, 30, 31).
All these simulations include 2 + 1 flavors of sea quarks, and the error bars in
References 27, 28, 30 reflect thorough analyses of the systematic uncertainties.
A satisfying feature of Figure 2 is that the results do not depend in a systematic
way on the fermion formulation chosen for the quarks. Even the latest results for
the difficult η-η′ splitting are encouraging (32,33,34).

Figure 2 includes predictions for mesons with quark content b̄c (38, 36, 39).
The prediction for the pseudoscalar Bc has been (subsequently) confirmed by
experiment (40,41), whereas the prediction for the vector B∗

c awaits confirmation.
These predictions build on successful calculations of the bb̄ and cc̄ spectra (37,
42,43,44,45), which reproduce the experimental results well.

The most striking aspect of the spectrum is how well it agrees with nature.
The nucleons provide almost all the mass in everyday objects, and their masses
have been verified within 3.5%. Their mass mostly comes, via m = E/c2, from
the kinetic energy of the quarks and the energy stored in the sausage-like flux
tube(s) holding the quarks together.
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Figure 2: Hadron spectrum from lattice QCD. Comprehensive results for
mesons and baryons are from MILC (27, 28), PACS-CS (29), BMW (30), and
QCDSF (31). Results for η and η′ are from RBC & UKQCD (32), Hadron Spec-
trum (33) (also the only ω mass), and UKQCD (34). Results for heavy-light
hadrons from Fermilab-MILC (35), HPQCD (36), and Mohler & Woloshyn (37).
Circles, squares, and diamonds stand for staggered, Wilson, and chiral sea quarks,
respectively. Asterisks represent anisotropic lattices. Open symbols denote the
masses used to fix parameters. Filled symbols (and asterisks) denote results.
Red, orange, yellow, green, and blue stand for increasing numbers of ensembles
(i.e., lattice spacing and sea quark mass). Horizontal bars (gray boxes) denote
experimentally measured masses (widths). b-flavored meson masses are offset by
−4000 MeV.
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Successes of  Lattice QCD: Axial charge

[Chang et al, Nature 558:7708 (2018)]

Axial charge gA: β-decay & Neutron lifetime

3
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Figure 3 � Physical-point extrapolation for this work and summary of gA from LQCD. a, The solid red, green and blue curves are the central values of gA as a
function of ✏⇡ at fixed lattice spacings and infinite volume, and the black circle represents the experimental value. The magenta band represents the central 68%
confidence band of the continuum and infinite volume extrapolated value of gA as a function ✏⇡ , and its range at the physical pion mass, given by its intersection with
the gray band, is our main result. The numerical results have been adjusted to their infinite volume values. Some of the results are slightly shifted horizontally for
visual clarity. b, Summary of select LQCD calculations of gA along with the result of this work and the experimental determination (PDG17). The vertical magenta
band is our full uncertainty to guide the eye, while the vertical gray band is the experimental uncertainty. Results with closed symbols have also included an
extrapolation to the continuum limit, while results with open symbols have only included an extrapolation/interpolation to the physical pion mass. When provided
separately, the statistical and systematic uncertainties are added in quadrature. Labels marked with † are indirectly obtained from an extrapolation of gA�F⇡ .
Previous peer reviewed works are available for LHPC053, CLS124, QCDSF135, RQCD146, ETMC157, PNDME162, ETMC178 and CLS179. The averaged
experimental determination is obtained from the Particle Data Group12. Uncertainties are one s.e.m.

the only interactions remaining are those of QCD. The lattice action
we have chosen21 was designed to minimise the leading discretiza-
tion errors, such that the leading corrections scale as O(a

2
), and to

preserve more of the underlying symmetries of QCD. This choice of
lattice action yields a mild continuum extrapolation (Extended Data
Fig. 3).

The final extrapolation of our results (Extended Data Table I) is pre-
sented in Fig. 3a. For quantities with mild pion mass dependence,
such as gA, a simple Taylor expansion in ✏⇡ or ✏

2
⇡ in addition to the

�PT extrapolation, provides a robust extrapolation/interpolation of the
results. We perform the extrapolation with several models and our final
result is determined as a model average, depicted in Extended Data
Figure 4, and described in detail in Supplemental Material Secs. S.6
and S.7 A. Our final result, gA = 1.271 ± 0.013, with the uncertain-
ties broken down to the different contributions of statistical (s), chiral
(�), continuum (a), infinite volume (v), isospin breaking (I) and model-
selection (M) is

gA = 1.2711(103)
s
(39)

�
(15)

a
(19)

v
(04)

I
(55)

M
. (1)

This value that is commensurate with the experimentally determined
value, gPDG

A = 1.2723(23)
12,22–28.

Figure 3b summarises the improvement of the LQCD determina-
tion of gA achieved by this work. These results are derived from three
lattice spacings, five values of the pion (quark) masses and multiple
volumes, which control the three standard extrapolations (the input
values of parameters used in our calculation are provided in Extended
Data Table II). Additionally, we demonstrate that our result is robust
under different truncations/variations in the extrapolation function (Ex-
tended Data Fig. 5) and that the perturbative expansion converges
over the range of parameters used, as discussed in the Supplemen-
tal Material Sec. S.7 A and shown in Extended Data Fig. 6. Details
on the individual contributions to our total uncertainty may be found in
Supplemental Material Sec. S.7 B.

Our result, Eq. (1), is predominantly limited by statistics. This signi-
fies a straightforward path for improvement: more precise results at the
physical pion mass will reduce the statistical, extrapolation and model-
selection uncertainties, which are the three largest. An uncertainty
comparable to that of measurements may offer insight into the upward
trending value of gA observed in the most recent set of experiments12.
At the present, our result has a noticeable phenomenological impact,
as depicted in Extended Data Fig. 7. Using EFT, experimental re-

sults from collider and low-energy experiments can be used to place
bounds on right-handed BSM currents29 with our result placing one of
the most stringent bounds.

1. Science Talk 1: Cold Nuclear Physics, USQCD Annual
Progress Review to the US DOE, http://www.usqcd.org/
reviews/June2016Review/agenda.html; Nuclear Physics
Exascale Requirements Review, https://science.energy.
gov/~/media/ascr/pdf/programdocuments/docs/2017/
DOE-ExascaleReport-NP-Final.pdf.

2. Bhattacharya, T., Cirigliano, V., Cohen, S., Gupta, R., Lin, H.-W.,
and Yoon, B. Axial, Scalar and Tensor Charges of the Nucleon
from 2+1+1-flavor Lattice QCD. Phys. Rev. D94, 054508 (2016).

3. Edwards, R. G., Fleming, G. T., Hagler, P., Negele, J. W., Orginos,
K., Pochinsky, A. V., Renner, D. B., Richards, D. G., and Schroers,
W. (LHPC) The Nucleon axial charge in full lattice QCD. Phys.
Rev. Lett. 96, 052001 (2006).

4. Capitani, S., Della Morte, M., von Hippel, G., Jager, B., Juttner,

A., Knippschild, B., Meyer, H. B., and Wittig, H. The nucleon axial
charge from lattice QCD with controlled errors. Phys. Rev. D86,
074502 (2012).

5. Horsley, R., Nakamura, Y., Nobile, A., Rakow, P. E. L., Schier-
holz, G., and Zanotti, J. M. Nucleon axial charge and pion decay
constant from two-flavor lattice QCD. Phys. Lett. B732, 41 (2014).

6. Bali, G. S., Collins, S., Glässle, B., Göckeler, M., Najjar, J., Rödl,
R. H., Schäfer, A., Schiel, R. W., Söldner, W., and Sternbeck, A.
Nucleon isovector couplings from Nf = 2 lattice QCD. Phys. Rev.
D91, 054501 (2015).

7. Abdel-Rehim, A. et al. Nucleon and pion structure with
lattice QCD simulations at physical value of the pion
mass. Phys. Rev. D92, 114513 (2015) [Erratum: Phys.
Rev.D93,no.3,039904(2016)].

Figure 42: Lattice results and FLAG averages for the isovector axial charge gu�d
A for 2 + 1

and 2 + 1 + 1 flavour calculations. Also shown is the experimental result as quoted in the
PDG [205].

calculations that enter the averages vary between 1.0–1.5 (PNDME23: 1.0, CalLat 19:
1.5).

For QCD with Nf = 2+1 dynamical quarks, we compute a weighted average from the
results �QCD 18 [92], NME 21 [93], QCDSF/UKQCD/CSSM23 [94], RQCD23 [95] and
Mainz 24 [96]. Since the calculations by the Mainz group and RQCD were both performed
on ensembles generated by the CLS e↵ort, we treat the results RQCD23 [95] and Mainz 24
[96] as 100% correlated. This yields gu�d

A
= 1.265(20) with �2/dof = 0.28. Values for

�(amin) for the qualified calculations for Nf = 2 + 1 suggest that discretization e↵ects
are under good control (NME21: 0.15, QCDSF/UKQCD/CSSM 23: 0.6, RQCD23: 2.0,
Mainz 24: 2.3). From the information provided in the paper, it is not possible to infer
�(amin) for �QCD 18.

To summarize, the FLAG averages for the axial charge read

Nf = 2 + 1 + 1 : gu�d

A
= 1.263(10) Refs. [88–91], (422)

Nf = 2 + 1 : gu�d

A
= 1.265(20) Refs. [92–96]. (423)

The averages computed for QCD with Nf = 2 + 1 + 1 and Nf = 2 + 1 flavours are in
excellent agreement, with a relative precision of 0.8% and 1.5%, respectively. The average
for 2 + 1 + 1 flavours exhibits a mild tension of 1.25� with the experimental value of
gu�d

A
= 1.2756(13) quoted by the PDG. While lattice QCD is able to determine the axial

charge with a total relative uncertainty at the percent level, the experimental result is
more precise by an order of magnitude. We conclude with the remark that there has been
enormous progress in calculating this important benchmark quantity in lattice QCD over
the course of the past 10–15 years, owing to a variety of methods to control excited-state
e↵ects, higher statistical precision, as well as much better control over the extrapolation
to the physical point.

258
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[ Flavour Lattice Averaging Group(FLAG)  
Review 2024, Phys.Rev.D. 113:014508]
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Successes of  Lattice QCD: Nucleon Form Factors

20

FIG. 20. GE(Q
2) (left) and GM (Q2) (right), proton (top) and neutron (bottom) form factors as a function of Q2 for the three

ensembles analyzed. The red bands indicate the continuum limit using the z-expansion with Q
2
cut = 0.85 GeV2 for the case

of proton electric and Q
2
cut = 1 GeV2 for the proton and neutron magnetic form factors. The light blue band corresponds

to the Galster-like fit to the neutron electric form factor with Q
2
cut = 0.3 GeV2. The black dashed lines for the proton case

are z-expansion fits to experimental results [44]. The black circles for the neutron case are from a collection of experimental
results [4, 45–63].

the determination of the proton radius from Lamb shifts,
such as for example the high-precision determination us-
ing muonic hydrogen [66] which led to the proton ra-
dius puzzle. The Zemcah moments can be related to
the electromagnetic form factors [67–69], for example the
Zemach radius is given by,

rZ = �
2

⇡

Z 1

0

dQ2

(Q2)3/2


GE(Q2)GM (Q2)

µM
� 1

�
. (46)

while the third Zemach moment is given by,

⌦
r3F

↵
=

24

⇡

Z 1

0

dQ2

(Q2)5/2

h�
GE(Q

2)
�2

+ ⌘(Q2)
i
, (47)

where ⌘(Q2) =
�
�1 + 1

3 hr
2
Ei

pQ2
�
for proton and 0 for

neutron.
⌦
r3F

↵1/3
corresponds to the Friar radius.

We use our final result for the form factors at the con-
tinuum limit as presented in Fig. 20 to compute the

Zemach and Friar radii. Namely, using the parame-
ters given in Table XX, which correspond to the most
probable z-expansion fits to Gp

E , G
p
M , and Gn

M , and the
Galster-like fit to Gn

E , we carry out numerically the two
integrals in Eqs. (46) and (47). In Fig. 22, we plot the
product of the electric and magnetic form factors for the
proton and neutron, normalized by the respective mag-
netic moment, which forms the main part of the inte-
grand of Eq. (46) which yields the Zemach radius.

Our results for the Zemach and Friar radii are given
in Table XV and plotted in Fig. 23 where we also com-
pare with other works in the literature. Errors are ob-
tained by carrying out the numerical integration over
bootstrap samples drawn according to the errors and cor-
relations in the z-expansion and Galster-like fit param-
eters. The only other available lattice study for these
quantities is by the Mainz collaboration [70], where we
observe agreement within 1� for all quantities except
proton Zemach radius, where we agree within 2�. Our

[Alexandrou et al (ETM collaboration), arXiv:2507.20910]

�P + q| q̄�µq |P ⇥ = ŪP+q

h
F1(Q

2) �µ + F2 (Q
2)
i⇥µ�q�
2MN

i
UP

GE(Q
2) = F1(Q

2)� Q2

4M2
N

F2(Q
2)

GM (Q2) = F1(Q
2) + F2(Q

2)

Vector form factors: charge & magnetization structure

(charge & current density  
in "brick-wall" reference frame)
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From QCD Lagrangian to Hadronic Matter

color  
gluon field

LQCD = �1

4
(Ga

µ�)
2 + ⇥̄

⇥
i�µ⇤µ �mq

⇤
⇥ � gS⇥̄Aµ �µ⇥

quark fields
quark–gluon

interaction{

{

TASK: Starting from the Lagrangian ...

... Determine


Hadron spectrum and interactions/scattering


Hadron structure,  

mass & spin contributions


Low-energy theory for nuclear forces


Coupling to  

Dark Matter,  

beyond-SM particles&interactions,  

symmetry violations


Equation of State, phase transition,  

chiral symmetry restoration

... with all systematic effects controlled 

(ultimately)


Gauge-invariant by construction 


Symmetries : chiral, Lorenz


Discretization a→0


Finite volume  L ⋙ (m𝛑)–1


All parameters to physical values,  

include charm, bottom, ...


Incorporate QED, (mu ≠ md), 

neutrinos, ...

~E
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Quantum Field Theory via Path Integral

R. Feynman 
Path integrals in 

Quantum Mechanics 

From formal expression to practical (numerical) calculation :

hx(tN )|x(t1)i /
N�1Y

i=2

Z
dxi K(xi, ti; xi�1, ti�1)| {z }

hx(ti)|x(ti�1)i

N!1�!
Z x(tN )

x(t1)
Dx(t)ei

R
dtL[x(t)]

Quantum  
Fields

Quantum  
Mechanics

hOi /

Z
DAµ D D ̄ e i

R
d4xL[A, , ̄]

O[A, ,  ̄]

all fields at each 4D spacetime point
any observableLagrangian

classical 
Lagrangian"path"

1. Convert (3+1)D Minkowski ➔ 4D Euclidean


2. Discretize fields and action on 4D grid

3. Sample fields with Monte Carlo


4. Evaluate observables
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From Minkowski to Euclidean Space

All separations are ≈ "spacelike"; all particles are ≈ "virtual"


Euclidean space-time is O(4)-symmetric ⟹ easy to discretize


Cannot study real-time-dependent processes


No asymptotic states before/after interaction: NO scattering (directly)


ONLY spectra (energies) , matrix elements

t �! (�i ⌧Euc)

Wick rotation
(3+1)D 

Minkowski 4D Euclid  
space-time 

e i
R
dt d3xL[A, , ̄] �! e�

R
d⌧Euc d

3xLEuc[A, , ̄]

"Time is an illusion.  
Lunchtime – doubly so." 

[D.Adams, "Hitchhiker's guide to Galaxy"]

real-valued  probabilityoscillating complex phase

Example : scalar theory
<latexit sha1_base64="Rie010uIcs9+K/Ki5lxCLnkWXS0="></latexit>

L = |�̇|2 � |r�|2 � V (�)
<latexit sha1_base64="NVXB0qVe3vaxn5RCUakIZQ0+Xrk="></latexit>

LEuc = |@⌧�|2 + |r�|2 + V (�)

State evolution:

<latexit sha1_base64="AzgxaUC/RXhygIonX3cvmbTe5uM="></latexit>

|�(t)i = e�iEt |�(0)i
<latexit sha1_base64="8kPU3lmfJCJfRizwb3GGw0vkP/U="></latexit>

|�(⌧)i = e�E⌧ |�(0)i
<latexit sha1_base64="YVKjPO3SuGxi9RvnR0OmaSABID4="></latexit>

h�(⌧)�(0)i / e�E⌧<latexit sha1_base64="mq/l3JJ5o51Ch+RJM84GmIskPXI="></latexit>

h�(t)�(0)i / e�iEt
Field correlators:
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Euclidean QCD ➞ Correlation Functions

The rest is very similar to standard QFT ... 


Partition function

(Quarks are Grassman fields, integrate out)

<latexit sha1_base64="bX9jRkMr9X90mFlCoX/8rS28a64="></latexit>

Z =

Z
DAµ D D ̄ e�Sg [A]� ̄( /D+m) �!

Z
DAµ e

�Sg [A]
⇥
det( /D +m)

⇤# flavors

Quark correlators

... Except integration over GAUGE field Aµ: done by Markov-Chain Monte Carlo (MC) :  

    Either


Metrpololis/Heatbath for local updates: only gluons, no dynamical fermions ("quenched")


Hybrid Monte Carlo (HMC) for nonlocal updates (e.g. with dynamical-fermion determinant)

(all Wick contractions,  
work out by hand)

<latexit sha1_base64="h4CxXyvss2NIivJVlNncqZrFRb0="></latexit>

h x ̄y . . .i =
1

Z

Z
DAµ D D ̄ e�Sg [A]� ̄( /D+m) 

⇥
 x ̄y . . .

⇤

= h( /D +m)xy . . .ie�Sg [A]det( /D+m)

<latexit sha1_base64="9Rq+r7d0BpqZfXSGGbLdKbjYxZk=">AAACRHicbVDLSgNBEJz1bXwlehIvi0HQS9gViTlGvHiMYDTghjA76U2GzMwuM71qWIJf41X/wn/wH7yJV3HyOJjEgoaiqhuqK0wEN+h5H87C4tLyyuraem5jc2t7J1/YvTVxqhnUWSxi3QipAcEV1JGjgEaigcpQwF3Yuxz6dw+gDY/VDfYTaEraUTzijKKVWvn9QECEQXbRCmR6/HQSaN7pYjBoWa/olbwR3HniT0iRTFBrFZy9oB2zVIJCJqgx976XYDOjGjkTMMgFqYGEsh7twL2likowzWz0w8A9skrbjWJtR6E7Uv9eZFQa05eh3ZQUu2bWG4r/esZG6UJ7MC1ymQh45Kw3rTOqGIiZqBhVmhlXSYqg2DhplAoXY3fYqNvmGhiKviWUaW6fdVmXasrQ9p6zNfqzpc2T29OSXy6Vr8+K1cqk0DVyQA7JMfHJOamSK1IjdcLIM3khr+TNeXc+nS/ne7y64Exu9sgUnJ9fr2Cxvw==</latexit>

{Aµ(x)}n

<latexit sha1_base64="zeJjCYQ0IPjmY/NIvdjLYTesk+w="></latexit>

{Aµ(x)}n+1

<latexit sha1_base64="mYiKiWjFlIDzHzl7bhyRjG+33EU="></latexit>

{Aµ(x)}n+2

<latexit sha1_base64="jp6qFmVUpCZpE6JYfcimyRcmfI4="></latexit>

{Aµ(x)}n+3

<latexit sha1_base64="M2PuXqBHs0XqOy8m+Hw5Wb9p/uU="></latexit>

hO . . .i =
1

N

NX

n

(O[{Aµ}n] . . .)Wick
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Discretization : Scalar Field

derivative

Energy is periodic in momentum (like in crystals) 

1 pole per Brillouin zone  –𝛑/a < ki < +𝛑/a

<latexit sha1_base64="N/l5r/hCxzkrYWlO0Z+5kCCx/Eo="></latexit>

@2
⌧�+r2�+m2�x = 0 �! 1

a2

X

µ

(�x+µ̂ � 2�x + �x�µ̂) +m2� = 0

<latexit sha1_base64="/A7id97yJiBNRuzOCQxKbmS7AjY="></latexit>Z
d4x

X

µ

|@µ�x|2 �! 1

a2

X

x,µ

|�x+µ � �x|2

free EoM

<latexit sha1_base64="dGeBOpuJjoYWUiFwNphRDKsEFxA="></latexit>

� ⇠ e�E⌧+i~k~x
free dispersion relation 
for plane wave

°º/a 0 +º/a

Brillouin zone

(m = 0)
E

ki

<latexit sha1_base64="krDIc7T3+kl+yLHcTTROj8TQ1mE=">AAACQnicbVDLSgNBEJz1bXxFPXjwMhgET2FXJOYoePGoYBLBxDDb6Zghs7PLTG80LPs1XvUv/Al/wZt49eAk5mCiBQNFVfdQXWGipCXff/Pm5hcWl5ZXVgtr6xubW8XtnbqNUwNYg1jF5iYUFpXUWCNJCm8SgyIKFTbC/vnIbwzQWBnraxom2IrEvZZdCYKc1C7uNQkfKVOCSALyvDlA4P2743ax5Jf9MfhfEkxIiU1w2d72dpudGNIINYES1t4GfkKtTBj3scK80EwtJgL64h5vHdUiQtvKxhfk/NApHd6NjXua+Fj9vZGJyNphFLrJSFDPznoj8V/Puig97OTToowShQ8S+tM6CA2oZqJSt9rKpE5SQg0/Sbup4hTzUZ+8Iw0CqaEjAox0x3LoCSOAXOsFV2MwW9pfUj8uB5Vy5eqkdFadFLrC9tkBO2IBO2Vn7IJdshoDlrMn9sxevFfv3fvwPn9G57zJzi6bgvf1DecEsNo=</latexit>

lattice ~k2

<latexit sha1_base64="kFKgDSFZ+EpfPfKm5uVzrft0INw="></latexit>

h�x�
†
yi = (�+m2)xy ,

h�k�
†
k0i =

�kk0

m2 + 4
a2

P
µ sin

2 1
2akµ

free propagator for 
<latexit sha1_base64="TgkrYknkB/RWuBEmkpcSQs0J8ng=">AAACP3icbZDNSgMxFIUz9b/+VevOTbAIFaTMiKgbQRDBZQVbC7aUzO1tG5pkhiSj1NJ3catv4WP4BO7ErTvTdha2eiBw+O69cHLCWHBjff/dy8zNLywuLa9kV9fWNzZzW9tVEyUasAKRiHQtZAYFV1ix3AqsxRqZDAXehb3L0fzuAbXhkbq1/RgbknUUb3Ng1qFmbqfXrMuEntNi/QGBxoeUXx00cwW/5I9F/5ogNQWSqtzc8vL1VgSJRGVBMGPuAz+2jQHTloPAYbaeGIwZ9FgH751VTKJpDMbxh3TfkRZtR9o9ZemY/r4YMGlMX4ZuUzLbNbOzEfx3ZlyULraG05DLWOAjh940B6YAxUxU2z5rDLiKE4sKJknbiaA2oqMyaYtrBCv6zjDQ3H2WQpdpBtZVnnU1BrOl/TXVo1JwUjq5OS5cnKWFLpNdskeKJCCn5IJckzKpECBP5Jm8kFfvzfvwPr2vyWrGS2/yZEre9w89Qa3i</latexit>

kµ = (~p, iE)

<latexit sha1_base64="jKgjDM/9YxF6WYHddLGJPbcLy90="></latexit>

4

a2
sinh2

aE

2
=

4

a2

X

i

sin2
aki
2

+m2

pole



Quantum Chromodynamics on a Lattice CFNS Summer School, SBU, Jun1–12 ,2026

  

Sergey Syritsyn

Discretization : Fermions, Naive

Additional pole for every periodic dimension ; 
16 total species on momentum 4D-torus 

equal number of left & right Weyl species NL=NR  

at least one doubler of opposite chirality (topology)

wrong number of "flavors" in

doublers cancel any chiral effects, e.g. ABJ anomaly

free Dirac EoM

<latexit sha1_base64="yoR0S2lfGt3ugVA3qE4Yt3GY3pg="></latexit>

1

a2
sinh2 (aE) =

1

a2

X

i

sin2 (aki) +m2

(m = 0)
E

ki

Brillouin zone

doubler mode  
moving LEFT

fermion mode  
moving RIGHT

<latexit sha1_base64="klaDsTtBjEqekH5YyIvgCXhY8tc="></latexit>

@µJ
5
µ ⌘ 0 6= 1

16⇡2
Gµ⌫

eGµ⌫

<latexit sha1_base64="Cx0lSFLByNCDa3+gQrstU2mNWic="></latexit>

J5
µ =  ̄R�µ R �  ̄L�µ L(axial current                                                   )

NO-GO Theorem [Nielsen, Ninomiya '81]: 
choose three out of four

regularized chiral fermions

gauge invariance


local action

no doubler(s)

<latexit sha1_base64="HS2Xj+Q0rWYtf/fESYH0+Dp5OoY="></latexit>

vgroup =
@E

@k

(m=0)

free dispersion relation 
for plane wave

<latexit sha1_base64="G3PMaI3Wy9srGXfp7S6hUCK3iWA="></latexit>

 ⇠ e�E⌧+i~k~x

<latexit sha1_base64="Hvq/EdQwYAl24fxFpIDTnBNXhlo="></latexit>

�µ(@µ )x +m x = 0 �! 1

2a

X

µ

�µ( x+µ̂ �  x�µ̂) +m x = 0

<latexit sha1_base64="p5TRdSY+gAFJdq9psZjcBHTgtFY="></latexit>

det
�
/D +m

�
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Discretization : Fermions, Wilson

°º/a 0 +º/a

(m = 0)
E

ki

Brillouin zone

doubler mode  
LIFTED

fermion mode  
moving RIGHT

restores ABJ but breaks chiral symmetry HARD


L and R modes mix via divergent additive mass correction 

fine tuning of bare mass required to cancel 

<latexit sha1_base64="0uka761UT/5wvNVTKKcBt1ZaMoc="></latexit>

�m / a�1

<latexit sha1_base64="B5KoL6L3Bw7LipDXPFKsVEXXY+c=">AAACMXicbZDNagIxFIUz9s/aP63LbkKl0JXMlGJdCt10aaFaQQfJZO5oMMkMSaZFBl+i2/Yt+jTuSrd9iUadRdUeCBy+ey+cnCDhTBvXnTuFnd29/YPiYeno+OT0rFw57+o4VRQ6NOax6gVEA2cSOoYZDr1EAREBh+dgcr+YP7+A0iyWT2aagC/ISLKIUWIs6g1C4IZgMSzX3Lq7FN42Xm5qKFd7WHGqgzCmqQBpKCda9z03MX5GlGGUw6w0SDUkhE7ICPrWSiJA+9ky8AxfWRLiKFb2SYOX9O9FRoTWUxHYTUHMWG/OFvDfmbZRxhDO1iETCYdXRifrnBJJgW9ENVHTz5hMUgOSrpJGKccmxov6cMgUUMOn1hCqmP0spmOiCDW25JKt0dssbdt0b+peo954vK21mnmhRXSBLtE18tAdaqEH1EYdRBFHb+gdfTifztz5cr5XqwUnv6miNTk/v2y3qjI=</latexit>

�m

the Laplacian lifts doubler-fermion poles:  

for plane wave 

Dirac operator

<latexit sha1_base64="9KzLiswsPrtcDH23cs+2WlDiWiM="></latexit>

/D �! /D +
2

a

X

µ

sin2
ak

2

<latexit sha1_base64="G3PMaI3Wy9srGXfp7S6hUCK3iWA="></latexit>

 ⇠ e�E⌧+i~k~x

Most frequently used fermion action


Common variations


"Clover"-improved discretization to O(a2) order,  

faster continuum limit


Twisted-mass fermion: automatic O(a2) improvement

Alternative: "staggered" fermions

eliminate some doublers

economical as "sea" quarks

cumbersome as "valence" quarks

Solution to the doublers problem: add irrelevant scalar-like term (irrelevant, vanishes with a→0)


                                                                            (Note left-right fermion mixing)
<latexit sha1_base64="ubXMzFKzsk+nBc139EK3XolID+g="></latexit>a

2
[� ̄R @

2
µ L �  ̄L @

2
µ R]
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Discretization : Fermions, Ginsparg-Wilson
Modified chiral symmetry on the lattice [Ginsparg, Wilson '82] 

<latexit sha1_base64="M8e46Mj5L+RVQoTjAnSMJhC2Lwg="></latexit>�
�5, /D

 
= a /D�5 /D RHS appears due to fermion field blocking (continuum → lattice)


vanishes in the continuum a→0

all eigenvalues on a complex circle

index (NL–NR) for Atiyah-Singer thm

<latexit sha1_base64="JbAux+l8ZnGyzUfiPnbTs9XOqBY="></latexit>

/Dov = 1 + �5 sign [�5(DWilson �Mov)]

Spectra of lattice Dirac operators

Naive Wilson

"Overlap" fermions [Neuberger '98]

Ginsparg-Wilson

physical doublers physical doublers

Movphysical

doublers

"Domain Wall" fermions [D.Kaplan ; Y. Shamir] 
physical modes on a "defect" in 5th dimension  
(equivalent to overlap)

<latexit sha1_base64="HJsFVmjUy+cw8nAGOOuq59Nnc6A="></latexit>

� =
1

a

�
1 + e�i↵

� continuum → lattice: 
maps Dirac eigenvalues 

from a line to a circle
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Discretization : Gluons & Gauge Invariance
<latexit sha1_base64="hWG0S53MrgvdxQGrB3MDhLCuVVs="></latexit>

Sg =
1

4g2
�
F a
µ⌫

�2 <latexit sha1_base64="iz4CqXX09ggUC19H2Fka/7qfoyg="></latexit>

[Alat
µ = gApert

µ ]Gauge action

Plaquette = square loop transporter (curvature)

Gauge potentials : on links connecting "matter" sites 

 

gauge link Ux,µ = covariant transporter

<latexit sha1_base64="LiAcpI4mIkDZMzGQKp9urZbUrWA="></latexit>

(Dµ�)x =
1

2a

�
Ux,µ�x+aµ̂ � Ux,�µ�x�aµ̂

�

<latexit sha1_base64="a3x9tuWYbCNc3VmuDxsJfg/CxGI="></latexit>

Ux,±µ = Pexp

(
i

Z x±aµ̂

x
[�aAa

µ]dx
0
µ

)

Lattice [Wilson] action 

<latexit sha1_base64="/aQqCeV/+G8OA/TPqYro9tILJ2A="></latexit>

UPµ⌫ = U1U2U
†
3U

†
4

Typically improved to O(a^4)  
with 1x2 rectangles UR [Symanzik]

<latexit sha1_base64="M59fwpOVRBpLaOUssC6oHSKqTHI="></latexit>

Slat
g

=
X

x,µ<⌫

�

Nc

ReTr (1� UPµ⌫)| {z }
⇠ 1

4g2
(Fa

µ⌫)
2+O(a2)

L

a

Uµ ⇡ eig aAµ

UP ⇡ eig a2Fµ�

(”curl”Aµ)

covariant  
derivative

<latexit sha1_base64="dKfObuJsZJTawpCnWypZBHUV3Ds=">AAACMXicbZDNTgIxFIU7/iL+gSzdNBITV2TGGGRJ4sadmMhPAhPS6Vygoe1M2o5KJryEW30Ln4adcetLWGAWAp6kycl3701OTxBzpo3rzpyt7Z3dvf3cQf7w6PjktFA8a+koURSaNOKR6gREA2cSmoYZDp1YAREBh3YwvpvP28+gNIvkk5nE4AsylGzAKDEWdXoPAoak/9ovlN2KuxDeNF5myihTo190Sr0wookAaSgnWnc9NzZ+SpRhlMM030s0xISOyRC61koiQPvpIvAUX1oS4kGk7JMGL+jfi5QIrScisJuCmJFen83hvzNto4wgnK5CJmIOL4yOVzklkgJfi2oGNT9lMk4MSLpMOkg4NhGe14dDpoAaPrGGUMXsZzEdEUWosSXnbY3eemmbpnVd8aqV6uNNuV7LCs2hc3SBrpCHblEd3aMGaiKKOHpD7+jD+XRmzpfzvVzdcrKbElqR8/MLtROqWw==</latexit>

⌦x

matter field

(fermion, scalar)

gluon field

<latexit sha1_base64="1eiyd53Sj0wBDmyLxjJ8tN5RDcE=">AAACPXicbZDNSgMxFIUz9a/Wv9Yu3QwWQRDKjEjtUnDjTgWrQqeUO5k7bWiSGZKMWoa+ilt9C5/DB3Anbt2a/ixs9UDg8N174eSEKWfaeN67U1haXlldK66XNja3tnfKld1bnWSKYosmPFH3IWjkTGLLMMPxPlUIIuR4Fw7Ox/O7B1SaJfLGDFPsCOhJFjMKxqJueTe4FNiDbv50FPTBBCIbdcs1r+5N5P41/szUyExX3YpTDaKEZgKloRy0bvteajo5KMMox1EpyDSmQAfQw7a1EgTqTj4JP3IPLIncOFH2SeNO6O+LHITWQxHaTQGmrxdnY/jvTNsofYxG85CJlOMjo4N5TkFS5AtRTdzs5EymmUFJp0njjLsmccdVuhFTSA0fWgNUMftZl/ZBATW28JKt0V8s7a+5Pa77jXrj+qR21pwVWiR7ZJ8cEp+ckjNyQa5Ii1DyRJ7JC3l13pwP59P5mq4WnNlNlczJ+f4B5zqu6g==</latexit>

⌦x+µ̂

Gauge covariant  
by construction

<latexit sha1_base64="gNiA350AAekpfmrjqUuwYM0IpBI="></latexit>

Ux,µ ! ⌦xUx,µ⌦
†
x+aµ̂

�x ! ⌦x�x

(Dµ�)x ! ⌦x(Dµ�)x

UR
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Path Integration : Metropolis&Heatbath

Metropolis algorithm : 


construct candidate for {A}n+1


calculate change of action ΔS = S[{A}n+1] – S[{A}n]

accept with probability min{1, e–ΔS} 
(always accept if ΔS<0)


works well if easy to construct candidates, 
calculate ΔS

What if the change in action nonlocal / difficult to calculate?

How to EFFICIENTLY sample contributions to the path integral? 

Relevant {A} field configurations at narrow balance of entropy / action


Strategy: create Markov Chain 

 

such that the probability distribution converges to 
<latexit sha1_base64="J4BccX8RM7D5/n+nkgIZoLWUIw4="></latexit>

P (Aµ) ⇠ e�S[Aµ]

<latexit sha1_base64="9cVUcMR10MsfOn25duJrkAEC7IQ="></latexit>

{Aµ}n �! {Aµ}n+1

Example: local link updates  
in quenched (no dynamical quarks) QCD

<latexit sha1_base64="vrbHRmrm6rhyNj5QpA9bd4fh51g="></latexit>

exp
⇥
� Sg(Aµ)

⇤
det( /D +m) �! exp

⇥
� Sg(Aµ) + log det( /D +m)| {z }

nonlocal

⇤

S1 S2Unew

<latexit sha1_base64="MjuiRTsFk/Q/jK3qxVqUQIZcb1M="></latexit>

�S =
�

Nc
ReTr

⇥
(S1 + S2)

† (Uold � Unew)
⇤
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Path Integration : Molecular Dynamics/Hybrid MC
For global updates: need to find candidate with ΔS=O(1)


Example: Simulate fermion determinant using BOSONIC pseudo-fermions

<latexit sha1_base64="wRD8vitqpr0vNPcpBtgjO5xE5tQ="></latexit>

H[⇡x,�x] =
1

2

X

x

⇡
2
x + S[�]

Convert Canonical ensemble with action S 

to Micro-canonical with Hamiltonian

conjugate momenta to ϕx = { Aµ , η }x, 

pick randomly for each update

Conservative evolution with MC "time": 

integrate   { 𝜋, ϕ }     →   new MC sample { 𝜋', ϕ' }
<latexit sha1_base64="AbfTLmcrI1297uSv+ov0/6eh4qM="></latexit>

H[⇡x,�x] = H[⇡0
x,�

0
x]

<latexit sha1_base64="7CgHfnsQNKOSlo4DBSaet6zp4RU="></latexit>⇢
�̇x = ⇡x

⇡̇x = � �S
��x

No change for the averages
<latexit sha1_base64="pgb95qcgJKDggFkv7FgGyzV6uOQ="></latexit>

hO[�]i =
1

Z

Z
D� e�S[�]

O[�]

=
1

Z 0

Z
D⇡D� e�

1
2

P
x ⇡2

x�S[�]
O[�]

must be reverisible :  { –𝜋', ϕ' }  →  { –𝜋, ϕ } 

(otherwise non-ergodic)

correct integration error with Metropolis: 

accept  

with prob.

<latexit sha1_base64="UPz24el8IeTAH+5s0/SNkGBvzIE="></latexit>

[⇡,�] �! [⇡0,�0]
<latexit sha1_base64="PExSwTAKSMtMgrikch5jWEcCHgo="></latexit>

min {1, exp (H[⇡,�]�H[⇡0
,�

0])}

<latexit sha1_base64="U2F52q+CYFWhZTuXiSc2dIXg96g="></latexit>

det( /D +m) �!
Z

D⌘D⌘† exp
⇥
� ⌘†( /D +m)�1⌘

⇤
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Topology of  Gluon Fields

Quantum tunneling of color fields:

instantons and anti-instantons

6 s video  = 5 fm / c = 1.7⋅10-23 s physical time

[Lattice QCD simulations with physical parameters]

5 fm=5⋅10-15m

|vaci✓ =
X

Q

ei✓Q |Qi

Density of 
�
E ·H

�
color

= ( winding number SU(Nc) → S3)

Strong CP problem: is Θ angle zero? 

 

Θ-term violates CP symmetry

<latexit sha1_base64="b6BWpfSWDe8cAUdf77iL3K1dw0g="></latexit>

Q =

Z
d4x

1

32⇡2
F a
µ⌫

eF a
µ⌫

/
Z

d4x (Ea ·Ha)

<latexit sha1_base64="MDZ19+rWLOed7y/5twYQZvXAmVA=">AAACR3icbVBNSytBEJyN39GnUY96GAwP3insPkS9CIIXDx4UjAomhN5OxwyZnV1mepUQcvHXeNV/4U/wV3gTj07iHky0oKGo6obqijOtHIfha1CamZ2bX1hcKi+v/Fldq6xvXLo0t0h1THVqr2NwpJWhOivWdJ1ZgiTWdBX3jkf+1R1Zp1Jzwf2MmgncGtVRCOylVmW7kQB3EbQ8bTW4SwzyUBbkvFWphrVwDPmTRAWpigJnrfVgs9FOMU/IMGpw7iYKM24OwLJCTcNyI3eUAfbglm48NZCQaw7GbwzlX6+0ZSe1fgzLsfr9YgCJc/0k9puj0G7aG4m/es5H6VJ7OCmqJNN0r7A3qSMYJD0VlTsHzYEyWc5k8CtpJ9eSUzkqVbaVJWTd9wTQKv+sxC5YQPbVl32N0XRpP8nl/1q0V9s7360eHRSFLootsSP+iUjsiyNxIs5EXaB4EI/iSTwHL8Fb8B58fK2WguJmU0ygFHwCh9CxDA==</latexit>

L✓ = ✓Q
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Setting Parameters in Lattice QCD

Typical "2+1 flavor" calculation: 2 light u/d + strange dynamical quarks


QCD coupling β = varied to change lattice scale(spacing) a


quark masses mu/d and ms = tuned to reproduce pion, kaon masses 

(requires chiral perturbation theory)

<latexit sha1_base64="7roFsvGQ9z/gFMGu7153GzVwe9o="></latexit>

Llat =
X

µ<⌫

�

Nc
ReTr (1� UPµ⌫) +

X

q

q̄( /D +mq)q

[S.Durr et al, Science 322 (2008) 1224]

Everything else are pure QCD predictions!

0
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experiment
width
input
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<latexit sha1_base64="nQbV3lzRS/yhwYF0n5pxvPTHA20="></latexit>⇠ p
mu/d

<latexit sha1_base64="CD4ndbgSqjK9O6Lh0g/NhajOPHo="></latexit>

⇠
p

mu/d +ms

scale <latexit sha1_base64="FhuJdJvS5j7mWGns+8nSRwCieac="></latexit>

a =
(am⌅)lat

(m⌅)phys
INPUTS
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It Does Get Expensive!
Brute-force'able challenges


typical modern lattice size 643 x 128  

more towards continuum limit, large volume


light-quark Dirac operator inversion  

for propagators , HMC evolution


statistical noise, especially  

for gluonic observables

Tough challenges


critical slowing down: non-ergodic MC 

due to topological sector barrier  ⇒  freezing 

Multiscale evolution, ML-based sampling algorithms 

sign problem with baryon chem.potential µB ≠ 0 

⇒ QCD Equation of State P(µB, T) is hard 

Quantum computing?

<latexit sha1_base64="P4z75le9OM0BasNaqr8/93JwFm0=">AAACQHicbZDLSsNAFIYn9VbrrbW4chMsggspiUjtsuDGjVDBXqAJYTI5bYfOTMLMRCmhD+NW38K38A3ciVtXTi8L2/rDwM93zoF//jBhVGnH+bByG5tb2zv53cLe/sHhUbF03FZxKgm0SMxi2Q2xAkYFtDTVDLqJBMxDBp1wdDudd55AKhqLRz1OwOd4IGifEqwNCoonPPAS6l32PI71UPLsHtoTPyhWnKozk71u3IWpoIWaQckqe1FMUg5CE4aV6rlOov0MS00Jg0nBSxUkmIzwAHrGCsxB+dks/8Q+NySy+7E0T2h7Rv9eZJgrNeah2ZymVKuzKfx3pkyUIUSTZUh5wuCZktEyJ1gQYCtRdb/uZ1QkqQZB5kn7KbN1bE/btCMqgWg2NgYTSc1nbTLEEhNtOi+YGt3V0tZN+6rq1qq1h+tKo74oNI9O0Rm6QC66QQ10h5qohQjK0At6RW/Wu/VpfVnf89WctbgpoyVZP79P97AY</latexit> m
⇡
[M

eV
]

<latexit sha1_base64="NOFc1+4XhGLfMlzwuA2TRe9ImXI=">AAACO3icbZBLS8NAFIUnPmt9pXbpJlgEF1ISkdplwY3LCvYBbSiT6U07dGYSZiaVEvJP3Oq/8Ie4didu3Ttts7CtBwYO370XzpwgZlRp1/2wtrZ3dvf2CwfFw6Pjk1O7dNZWUSIJtEjEItkNsAJGBbQ01Qy6sQTMAwadYHI/n3emIBWNxJOexeBzPBI0pARrgwa2jfvXvT7Heix5GvLMH9gVt+ou5GwaLzcVlKs5KFnl/jAiCQehCcNK9Tw31n6KpaaEQVbsJwpiTCZ4BD1jBeag/HQRPXMuDRk6YSTNE9pZ0L8XKeZKzXhgNuch1fpsDv+dKRNlDMNsFVIeM3imZLLKCRYE2FpUHdb9lIo40SDIMmmYMEdHzrxIZ0glEM1mxmAiqfmsQ8ZYYqJN3UVTo7de2qZp31S9WrX2eFtp1PNCC+gcXaAr5KE71EAPqIlaiKApekGv6M16tz6tL+t7ubpl5TdltCLr5xcxWq4R</latexit>

a [fm]

modern calculations  
at ~physical point

goal

[M.Constantinou, CFNS school 2025]

Now Future?
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Sergey Syritsyn

Hadron Correlators on Lattice 

Nucleon correlator
<latexit sha1_base64="CcamYTGeTXe+SZWkBcRUaZxYTIc="></latexit>

N = ✏abc [uaT C�5 d
b]uc

+

<latexit sha1_base64="dsoxrvvDXIKW4FP+lGe5deSRd0o="></latexit>

h[d̄ �5 u]y [ū �5 d]xi = Tr[QyxQxy] = Tr|Qyx|2

no cancellations,  
the lightest hadron

<latexit sha1_base64="8QnIWxWaQbKyQc/3E36ZCkda8gA="></latexit>

h[(uC�5 d)u]y [ū (d̄ C�5 ū)]xi

Pion correlator
<latexit sha1_base64="52gb+4BWnFPnMeIx6c3qa5qgGNc="></latexit>

⇡ = d̄ �5 u

Quark propagator

solve lattice Dirac equation ×Ns ×Nc  
for chosen source point

<latexit sha1_base64="xOgoBARou5Z1i0eEXLz3kXhHnys="></latexit>

Qyx = hqy q̄xi = ( /D +m)�1
yx

"source""sink"

<latexit sha1_base64="QBbffigC8InaVKdZYg2kqH5drks="></latexit>

Qxy = �5Q
†
yx�5

–
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Sergey Syritsyn

Hadron Masses and Energies 

Euclidean time (y4–x4)

<latexit sha1_base64="rcSK0ZOdyReXHKJ/I904MpniK8s=">AAACNHicbZBNS0JBFIbn9mn2pblsc0mCVnJvhLkU2rQ0yA9QkXOPRx2cO/cyM9cQ82e0rX/RfwnaRdt+Q+PHIrUXBl6ecw688wax4Np43oeztb2zu7efOkgfHh2fnGayZzUdJQqpipGIVCMATYJLqhpuBDViRRAGgurB8G42r49IaR7JRzOOqR1CX/IeRzAWNZ9HgC0Fsi+ok8l7BW8ud9P4S5NnS1U6WSfX6kaYhCQNCtC66XuxaU9AGY6CpulWoikGHEKfmtZKCEm3J/PMU/fSkq7bi5R90rhz+vdiAqHW4zCwmyGYgV6fzeC/M22jDKg7XYU8jAU9cRyucgSJJNaiml6pPeEyTgxJXCTtJcI1kTtr0O1yRWjE2BpAxe1nXRyAAjS257St0V8vbdPUrgt+sVB8uMmXS8tCU+ycXbAr5rNbVmb3rMKqDFnEXtgre3PenU/ny/lerG45y5scW5Hz8wu8eKvo</latexit>

|vaci
<latexit sha1_base64="rd1tqtl8SNO9YCvbnlRqpA/xEWU=">AAACNXicbZDNSgMxFIUz/tb6W126CRbBVZkRUZcFNy4rWC20Q7lz57YNzWSGJKOU2tdwq2/hs7hwJ259BdPahW09EDh89144OVEmhbG+/+4tLa+srq0XNoqbW9s7u3ul/TuT5hqpjqlMdSMCQ1IoqlthJTUyTZBEku6j/tV4fv9A2ohU3dpBRmECXSU6AsE61GpJUF1J/AHwqb1X9iv+RHzRBFNTZlPV2iXvoBWnmCekLEowphn4mQ2HoK1ASaNiKzeUAfahS01nFSRkwuEk9IgfOxLzTqrdU5ZP6N+LISTGDJLIbSZge2Z+Nob/zoyL0qN4NAtFkkl6FNif5QgKSc5FtZ3LcChUlltS+Ju0k0tuUz6ukMdCE1o5cAZQC/dZjj3QgNYVXXQ1BvOlLZq700pwXjm/OStXL6eFFtghO2InLGAXrMquWY3VGbKMPbMX9uq9eR/ep/f1u7rkTW8O2Iy87x8SFqwM</latexit>

hvac|

Complete set of states

<latexit sha1_base64="6yaGtEYq2vq3t2W8d8J/7thVI4g="></latexit>

1 =
X

|ni hn|

Sum over 𝛑-like states E0<E1<...

Hadron operator Overlaps Zn 
with 𝛑-like states

<latexit sha1_base64="21MJd1wmiQ1MwTvnSN/9banzaRw="></latexit>

=
X

n

hvac|⇡|⇡ni e�E⇡
n(y4�x4) h⇡n|⇡†|vaci

(*) only if transfer matrix           exists,

strictly proven only for some actions

<latexit sha1_base64="3Mjp8WpvaRbFJpUtfN22lcEeGzk=">AAACNXicbZDLTgIxFIY7eEO8gSzdNBITN5IZY5AliRuWmMglASRnygEaOp1J29GQCa/hVt/CZ3Hhzrj1FSyXhYB/0uTPd85J/v5+JLg2rvvhpLa2d3b30vuZg8Oj45Ns7rShw1gxrLNQhKrlg0bBJdYNNwJbkUIIfIFNf3w3mzefUGkeygczibAbwFDyAWdgLOrgY3IFnREYWp32sgW36M5FN423NAWyVK2Xc/KdfsjiAKVhArRue25kugkow5nAaaYTa4yAjWGIbWslBKi7yTz0lF5Y0qeDUNknDZ3TvxcJBFpPAt9uBmBGen02g//OtI0ywv50FfIgEvjM2XiVM5AMxVpUMyh3Ey6j2KBki6SDWFAT0lmFtM8VMiMm1gBT3H6WshEoYMYWnbE1euulbZrGddErFUv3N4VKeVlompyRc3JJPHJLKqRKaqROGInIC3klb8678+l8Od+L1ZSzvMmTFTk/v29Eq7E=</latexit>

e�aĤ

 [ (y4–x4) → large ]

Example : pion correlator

Effective mass (energy)
<latexit sha1_base64="yrp31bpvY+oBowk2PNRzC01lt54="></latexit>

me↵(t) = log
h⇡(t+ 1)⇡†(0)i
h⇡(t)⇡†(0)i

<latexit sha1_base64="Mygso43+Liws3GdkdBpArMV7tOQ="></latexit>

�! |Z0|2 e�E⇡
0 (y4�x4)

0 5 10 15
t

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

2.6

E
ef

f
[G

eV
]

[-1 0 0]

[0 0 0]

[1 0 0]

[2 0 0]

[3 0 0]

[4 0 0]

[5 0 0]
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Sergey Syritsyn

Hadron Matrix Elements

(y4–z4)

Complete set of states

 [ (z4–x4), (y4–z4) 
       → large ]

Example : Pion-current correlator

Matrix element from correlator ratio

<latexit sha1_base64="rcSK0ZOdyReXHKJ/I904MpniK8s=">AAACNHicbZBNS0JBFIbn9mn2pblsc0mCVnJvhLkU2rQ0yA9QkXOPRx2cO/cyM9cQ82e0rX/RfwnaRdt+Q+PHIrUXBl6ecw688wax4Np43oeztb2zu7efOkgfHh2fnGayZzUdJQqpipGIVCMATYJLqhpuBDViRRAGgurB8G42r49IaR7JRzOOqR1CX/IeRzAWNZ9HgC0Fsi+ok8l7BW8ud9P4S5NnS1U6WSfX6kaYhCQNCtC66XuxaU9AGY6CpulWoikGHEKfmtZKCEm3J/PMU/fSkq7bi5R90rhz+vdiAqHW4zCwmyGYgV6fzeC/M22jDKg7XYU8jAU9cRyucgSJJNaiml6pPeEyTgxJXCTtJcI1kTtr0O1yRWjE2BpAxe1nXRyAAjS257St0V8vbdPUrgt+sVB8uMmXS8tCU+ycXbAr5rNbVmb3rMKqDFnEXtgre3PenU/ny/lerG45y5scW5Hz8wu8eKvo</latexit>

|vaci
<latexit sha1_base64="rd1tqtl8SNO9YCvbnlRqpA/xEWU=">AAACNXicbZDNSgMxFIUz/tb6W126CRbBVZkRUZcFNy4rWC20Q7lz57YNzWSGJKOU2tdwq2/hs7hwJ259BdPahW09EDh89144OVEmhbG+/+4tLa+srq0XNoqbW9s7u3ul/TuT5hqpjqlMdSMCQ1IoqlthJTUyTZBEku6j/tV4fv9A2ohU3dpBRmECXSU6AsE61GpJUF1J/AHwqb1X9iv+RHzRBFNTZlPV2iXvoBWnmCekLEowphn4mQ2HoK1ASaNiKzeUAfahS01nFSRkwuEk9IgfOxLzTqrdU5ZP6N+LISTGDJLIbSZge2Z+Nob/zoyL0qN4NAtFkkl6FNif5QgKSc5FtZ3LcChUlltS+Ju0k0tuUz6ukMdCE1o5cAZQC/dZjj3QgNYVXXQ1BvOlLZq700pwXjm/OStXL6eFFtghO2InLGAXrMquWY3VGbKMPbMX9uq9eR/ep/f1u7rkTW8O2Iy87x8SFqwM</latexit>

hvac|

(z4–x4)

<latexit sha1_base64="tkDwK8w7Wr4o7Ze+JMOVmzG5xNs="></latexit>

=
X

m,n

Zn · e�E⇡
n(y4�z4) · hn|ū�µu|mi · e�E⇡

m(y4�z4) · Z⇤
m

<latexit sha1_base64="ifWlTzYgkABRYR+4xm2gS4eSx/M=">AAACQXicbVDLSgMxFM34rPXVWnDjJlgEF1JmRGqXBTcuK9gHdErJpLdtaJIZkoxSpv0Zt/oXfoWf4E7cujGddmFbD1w4nHMvnHuCiDNtXPfD2djc2t7Zzexl9w8Oj45z+ZOGDmNFoU5DHqpWQDRwJqFumOHQihQQEXBoBqO7md98AqVZKB/NOIKOIAPJ+owSY6Vu7nQifUXkgIN/5fOUYDnJdnNFt+SmwOvEW5AiWqDWzTsFvxfSWIA0lBOt254bmU5ClGGUwzTrxxoiQkdkAG1LJRGgO0n6wBRfWKWH+6GyIw1O1b8XCRFaj0VgNwUxQ73qzcR/PW2jDKE3XRaZiDg8Mzpa1imRFPhKVNOvdBImo9iApPOk/ZhjE+JZnbjHFFDDx5YQqph9FtMhUYQaW/qsRm+1tHXSuC555VL54aZYrSwKzaAzdI4ukYduURXdoxqqI4om6AW9ojfn3fl0vpzv+eqGs7gpoCU4P7+Hv7Am</latexit>

|ni hn|
<latexit sha1_base64="YN8EaamQAKCKPRfKuFMb47FQSfg=">AAACQXicbVDLSgMxFM34rPXVWnDjJlgEF1JmRGqXBTcuK9gHdErJpLdtaJIZkoxS2v6MW/0Lv8JPcCdu3ZhpZ2FbD1w4nHMvnHuCiDNtXPfD2djc2t7Zzexl9w8Oj45z+ZOGDmNFoU5DHqpWQDRwJqFumOHQihQQEXBoBqO7xG8+gdIslI9mHEFHkIFkfUaJsVI3dzoVviJywMG/8vmcYDHNdnNFt+TOgdeJl5IiSlHr5p2C3wtpLEAayonWbc+NTGdClGGUwyzrxxoiQkdkAG1LJRGgO5P5AzN8YZUe7ofKjjR4rv69mBCh9VgEdlMQM9SrXiL+62kbZQi92bLIRMThmdHRsk6JpMBXopp+pTNhMooNSLpI2o85NiFO6sQ9poAaPraEUMXss5gOiSLU2NKTGr3V0tZJ47rklUvlh5titZIWmkFn6BxdIg/doiq6RzVURxRN0Qt6RW/Ou/PpfDnfi9UNJ70poCU4P7+EHbAk</latexit>

|mi hm|

<latexit sha1_base64="zI2WJ8M9sGbMMv9gTzbwO22+3vs="></latexit>

�! |Z0|2 h0|u�µu|0i e�E⇡
0 (y4�x4)

<latexit sha1_base64="RV243jMzUx3vcNTYrzfEWTShxRQ="></latexit>

h⇡(t) [ū�4u]⌧ ⇡†(0)i
h⇡(t)⇡†(0)i

t,⌧!1�! h0|u�µu|0i

0.42

0.44

0.46

hN
|O

|N
i

(aQ)2 = 0.0934 p = 0.9999

ReT+ßz+h°400|Vt| ° 100i °0.40

°0.35

(aQ)2 = 0.0934 p = 0.2856

ReT+ßz+h°400|Vy| ° 100i

0.18

0.20
hN

|O
|N

i
(aQ)2 = 0.2020 p = 0.7915

ReT+ßz+h°400|Vt|000i
°0.300

°0.275

°0.250
(aQ)2 = 0.2020 p = 0.9410

ReT+ßz+h°400|Vy|000i

0.07

0.08

hN
|O

|N
i

(aQ)2 = 0.3676 p = 0.8141

ReT+ßz+h°400|Vt|100i
°0.200

°0.175

(aQ)2 = 0.3676 p = 0.9157

ReT+ßz+h°400|Vy|100i

0.025

0.030

hN
|O

|N
i

(aQ)2 = 0.5821 p = 0.7835

ReT+ßz+h°400|Vt|200i °0.14

°0.12

°0.10 (aQ)2 = 0.5821 p = 0.3727

ReT+ßz+h°400|Vy|200i

0.0100

0.0125

0.0150

hN
|O

|N
i

(aQ)2 = 0.8294 p = 0.2463

ReT+ßz+h°400|Vt|300i
°0.09

°0.08

°0.07
(aQ)2 = 0.8294 p = 0.7290

ReT+ßz+h°400|Vy|300i

0.0 2.5 5.0 7.5 10.0 12.5
øO

0.0025

0.0050

0.0075

hN
|O

|N
i

(aQ)2 = 1.0966 p = 0.0232

ReT+ßz+h°400|Vt|400i
0.0 2.5 5.0 7.5 10.0 12.5

øO

°0.06

°0.05

(aQ)2 = 1.0966 p = 0.4883

ReT+ßz+h°400|Vy|400i

<latexit sha1_base64="FEHiYtmI5yjojvWSJu4ExBRztlI=">AAACPHicbVBLTwIxGGx9Ir5Ajl42EhO8kF1DkCOJF08GE3kkQEi3+y00dLubtiuSDT/Fq/4L/4d3b8arZ7vAQcBJmkxmvkmm40acKW3bH3hre2d3bz9zkD08Oj45zeXPWiqMJYUmDXkoOy5RwJmApmaaQyeSQAKXQ9sd36Z++wmkYqF41NMI+gEZCuYzSrSRBrl8LzR2mk7uZ6XnQeVqkCvaZXsOa5M4S1JESzQGeVzoeSGNAxCacqJU17Ej3U+I1IxymGV7sYKI0DEZQtdQQQJQ/WTefWZdGsWz/FCaJ7Q1V/8mEhIoNQ1ccxkQPVLrXir+6ylTZQTebFVkQcRhwuh4VadEUOBrVbVf6ydMRLEGQRdN/ZhbOrTSJS2PSaCaTw0hVDLzWYuOiCRUm72zZkZnfbRN0rouO9Vy9aFSrNeWg2bQObpAJeSgG1RHd6iBmoiiCXpBr+gNv+NP/IW/F6dbeJkpoBXgn19/4a4s</latexit>

N(x4)
<latexit sha1_base64="fFi1QcUTqs9HO9EJu48MEEq4dJI=">AAACL3icbZDNSsNAFIUn9a/Wv9Yu3QSLUDclkVK7LLhxJRXsD7ShTCY37djJJMxMlBD6Dm71LXwacSNufQunbRa29cDA4bv3wpnjRoxKZVmfRm5re2d3L79fODg8Oj4plk67MowFgQ4JWSj6LpbAKIeOoopBPxKAA5dBz53ezOe9JxCShvxBJRE4AR5z6lOClUbdu2oyql+OihWrZi1kbho7MxWUqT0qGeWhF5I4AK4Iw1IObCtSToqFooTBrDCMJUSYTPEYBtpyHIB00kXcmXmhiWf6odCPK3NB/16kOJAyCVy9GWA1keuzOfx3JnWUCXizVUiDiMEzJdNVTjAnwNaiKr/ppJRHsQJOlkn9mJkqNOflmR4VQBRLtMFEUP1Zk0ywwETpigu6Rnu9tE3TvarZjVrjvl5pNbNC8+gMnaMqstE1aqFb1EYdRNAjekGv6M14Nz6ML+N7uZozspsyWpHx8wvWOKjW</latexit>

N(y4)
<latexit sha1_base64="HjeoouthL8qJd/wlIDqkkmMcMJg=">AAACLHicbZDNTgIxFIVb/EP8A1m6mUhMXJEZQ5AliRuXGOUngQnpdO5AQ6czaTsanPAIbvUtfBo3xrj1OSwwCwFP0uTku/cmp8eLOVPatj9xbmt7Z3cvv184ODw6PimWTjsqSiSFNo14JHseUcCZgLZmmkMvlkBCj0PXm9zM591HkIpF4kFPY3BDMhIsYJRog+6fh7VhsWJX7YWsTeNkpoIytYYlXB74EU1CEJpyolTfsWPtpkRqRjnMCoNEQUzohIygb6wgISg3XWSdWReG+FYQSfOEthb070VKQqWmoWc2Q6LHan02h//OlIkyBn+2ClkYc3hidLLKKREU+FpUHTTclIk40SDoMmmQcEtH1rw5y2cSqOZTYwiVzHzWomMiCdWm34Kp0VkvbdN0rqpOvVq/q1WajazQPDpD5+gSOegaNdEtaqE2omiEXtAresPv+AN/4e/lag5nN2W0IvzzC0tBqBo=</latexit>z4
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Sergey Syritsyn

Hadron Excited States & Fits

Pion correlator, Multi-state fits

[X.Gao et al, arXiv: 2102.06047]

<latexit sha1_base64="d5MOPmP/8hg8AP+iwGYl5He/e+E="></latexit>

h⇡(t)⇡†(0)i ⇠ C0e
�E0t + C1e

�E1t + . . .

ground

2nd  
excited

1st 
excited

Pion-current correlator, two-state fit

Can pick out excited states, but better with 
variational analysis (multiple 𝛑 operators + diagonalization)

Excited states ⟹ hardest systematic to conrol if ΔE is small

<latexit sha1_base64="bf/saQObsmjpvRjUdVpsEL2KNP4="></latexit>

h⇡(ts) [O]⌧⇡
†(0)i ⇠ e�E0ts

⇣
A00 +A01e

��E1⌧

+A10e
��E1(ts�⌧) +A11e

��E1ts
⌘

matrix elements ➞ observables

form factors, couplings, etc

<latexit sha1_base64="tO8Qicntp909HvvhmJdzTmovKtk="></latexit>

h⇡(p0)|O|⇡(p)i =
A00

C0
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Sergey Syritsyn

Lattice Operator Renormalization

Operators are expressed in lattice fields, need renormalization (e.g. matching to MSbar)

RI-MOM regulator-independent scheme [Martinelli et al (1995)] 

operator vertices with external 4D plane-wave fields, all momenta ~ µ

Lattice perturbation theory – cumbersome and limited by order

<latexit sha1_base64="aT7Pq84DX/sU3Y+/X/hcOHq0cjI="></latexit>

h[ ̄� ]0  (p1) ̄(p2) i =
X

x,y

e�ip1x+ip2yh[ ̄� ]0  x ̄yi

<latexit sha1_base64="iWCKciXHbQBuMuwImvPjvbY/m9s=">AAACQHicbVDLSgMxFM34rPXVWly5CRbBVZkpom6EghuXFawW7DhkMrc2NMmEJKOUoR/jVv/Cv/AP3IlbV6aPhW09EHI4514498SKM2N9/8NbWl5ZXVsvbBQ3t7Z3dkvlvVuTZppCi6Y81e2YGOBMQssyy6GtNBARc7iL+5cj/+4JtGGpvLEDBaEgj5J1GSXWSVFpX0XBQx1fYBXVx39HZA/1qFT1a/4YeJEEU1JFUzSjslfpJCnNBEhLOTHmPvCVDXOiLaMchsVOZkAR2iePcO+oJAJMmI/zD/GRUxLcTbV70uKx+ncjJ8KYgYjdpCC2Z+a9kfivZ1yUHiTDWZEJxeGZ0f6sTomkwOei2u55mDOpMguSTpJ2M45tikdt4oRpoJYPHCFUM3cspj2iCbWu86KrMZgvbZHc1mvBae30+qTaOJ8WWkAH6BAdowCdoQa6Qk3UQhTl6AW9ojfv3fv0vrzvyeiSN92poBl4P79B5K3b</latexit>
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Systematic Effects

Discretization effects 
most calculations performed with O(a2) action 
⟹ extrapolation to a➞0

Finite volume effects 

⟹ become small for L > 4 (m𝜋)–1

Excited states contamination 
Can be a major problem, e.g. N𝜋 states in gA (axial charge) 
[O. Bar, PRD(2019), 1812.09191] 
⟹ Multi-state fits, variational analysis
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X(a) ⇠ X|cont + c1a+ c2a
2

Light u,d quark masses : (used to be) unphysically heavy 
⟹ After ~2010, enough compute for physical-point calculations 
⟹ use low-energy (chiral) effective theory
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X(m⇡) = X0 +Bm2
⇡ logm
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Calculations with multiple a, L, m𝜋 are required
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Nucleon Vector Form Factors and Radii

20

FIG. 20. GE(Q
2) (left) and GM (Q2) (right), proton (top) and neutron (bottom) form factors as a function of Q2 for the three

ensembles analyzed. The red bands indicate the continuum limit using the z-expansion with Q
2
cut = 0.85 GeV2 for the case

of proton electric and Q
2
cut = 1 GeV2 for the proton and neutron magnetic form factors. The light blue band corresponds

to the Galster-like fit to the neutron electric form factor with Q
2
cut = 0.3 GeV2. The black dashed lines for the proton case

are z-expansion fits to experimental results [44]. The black circles for the neutron case are from a collection of experimental
results [4, 45–63].

the determination of the proton radius from Lamb shifts,
such as for example the high-precision determination us-
ing muonic hydrogen [66] which led to the proton ra-
dius puzzle. The Zemcah moments can be related to
the electromagnetic form factors [67–69], for example the
Zemach radius is given by,

rZ = �
2

⇡

Z 1

0

dQ2

(Q2)3/2


GE(Q2)GM (Q2)

µM
� 1

�
. (46)

while the third Zemach moment is given by,

⌦
r3F

↵
=

24

⇡

Z 1

0

dQ2

(Q2)5/2

h�
GE(Q

2)
�2

+ ⌘(Q2)
i
, (47)

where ⌘(Q2) =
�
�1 + 1

3 hr
2
Ei

pQ2
�
for proton and 0 for

neutron.
⌦
r3F

↵1/3
corresponds to the Friar radius.

We use our final result for the form factors at the con-
tinuum limit as presented in Fig. 20 to compute the

Zemach and Friar radii. Namely, using the parame-
ters given in Table XX, which correspond to the most
probable z-expansion fits to Gp

E , G
p
M , and Gn

M , and the
Galster-like fit to Gn

E , we carry out numerically the two
integrals in Eqs. (46) and (47). In Fig. 22, we plot the
product of the electric and magnetic form factors for the
proton and neutron, normalized by the respective mag-
netic moment, which forms the main part of the inte-
grand of Eq. (46) which yields the Zemach radius.

Our results for the Zemach and Friar radii are given
in Table XV and plotted in Fig. 23 where we also com-
pare with other works in the literature. Errors are ob-
tained by carrying out the numerical integration over
bootstrap samples drawn according to the errors and cor-
relations in the z-expansion and Galster-like fit param-
eters. The only other available lattice study for these
quantities is by the Mainz collaboration [70], where we
observe agreement within 1� for all quantities except
proton Zemach radius, where we agree within 2�. Our

[Alexandrou et al (ETM collaboration), arXiv:2507.20910]

�P + q| q̄�µq |P ⇥ = ŪP+q

h
F1(Q

2) �µ + F2 (Q
2)
i⇥µ�q�
2MN

i
UP

GE(Q
2) = F1(Q

2)� Q2

4M2
N

F2(Q
2)

GM (Q2) = F1(Q
2) + F2(Q

2)

Vector form factors: charge & magnetization structure
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Nucleon Vector Form Factors and Radii (2)

Electric and Magnetic Radii

20

FIG. 20. GE(Q
2) (left) and GM (Q2) (right), proton (top) and neutron (bottom) form factors as a function of Q2 for the three

ensembles analyzed. The red bands indicate the continuum limit using the z-expansion with Q
2
cut = 0.85 GeV2 for the case

of proton electric and Q
2
cut = 1 GeV2 for the proton and neutron magnetic form factors. The light blue band corresponds

to the Galster-like fit to the neutron electric form factor with Q
2
cut = 0.3 GeV2. The black dashed lines for the proton case

are z-expansion fits to experimental results [44]. The black circles for the neutron case are from a collection of experimental
results [4, 45–63].

the determination of the proton radius from Lamb shifts,
such as for example the high-precision determination us-
ing muonic hydrogen [66] which led to the proton ra-
dius puzzle. The Zemcah moments can be related to
the electromagnetic form factors [67–69], for example the
Zemach radius is given by,

rZ = �
2

⇡

Z 1

0

dQ2

(Q2)3/2


GE(Q2)GM (Q2)

µM
� 1

�
. (46)

while the third Zemach moment is given by,

⌦
r3F

↵
=

24

⇡

Z 1

0

dQ2

(Q2)5/2

h�
GE(Q

2)
�2

+ ⌘(Q2)
i
, (47)

where ⌘(Q2) =
�
�1 + 1

3 hr
2
Ei

pQ2
�
for proton and 0 for

neutron.
⌦
r3F

↵1/3
corresponds to the Friar radius.

We use our final result for the form factors at the con-
tinuum limit as presented in Fig. 20 to compute the

Zemach and Friar radii. Namely, using the parame-
ters given in Table XX, which correspond to the most
probable z-expansion fits to Gp

E , G
p
M , and Gn

M , and the
Galster-like fit to Gn

E , we carry out numerically the two
integrals in Eqs. (46) and (47). In Fig. 22, we plot the
product of the electric and magnetic form factors for the
proton and neutron, normalized by the respective mag-
netic moment, which forms the main part of the inte-
grand of Eq. (46) which yields the Zemach radius.

Our results for the Zemach and Friar radii are given
in Table XV and plotted in Fig. 23 where we also com-
pare with other works in the literature. Errors are ob-
tained by carrying out the numerical integration over
bootstrap samples drawn according to the errors and cor-
relations in the z-expansion and Galster-like fit param-
eters. The only other available lattice study for these
quantities is by the Mainz collaboration [70], where we
observe agreement within 1� for all quantities except
proton Zemach radius, where we agree within 2�. Our

GE
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[Alexandrou et al (ETM collaboration),  
arXiv:2507.20910]
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Nucleon Vector Form Factors : High Momentum
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Nucleon Axial Form Factors
Axial form factors: neutrino scattering , muon capture
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GA : Neutrino Flux measurement at DUNE GP : Muon capture 
Partial axial current conservation (PCAC)
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Proton Spin Decomposition and Sum Rule

Deeply-Virtual Compton  
Scattering(DVCS)

DGLAP ; 

J/ψ-production


at Electron-Ion Collider

polarized parton    
distributions

from DIS (EMC exp)

�q(x)
Wigner-like parton 


distributions (GTMDs)?

Twist-3 corrections to DVCS?

No local QFT definitions for SG, LG, LqG;

interpretation depends on experiment

(Sq + Lq) (SG + LG + LqG-int)

1

2
= Jquarks + JGlue

�Lq = �r ⇥ �p

[K.F.Liu and C.Lorce, contribution to EPJA 

“3D Structure of the Nucleon”, 1508.00911]

1

2
q̄�0iq

polarized p-p collisions at RHIC 

scaling violations in g1

J i =
1

2
�ijk

Z
d3x

⇥
xj T 0k � xk T 0j

⇤
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Proton Spin Decomposition

Nf=2+1+1 physical light quarks 

[C.Alexandrou et al (ETMC) PRD101:094513 (2020)]

Proton Spin Decomposition Yi-Bo Yang

Figure 10: The angular momentum fractions from the quenched clover calculation (left panel) [31], 2
flavor Twisted-mass (+clover term) fermion calculation at physical pion mass (middle panel) [12] and the
preliminary non-perturbative renormalized 2+1 flavor overlap fermion on Domain Wall sea with 400 MeV
pion mass (right panel). The first two results are consistent with each other while the last result prefer to
a larger gluon angular momentum fraction with large statistical and uncontrolled systematic uncertainties
(from the excited state contamination, chiral and continuum extrapolations).

the pioneer investigation shows that the gluon spin under the Coulomb gauge is comparable with
the present phenomenology fit of the experiment, while the result with a larger nucleon momentum
Pz and also the study on the other approaches are necessary to address the systematic uncertainties.
All the present calculations on the Ji AM show that the contribution from both d and s quarks are
small (but the OAM of the d quark can be large), and some progress has been made in the matrix
element calculation of the JM OAM.
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Nf=2+1 physical light+strange quarks 

[Y.B.Yang, LATTICE 2018; arXiv:1904.04138]

Jg = 38% of nucleon spin

Energy-Momentum distribution in nucleon

Jq,g =
1

2

⇥
Aq,g

20 (0) +Bq,g
20 (0)

⇤

T q
µ⇥ = q̄ �{µ

�
D⇥} q

T glue
µ⇥ = Ga

µ�G
a
⇥� � 1

4
⇥µ⇥(Gµ⇥)

2

Ji's angular momentum decomposition 
[X.Ji, PRL78:610(1997)]
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Proton Spin Decomposition

Nf=2+1+1 physical light quarks 

[C.Alexandrou et al (ETMC) PRD101:094513 (2020)]
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Nucleon Momentum and Mass Decomposition

5

almost independent of the quark mass. At the physical
point, the quark and glue energy contributions are
32(4)(4)% and 36(5)(4)% respectively. With the quark
scalar condensate contribution of 9(2)(1)% [3], we can
obtain that a quarter of the trace anomaly contributes
23(1)(1)% with Nf = 2 + 1.

In summary, we present a simulation strategy to cal-
culate the proton mass decomposition. The renormal-
ization and mixing between the quark and glue en-
ergy can be calculated non-perturbatively, and the quark
scalar condensate contribution and the trace anomaly are
renormalization group invariant. Based on this strat-
egy, the lattice simulation is carried out on four ensem-
bles with three lattice spacings and volumes, and several
pion masses including the physical pion mass, to con-
trol the respective systematic uncertainties. With non-
perturbative renormalization and normalization, the in-
dividual u, d, s and glue momentum fractions agree with
those from the global fit in the MS scheme at 2 GeV.
Quark energy, gluon energy, and quantum anomaly con-
tributions to the proton mass are fairly insensitive to the
pion mass up to 400 MeV within our statistical and sys-
tematic uncertainties.

FIG. 3. The valence pion mass dependence of the proton
mass decomposition in terms of the quark condensate (hHmi),
quark energy hHEi, glue field energy hHgi and trace anomaly
hHai/4.
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SUPPLEMENTARY MATERIALS

A. The non-perturbative renormalization of the quark and gauge EMT

The renormalized momentum fractions hxiR in the MS scheme at scale µ are

hxi
R

u,d,s
= Z

MS
QQ

(µ)hxiu,d,s + �Z
MS
QQ

(µ)
X

q=u,d,s

hxiq + Z
MS
QG

(µ)hxig, hxi
R

g
= Z
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(µ)
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hxig, (13)
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Proton Mass Decomposition from the QCD Energy Momentum Tensor
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We report results on the proton mass decomposition and also on related quark and glue momentum
fractions. The results are based on overlap valence fermions on four ensembles of Nf = 2+ 1 DWF
configurations with three lattice spacings and three volumes, and several pion masses including the
physical pion mass. With fully non-perturbative renormalization (and universal normalization on
both quark and gluon), we find that the quark energy and glue field energy contribute 33(4)(4)%
and 37(5)(4)% respectively in the MS scheme at µ = 2 GeV. A quarter of the trace anomaly gives
a 23(1)(1)% contribution to the proton mass based on the sum rule, given 9(2)(1)% contribution
from the u, d, and s quark scalar condensates. The u, d, s and glue momentum fractions in the MS

scheme are in good agreement with global analyses at µ = 2 GeV.
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Introduction: In the standard model, Higgs boson
provides the origin of quark masses. But how it is re-
lated to the proton mass and thus the masses of nuclei
and atoms is another question. The masses of the valence
quarks in the proton are just ⇠3 MeV per quark which is
directly related to the Higgs boson, while the total proton
mass is 938 MeV. The percentage of the quark and gluon
contributions to the proton mass can only be provided
by solving QCD non-perturbatively, and/or with infor-
mation from experiment. With phenomenological input,
the first decomposition was carried out by Ji [1]. As in
Refs. [1, 2], the Hamiltonian of QCD can be decomposed
as

M = �hT44i = hHmi+hHEi(µ)+hHgi(µ)+
1

4
hHai, (1)

in the rest frame of the hadron state where M is the
hadron mass, Tµ⌫ is the energy momentum tensor of
QCD with hT44i as its expectation value in the hadron,
and the trace anomaly gives

M = �hT̂µµi = hHmi+ hHai. (2)

The Hm, HE , and Hg in the above equations denote
the contributions from the quark condensate, the quark
energy, and the glue field energy, respectively:

Hm =
X

u,d,s···

Z
d
3
xm  , HE =
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u,d,s...

Z
d
3
x  ( ~D · ~�) ,

Hg =

Z
d
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(B2

� E
2). (3)

The QCD anomaly termHa is the joint contribution from
the quantum anomaly of both glue and quark,

Ha = H
a

g
+H
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m
, H

a

g
=

Z
d
3
x

��(g)

g
(E2 +B

2),

H
�

m
=

X

u,d,s···

Z
d
3
x �mm  . (4)

All the hHi are defined by hN |H|Ni/hN |Ni where |Ni is
the nucleon state in the rest frame. Note that hHE+Hgi,
hHmi and hHai are scale and renormalization scheme
independent, but hHEi(µ) and hHgi(µ) separately have
scale and scheme dependence.
The nucleon mass M can be calculated from the

nucleon two-point function. If one calculates further
hHmi and hHEi(µ), then hHgi(µ) and hHai can be ob-
tained through Eqs. (1) and (2). The approach has
been adopted to decompose the S-wave meson masses to
gain insight about contributions of each term from light
mesons to charmoninums [2]. But the mixing between
hHEi(µ) and hHmi will be non-trivial under the lattice
regularization, when there is any breaking of the quark
equation of motion at finite spacing. On the other hand,
if we obtain the renormalized quark momentum fraction
hxi

R

q
in the continuum limit, and define the renormalized

quark energy hH
R

E
i in term of hxiR

q
and hHmi with the

help of the equation of motion, i.e.,

hH
R

E
i =

3

4
hxi

R

q
M �

3

4
hHmi, (5)
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physical pion mass. With fully non-perturbative renormalization (and universal normalization on
both quark and gluon), we find that the quark energy and glue field energy contribute 33(4)(4)%
and 37(5)(4)% respectively in the MS scheme at µ = 2 GeV. A quarter of the trace anomaly gives
a 23(1)(1)% contribution to the proton mass based on the sum rule, given 9(2)(1)% contribution
from the u, d, and s quark scalar condensates. The u, d, s and glue momentum fractions in the MS

scheme are in good agreement with global analyses at µ = 2 GeV.
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Introduction: In the standard model, Higgs boson
provides the origin of quark masses. But how it is re-
lated to the proton mass and thus the masses of nuclei
and atoms is another question. The masses of the valence
quarks in the proton are just ⇠3 MeV per quark which is
directly related to the Higgs boson, while the total proton
mass is 938 MeV. The percentage of the quark and gluon
contributions to the proton mass can only be provided
by solving QCD non-perturbatively, and/or with infor-
mation from experiment. With phenomenological input,
the first decomposition was carried out by Ji [1]. As in
Refs. [1, 2], the Hamiltonian of QCD can be decomposed
as

M = �hT44i = hHmi+hHEi(µ)+hHgi(µ)+
1

4
hHai, (1)

in the rest frame of the hadron state where M is the
hadron mass, Tµ⌫ is the energy momentum tensor of
QCD with hT44i as its expectation value in the hadron,
and the trace anomaly gives

M = �hT̂µµi = hHmi+ hHai. (2)

The Hm, HE , and Hg in the above equations denote
the contributions from the quark condensate, the quark
energy, and the glue field energy, respectively:

Hm =
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the quantum anomaly of both glue and quark,
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All the hHi are defined by hN |H|Ni/hN |Ni where |Ni is
the nucleon state in the rest frame. Note that hHE+Hgi,
hHmi and hHai are scale and renormalization scheme
independent, but hHEi(µ) and hHgi(µ) separately have
scale and scheme dependence.
The nucleon mass M can be calculated from the

nucleon two-point function. If one calculates further
hHmi and hHEi(µ), then hHgi(µ) and hHai can be ob-
tained through Eqs. (1) and (2). The approach has
been adopted to decompose the S-wave meson masses to
gain insight about contributions of each term from light
mesons to charmoninums [2]. But the mixing between
hHEi(µ) and hHmi will be non-trivial under the lattice
regularization, when there is any breaking of the quark
equation of motion at finite spacing. On the other hand,
if we obtain the renormalized quark momentum fraction
hxi

R

q
in the continuum limit, and define the renormalized

quark energy hH
R

E
i in term of hxiR

q
and hHmi with the

help of the equation of motion, i.e.,

hH
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E
i =

3

4
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4
hHmi, (5)
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then the additional mixing can be avoided. Similarly, the
renormalized glue field energy can be accessed from the
glue momentum fraction hxi

R

g
by

hH
R

g
i =

3

4
hxi

R

g
M. (6)

In the present work, we use the lattice derivative
operator for the quark EMT and combination of
plaquettes for the gauge EMT and address their nor-
malization in addition to renormalization and mixing.
We calculate the proton mass and the renormalized
hxiq,g on four lattice ensembles, and extrapolate the
results to the physical pion mass with a global fit
including finite lattice spacing and volume corrections.
Then we combine previously calculated hHmi [3] to
obtain hHai from Eq. (2), and the full decomposition
of the proton energy in the rest frame as shown in Eq. (1).

Numerical setup: We use overlap valence fermions on
(2 + 1) flavor RBC/UKQCD DWF gauge configurations
from four ensembles on 243 ⇥ 64 (24I), 323 ⇥ 64 (32I) [4],
323 ⇥ 64 (32ID) and 483 ⇥ 96 (48I) [5] lattices. These
ensembles cover three values of the lattice spacing and
volume respectively, and four values of the quark mass
in the sea, which allows us to implement a global fit on
our results to control the systematic uncertainties as in
Ref. [3, 6]. Other parameters of the ensembles used are
listed in Table I.

TABLE I. The parameters for the RBC/UKQCD configura-
tions [5]: spatial/temporal size, lattice spacing, sea strange
quark mass under MS scheme at 2 GeV, pion mass with the
degenerate light sea quark, and the number of configurations.

Symbol L
3 ⇥ T a (fm) m

(s)
s (MeV) m⇡(MeV) Ncfg

32ID 323 ⇥ 64 0.1431(7) 89.4 171 200
24I 243 ⇥ 64 0.1105(3) 120 330 203
48I 483 ⇥ 96 0.1141(2) 94.9 139 81
32I 323 ⇥ 64 0.0828(3) 110 300 309

The e↵ective quark propagator of the massive overlap
fermion is the inverse of the operator (Dc + m) [7, 8],
where Dc is chiral, i.e. {Dc, �5} = 0 [9] and its detailed
definition can be found in our previous work [10–12]. We
used 4 quark masses from the range m⇡ 2(250,400) MeV
on the 24I and 32I ensembles, and 6/5 quark masses from
m⇡ 2(140,400) MeV on the 48I/32ID ensemble respec-
tively which have larger volumes and thus allow a lighter
pion mass with the constraint m⇡L > 3.8. One step of
HYP smearing is applied on all the configurations to im-
prove the signal. Numerical details regarding the calcula-
tion of the overlap operator, eigenmode deflation in inver-
sion of the quark matrix, and the Z3 grid smeared source
with low-mode substitution (LMS) to increase statistics
are given in [10–13].

Proton mass: We first calculate the proton mass on
these four ensembles and apply the SU(4|2) mixed action

FIG. 1. The proton mass as a function of the pion mass at
di↵erent lattice spacings and volumes, after partially quench-
ing e↵ects are subtracted. The star shows the physical proton
mass.

HB�PT functional form [14] to fit the results,

M(mv

⇡
,m

sea

⇡
, a, L) = M0 + C1(m

v

⇡
)2 + C2(m

sea

⇡
)2

�
(g2

A
� 4gAg1 � 5g21)⇡

3(4⇡f⇡)2
(mv

⇡
)3

�
(8g2

A
+ 4gAg1 + 5g21)⇡

3(4⇡f⇡)2
(mpq

⇡
)3

+ C
I/ID

3 a
2 + C4

(mv

⇡
)2

L
e
�m

v
⇡L, (7)

where M0, C1,2,3,4, the axial vector coupling gA and
an additional partially quenched one g1 are free pa-
rameters, f⇡ = 0.122(9) GeV is the pion decay con-
stant, mv,sea

⇡
is the valence/sea pion mass respectively,

m
pq

⇡
=

p
(mv

⇡
)2 + (msea

⇡
)2 +�mixa

2 is the partially
quenched mass with the mixed action term �mixa

2, and
a is the lattice spacing. The O(m3

⇡
) logarithm func-

tion F in the original functional form is dropped since
it turns out to be not useful to constrain the fit. Note
that we used C

I

3 for the 24I/48I/32I ensembles and
C

ID

3 for 32ID ensemble as they used di↵erent gauge ac-
tions. We get the prediction of the proton mass at the
physical point as M(mphys

⇡
,m

phys

⇡
, 0,1)=0.960(13) GeV

with �
2/d.o.f.=0.52. From the fit, we can also get the

light quark mass sigma term Hm,u+d '
@M

@m⇡
m⇡/2 =

52(8) MeV which is consistent with our previous direct
calculation 46(7)(2) MeV [3]. The gA we get from the fit
is 0.9(2) which is consistent with the experimental result
1.2723(23) [15] within 2�. Alternatively, using the exper-
imental value of gA predicts the proton mass as 0.931(8)
with a �

2/d.o.f. of 1.5. The results of the proton mass
with the partially quenching e↵ect (msea

⇡
6= m

v

⇡
) sub-

tracted are plotted in Fig. 1 as a function of the valence
pion mass, together with the blue band for our prediction
in the continuum limit. The di↵erence between the re-
sults with di↵erent symbols reflects the discretization er-

Quark and gluon  
energy contriubtions:

Momentum fraction 
(2nd Mellin moment of parton distribution)
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Proton mass decomposition:
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hxiq,g =

Z
dx fq,g(x) = Aq,g

20 (0)
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