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FIG. 20. GE(Q
2) (left) and GM (Q2) (right), proton (top) and neutron (bottom) form factors as a function of Q2 for the three

ensembles analyzed. The red bands indicate the continuum limit using the z-expansion with Q
2
cut = 0.85 GeV2 for the case

of proton electric and Q
2
cut = 1 GeV2 for the proton and neutron magnetic form factors. The light blue band corresponds

to the Galster-like fit to the neutron electric form factor with Q
2
cut = 0.3 GeV2. The black dashed lines for the proton case

are z-expansion fits to experimental results [44]. The black circles for the neutron case are from a collection of experimental
results [4, 45–63].

the determination of the proton radius from Lamb shifts,
such as for example the high-precision determination us-
ing muonic hydrogen [66] which led to the proton ra-
dius puzzle. The Zemcah moments can be related to
the electromagnetic form factors [67–69], for example the
Zemach radius is given by,
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while the third Zemach moment is given by,
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corresponds to the Friar radius.

We use our final result for the form factors at the con-
tinuum limit as presented in Fig. 20 to compute the

Zemach and Friar radii. Namely, using the parame-
ters given in Table XX, which correspond to the most
probable z-expansion fits to Gp

E , G
p
M , and Gn

M , and the
Galster-like fit to Gn

E , we carry out numerically the two
integrals in Eqs. (46) and (47). In Fig. 22, we plot the
product of the electric and magnetic form factors for the
proton and neutron, normalized by the respective mag-
netic moment, which forms the main part of the inte-
grand of Eq. (46) which yields the Zemach radius.

Our results for the Zemach and Friar radii are given
in Table XV and plotted in Fig. 23 where we also com-
pare with other works in the literature. Errors are ob-
tained by carrying out the numerical integration over
bootstrap samples drawn according to the errors and cor-
relations in the z-expansion and Galster-like fit param-
eters. The only other available lattice study for these
quantities is by the Mainz collaboration [70], where we
observe agreement within 1� for all quantities except
proton Zemach radius, where we agree within 2�. Our

[Alexandrou et al (ETM collaboration), arXiv:2507.20910]
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FIG. 20. GE(Q
2) (left) and GM (Q2) (right), proton (top) and neutron (bottom) form factors as a function of Q2 for the three

ensembles analyzed. The red bands indicate the continuum limit using the z-expansion with Q
2
cut = 0.85 GeV2 for the case

of proton electric and Q
2
cut = 1 GeV2 for the proton and neutron magnetic form factors. The light blue band corresponds

to the Galster-like fit to the neutron electric form factor with Q
2
cut = 0.3 GeV2. The black dashed lines for the proton case

are z-expansion fits to experimental results [44]. The black circles for the neutron case are from a collection of experimental
results [4, 45–63].

the determination of the proton radius from Lamb shifts,
such as for example the high-precision determination us-
ing muonic hydrogen [66] which led to the proton ra-
dius puzzle. The Zemcah moments can be related to
the electromagnetic form factors [67–69], for example the
Zemach radius is given by,

rZ = �
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while the third Zemach moment is given by,
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for proton and 0 for

neutron.
⌦
r3F
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corresponds to the Friar radius.

We use our final result for the form factors at the con-
tinuum limit as presented in Fig. 20 to compute the

Zemach and Friar radii. Namely, using the parame-
ters given in Table XX, which correspond to the most
probable z-expansion fits to Gp

E , G
p
M , and Gn

M , and the
Galster-like fit to Gn

E , we carry out numerically the two
integrals in Eqs. (46) and (47). In Fig. 22, we plot the
product of the electric and magnetic form factors for the
proton and neutron, normalized by the respective mag-
netic moment, which forms the main part of the inte-
grand of Eq. (46) which yields the Zemach radius.

Our results for the Zemach and Friar radii are given
in Table XV and plotted in Fig. 23 where we also com-
pare with other works in the literature. Errors are ob-
tained by carrying out the numerical integration over
bootstrap samples drawn according to the errors and cor-
relations in the z-expansion and Galster-like fit param-
eters. The only other available lattice study for these
quantities is by the Mainz collaboration [70], where we
observe agreement within 1� for all quantities except
proton Zemach radius, where we agree within 2�. Our
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PoS(LATTICE2023)320

Lattice QCD predictions of pion and kaon electromagnetic form factors at large momentum transfer Qi Shi

Figure 1: The extracted ground state energy ⇢0 for kaon are shown. The squared and circled symbols
denote the results of a = 0.076 and 0.04 fm lattices, respectively. The red line shows the dispersion relation.

Figure 2: The 2-state fit results and lattice data of ' 5 8 are shown. Left panel: pion results of &2 = 9.4 GeV2

from the 0 = 0.076 fm lattice. Right panel: kaon results of &2 = 23.4 GeV2 from the 0 = 0.04 fm lattice.

in other colors correspond to the fit results of the lattice data, matching in color. Even for the largest
momentum transfer we have a reasonably good signal for ' 5 8 (P 5 ,P8; g, CB) for all CB values and the
fits work well.

3. Results and conclusion

To obtain the final EMFFs, the bare form factors need to be renormalized by the vector current
renormalization factor /+ = h0; P|$� |0; Pi. Here we use the values /+ = 1.048 [5] and 1.024 [13],
extracted previously, for 0 = 0.076 fm and 0.04 fm lattices, respectively. The renormalized results
�" = �⌫

"//+ are shown in Fig. 3 as &2�" (&2)/ 5 2
" . We use the following values of the pion and

4

Kaon dispersion relation from lattice

PoS(LATTICE2023)320

Lattice QCD predictions of pion and kaon electromagnetic form factors at large momentum transfer Qi Shi

Figure 3: The&2�" (&2)/ 5 2
" are shown as a function of&2. The squared symbols denote lattice results for

pion. The filled and open diamond symbols are lattice results for kaon obtained from lattices with 0 = 0.076
and 0.04 fm, respectively. The circle symbols represent the existing experimental extractions of pion from
�c collaboration. For comparison, the predictions from the VMD model (bands) and the pQCD contribution
using the asymptotic DAs (solid line) and lattice calculated DAs (dash lines) are also shown.

kaon decay constants 5c = 130.2 MeV and 5 = 155.7 [21–23]. For the pion case, we show the
previous lattice results [5] at lower &2, experimental extractions [1] at middle &2, and lattice results
in this work at higher &2. Notably, our lattice results overlap with the experimental extractions
on both sides with small errors and show excellent agreement. This observation verifies the
model-based determination from experimental measurements and encourages future experimental
extractions. For the kaon case, the outcomes from two lattice spacings seem to align well, indicating
that the discretization errors are relatively minor compared to the current statistical uncertainties.
For both pion and kaon, we also show the predictions from the Vector Meson Dominance (VMD)
model [28] fitted from data at low &2 (. 0.4 GeV2) and the LO perturbative QCD (pQCD)
factorization [29] at high &2 using Distribution Amplitudes (DAs) [27]. Surprisingly, the VDM
predictions can roughly describe the data at high&2 within a 2-f range, while the pQCD predictions
remain below.

In summary, we present the Lattice QCD predictions for the EMFFs of pion and kaon, which
are extended to a significantly high &2 for the first time. Our findings are consistent with exist-
ing experimental data and VMD model predictions. However, the observed discrepancies with
predictions from pQCD employing DAs warrant further exploration. Importantly, our results set a
valuable benchmark for future model-based QCD studies and upcoming experimental investigations
in this field.
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Axial form factors: neutrino scattering , muon capture
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GA : Neutrino Flux measurement at DUNE GP : Muon capture 
Partial axial current conservation (PCAC)
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Deeply-Virtual Compton  
Scattering(DVCS)

DGLAP ; 

J/ψ-production


at Electron-Ion Collider

polarized parton    
distributions

from DIS (EMC exp)

�q(x)
Wigner-like parton 


distributions (GTMDs)?

Twist-3 corrections to DVCS?

No local QFT definitions for SG, LG, LqG;

interpretation depends on experiment

(Sq + Lq) (SG + LG + LqG-int)

1

2
= Jquarks + JGlue

�Lq = �r ⇥ �p

[K.F.Liu and C.Lorce, contribution to EPJA 

“3D Structure of the Nucleon”, 1508.00911]
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2
q̄�0iq

polarized p-p collisions at RHIC 

scaling violations in g1
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Spin puzzle:  
quarks contribute ~30%  

of the nucleon spin [EMC'89] 



Quantum Chromodynamics on a Lattice CFNS Summer School, SBU, Jun1–12 ,2026

  

Sergey Syritsyn

Proton Spin Decomposition

Nf=2+1+1 physical light quarks 

[C.Alexandrou et al (ETMC) PRD101:094513 (2020)]

Proton Spin Decomposition Yi-Bo Yang

Figure 10: The angular momentum fractions from the quenched clover calculation (left panel) [31], 2
flavor Twisted-mass (+clover term) fermion calculation at physical pion mass (middle panel) [12] and the
preliminary non-perturbative renormalized 2+1 flavor overlap fermion on Domain Wall sea with 400 MeV
pion mass (right panel). The first two results are consistent with each other while the last result prefer to
a larger gluon angular momentum fraction with large statistical and uncontrolled systematic uncertainties
(from the excited state contamination, chiral and continuum extrapolations).

the pioneer investigation shows that the gluon spin under the Coulomb gauge is comparable with
the present phenomenology fit of the experiment, while the result with a larger nucleon momentum
Pz and also the study on the other approaches are necessary to address the systematic uncertainties.
All the present calculations on the Ji AM show that the contribution from both d and s quarks are
small (but the OAM of the d quark can be large), and some progress has been made in the matrix
element calculation of the JM OAM.
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Nf=2+1 physical light+strange quarks 

[Y.B.Yang, LATTICE 2018; arXiv:1904.04138]

Jg = 38% of nucleon spin

Energy-Momentum distribution in nucleon: 
Generalized Form Factors A20, B20, D20
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Proton Spin Decomposition

Nf=2+1+1 physical light quarks 

[C.Alexandrou et al (ETMC) PRD101:094513 (2020)]
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almost independent of the quark mass. At the physical
point, the quark and glue energy contributions are
32(4)(4)% and 36(5)(4)% respectively. With the quark
scalar condensate contribution of 9(2)(1)% [3], we can
obtain that a quarter of the trace anomaly contributes
23(1)(1)% with Nf = 2 + 1.

In summary, we present a simulation strategy to cal-
culate the proton mass decomposition. The renormal-
ization and mixing between the quark and glue en-
ergy can be calculated non-perturbatively, and the quark
scalar condensate contribution and the trace anomaly are
renormalization group invariant. Based on this strat-
egy, the lattice simulation is carried out on four ensem-
bles with three lattice spacings and volumes, and several
pion masses including the physical pion mass, to con-
trol the respective systematic uncertainties. With non-
perturbative renormalization and normalization, the in-
dividual u, d, s and glue momentum fractions agree with
those from the global fit in the MS scheme at 2 GeV.
Quark energy, gluon energy, and quantum anomaly con-
tributions to the proton mass are fairly insensitive to the
pion mass up to 400 MeV within our statistical and sys-
tematic uncertainties.

FIG. 3. The valence pion mass dependence of the proton
mass decomposition in terms of the quark condensate (hHmi),
quark energy hHEi, glue field energy hHgi and trace anomaly
hHai/4.
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SUPPLEMENTARY MATERIALS

A. The non-perturbative renormalization of the quark and gauge EMT

The renormalized momentum fractions hxiR in the MS scheme at scale µ are

hxi
R

u,d,s
= Z
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QQ
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QQ
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X
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Proton Mass Decomposition from the QCD Energy Momentum Tensor
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We report results on the proton mass decomposition and also on related quark and glue momentum
fractions. The results are based on overlap valence fermions on four ensembles of Nf = 2+ 1 DWF
configurations with three lattice spacings and three volumes, and several pion masses including the
physical pion mass. With fully non-perturbative renormalization (and universal normalization on
both quark and gluon), we find that the quark energy and glue field energy contribute 33(4)(4)%
and 37(5)(4)% respectively in the MS scheme at µ = 2 GeV. A quarter of the trace anomaly gives
a 23(1)(1)% contribution to the proton mass based on the sum rule, given 9(2)(1)% contribution
from the u, d, and s quark scalar condensates. The u, d, s and glue momentum fractions in the MS

scheme are in good agreement with global analyses at µ = 2 GeV.
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Introduction: In the standard model, Higgs boson
provides the origin of quark masses. But how it is re-
lated to the proton mass and thus the masses of nuclei
and atoms is another question. The masses of the valence
quarks in the proton are just ⇠3 MeV per quark which is
directly related to the Higgs boson, while the total proton
mass is 938 MeV. The percentage of the quark and gluon
contributions to the proton mass can only be provided
by solving QCD non-perturbatively, and/or with infor-
mation from experiment. With phenomenological input,
the first decomposition was carried out by Ji [1]. As in
Refs. [1, 2], the Hamiltonian of QCD can be decomposed
as

M = �hT44i = hHmi+hHEi(µ)+hHgi(µ)+
1

4
hHai, (1)

in the rest frame of the hadron state where M is the
hadron mass, Tµ⌫ is the energy momentum tensor of
QCD with hT44i as its expectation value in the hadron,
and the trace anomaly gives

M = �hT̂µµi = hHmi+ hHai. (2)

The Hm, HE , and Hg in the above equations denote
the contributions from the quark condensate, the quark
energy, and the glue field energy, respectively:
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The QCD anomaly termHa is the joint contribution from
the quantum anomaly of both glue and quark,
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All the hHi are defined by hN |H|Ni/hN |Ni where |Ni is
the nucleon state in the rest frame. Note that hHE+Hgi,
hHmi and hHai are scale and renormalization scheme
independent, but hHEi(µ) and hHgi(µ) separately have
scale and scheme dependence.
The nucleon mass M can be calculated from the

nucleon two-point function. If one calculates further
hHmi and hHEi(µ), then hHgi(µ) and hHai can be ob-
tained through Eqs. (1) and (2). The approach has
been adopted to decompose the S-wave meson masses to
gain insight about contributions of each term from light
mesons to charmoninums [2]. But the mixing between
hHEi(µ) and hHmi will be non-trivial under the lattice
regularization, when there is any breaking of the quark
equation of motion at finite spacing. On the other hand,
if we obtain the renormalized quark momentum fraction
hxi

R

q
in the continuum limit, and define the renormalized

quark energy hH
R

E
i in term of hxiR

q
and hHmi with the

help of the equation of motion, i.e.,

hH
R

E
i =

3

4
hxi

R

q
M �

3

4
hHmi, (5)
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then the additional mixing can be avoided. Similarly, the
renormalized glue field energy can be accessed from the
glue momentum fraction hxi

R

g
by

hH
R

g
i =

3

4
hxi

R

g
M. (6)

In the present work, we use the lattice derivative
operator for the quark EMT and combination of
plaquettes for the gauge EMT and address their nor-
malization in addition to renormalization and mixing.
We calculate the proton mass and the renormalized
hxiq,g on four lattice ensembles, and extrapolate the
results to the physical pion mass with a global fit
including finite lattice spacing and volume corrections.
Then we combine previously calculated hHmi [3] to
obtain hHai from Eq. (2), and the full decomposition
of the proton energy in the rest frame as shown in Eq. (1).

Numerical setup: We use overlap valence fermions on
(2 + 1) flavor RBC/UKQCD DWF gauge configurations
from four ensembles on 243 ⇥ 64 (24I), 323 ⇥ 64 (32I) [4],
323 ⇥ 64 (32ID) and 483 ⇥ 96 (48I) [5] lattices. These
ensembles cover three values of the lattice spacing and
volume respectively, and four values of the quark mass
in the sea, which allows us to implement a global fit on
our results to control the systematic uncertainties as in
Ref. [3, 6]. Other parameters of the ensembles used are
listed in Table I.

TABLE I. The parameters for the RBC/UKQCD configura-
tions [5]: spatial/temporal size, lattice spacing, sea strange
quark mass under MS scheme at 2 GeV, pion mass with the
degenerate light sea quark, and the number of configurations.

Symbol L
3 ⇥ T a (fm) m

(s)
s (MeV) m⇡(MeV) Ncfg

32ID 323 ⇥ 64 0.1431(7) 89.4 171 200
24I 243 ⇥ 64 0.1105(3) 120 330 203
48I 483 ⇥ 96 0.1141(2) 94.9 139 81
32I 323 ⇥ 64 0.0828(3) 110 300 309

The e↵ective quark propagator of the massive overlap
fermion is the inverse of the operator (Dc + m) [7, 8],
where Dc is chiral, i.e. {Dc, �5} = 0 [9] and its detailed
definition can be found in our previous work [10–12]. We
used 4 quark masses from the range m⇡ 2(250,400) MeV
on the 24I and 32I ensembles, and 6/5 quark masses from
m⇡ 2(140,400) MeV on the 48I/32ID ensemble respec-
tively which have larger volumes and thus allow a lighter
pion mass with the constraint m⇡L > 3.8. One step of
HYP smearing is applied on all the configurations to im-
prove the signal. Numerical details regarding the calcula-
tion of the overlap operator, eigenmode deflation in inver-
sion of the quark matrix, and the Z3 grid smeared source
with low-mode substitution (LMS) to increase statistics
are given in [10–13].

Proton mass: We first calculate the proton mass on
these four ensembles and apply the SU(4|2) mixed action

FIG. 1. The proton mass as a function of the pion mass at
di↵erent lattice spacings and volumes, after partially quench-
ing e↵ects are subtracted. The star shows the physical proton
mass.

HB�PT functional form [14] to fit the results,

M(mv

⇡
,m

sea

⇡
, a, L) = M0 + C1(m

v

⇡
)2 + C2(m

sea

⇡
)2

�
(g2

A
� 4gAg1 � 5g21)⇡

3(4⇡f⇡)2
(mv

⇡
)3

�
(8g2

A
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(mpq
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+ C
I/ID

3 a
2 + C4

(mv

⇡
)2

L
e
�m

v
⇡L, (7)

where M0, C1,2,3,4, the axial vector coupling gA and
an additional partially quenched one g1 are free pa-
rameters, f⇡ = 0.122(9) GeV is the pion decay con-
stant, mv,sea

⇡
is the valence/sea pion mass respectively,

m
pq

⇡
=

p
(mv

⇡
)2 + (msea

⇡
)2 +�mixa

2 is the partially
quenched mass with the mixed action term �mixa

2, and
a is the lattice spacing. The O(m3

⇡
) logarithm func-

tion F in the original functional form is dropped since
it turns out to be not useful to constrain the fit. Note
that we used C

I

3 for the 24I/48I/32I ensembles and
C

ID

3 for 32ID ensemble as they used di↵erent gauge ac-
tions. We get the prediction of the proton mass at the
physical point as M(mphys

⇡
,m

phys

⇡
, 0,1)=0.960(13) GeV

with �
2/d.o.f.=0.52. From the fit, we can also get the

light quark mass sigma term Hm,u+d '
@M

@m⇡
m⇡/2 =

52(8) MeV which is consistent with our previous direct
calculation 46(7)(2) MeV [3]. The gA we get from the fit
is 0.9(2) which is consistent with the experimental result
1.2723(23) [15] within 2�. Alternatively, using the exper-
imental value of gA predicts the proton mass as 0.931(8)
with a �

2/d.o.f. of 1.5. The results of the proton mass
with the partially quenching e↵ect (msea

⇡
6= m

v

⇡
) sub-

tracted are plotted in Fig. 1 as a function of the valence
pion mass, together with the blue band for our prediction
in the continuum limit. The di↵erence between the re-
sults with di↵erent symbols reflects the discretization er-

Quark and gluon  
energy contriubtions:

Momentum fraction 
(2nd Mellin moment of parton distribution)

[Yang et al (𝝌QCD), PRL121:212001(2018)]

[C.Alexandrou et al (ETMC) PRD101:094513 (2020)]

Proton mass decomposition:
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The pressure distribution inside the proton
V. D. Burkert1*, L. Elouadrhiri1 & F. X. Girod1

The proton, one of the components of atomic nuclei, is composed 
of fundamental particles called quarks and gluons. Gluons are the 
carriers of the force that binds quarks together, and free quarks 
are never found in isolation—that is, they are confined within 
the composite particles in which they reside. The origin of quark 
confinement is one of the most important questions in modern 
particle and nuclear physics because confinement is at the core of 
what makes the proton a stable particle and thus provides stability to 
the Universe. The internal quark structure of the proton is revealed 
by deeply virtual Compton scattering1,2, a process in which electrons  
are scattered off quarks inside the protons, which  subsequently 
emit high-energy photons, which are detected in coincidence 
with the scattered electrons and recoil protons. Here we report a 
measurement of the pressure distribution experienced by the quarks 
in the proton. We find a strong repulsive pressure near the centre of 
the proton (up to 0.6 femtometres) and a binding pressure at greater 
distances. The average peak pressure near the centre is about 1035 
pascals, which exceeds the pressure estimated for the most densely 
packed known objects in the Universe, neutron stars3. This work 
opens up a new area of research on the fundamental gravitational 
properties of protons, neutrons and nuclei, which can provide access 
to their physical radii, the internal shear forces acting on the quarks 
and their pressure distributions.

The basic mechanical properties of the proton are encoded in the 
gravitational form factors (GFFs) of the energy–momentum tensor1,4,5. 
Graviton–proton scattering is the only known process that can be used 
to directly measure these form factors4,6, whereas generalized parton 
distributions2,7,8 enable indirect access to the basic mechanical prop-
erties of the proton2.

A direct determination of the quark pressure distribution in the pro-
ton (Fig. 1) requires measurements of the proton matrix element of the 
energy–momentum tensor9. This matrix element contains three scalar 
GFFs that depend on the four-momentum transfer t to the proton. 
One of these GFFs, d1(t), encodes the shear forces and pressure distri-
bution on the quarks in the proton, and the other two, M2(t) and J(t), 
encode the mass and angular momentum distributions. Experimental 
information on these form factors is essential to gain insight into the 
dynamics of the fundamental constituents of the proton. The frame-
work of generalized parton distributions (GPDs)2,7,8 has provided a way 
to obtain information on d1(t) from experiments. The most effective 
way to access GPDs experimentally is deeply virtual Compton scat-
tering (DVCS)1,2, where high-energy electrons (e) are scattered from 
the protons (p) in liquid hydrogen as e p → e′ p′ γ, and the scattered 
electron (e′), proton (p′) and photon (γ) are detected in coincidence. 
In this process, the quark structure is probed with high-energy virtual 
photons that are exchanged between the scattered electron and the 
proton, and the emitted (real) photon controls the momentum transfer 
t to the proton, while leaving the proton intact. Recently, methods have 
been developed to extract information about the GPDs and the related 
Compton form factors (CFFs) from DVCS data10–13.

To determine the pressure distribution in the proton from the experi-
mental data, we follow the steps that we briefly describe here. We note 
that the GPDs, CFFs and GFFs apply only to quarks, not to gluons.
(1) We begin with the sum rules that relate the Mellin moments of the 
GPDs to the GFFs1.

(2) We then define the complex CFF, H, which is directly related to the 
experimental observables describing the DVCS process, that is, the 
differential cross-section and the beam-spin asymmetry.
(3) The real and imaginary parts of H can be related through a disper-
sion relation14–16 at fixed t, where the term D(t), or D-term, appears as 
a subtraction term17.
(4) We derive d1(t) from the expansion of D(t) in the Gegenbauer  
polynomials of ξ, the momentum transfer to the struck quark.
(5) We apply fits to the data and extract D(t) and d1(t).
(6) Then, we determine the pressure distribution from the relation 
between d1(t) and the pressure p(r), where r is the radial distance from 
the proton’s centre, through the Bessel integral.

The sum rules that relate the second Mellin moments of the chiral- 
even GPDs to the GFFs are1:

∫ ξ ξ+ =x H x t E x t x J t[ ( , , ) ( , , )]d 2 ( )

∫ ξ ξ= +xH x t x M t d t( , , )d ( ) 4
5

( )2
2

1

1Thomas Jefferson National Accelerator Facility, Newport News, VA, USA. *e-mail: burkert@jlab.org
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Fig. 1 | Radial pressure distribution in the proton. The graph shows 
the pressure distribution r2p(r) that results from the interactions of the 
quarks in the proton versus the radial distance r from the centre of the 
proton. The thick black line corresponds to the pressure extracted from 
the D-term parameters fitted to published data22 measured at 6 GeV. The 
corresponding estimated uncertainties are displayed as the light-green 
shaded area shown. The blue area represents the uncertainties from all the 
data that were available before the 6-GeV experiment, and the red shaded 
area shows projected results from future experiments at 12 GeV that will 
be performed with the upgraded experimental apparatus30. Uncertainties 
represent one standard deviation.
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given as one standard deviation. The negative sign of d1(0) found in this 
analysis seems deeply rooted in the spontaneous breakdown of chiral 
symmetry25, which is a consequence of the transition of the micro-
second-old Universe from a state of de-confined quarks and gluons 
to a state of confined quarks in stable protons. It is thus intimately 
connected with the stability of the proton24 and of the visible Universe.

We can relate d1(t) to the pressure distribution via the spherical 
Bessel integral:

∫∝
−

d t
j r t

t
p r r( )

( )
2

( )d1
0 3

where j0 is the first spherical Bessel function. Our results of the quark 
pressure distribution in the proton are illustrated in Fig. 1. The thick 
black line corresponds to the pressure distribution r2p(r), as extracted 
from the D-term parameters that are fitted to the published data22 
acquired at 6 GeV. The estimated uncertainties are displayed as the 
light-green shaded area. The red-shaded area represents projected 
results from future experiments at higher energy. The distribution has 
a positive core and a negative tail of the r2p(r) distribution as a function 
of r, with a zero crossing near r = 0.6 fm. The regions where repulsive 
and binding pressures dominate are separated in radial space, with 
the repulsive distribution peaking near r = 0.25 fm, and the maximum 
of the negative pressure that is responsible for the binding occurring 
near r = 0.8 fm.

The outer, blue-shaded area in Fig. 1 corresponds to the D-term 
uncertainties obtained in the global fit results from previous 
research10,11. This area has a shape similar to the light-green area, con-
firming the robustness of the analysis procedure used to extract the 
D-term. The pressure p(r) must satisfy the stability condition:

∫ =
∞

r p r r( )d 0
0

2

which is satisfied within the uncertainties of our analysis. The shape of 
the radial pressure distribution resembles closely that obtained using 

the chiral quark–soliton model24, in which the proton is modelled as a 
chiral soliton whose constituent quarks are bound by a self-consistent 
pion field. This agreement suggests that the pion field is appropriate for 
the description of the proton as a bound state of quarks.

Other applications of the GFFs of the energy–momentum tensor 
include the description of nucleons in the nuclear medium23,26,27, 
excited baryon states (such as the ∆(1232) resonance28) and point-
like and composed spin-0 particles29.

Future precision experiments are expected to provide substantially 
more DVCS data30 and enable the mapping of d1(t) in much finer steps 
and in a much larger −t range, which will reduce the systematic uncer-
tainties, as indicated by the red-shaded area in Fig. 1. We also expect 
that this work will motivate new theoretical efforts to understand the 
fundamental characteristics of the stability of the proton from first  
principles. Our results may serve as a benchmark for the assessment 
of theo retical models, including lattice quantum chromodynamics 
models.
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quark EMT:
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$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
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where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]
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respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-
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D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
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cancel in the sum [2].
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tors: The quark GFFs of the proton have been computed
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study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
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are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-

Quark and glue D-terms from lattice 
[P.Shanahan, CFNS workshop 2019]
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FIG. 3: Left) Quark (purple) and gluon (green) shear distri-

butions in the proton determined from modified z-expansion
fits to the LQCD GFFs in the MS scheme at µ = 2 GeV, as

well as the total shear (orange) defined as their sum. Right)

Tangential forces in the proton. The colour-coding and arrows

represent the tangential shear vector field defined in Ref. [4].

BEG result. It also favours a more general functional
form in t than the tripole assumed in BEG, although it
is not inconsistent with a tripole ansatz within uncertain-
ties.

The BEG analysis assumes that Dg(t, µ) = Dq(t, µ) as
there is no information on the gluon D-term from exper-
iment. This is in mild tension with the LQCD results,
and, moreover, given the scale evolution, Eq. (3), can
only possibly hold at one scale. Since DVCS accesses the
charge-squared weighted combination of quark flavours,
BEG also assumes that the isovector quark contribu-
tions to the Dq(t, µ) form factor vanish, i.e., Du(t, µ) =
Dd(t, µ). The LQCD finding that Du�d(t, µ) ⇠ 0 pro-
vides compelling motivation for this assumption (large
Nc arguments [28] also support it). The left panel of
Fig. 4 shows the pressure distribution of the proton com-
puted from the BEG quark D-term GFF and the LQCD
gluon GFF, both parametrised using a tripole form and
assuming that the quark-mass dependence of the latter
is negligible in comparison with the statistical uncer-
tainties. This pressure distribution is consistent within
uncertainties with the determination using only LQCD
data. The pressure obtained under the assumptions of
BEG (i.e., Dg(t, µ) = Du+d(t, µ)) is also displayed. In
comparison with the BEG assumption, the inclusion of
the LQCD gluon contribution shifts the peaks of the pres-
sure distribution outwards and extends the region over
which the pressure is non-zero.

As discussed above, the tripole form assumed for
Dq(t, µ) in BEG introduces significant model-dependence
into the pressure extraction (as detailed in the Supple-
mentary Material, more general fit forms such as the
modified z-parameter expansion with 3 parameters are
not disfavoured by consideration of the Bayes Informa-
tion Criterion). With the limited kinematic range of the
CLAS data this is particularly problematic; the LQCD
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FIG. 4: Left) Pressure distribution of the proton determined

from tripole parametrisations of the BEG quark GFF and

the LQCD gluon GFF. The red band corresponds to the total

pressure distribution, while the dark blue dotted and green

dashed bands denote to the quark and gluon contributions to

the total. The pressure under the BEG assumption that that

Dg(t, µ) = Dq(t, µ) is shown as the blue solid band. Right)

The same totals computed based on modified z-expansion fits

to the GFFs. Also shown is the result obtained using only

LQCD data, parametrised using the modified z-expansion (or-

ange dashed band).

calculations show that the quark and gluonD-term GFFs
have significant support up to |t| ⇠ 2 GeV2 (assuming
weak quark-mass dependence), which is far beyond the
range of the experimental data. Fig. 1 shows the re-
sult of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure dis-
tribution that is consistent with zero everywhere within
two standard deviations, demonstrating that experimen-
tal data over a larger kinematic range is needed before a
model-independent extraction of the pressure is possible.
In order to investigate the range of t required for a

model-independent pressure extraction from experiment,
fake data for the quark D-term GFF are generated in
intervals of �t = 0.1 GeV2 extending the experimental
data along the tripole fit, assuming uncertainties of the
same size as the average uncertainty in the BEG GFF
determination. The consistency of the LQCD data with
a tripole form gives confidence that such an extension is
justified. These fake data are then used to constrain a
modified z-expansion fit and calculate the corresponding
pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
of the experimental data must be extended in this
manner to at least |t| ⇠ 1.0 GeV2. Future experiments,
such as those using the CLAS12 detector at JLab and a
future EIC, should seek to extend the kinematic reach to
address this deficiency, even at the expense of precision
in individual t bins. With the EIC’s potential [29, 30] to
determine the gluon GPDs that are necessary in defining

Lattice data [Shanahan, Detmold; PRL122:072003 (2019)]
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there is no information on the gluon D-term from exper-
iment. This is in mild tension with the LQCD results,
and, moreover, given the scale evolution, Eq. (3), can
only possibly hold at one scale. Since DVCS accesses the
charge-squared weighted combination of quark flavours,
BEG also assumes that the isovector quark contribu-
tions to the Dq(t, µ) form factor vanish, i.e., Du(t, µ) =
Dd(t, µ). The LQCD finding that Du�d(t, µ) ⇠ 0 pro-
vides compelling motivation for this assumption (large
Nc arguments [28] also support it). The left panel of
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calculations show that the quark and gluonD-term GFFs
have significant support up to |t| ⇠ 2 GeV2 (assuming
weak quark-mass dependence), which is far beyond the
range of the experimental data. Fig. 1 shows the re-
sult of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure dis-
tribution that is consistent with zero everywhere within
two standard deviations, demonstrating that experimen-
tal data over a larger kinematic range is needed before a
model-independent extraction of the pressure is possible.
In order to investigate the range of t required for a
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pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
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address this deficiency, even at the expense of precision
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The pressure distribution inside the proton
V. D. Burkert1*, L. Elouadrhiri1 & F. X. Girod1

The proton, one of the components of atomic nuclei, is composed 
of fundamental particles called quarks and gluons. Gluons are the 
carriers of the force that binds quarks together, and free quarks 
are never found in isolation—that is, they are confined within 
the composite particles in which they reside. The origin of quark 
confinement is one of the most important questions in modern 
particle and nuclear physics because confinement is at the core of 
what makes the proton a stable particle and thus provides stability to 
the Universe. The internal quark structure of the proton is revealed 
by deeply virtual Compton scattering1,2, a process in which electrons  
are scattered off quarks inside the protons, which  subsequently 
emit high-energy photons, which are detected in coincidence 
with the scattered electrons and recoil protons. Here we report a 
measurement of the pressure distribution experienced by the quarks 
in the proton. We find a strong repulsive pressure near the centre of 
the proton (up to 0.6 femtometres) and a binding pressure at greater 
distances. The average peak pressure near the centre is about 1035 
pascals, which exceeds the pressure estimated for the most densely 
packed known objects in the Universe, neutron stars3. This work 
opens up a new area of research on the fundamental gravitational 
properties of protons, neutrons and nuclei, which can provide access 
to their physical radii, the internal shear forces acting on the quarks 
and their pressure distributions.

The basic mechanical properties of the proton are encoded in the 
gravitational form factors (GFFs) of the energy–momentum tensor1,4,5. 
Graviton–proton scattering is the only known process that can be used 
to directly measure these form factors4,6, whereas generalized parton 
distributions2,7,8 enable indirect access to the basic mechanical prop-
erties of the proton2.

A direct determination of the quark pressure distribution in the pro-
ton (Fig. 1) requires measurements of the proton matrix element of the 
energy–momentum tensor9. This matrix element contains three scalar 
GFFs that depend on the four-momentum transfer t to the proton. 
One of these GFFs, d1(t), encodes the shear forces and pressure distri-
bution on the quarks in the proton, and the other two, M2(t) and J(t), 
encode the mass and angular momentum distributions. Experimental 
information on these form factors is essential to gain insight into the 
dynamics of the fundamental constituents of the proton. The frame-
work of generalized parton distributions (GPDs)2,7,8 has provided a way 
to obtain information on d1(t) from experiments. The most effective 
way to access GPDs experimentally is deeply virtual Compton scat-
tering (DVCS)1,2, where high-energy electrons (e) are scattered from 
the protons (p) in liquid hydrogen as e p → e′ p′ γ, and the scattered 
electron (e′), proton (p′) and photon (γ) are detected in coincidence. 
In this process, the quark structure is probed with high-energy virtual 
photons that are exchanged between the scattered electron and the 
proton, and the emitted (real) photon controls the momentum transfer 
t to the proton, while leaving the proton intact. Recently, methods have 
been developed to extract information about the GPDs and the related 
Compton form factors (CFFs) from DVCS data10–13.

To determine the pressure distribution in the proton from the experi-
mental data, we follow the steps that we briefly describe here. We note 
that the GPDs, CFFs and GFFs apply only to quarks, not to gluons.
(1) We begin with the sum rules that relate the Mellin moments of the 
GPDs to the GFFs1.

(2) We then define the complex CFF, H, which is directly related to the 
experimental observables describing the DVCS process, that is, the 
differential cross-section and the beam-spin asymmetry.
(3) The real and imaginary parts of H can be related through a disper-
sion relation14–16 at fixed t, where the term D(t), or D-term, appears as 
a subtraction term17.
(4) We derive d1(t) from the expansion of D(t) in the Gegenbauer  
polynomials of ξ, the momentum transfer to the struck quark.
(5) We apply fits to the data and extract D(t) and d1(t).
(6) Then, we determine the pressure distribution from the relation 
between d1(t) and the pressure p(r), where r is the radial distance from 
the proton’s centre, through the Bessel integral.

The sum rules that relate the second Mellin moments of the chiral- 
even GPDs to the GFFs are1:

∫ ξ ξ+ =x H x t E x t x J t[ ( , , ) ( , , )]d 2 ( )

∫ ξ ξ= +xH x t x M t d t( , , )d ( ) 4
5

( )2
2

1

1Thomas Jefferson National Accelerator Facility, Newport News, VA, USA. *e-mail: burkert@jlab.org
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Fig. 1 | Radial pressure distribution in the proton. The graph shows 
the pressure distribution r2p(r) that results from the interactions of the 
quarks in the proton versus the radial distance r from the centre of the 
proton. The thick black line corresponds to the pressure extracted from 
the D-term parameters fitted to published data22 measured at 6 GeV. The 
corresponding estimated uncertainties are displayed as the light-green 
shaded area shown. The blue area represents the uncertainties from all the 
data that were available before the 6-GeV experiment, and the red shaded 
area shows projected results from future experiments at 12 GeV that will 
be performed with the upgraded experimental apparatus30. Uncertainties 
represent one standard deviation.
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Pressure in proton

Shear stress in proton

CEBAF [Burkert, Elouadrhiri, Girod, Nature 557:396 (2018)]
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Parton Distributions : Moments

Nucleon Matrix Elements from LQCD “Nuclear aspects of DM searches” @ INT

Generalized Form Factors

Sergey N. Syritsyn

Twist-2 Operators on a Hypercubic Lattice

Mellin moments of GPDs : symmetric, trace=0 quark-bilinear operators :
• In continuum: Lorentz symmetry preserves ops. from mixing
• On a lattice: Hypercubic group has only 20 irreps
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Twist-2 Operators on a Hypercubic Lattice

Mellin moments of GPDs : symmetric, trace=0 quark-bilinear operators :
• In continuum: Lorentz symmetry preserves ops. from mixing
• On a lattice: Hypercubic group has only 20 irreps
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lower moments mix  
into higher moments

Lorenz/rotational symmetry broken on a lattice:  
only the lowest (n ≤ 4) moments possible

Figure 49: Lattice-QCD results for the second Mellin moments hxiu�d, hxi�u��d and
hxi�u��d. Results from Nf = 2 simulations and publications prior to 2014 have been in-
cluded as this is the first review of these quantities. For the momentum-fraction and helicity
moment, we have also included phenomenological estimates [1048–1058]. For reference, a
recent analysis [1059], using a combined set of World DIS data, found hxiu�d = 0.143(5) at
Q2 = 4 GeV2 (not shown).

averages of the Mainz 24 [96] and NME 20 [110] values again assuming zero correlations.
The values of �(amin) for the Mainz 24 [96] for the three moments are 1.5, 0.2, 0.1 and
those for the NME 20 are 0.5, 1.0 and 0.2. The �QCD 18A work does not provide enough
information to determine �(amin). The FLAG averages are

Nf = 2 + 1 : hxiu�d = 0.153(13) Refs. [96, 110, 111], (461)

Nf = 2 + 1 : hxi�u��d = 0.200(13) Refs. [96, 110], (462)

Nf = 2 + 1 : hxi�u��d = 0.206(17) Refs. [96, 110]. (463)

280

Nucleon 2nd unpolarized Mellin moment [FLAG 2024] Nucleon 3rd unpolarized Mellin moment [Taggi  et al, 2605.02808]
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Parton Distributions : x-dependence

extensive work (un)polarized / transversity  PDF, GPD of pion, nucleon – too much to review


exploratory work gluon PDF/GPDs: more complicated matching, uncertainties not clear

[X.Ji, 2013]: PDF can be computed from space-like correlators


Large-momentum effective theory [X.Ji PRL110: 262002(2013)]:  

direct matching to PDF in x-space (quasi-PDF)


"Good lattice cross-sections" [Ma, Qiu (2014)]:  

PDFs from current-current correlators


Ioffe-time distribution matching (pseudo-PDF) [A.Radyushkin (2017)]

quasi-PDF light-cone 
PDF

matching  
kernel corrections
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Pion PDF & Moments from Ioffe-time Distribution

pion valence moments

pion valent-quark moments and PDF qv(x)  [Gao et al, PRD106: 114510)] 

pion valence PDF

• 4-parameter model


• deep neural network (DNN)

pion Ioffe-time distribution
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FIG. 2. The renormalized EMFF of the pion (left panel) and kaon (right panel) are shown as

Q2FM (Q2)/f2
M
. For the case of pion, we include the low Q2 results (filled square symbols) from

Ref. [30] that uses the same lattice setup, as well as the results from F⇡ collaboration [50] extracted

from the experimental data (open triangle symbols). For the case of kaon, we show the results from

two di↵erent lattices with a = 0.076 fm (filled circle symbols) and a = 0.04 fm (open circle symbols).

The blue bands represent the twist two (tw2) pQCD results using the collinear factorization at

NNLO. The purple bands denote the pQCD results obtained within the kT factorization theorem,

which includes higher-twist contributions from Refs. [51–53]; see text. The width of the band

presents the perturbative uncertainty. In the case of the NNLO twist two results, it corresponds

to the scale variation from µ = Q/2 to µ = 2Q and also includes the uncertainties of the conformal

moments of the pion and kaon DA; see text. The green bands show the predictions with the VMD

model by the fit on the lattice data at the low Q2 region; see text. The dashed lines display the

predictions from the DSE [54], BSE21 [55] and BSE24 [56]; see text.

this factorization. At the leading twist, the collinear factorization formula of the form factor

reads
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where TH is the hard-process kernel calculated in perturbative QCD (pQCD). The hard

kernel depends on the momentum transfer Q
2, the factorization scale µF , as well as the

renormalization scale µR at a fixed order of perturbation theory. It has been known up to the

next-to-leading order (NLO) [62–65] for some time. Very recently, the NNLO correction has

become available [37]. The nonperturbative physics is encoded in the meson DA �M(x, µ
2
F
).

Its dependence on µF comes from its anomalous dimension, which is compensated by the

7

pion kaon

𝜋,K form factors from Lattice DA + perturbative QCD [Ding et al, PRL133:181902 (2024)]
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FIG. 9. (Top panel) The pion DA reconstructed using the C1/2+↵
n basis with the constraint � = 0.2. The inner dark band is

the statistical error band. The outer light band is the combined statistical and systematic error band. Variations in the fitted
range of z3, reference momentum P 0

z , type of lattice correction and higher-twist corrections added were taken into account in
summarizing the result in the figure. The asymptotic limit of DA is shown as the black curve. (Bottom panel) The plot shows
the light-front MS pion ITD corresponding to the pion DA in the panel above, as the red band. The ITD expected from the
fits to Mellin moments is shown as the blue band. In both cases, statistical and combined statistical-systematical error bands
are shown. For comparison, the ITDs corresponding to the asymptotic DA (black dot-dashed curve) and flat DA (magenta
dot-dashed curve) are also shown.

values of ↵ from the one-parameter fits from the pre-

vious step to choose the basis, C1/2+↵

n . Even though
the values of ↵ did not change much based on the anal-
ysis choices, we took care of using the corresponding

↵ values for a given analysis choice. The fit parame-
ters are the coe�cients sn in Eq. (46), which enter via
the Mellin moments or Gegenbauer moments (the imple-
mentation of fits can be made computationally faster by
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Beyond-SM physics: Does the Proton Decay?

[LBNF and DUNE CDR, R.Acciarri et al (2015)]

DUNE (40 kt)
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non-minimal SUSY SU(5)
predictions

predictions

Expected x10 improvement on lifetime limit from Hyper-K , DUNE

Better sensitivity to p ➞ 𝜈̅K+ that affects supersymmetric GUT models

Baryon number must be violated by some interaction 
(e.g. to explain matter-antimatter asymmetry)

Missing piece of Grand-Unified Theories

Limit on nuclear matter stability

Soudan

Super Kamiokande
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Protons Stable due to Topology?

[A.Martin, G.Stavenga, PRD(2012)] 

proton as a "Chiral Bag" / Skyrmion

Why no proton decays seen ?


other BNV mechanism ? 

more complicated GUT scenario?


suppressed decay amplitude  

due to QCD dynamics?

hvac|O3q
|Ni ⇠ ⇢3/2q

p
VN ⇠

1

VN
⇡ 0.004GeV3

h⇧|O
3q
|Ni ⇠ hvac|O3q

|Ni/f⇡ ⇡ 0.03GeV2

hvac| |Ni"quark pudding"  
estimate:

inside   
Skyrmion

Quark  
"Bag" 
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FIG. 5: The energy profile including the Casimir energy
(solid). The Skyrmion contribution, as shown in Fig. 3, is
indicated by the dashed line.

in the course of the unwinding, F (rbag) will become less
than ⇡/2, signifying that a mode from the Dirac sea has
been lifted out. Similarly, as the Skymion rewinds, this
same mode will dive back into the sea at some later time
t2. This criss-crossing of F (rbag) = ⇡/2 indicates that
the system has a zero-mode, as shown in the cartoon of
the Dirac sea in Fig. 2. This zero-mode has important,
subtle implications5.

A second consequence of time-dependent boundary
condition absent in Eq (24) is that the Casimir energy
depends on both F (rbag) as well as on its time derivative,
Ḟ (rbag). When manipulated into the bounce action, the
Ḟ terms becomes �̇ terms, and the coe�cient of the �̇2

term will play the role of a ‘mass’ for �. As such, it will
a↵ect the Skyrmion decay rate in a similar fashion to the
K(�) term in Eq. (20).

A. The non-static case

For time-dependent ✓(⌧) = F (rbag�(⌧)), the result of
the fermionic path integral is det(@⌧ +H(⌧)), where we
have recast the time-dependent boundary conditions as
a time-dependent Hamiltonian. In order to calculate the
determinant we have to solve for the eigenvalues. Sup-
pose

(@⌧ +H(⌧))| (⌧)i =  | (⌧)i, (25)

5
By the Atiyah-Patodi-Singer theorem [30–32], if the system at

any given instant has a zero mode solution, the full, time-

dependent system will also exhibit a zero mode solution (see

[33]).

and we define hn(⌧)| to be the eigenstates of H(⌧). We
have

hn(⌧)| @
@⌧

| (⌧)i+ En(⌧)hn(⌧)| (⌧)i =  hn(⌧)| (⌧)i

@

@⌧
hn(⌧)| (⌧)i+ En(⌧)hn(⌧)| (⌧)i� (26)

hṅ(⌧)| (⌧)i = hn(⌧)| (⌧)i

Defining cn(⌧) = hn(⌧)| (⌧)i, we obtain

ċn(⌧) + En(⌧)cn(⌧)�
X

m

hṅ(⌧)|m(⌧)icm(⌧) =  cn(⌧).

(27)
If the boundary conditions are changing slowly, the third
term on the left-hand side is small and can be treated
as a perturbation. We can rewrite the fermionic path
integral as

Z
Dc†Dc exp

h
�

Z
d⌧

�
c†n(⌧)Dnm(⌧)cm(⌧)�

c†n(⌧)Vnm(⌧)cm(⌧)
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, (28)

where Dnm(⌧) = (@⌧ + En(⌧)) �nm and Vnm(⌧) =
hṅ(⌧)|m(⌧)i. Treating the first term in the exponent as
the propagator and the second as a perturbation, the re-
sult is

det /D = detDnm exp
hX

connected diagrams
i

(29)

The determinant of Dnm is easily evaluated because it
is a disconnected set of one dimensional equations. The
eigenfunctions cn(⌧) are

cn(⌧) = exp

"
⌧ �

Z ⌧

�T
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d⌧ 0En(⌧
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#
. (30)

To determine , we impose anti-periodic temporal
boundary conditions, cn(T/2) + cn(�T/2) = 0:
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In appendix A we provide an explicit calculation of
detDnm, determined by the product over all . The re-
sult, for time-dependent boundary conditions, is

detDnm = exp[�T Ecas] (33)

T Ecas = �1
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2

X

n

����
Z

d⌧En(⌧)

���� .

Therefore, working to lowest order in an adiabatic ap-
proximation, we see that the functional determinant is

decay

decay = quantum tunneling under topological barrier 


may be suppressed ~ O(10–4) – O(10–12)

O(1) coupling 

⌧p
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decay amplitude  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Hadron Correlators in Lattice QCD

Example: 
Nucleon-Kaon Matrix Elements:

(need chirally-symmetric fermions)

0.00 0.05 0.10 0.15 0.20 0.25 0.30
W0(Q2 = 0)[GeV2]

h�+|(ud)LdL|pi

�h�+|(ud)LdR|pi

hK0|(us)LuL|pi

hK0|(us)LuR|pi

hK+|(us)LdL|pi

�hK+|(us)LdR|pi

hK+|(ud)LsL|pi

�hK+|(ud)LsR|pi

�hK+|(ds)LuL|pi

�hK+|(ds)LuR|pi

NEW Nf = 2 + 1 mphys
�

RBC/UKQCD’17 (Nf = 2 + 1)
RBC/UKQCD’13 (Nf = 2 + 1)
RBC/UKQCD’06 (Nf = 0)
JLQCD’99 (Nf = 0)

Figure 3: Final results for the main proton decay form factor W0 for meson-positron decay [1],
compared to results in Refs. [5, 6, 7]. “Indirect” method results are also shown.

Figure 4: Low-mode averaging contribution to the neutron two-point functions computed with
di↵erent values of the background electric field.

In the Q1-Q3 of 2021-2022 allocation year, we have been able to debug and test our software
that uses low-lying modes of the domain-wall fermion operator and constructs LMA approximation
to the neutron two-point function with all possible polarizations. Our main results have been
obtained on 163 ⇥ 32 lattices and shown in Figs. 4,5.

In Figure 4, we show the neutron e↵ective masses computed from LMA-only contribution to the

4

Amplitudes p → 𝜋(𝓁̅), K(𝓁̅)

matrix elements ~O(simple estimates)

NO SUPPRESSION at physical quark masses

<latexit sha1_base64="Odww3nPF+EhmoleRPG4OQkJSsb4="></latexit>

hK+(T ) [uds]z N(0)i

[Yoo et al, PRD (2022); 2111.01608]
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Majorana 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Neutrinoless double-beta decay searches

Neutrino mass mechanism

mass hierarchy

leptogenesis (LNV ⟹ BNV thru sphalerons)

scale of Beyond-SM physics


Experiments

current :  
NEMO3, KamLAND-Zen, EXO-200,  
Majorana, GERDA, CUORE, CUPID

Next-geneneration nEXO, 1 ton 136Xe 
(x100 better constraints)


LNV mechanisms: 

light Majorana neutrino? – only in 0𝞶2β

low-scale seesaw?

BSM at TeV scale?

neutrino flavor models
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FIG. 11. Matching between e↵ective operators in the LEFT and chiral EFT. The left-hand side denotes
representative dimension-5, -7 and -9 LNV operators in the LEFT, after integrating out heavy degrees of
freedom. Plain lines denote quarks and leptons, while dashed lines Higgs fields. When matching onto LEFT,
the Higgs fields are, in most cases, replaced by the Higgs vacuum expectation value. The diagrams on the
right-hand-side denote leading contributions to the 0⌫�� operators. Double, dashed and plain lines denote
nucleons, pions and leptons, respectively. The blue bubbles denote nucleon form factors, which subsume
pion-range contributions to the pseudoscalar form factor and to the induced pseudoscalar component of the
axial form factor. LNV interactions are denoted by a black square.

sion of �PT to the multi-nucleon sector is often called chiral EFT [155]. The power counting in
chiral EFT is significantly more complicated due to the non-perturbative nature of nuclear forces,
which often requires to modify the naive scaling of contact interactions in order to obtain results
that are explicitly independent of regulators introduced to solve the nuclear few- and many-body
problem [156, 157].

The application of �PT and chiral EFT ideas to 0⌫�� decay was pioneered in Ref. [74], which
performed the first systematic study of the hadronization of dimension-9 operators and of the con-
struction of the transition operator in �PT, and pointed out the dominance of pionic contributions
for several dimension-9 operators. In the case of specific models (R-parity-violating supersymme-
try) the importance of pion interactions was also noticed in Ref. [158]. Continuing the path of
Ref. [74], Ref. [92] consistently applied chiral EFT with Weinberg’s power counting to assess the
order at which a long-distance pion enhancement first appears in the chiral expansion of dimension-
9 operators, reproducing and extending to next-to-next lowest order the power counting results
of Ref. [74]. A derivation of the chiral EFT realization of dimension-5, -7 and -9 operators was
carried out in Refs. [76, 77, 159], with a study of the internal consistency of the transition operators
induced by long-range neutrino and pion exchanges performed in Refs. [76, 160, 161]. These works
were extended to SMEFT operators involving light sterile neutrinos in Ref. [162]. The matching
between quark-level and hadron-level operators is schematically illustrated in Fig. 11.

Dimension-5 and -7 operators typically induce LNV interactions involving light neutrinos, with

Standard-Model EFT Chiral EFT

<latexit sha1_base64="Gi3ptn/ERz00tZN7JDNfOVxh+Vo="></latexit>9
>>>>=

>>>>;
<latexit sha1_base64="Gi3ptn/ERz00tZN7JDNfOVxh+Vo="></latexit>9
>>>>=

>>>>;

<latexit sha1_base64="Gi3ptn/ERz00tZN7JDNfOVxh+Vo="></latexit> 9 > > > > = > > > > ;
[Cirigliano et al, JHEP12:097(2018) ;1806.02780]

Effective Lepton number-violating (LNV) operators in Standard Model fields
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FIG. 2. An example of our lattice results for di↵erent op-
erators on the near physical pion mass ensemble with a '
0.12 fm.

where C
3pt
i

is the three-point function with a four-quark
operator labeled by i at t = 0 and the sink (source) at
time tf = t (ti = T � t),

C
3pt
i

(tf , ti) =
X

x,y,↵

h↵|⇧+(tf ,x)Oi(0,0)⇧
+(ti,y)|↵i

⇥ e
�E↵T (4)

where ↵ labels QCD eigenstates, and the pion interpo-
lating field is ⇧+ = (⇧�)† = d̄�5u. C⇡ is the pion corre-
lation function. Using relativistic normalization,

C⇡(t) =
X

x

X

↵

h↵|⇧+(t,x)⇧�(0,0)|↵ie
�E↵T

=
X

n

|Z
⇡
n
|
2

2E⇡
n

⇣
e
�E

⇡
nt + e

�E
⇡
n(T�t)

⌘
+ · · · , (5)

where Z
⇡
n

= h⌦|⇧+
|ni, ⌦ represents the QCD vacuum,

and the · · · represent thermally suppressed terms. One
can show that the ratio correlation function is given in
lattice units by

Ri(t) =
a
4
h⇡|O

++
i+ |⇡i

(a2Z⇡
0 )

2
+ Re.s.(t) , (6)

where |⇡i is the ground state pion and the excited state
contributions are suppressed exponentially by their mass
gap relative to the pion mass, Re.s.(t) / e

�(E⇡
n�E

⇡
0 )t.

The overlap factors Z0
⇡
are determined in the analysis of

the two-point pion correlation functions. For brevity we
henceforth write the matrix elements of these operators
as Oi = h⇡|O

++
i+ |⇡i and attach a prime as appropriate.

We find excellent signals on nearly all ensembles, re-
quiring only a simple fit to a constant. This is likely
due to the fact that in the ratio defined in Equation 3
the contribution from the lowest thermal pion state is
eliminated, which we find to be the leading contamina-
tion to the pion correlation function within the relevant

time range. We also find little variation of the ratio us-
ing either wall or point sources. This gives us additional
confidence that excited state contamination is negligible
within the time range plotted in the left panel of Figure 2.
A preliminary version of this analysis was presented in
Ref. [61]. Excited state contamination is studied further
in the Supplementary Material.
After extracting the matrix elements on each ensem-

ble, we perform extrapolations to the continuum, physi-
cal pion mass, and infinite volume limits. It is straight-
forward to include these new operators in Chiral Pertur-
bation Theory (�PT) [62] and to derive the virtual pion
corrections which arise at next-to-leading order (NLO)
in the chiral expansions,

O1 =
�1⇤4

�

(4⇡)2


1 + ✏

2
⇡

�
ln(✏2

⇡
) � 1 + c1

� �
,

O2 =
�2⇤4

�

(4⇡)2


1 + ✏

2
⇡

�
ln(✏2

⇡
) � 1 + c2

� �
,

O3

✏2
⇡

=
�3⇤4

�

(4⇡)2


1 � ✏

2
⇡

�
3 ln(✏2

⇡
) + 1 � c3

� �
, (7)

as described in some detail in the supplemental material.
In these expressions

⇤� = 4⇡F⇡ , ✏⇡ =
m⇡

⇤�

, (8)

where F⇡ = F⇡(m⇡) is the pion decay constant at a given
pion mass, normalized to be F

phys
⇡

= 92.2 MeV at the
physical pion mass, ⇤� is the chiral symmetry breaking
scale and ✏

2
⇡
is the small expansion parameter for �PT.

The pion matrix elements for O
0++
1+ and O

0++
2+ have an

identical form to O
++
1+ and O

++
2+ respectively but have in-

dependent low-energy constants (LECs), �0
i
and c

0
i
which

describe the pion mass dependence. These expressions
can be generalized to incorporate finite lattice spacing
corrections [63] arising from the particular lattice action
we have used [40] and finite volume corrections [64] which
arise from virtual pions that are sensitive to the finite
periodic volume used in the calculations. Details of the
derivation of the formula in �PT and the extension to
incorporate these lattice QCD systematic e↵ects are pre-
sented in the supplemental material. In addition to the
matrix elements Oi, the various LECs �i and ci are de-
termined in this work.
The lattice QCD results are renormalized non-

perturbatively following the Rome-Southampton
method [65] with a non-exceptional kinematics-
symmetric point [66]. More precisely, we compute the
relevant Z-matrix in the RI/SMOM (�µ, �µ)-scheme [67].
We implement momentum sources [68] to achieve a high
statistical precision and non-perturbative scale evolution
techniques [69, 70] to run the Z-factors to the common
scale of µ = 3 GeV. Further details about the renor-
malization procedure are provided in the supplemental

[Nicholson et al, PRL 2018, 1805.02634]
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TABLE II. Resulting matrix elements extrapolated to the
physical point, renormalized in RI/SMOM and MS, both at
µ = 3 GeV.

RI/SMOM MS

Oi[GeV]4 µ = 3 GeV µ = 3 GeV

O1 �1.91(13) ⇥ 10�2 �1.89(13) ⇥ 10�2

O
0
1 �7.22(49) ⇥ 10�2 �7.81(54) ⇥ 10�2

O2 �3.68(31) ⇥ 10�2 �3.77(32) ⇥ 10�2

O
0
2 1.16(10) ⇥ 10�2 1.23(11) ⇥ 10�2

O3 1.85(10) ⇥ 10�4 1.86(10) ⇥ 10�4

material. One advantage of our mixed-action setup is
that the renormalization pattern is the same as in the
continuum (to a very good approximation) and does not
require the spurious subtraction of operators of di↵erent
chirality.

The renormalized operators, extrapolated to the con-
tinuum, infinite volume, and physical pion mass (defined
by m

phys
⇡

= 139.57 MeV and F
phys
⇡

= 92.2 MeV) limits
are given in Table II in both RI/SMOM and MS schemes
at µ = 3 GeV. An error breakdown for the statistical
and various systematic uncertainties is given in the sup-
plemental material.

The correlation between these RI-SMOM matrix ele-
ments are given in the supplemental material. The ex-
trapolations of these operators to the physical point are
presented in Figure 3 with the dashed vertical line rep-
resenting the physical pion mass. The small value of O3

reflects the fact that the O
++
3+ operator is suppressed in

the chiral expansion, vanishing in the chiral limit. In ad-
dition to the full MAEFT extrapolations (including infi-
nite volume), we performed further extrapolations with-
out including mixed-action and/or finite volume e↵ects,
and found all results to be consistent, indicating that
mixed-action and finite volume e↵ects are mild. These
various analysis options are all available in Ref. [71] pro-
vided with this publication. Loss function minimization
is performed using Ref. [72].

We can compare the values of the matrix elements de-
termined here in MS to those in Ref. [73], which used
SU(3) flavor symmetry to determine the values, includ-
ing estimated SU(3) flavor-breaking corrections at NLO
in SU(3) �PT. Noting the di↵erences in operator def-
inition pointed out in footnote 5 of Ref. [73], we find
the values of the matrix elements tend to agree at the
one- to two-sigma level, as measured by the O(20�40%)
uncertainties in Ref. [73], indicating the SU(3) chiral ex-
pansion is reasonably well behaved. With the ⇠ 1000
measurements per ensemble in the LQCD calculation
presented here, the uncertainties have been reduced to
O(5 � 9%). The resulting LECs are reported in Tab. III
in the supplemental material and the full covariance be-
tween them is provided in Ref. [71].

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
�2
� = (m�/(4�F�))2

�0.08

�0.06

�0.04

�0.02

0.00

0.02

O
i
[G

eV
4 ]

a ⇠ 0.09 fm a ⇠ 0.12 fm a ⇠ 0.15 fm

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
�2
� = (m�/(4�F�))2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

O
3

[G
eV

4 ]

⇥10�3

a ⇠ 0.09 fm a ⇠ 0.12 fm a ⇠ 0.15 fm

FIG. 3. The interpolation of the various matrix elements
(color coded as in Figure 2). In the bottom panel, a zoomed in
version of O3 is displayed. The resulting fit curves/bands are
constructed with ⇤� held fixed while changing ✏⇡ and so the
corresponding LQCD results are adjusted by (F phys

⇡ /F
latt
⇡ )4

for each lattice ensemble to be consistent with this interpola-
tion. The bands represent the 68% confidence interval of the
continuum, infinite volume extrapolated value of the matrix
elements. The vertical gray band highlights the physical pion
mass.

From the matrix element O3 we can determine the
value of B⇡, the bag parameter of neutral meson mix-
ing in the Standard Model, B⇡ = O3/(

8
3m

2
⇡
F

2
⇡
) =

0.420(23) [0.421(23)] in the RI/SMOM [MS] scheme at
µ = 3 GeV. This is a rather low value, indicating a
large deviation from the vacuum saturation approxima-
tion. However this is expected from the chiral behavior
as discussed, for example, in Ref. [74–76]. As displayed
in Figure 5 in the supplemental material, the value of B⇡

increases at larger pion masses, as expected.

Discussion.– We have performed the first LQCD cal-
culation of hadronic matrix elements for short-range op-
erators contributing to 0⌫��. This calculation is com-
plete for matrix elements contributing to leading order
in �PT, including extrapolation to the physical point in
both lattice spacing and pion mass. We have also per-
formed calculations directly at the physical pion mass.

Given these ⇡
�

! ⇡
+ matrix elements, the nuclear

beta decay rate can be determined by constructing the

2

shown in the left panel of Figure 1. More recent EFT
analyses for operators relevant to 0⌫�� have indicated
that the contact operators, NNNNee, may be enhanced
in which case they would also appear at LO [26].

h⌦|⇧+(tf ,pf)O(0)⇧+(ti,pi)|⌦i

FIG. 1. Left: the leading order contribution to 0⌫�� via
short-range operators occurs within a long-distance pion ex-
change diagram. The nucleons (solid lines) exchange charged
pions (dashed), which emit two electrons (lines with arrow-
heads). Right: the LECs associated with the operators in
the left panel may be calculated through a simpler ⇡� ! ⇡

+

transition. Here, the lines represent quarks.

In this Letter we determine the matrix elements of the
relevant ⇡⇡ee operators and their associated low energy
constants (LECs) for chiral perturbation theory (�PT)
using lattice QCD (LQCD), a non-perturbative numeri-
cal method with fully controllable systematics. We per-
form extrapolations in all parameters characterizing de-
viations from the physical point, including quark mass
and lattice spacing a, which controls e↵ects from the dis-
cretization of space and time.

Method.– Using the EFT framework, it is not nec-
essary to calculate the full nn ! ppee transition shown
in the left panel of Figure 1. Instead, we can perform
the much more computationally tractable calculation of
the on-shell ⇡�

! ⇡
+ transition in the presence of exter-

nal currents (four-quark operators). Once the LECs are
determined, calculating the true o↵-shell process can be
dealt with naturally within the EFT framework. From
a LQCD perspective, this single pion calculation is com-
putationally far simpler than the two nucleon calculation
due to absence of a signal-to-noise problem [27] and com-
plications in accounting for scattering states in a finite
volume [28, 29].

We calculate matrix elements for the following relevant
four-quark operators described in Ref. [22]:

O
++
1+ =

�
q̄L⌧

+
�
µ
qL

� ⇥
q̄R⌧

+
�µqR

⇤
,

O
++
2+ =

�
q̄R⌧

+
qL

� ⇥
q̄R⌧

+
qL

⇤
+
�
q̄L⌧

+
qR

� ⇥
q̄L⌧

+
qR

⇤
,

O
++
3+ =

�
q̄L⌧

+
�
µ
qL

� ⇥
q̄L⌧

+
�µqL

⇤

+
�
q̄R⌧

+
�
µ
qR

� ⇥
q̄R⌧

+
�µqR

⇤
, (1)

where the Takahashi bracket notation () or [] indicates
which color indices are contracted together [30]. We have
omitted parity odd operators which do not contribute to
the ⇡

�
! ⇡

+ transition, as well as the vector operators
which are suppressed by the electron mass, as discussed
in Ref. [22]. In addition, we calculate the color-mixed
operators which arise through renormalization from the

m⇡ ⇠ 310 MeV m⇡ ⇠ 220 MeV m⇡ ⇠ 130 MeV

a(fm) V m⇡L V m⇡L V m⇡L

0.15 163 ⇥ 48 3.78 243 ⇥ 48 3.99

0.12 243 ⇥ 64 3.22

0.12 243 ⇥ 64 4.54 323 ⇥ 64 4.29 483 ⇥ 64 3.91

0.12 403 ⇥ 64 5.36

0.09 323 ⇥ 96 4.50 483 ⇥ 96 4.73

TABLE I. List of HISQ ensembles used for this calculation,
showing the volumes (V = L

3 ⇥T ) studied for a given lattice
spacing and pion mass.

electroweak scale to the QCD scale [23]:

O
0++
1+ =

�
q̄L⌧

+
�
µ
qL

⇤ ⇥
q̄R⌧

+
�µqR

�
,

O
0++
2+ =

�
q̄L⌧

+
qL

⇤ ⇥
q̄L⌧

+
qL

�
+
�
q̄R⌧

+
qR

⇤ ⇥
q̄R⌧

+
qR

�
.(2)

The analogous color-mixed operator O
0++
3+ is identical to

O
++
3+ and is therefore omitted.
To determine the matrix elements for the ⇡⇡ee op-

erators, we have performed a LQCD calculation using
the publicly available highly-improved staggered quark
(HISQ) [31] gauge field configurations generated by the
MILC collaboration [32, 33]. The set of configurations
used is shown in Table I. With this set we perform
extrapolations in the lattice spacing, pion mass, and
volume. On these configurations we chose to produce
Möbius domain wall quark propagators [34–36] due to
their improved chiral symmetry properties, which sup-
presses mixing between operators of di↵erent chirality.
To further improve the chiral properties, we first per-
formed a gradient flow method to smooth the HISQ con-
figurations [37–39], see Ref. [40] for details. This action
has been successfully used to compute the nucleon axial
coupling, gA, with 1% precision [41–43]. For each ensem-
ble we have generated quark propagators using both wall
and point sources on approximately 1000 configurations.
The calculation of the matrix elements proceeds along

the same lines as calculations of K0- [44–52], D0- [50, 53]
and B

0
(s)-meson mixing [54–57] or NN̄ oscillations [58–

60], and involves only a single light quark inversion from
an unsmeared point source at the time where the four-
quark operator insertion occurs. The propagators are
then contracted to produce a pion at an earlier time
(source) and later time (sink). Because no quark prop-
agators connect the source to the sink, we can exactly
project both source and sink onto definite momentum
(allowing only zero momentum transfer at the operator)
without the use of all-to-all propagators.
Results.– In Figure 2, we show representative plots

on the near-physical pion mass ensemble (V = 483 ⇥ 64,
a = 0.12 fm, m⇡ ⇠ 130 MeV), of the ratio

Ri(t) ⌘ C
3pt
i

(t, T � t)/ (C⇡(t)C⇡(T � t)) , (3)
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O
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&& color-mixed combinations O1', O2'
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shown in the left panel of Figure 1. More recent EFT
analyses for operators relevant to 0⌫�� have indicated
that the contact operators, NNNNee, may be enhanced
in which case they would also appear at LO [26].
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FIG. 1. Left: the leading order contribution to 0⌫�� via
short-range operators occurs within a long-distance pion ex-
change diagram. The nucleons (solid lines) exchange charged
pions (dashed), which emit two electrons (lines with arrow-
heads). Right: the LECs associated with the operators in
the left panel may be calculated through a simpler ⇡� ! ⇡

+

transition. Here, the lines represent quarks.

In this Letter we determine the matrix elements of the
relevant ⇡⇡ee operators and their associated low energy
constants (LECs) for chiral perturbation theory (�PT)
using lattice QCD (LQCD), a non-perturbative numeri-
cal method with fully controllable systematics. We per-
form extrapolations in all parameters characterizing de-
viations from the physical point, including quark mass
and lattice spacing a, which controls e↵ects from the dis-
cretization of space and time.

Method.– Using the EFT framework, it is not nec-
essary to calculate the full nn ! ppee transition shown
in the left panel of Figure 1. Instead, we can perform
the much more computationally tractable calculation of
the on-shell ⇡�

! ⇡
+ transition in the presence of exter-

nal currents (four-quark operators). Once the LECs are
determined, calculating the true o↵-shell process can be
dealt with naturally within the EFT framework. From
a LQCD perspective, this single pion calculation is com-
putationally far simpler than the two nucleon calculation
due to absence of a signal-to-noise problem [27] and com-
plications in accounting for scattering states in a finite
volume [28, 29].

We calculate matrix elements for the following relevant
four-quark operators described in Ref. [22]:
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where the Takahashi bracket notation () or [] indicates
which color indices are contracted together [30]. We have
omitted parity odd operators which do not contribute to
the ⇡

�
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+ transition, as well as the vector operators
which are suppressed by the electron mass, as discussed
in Ref. [22]. In addition, we calculate the color-mixed
operators which arise through renormalization from the

m⇡ ⇠ 310 MeV m⇡ ⇠ 220 MeV m⇡ ⇠ 130 MeV

a(fm) V m⇡L V m⇡L V m⇡L

0.15 163 ⇥ 48 3.78 243 ⇥ 48 3.99

0.12 243 ⇥ 64 3.22

0.12 243 ⇥ 64 4.54 323 ⇥ 64 4.29 483 ⇥ 64 3.91

0.12 403 ⇥ 64 5.36

0.09 323 ⇥ 96 4.50 483 ⇥ 96 4.73

TABLE I. List of HISQ ensembles used for this calculation,
showing the volumes (V = L

3 ⇥T ) studied for a given lattice
spacing and pion mass.

electroweak scale to the QCD scale [23]:

O
0++
1+ =

�
q̄L⌧

+
�
µ
qL

⇤ ⇥
q̄R⌧

+
�µqR

�
,

O
0++
2+ =

�
q̄L⌧

+
qL

⇤ ⇥
q̄L⌧

+
qL

�
+
�
q̄R⌧

+
qR

⇤ ⇥
q̄R⌧

+
qR

�
.(2)

The analogous color-mixed operator O
0++
3+ is identical to

O
++
3+ and is therefore omitted.
To determine the matrix elements for the ⇡⇡ee op-

erators, we have performed a LQCD calculation using
the publicly available highly-improved staggered quark
(HISQ) [31] gauge field configurations generated by the
MILC collaboration [32, 33]. The set of configurations
used is shown in Table I. With this set we perform
extrapolations in the lattice spacing, pion mass, and
volume. On these configurations we chose to produce
Möbius domain wall quark propagators [34–36] due to
their improved chiral symmetry properties, which sup-
presses mixing between operators of di↵erent chirality.
To further improve the chiral properties, we first per-
formed a gradient flow method to smooth the HISQ con-
figurations [37–39], see Ref. [40] for details. This action
has been successfully used to compute the nucleon axial
coupling, gA, with 1% precision [41–43]. For each ensem-
ble we have generated quark propagators using both wall
and point sources on approximately 1000 configurations.
The calculation of the matrix elements proceeds along

the same lines as calculations of K0- [44–52], D0- [50, 53]
and B

0
(s)-meson mixing [54–57] or NN̄ oscillations [58–

60], and involves only a single light quark inversion from
an unsmeared point source at the time where the four-
quark operator insertion occurs. The propagators are
then contracted to produce a pion at an earlier time
(source) and later time (sink). Because no quark prop-
agators connect the source to the sink, we can exactly
project both source and sink onto definite momentum
(allowing only zero momentum transfer at the operator)
without the use of all-to-all propagators.
Results.– In Figure 2, we show representative plots

on the near-physical pion mass ensemble (V = 483 ⇥ 64,
a = 0.12 fm, m⇡ ⇠ 130 MeV), of the ratio

Ri(t) ⌘ C
3pt
i

(t, T � t)/ (C⇡(t)C⇡(T � t)) , (3)

𝜋– 𝜋+

⟨𝜋+|O4q|𝜋–⟩ =  
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FIG. 11. Matching between e↵ective operators in the LEFT and chiral EFT. The left-hand side denotes
representative dimension-5, -7 and -9 LNV operators in the LEFT, after integrating out heavy degrees of
freedom. Plain lines denote quarks and leptons, while dashed lines Higgs fields. When matching onto LEFT,
the Higgs fields are, in most cases, replaced by the Higgs vacuum expectation value. The diagrams on the
right-hand-side denote leading contributions to the 0⌫�� operators. Double, dashed and plain lines denote
nucleons, pions and leptons, respectively. The blue bubbles denote nucleon form factors, which subsume
pion-range contributions to the pseudoscalar form factor and to the induced pseudoscalar component of the
axial form factor. LNV interactions are denoted by a black square.

sion of �PT to the multi-nucleon sector is often called chiral EFT [155]. The power counting in
chiral EFT is significantly more complicated due to the non-perturbative nature of nuclear forces,
which often requires to modify the naive scaling of contact interactions in order to obtain results
that are explicitly independent of regulators introduced to solve the nuclear few- and many-body
problem [156, 157].

The application of �PT and chiral EFT ideas to 0⌫�� decay was pioneered in Ref. [74], which
performed the first systematic study of the hadronization of dimension-9 operators and of the con-
struction of the transition operator in �PT, and pointed out the dominance of pionic contributions
for several dimension-9 operators. In the case of specific models (R-parity-violating supersymme-
try) the importance of pion interactions was also noticed in Ref. [158]. Continuing the path of
Ref. [74], Ref. [92] consistently applied chiral EFT with Weinberg’s power counting to assess the
order at which a long-distance pion enhancement first appears in the chiral expansion of dimension-
9 operators, reproducing and extending to next-to-next lowest order the power counting results
of Ref. [74]. A derivation of the chiral EFT realization of dimension-5, -7 and -9 operators was
carried out in Refs. [76, 77, 159], with a study of the internal consistency of the transition operators
induced by long-range neutrino and pion exchanges performed in Refs. [76, 160, 161]. These works
were extended to SMEFT operators involving light sterile neutrinos in Ref. [162]. The matching
between quark-level and hadron-level operators is schematically illustrated in Fig. 11.

Dimension-5 and -7 operators typically induce LNV interactions involving light neutrinos, with

also [Detmold et al, PRD107: 094501 (2023); 2208.05322]
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sion of �PT to the multi-nucleon sector is often called chiral EFT [155]. The power counting in
chiral EFT is significantly more complicated due to the non-perturbative nature of nuclear forces,
which often requires to modify the naive scaling of contact interactions in order to obtain results
that are explicitly independent of regulators introduced to solve the nuclear few- and many-body
problem [156, 157].

The application of �PT and chiral EFT ideas to 0⌫�� decay was pioneered in Ref. [74], which
performed the first systematic study of the hadronization of dimension-9 operators and of the con-
struction of the transition operator in �PT, and pointed out the dominance of pionic contributions
for several dimension-9 operators. In the case of specific models (R-parity-violating supersymme-
try) the importance of pion interactions was also noticed in Ref. [158]. Continuing the path of
Ref. [74], Ref. [92] consistently applied chiral EFT with Weinberg’s power counting to assess the
order at which a long-distance pion enhancement first appears in the chiral expansion of dimension-
9 operators, reproducing and extending to next-to-next lowest order the power counting results
of Ref. [74]. A derivation of the chiral EFT realization of dimension-5, -7 and -9 operators was
carried out in Refs. [76, 77, 159], with a study of the internal consistency of the transition operators
induced by long-range neutrino and pion exchanges performed in Refs. [76, 160, 161]. These works
were extended to SMEFT operators involving light sterile neutrinos in Ref. [162]. The matching
between quark-level and hadron-level operators is schematically illustrated in Fig. 11.

Dimension-5 and -7 operators typically induce LNV interactions involving light neutrinos, with

Direct nn→ppe–e–  is challenging

nn, pp low-lying states

nonlocal operator in Euclidean time

First step: 𝜋– → 𝜋+e–e– 


1 → 1 amplitude, large exc. gap

component of EFT matching

8

Ensemble aml |N
WW
P | am⇡ af⇡ ZA �2/dof

24I
0.01 1.2224(47)⇥ 106 0.24160(45) 0.09177(25) 0.717766(57) 1.20

0.005 1.1997(54)⇥ 106 0.19131(51) 0.08495(25) 0.717161(59) 1.70

32I
0.008 3.511(18)⇥ 106 0.17277(56) 0.06802(30) 0.745357(44) 1.31

0.006 3.458(16)⇥ 106 0.15077(45) 0.06477(20) 0.745088(32) 1.20

0.004 3.398(18)⇥ 106 0.12652(39) 0.06194(27) 0.745020(40) 0.76

TABLE II. Results for the pion mass, pion decay constant, NWW
P for the pseudoscalar interpolating

operator P (x) = q(x)�5q(x) with a Coulomb gauge-fixed wall source and zero-momentum projected
wall sink (WW), the axial current renormalization factor ZA, and the correlated �2/dof for each
lattice ensemble. The errors are purely statistical and are computed using the jackknife resampling
technique.

B. Long-Distance ⇡�
! ⇡+e�e� Amplitude

Applying Wick’s theorem to the hadronic matrix element, Eq. (5), results in two classes
of diagrams and four total contractions, depicted in Figure 2. In practice, computing these

d
u

⌫

x

↵, i

t�

y

�, j

t+

(a) Neutrino block

(b) Type 1 contraction (c) Type 2 contraction

1 = Tr
h
S†
u(t� ! x)�↵ (1� �5)Sd(t� ! x)

i
· Tr

h
S†
u(t+ ! y)�� (1� �5)Sd(t+ ! y)

i
(20)

2 = Tr
h
S†
u(t+ ! x)�↵ (1� �5)Sd(t� ! x)S†

u(t� ! y)�� (1� �5)Sd(t+ ! y)
i

(21)

FIG. 2. Top: diagrammatic representation of the neutrino block construction (Eq. (22)). The
labels (↵, i) and (�, j) reflect the open spin and color indices at the source and sink, respectively.
Bottom: two classes of hadronic contractions for the ⇡�

! ⇡+e�e� decay. Crossed circles denote
insertions of the electroweak current.

contractions by brute force is prohibitively expensive due to the double summation over the

x y x y
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continuum / infinite volume extrapolation and examine the resulting variance in the
fit parameters. Here the di↵erences in central values between fits (A3) and (A4) are
used as an estimate of this systematic.

The main results of this work, extrapolated to the physical pion mass, continuum, and
infinite volume limits, and including all sources of statistical and systematic uncertainty
discussed in the text, are:

g
⇡⇡
⌫ (770 MeV) = �10.78(12)stat(4)fit(50)FV(9)�PT,

S⇡⇡ = 1.1054(14)stat(6)fit(61)FV(10)�PT,

M
0⌫ = 0.01880(6)stat(2)fit(10)FV(2)�PT GeV2

.

(30)

IV. DISCUSSION

The final results, including all sources of error — g
⇡⇡
⌫ (770 MeV) = �10.78(12)stat(51)sys

and S⇡⇡ = 1.1054(14)stat(62)sys — are in good agreement with an independent lattice QCD
study of the long-distance ⇡

�
! ⇡

+
e
�
e
� amplitude by Tuo, Feng, and Jin [10], which de-

termined g
⇡⇡
⌫ (m⇢) = �10.89(28)stat(74)sys and S⇡⇡ = 1.1045(34)stat(74)sys. This calculation

also used a variant of the domain wall fermion discretization for the quarks, but was per-
formed on a di↵erent set of ensembles with near-physical pion masses and coarser a ⇡ 0.2
fm lattice spacings. In addition, this calculation used a di↵erent set of techniques more
traditionally associated with lattice QCD+QED calculations to implement the Majorana
neutrino in a finite volume, and compared the QEDL [27] and infinite volume reconstruction
[28] techniques for this purpose. Since the calculation was performed at the physical pion
mass, g⇡⇡⌫ (µ) could be extracted directly by inverting

S⇡⇡ = 1 +
m

2

⇡

8⇡2f 2
⇡

✓
3 log

✓
µ
2

m2
⇡

◆
+ 6 +

5

6
g
⇡⇡
⌫ (µ)

◆
, (31)

rather than by performing a chiral fit as in Section III C of this work. The same authors
also calculated g

⇡⇡
⌫ (m⇢) = �11.96(31) from the related ⇡

�
⇡
�
! e

�
e
� decay amplitude in

Ref. [11], which is in ⇡ 4� tension with the determinations from ⇡
�
! ⇡

+
e
�
e
�. This latter

calculation does not attempt to quantify any sources of systematic error, which, presumably,
would help to explain the disagreement. Finally, in Ref. [18] Cirigliano et al. estimate
g
⇡⇡
⌫ (m⇢) ' �7.6 with an expected uncertainty of 30-50% by relating this LEC to known
LECs describing electromagnetic corrections within �PT [41, 42], which is also in reasonable
agreement with the results presented here.

One advantage of the approach taken in this work is that performing simulations at a
range of di↵erent pion masses allows for a controlled study of how well NLO �PT describes
lattice data. Since connecting first-principles lattice QCD calculations to predictions for
the matrix elements of large nuclei used in 0⌫�� searches will almost certainly involve an
analogous matching to an e↵ective field theory — allowing for an extrapolation from the
few-body systems accessible on the lattice to the many-body systems relevant to experi-
ment — this study is important to bridge from theory to phenomenology and experiment.
Furthermore, lattice calculations of nuclear systems are currently performed at significantly
heavier than physical pion masses to ameliorate the signal-to-noise problem, making it cru-
cial to understand how reliably such calculations can be matched to existing e↵ective field
theory formalisms.

[Detmold, Murphy 1811.05554; 2004.07404]

C. Results

As we only use two ensembles for continuum extrapolation, the residual lattice artifacts

might not be fully controlled by the extrapolation. To be conservative we quote the di↵erence

between the extrapolated result Acont
IVR and the 48I result A48I

IVR as the size of systematic e↵ects,

namely �a = |Acont
IVR � A48I

IVR| = 0.0055. In Fig. 6 the amplitude at the continuum limit is

obtained using AIVR + �⇡,(1)IVR . We also calculate AIVR + �⇡,(2)IVR using F⇡(q2) = 1 + (r2
⇡
/6)q2.

The O(q2) term in F⇡(q2) causes a shift �L = 0.0050 in the amplitude Acont
IVR. Such e↵ect is

included as a systematic uncertainty for the residual FV e↵ects. To sum up, the final result

for the amplitude defined in Eq. (21) is given by

A = 0.1045(34)(50)L(55)a, (33)

where the first uncertainty is statistical, the second and third ones are the systematic errors

for finite volume and lattice artifacts. Putting the amplitude into Eq. (22), we obtain the

results for low energy constant g⇡⇡
⌫
(µ) at µ = m⇢ with m⇢ the rho meson mass. The values

of g⇡⇡,(0)⌫ , g⇡⇡,(1)⌫ and g⇡⇡,(2)⌫ are obtained using AIVR, AIVR+�⇡,(1)IVR and AIVR+�⇡,(2)IVR as inputs,

respectively. These results are put in Table II. Following the similar procedure described

above, the final result for g⇡⇡
⌫

with both statistical and systematic uncertainties is given by

g⇡⇡
⌫
(µ)

���
µ=m⇢

= �10.89(28)(33)L(66)a. (34)

IV. CONCLUSION

We perform a lattice QCD calculation of the amplitude of the neutrinoless double beta

decay ⇡�
! ⇡+ee. The hadronic function H0(x), which contains the contributions from

vacuum state, are subtracted. Such subtraction removes the exponentially growing terms in

the Euclidean time integral. The remaining hadronic function H 0(x) = H(x) � H0(x) can

be used to determine the normalized amplitude A = A
M/AM

0 � 1, which can be considered

as a fractional deviation between the total decay amplitude AM and the leading-order �PT

predication A
M

0 .

In the calculation, we find large FV e↵ects in the decay amplitude. By comparing two

approaches, QEDL and IVR, we finally adopt the IVR method in our study, as the associated

FV e↵ects are exponentially suppressed and much smaller than that from QEDL. By adding
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continuum / infinite volume extrapolation and examine the resulting variance in the
fit parameters. Here the di↵erences in central values between fits (A3) and (A4) are
used as an estimate of this systematic.

The main results of this work, extrapolated to the physical pion mass, continuum, and
infinite volume limits, and including all sources of statistical and systematic uncertainty
discussed in the text, are:

g
⇡⇡
⌫ (770 MeV) = �10.78(12)stat(4)fit(50)FV(9)�PT,

S⇡⇡ = 1.1054(14)stat(6)fit(61)FV(10)�PT,

M
0⌫ = 0.01880(6)stat(2)fit(10)FV(2)�PT GeV2

.

(30)

IV. DISCUSSION

The final results, including all sources of error — g
⇡⇡
⌫ (770 MeV) = �10.78(12)stat(51)sys

and S⇡⇡ = 1.1054(14)stat(62)sys — are in good agreement with an independent lattice QCD
study of the long-distance ⇡

�
! ⇡

+
e
�
e
� amplitude by Tuo, Feng, and Jin [10], which de-

termined g
⇡⇡
⌫ (m⇢) = �10.89(28)stat(74)sys and S⇡⇡ = 1.1045(34)stat(74)sys. This calculation

also used a variant of the domain wall fermion discretization for the quarks, but was per-
formed on a di↵erent set of ensembles with near-physical pion masses and coarser a ⇡ 0.2
fm lattice spacings. In addition, this calculation used a di↵erent set of techniques more
traditionally associated with lattice QCD+QED calculations to implement the Majorana
neutrino in a finite volume, and compared the QEDL [27] and infinite volume reconstruction
[28] techniques for this purpose. Since the calculation was performed at the physical pion
mass, g⇡⇡⌫ (µ) could be extracted directly by inverting

S⇡⇡ = 1 +
m

2

⇡

8⇡2f 2
⇡

✓
3 log

✓
µ
2

m2
⇡

◆
+ 6 +

5
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g
⇡⇡
⌫ (µ)

◆
, (31)

rather than by performing a chiral fit as in Section III C of this work. The same authors
also calculated g

⇡⇡
⌫ (m⇢) = �11.96(31) from the related ⇡

�
⇡
�
! e

�
e
� decay amplitude in

Ref. [11], which is in ⇡ 4� tension with the determinations from ⇡
�
! ⇡

+
e
�
e
�. This latter

calculation does not attempt to quantify any sources of systematic error, which, presumably,
would help to explain the disagreement. Finally, in Ref. [18] Cirigliano et al. estimate
g
⇡⇡
⌫ (m⇢) ' �7.6 with an expected uncertainty of 30-50% by relating this LEC to known
LECs describing electromagnetic corrections within �PT [41, 42], which is also in reasonable
agreement with the results presented here.

One advantage of the approach taken in this work is that performing simulations at a
range of di↵erent pion masses allows for a controlled study of how well NLO �PT describes
lattice data. Since connecting first-principles lattice QCD calculations to predictions for
the matrix elements of large nuclei used in 0⌫�� searches will almost certainly involve an
analogous matching to an e↵ective field theory — allowing for an extrapolation from the
few-body systems accessible on the lattice to the many-body systems relevant to experi-
ment — this study is important to bridge from theory to phenomenology and experiment.
Furthermore, lattice calculations of nuclear systems are currently performed at significantly
heavier than physical pion masses to ameliorate the signal-to-noise problem, making it cru-
cial to understand how reliably such calculations can be matched to existing e↵ective field
theory formalisms.
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Entanglement in Hadrons
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parton density matrix in DIS:
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FIG. 2. Entanglement entropy in Monte Carlo generator
PYTHIA 6. The entanglement entropy predicted from the
gluon distribution (MSTW) as a function of x at momentum
transfer scale Q2 = 2 and 10 GeV2 (open circles). The green
band represents the symmetric systematic uncertainty at 90%
C.L. The entropy obtained from the final-state hadron mul-
tiplicity distribution, P(N), from PYTHIA 6 simulations at
the same values of Q2 is shown via blue filled circles. The
statistical uncertainty is invisible on the scale of the plot.

depicted as green band in Fig. 2. The entropy of the final-
state hadrons is shown as blue filled circles. It is calcu-
lated from the multiplicity distribution, P(N), in a rapid-
ity range determined by the x range used to derive Ngluon.
For details see Appendix. A 1. P(N) is taken from ep DIS
events created with the PYTHIA 6 event generator [10].
We have tested several Monte Carlo event generators,
such as PYTHIA 6, PYTHIA 8 [11], and DJANGO [12],
and have found that they give similar results. An exam-
ple final-state hadron multiplicity distribution is shown
in Fig. 7.

It becomes clear from Fig. 2, that the two entropies,
the von Neumann entanglement entropy associated with
the gluon distribution, ln (Ngluon), and the entropy re-
constructed from the final state hadrons, Shadron, are un-
correlated, as expected for Monte Carlo models that do
not possess quantum entanglement. This correlation is
absent for all MC generators that we have studied.

With a clearly drawn baseline from the Monte Carlo
models, we can now look for entanglement in available
experimental data. Since suitable data in ep collisions do
not exist, we have to turn for our study to pp collisions
using data from the CMS experiment [13] at the LHC.
As outlined earlier the signature of entanglement stays
the same (see also Fig. 1).

By performing an analysis similar to the one presented
in Fig. 2, we arrive at the results depicted in Fig. 3. Here
we show the comparison of the entanglement entropy pre-
dicted from the gluon distribution (three di↵erent leading
order PDF sets are indicated by open symbols), and the
Boltzmann entropy based on the final-state hadron mul-
tiplicity P(N) distribution (in filled symbols) as a func-
tion of x. Since x and momentum transfer scale Q2 are
not directly available in pp collisions (unlike in ep exper-
iments), an alternative way of comparing the entropy at

similar x and scales are used as detailed in Sec. A. The
experimental data from CMS are shown in three di↵erent
pseudorapidity[17] ⌘ ranges within ±0.5, ±1.0, and ±2.0
units. Data from pseudorapidity range within |⌘| < 1.5
and 2.4 are depicted in Fig. 4 in Appendix. A 3. The
measurements of multiplicity distribution in pp collisions
performed by other LHC experiments, e.g., ATLAS [18]
and ALICE [19], are consistent with CMS for the same
pseudorapidity ranges where available. In this analysis
we use only CMS data since they provide a wide set of
central pseudorapidity ranges not available elsewhere.
In contrast with what we have observed in ep Monte

Carlo simulations, we find that the experimental data
from pp collisions at the LHC presented in Fig. 3 shows
a striking agreement between the entanglement entropy
predicted from the gluon distributions and the Boltz-
mann entropy from the final-state hadron multiplicity
distributions in all |⌘| ranges. The relation (2) is ex-
pected [7] to hold for x < 10�3, and the data is in
good agreement with this prediction. This observation
provides a strong direct indication of quantum entangle-
ment at sub-nucleonic scales. The discrepancy observed
towards higher x might be due to non-negligible contri-
butions from sea quarks at low Q2 scales. A theoretical
computation of the entanglement entropy including sea
quarks is not yet available and will be an important study
in the future.

IV. SUMMARY

The results reported in this letter provide a new per-
spective in understanding the proton structure and shed
light on the nature of colour confinement. Our analy-
sis of the experimental data from the LHC supports the
resolution of an apparent paradox between the parton
model and quantum mechanics based on quantum en-
tanglement. In the future, it will be imperative to verify
this result in electron-proton and electron-ion collisions
at small x that will require a future facility such as the
Electron-Ion Collider [20]. It will be also important to
study the real-time evolution of quantum entanglement
in high energy processes - such studies have already be-
gun [21–24].
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FIG. 3. Entanglement entropy in proton-proton collisions at the LHC. The Boltzmann entropy calculated based on the final-
state multiplicity P(N) distribution in pp collisions [13] at the LHC in di↵erent pseudorapidity ranges is shown as a function
of x indicated by the filled squares, where the total uncertainty is denoted by the error bars. The expected entanglement
entropies from the gluon distribution are presented with open markers using di↵erent PDF sets [9, 14, 15]. The bands denote
the systematic uncertainty associated with the PDF. The saturation scale Q2

s [16] for gluons at each x value is indicated on the
top axis.

Appendix A: Appendix

1. Electron-proton collisions

The DIS process, e + p ! e0 + X, proceeds through
the exchange of a virtual photon between the electron
and the proton. The scattering process can be char-
acterized in terms of x and Q2 that can be derived by
measuring the energy and angle of the scattered elec-
tron e0. In order to calculate Ngluon we integrate the
known gluon distribution xG(x) over a given x range for
a fixed Q2. Ngluon then defines the entanglement entropy
ln (Ngluon) which is then compared to the Boltzmann en-
tropy, �

P
P(N) · ln P(N), derived from the final-state

hadrons. The phase space in which the final-state
hadrons are measured is related to the x range over which
we integrate xG(x) by ln (1/x) ⇡ yproton � yhadron [25],
where yproton is the proton beam rapidity[26] and yhadron

is the final-state hadron rapidity. For example, events
with 27.5 GeV electrons scattering o↵ 460 GeV protons
with x between 3 ⇥ 10�5 and 8 ⇥ 10�5 correspond to a
rapidity range of �3.5 < y < �2.5. It is in this rapid-
ity range where the final-state hadron multiplicity P(N)
distribution is measured and it is the respective x range
that is used to integrate over xG(x).

2. Proton-proton collisions

For pp collision, p+p ! X, the final-state hadron mul-
tiplicity P(N) distributions are taken from the published
result of the CMS experiment [13] at the LHC using pp
minimum-bias inelastic collisions at center-of-mass ener-
gies of 7, 2.36, and 0.9 TeV. Here we adopt the same

relation as in ep, namely ln (1/x) ⇡ yproton � yhadron to
calculate x that cannot be directly measured in pp. At
the same rapidity, a collision with higher center-of-mass
energy corresponds to a lower x. At each energy, the data
in di↵erent pseudorapidity ranges are depicted in Fig. 3.
Each range corresponds to di↵erent range in x that is
used to integrate over the gluon distributions xG(x) to
derive Ngluon. CMS presents their data in intervals of
pseudorapidity not rapidity. We included the uncertain-
ties caused by the di↵erences in the error bars of the CMS
data in Fig. 3, which are around ⇠ 4–5% estimated from
PYTHIA simulations. Currently the CMS data spans a
x range from ⇠ 10�4 to ⇠ 10�2.

A conceptual problem in pp collisions is that two gluon
distributions are involved, one from each proton, while
we calculate the entanglement entropy from one distri-
bution. Instead of altering the definition of the entangle-
ment entropy, which would introduce strong model de-
pendencies, we modify the P(N) distributions by extrap-
olating the P(N) distribution to reflect a single proton
similar to that in DIS experiment. We do so by fitting
a generalized Negative Binomial Distribution (NBD) [13]
to the P(N) distributions. The final P(N) is then taken
as the same NBD function but with only half of the aver-
age multiplicity. This approach relies on the assumption
that the final-state hadrons are produced coherently by
the two colliding protons instead by incoherent and in-
dependent fragmentation. Di↵erent NBD fit ranges and
di↵erent fit functions, such as double NBDs, were also
conducted. The di↵erence with respect to the default
result is folded into the error bars presented in Fig. 3.

In hard pp collisions accompanied by the production of
jets, the appropriate scale Q2 is set by the transverse mo-
mentum of the jet. In an average pp collision, the scale is

Shadron = �
X

P (N) logP (N)

?
= SA = � log[xG(x)]

Next at EIC: Compare entropy of multiplicity vs entropy of G(x) at small–x
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FIG. 3. The entropy Shadrons as a function of hzi for Spartons
FF — incorporating gluons, u-(anti)quarks, and d-(anti)quarks —

is shown using JAM fragmentation functions at NLO for µ2 = 1300 GeV2, compared with ATLAS data at
p
s = 13 TeV [45]

(left). Additionally, the results at µ2 = 22 GeV2 are compared with ATLAS data at
p
s = 7 TeV [43] (right). The uncertainties

are calculated at the 1� level. The total entropy Spartons
FF is derived from the sum of the individual entropies of each parton,

with each contribution normalized by the average fraction of jets produced by that parton from PYTHIA simulation.

In addition, one can push the initial condition of jets to
lower scales into less perturbative regimes, which would
increase the entanglement entropy in the system to begin
with, e,g., Sq/g > lnN⌦. For a realistic estimation, this
might be possible by utilizing quantum simulation [42,
51] on quantum hardware. This is beyond the scope of
this Letter, but could be a natural follow-up of this work.

We predict hadron entropy in jets at the upcoming
EIC, which will be essential for constraining the
nonperturbative initial conditions of jets and their
hadronization processes. Using PYTHIA 8 [46], we
simulated jet production in ep collisions with 18 GeV
electrons and 275 GeV protons, excluding detector
e↵ects. The phase space was restricted by a minimum
Q2 cut of 10 GeV2, representing the virtuality of the
photon.

Jets were selected with a radius parameter of 0.4,
consistent with ATLAS criteria, and restricted to jets
containing a minimum of two particles with a transverse
momentum range of 5 < pjet? < 100 GeV. To match
the ePIC detector’s acceptance, only jets with a pseudo-
rapidity range of �3.5 < ⌘ < 3.5 were considered
[52]. The charged-hadron entropy in jets is plotted as
a function of average value of hzi in Fig. 4. The entropy
calculated from PYTHIA simulations is higher than our
theoretical predictions. In ep collisions, processes like
�q ! gq and �g ! qq̄ enhance quark jet contributions
at lower hzi values, reducing gluon jet contribution.
This e↵ect should lead to lower entropy values than
those seen in PYTHIA simulations. EIC experiments
will be essential for clarifying jet entanglement entropy,

particularly in processes dominated by quark jets.

Summary. In conclusion, we have, for the first time,
explored the connection between the FFs and hadron
entropy implied by the maximal entanglement. The
entanglement entropy in jets is found to be related to
the FF in a manner similar to its relationship with PDFs,
while the initial entanglement entropy of partons has a
lower bound directly tied to the number of color degrees
of freedom, as expected at weak coupling dictated by the
asymptotic freedom. The charged particle multiplicity
distributions in jets from the ATLAS experiment at 7
TeV and 13 TeV provided an estimate of the hadron
entropy associated with jet fragmentation. Our results
show that the entanglement entropy, based on the FF
from JAM and NNFF1.1 at the Next-to-Leading Order,
agrees well with the ATLAS data, suggesting that the
fragmentation process exhibits maximal entanglement
for high transverse momentum jets—similar to the
behavior of the proton wave function at high energies.
This approach could be extended to study lower
transverse momentum jet fragmentation at the upcoming
Electron-Ion Collider, o↵ering deeper insights into the
nonperturbative aspects of hadronization. Exploring this
direction, along with first-principle quantum simulations
on quantum and classical hardware, presents significant
opportunities for future research.

nEPR paradox at sub-nucleonic scales:  [Tu, Kharzeev, Ullrich, arXiv:1904.11974]

• appear independent in DIS 

• form color-singlets in hadronization

Partons are strongly entangled

Entanglement entropy must be gluon-dominated at small-x 
[Kharzeev, Levin, PRD95:114008(2017)]

Test:

CMS data [Tu, Kharzeev, Ullrich, PRL124:062001(2020)] ATLAS data [Datta et al, PRL:134 111902(2025)
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Color Flux Tube between Quark and AntiQuark

The most prominent IR field configuration in QCD / Yang Mills

Can be described by a thin vibrating string; e.g.  
Gaussian profile and width~log(L) due to vibrations 
[Luscher, Munster, Weisz '81]

[Amorosso et al, JHEP(2024), 2411.12818; 2601.17199]  
Flux tube = pure (ground) state in presence of QQ̅ ;  
Split into V+V̅ parts, study quantum entanglement to reveal


String wave function? 

Internal DoFs?

Intrinsic thickness? 

<latexit sha1_base64="P6XcuyYuAUJzfYV5X5PBN3uSLvc="></latexit>

P (~x?) / e�x2
?/�2 , �2 / 1

⇡�
log

L

�

 0.88545

 0.8855

 0.88555

 0.8856

 0.88565

 0.8857

 0.88575

 0.8858

 0  2  4  6  8  10  12  14  16  18

fit
data

Action and energy profile: extensively studied on a lattice
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SvN = �Tr [⇢V log ⇢V ]

⇡ � 1

q � 1
log Tr [⇢qV ] = S(q)

Resembles vortex in dual superconductor:

<latexit sha1_base64="aesFynFZwlhp9+qblY9dyMl2HYw="></latexit>

⇢V = TrV
⇥
| 0i h 0|

⇤where "reduced density matrix"
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Scaling of  FTEE: Finite in Continuum Limit
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Length dependence

x→(+∞) : no cut, all FT in V̅

x=0        : FT half-cut by V

x→(–∞) : FT cross-cut by V

V

V̅
V̅

"Renormalized"  S̃QQ̅ = (SQ̅Q – Svac)a→0 : finite in continuum limit

Flux tube EE  =  thin vibrating string with color
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Summary

Lattice QCD methods are mature enough for reliable  
nucleon structure calculations, and 


... offer multiple avenues to explore nucleon structure  
to complement experiments, EIC in particular


... are crucial for experiments that use nucleons as a 
lab for new physics searches 
lab for understanding confinement
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FIG. 2: The ratios ��1
d F d

2 /F
d
1 , �

�1
u F u

2 /F
u
1 and ��1

p F p
2 /F

p
1 vs.

momentum transfer Q2. The data and curves are described
in the text.

The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.

Q2 Ref. F u
1 F d

1 F u
2 F d

2

0.30 [17] 1.075(6) 0.505(12) 0.716(6) �0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) �0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) �0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) �0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) �0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) �0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) �0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) �0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) �0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) �0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) �0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) �0.0707(35)

3.41 [13] 0.0851(12) 0.0131(24) 0.0370(12) �0.0337(24)

Up to Q2 ⇥ 1 GeV2 there is a constant scaling fac-
tor of �2.5 for F1 and �0.75 for F2, between the u- and
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FIG. 3: The Q2-dependence for the u- and d-contributions to
the proton form factors (multiplied by Q4). The data points
are explained in the text.

d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ⇥D , given by the ex-
pression ⇥D (b) =

�
(QdQ/2�)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop o� of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1

3

u 1
/Fu 2F

u-1
!

0.3

0.4

0.5

Kelly fit (2004)

RCQM - Miller (2005)

d 1
/Fd 2F

d-1
! 1.0

1.5

]2 [GeV2Q
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

p 1
/Fp 2F

p-1
!

0.5

1.0

FIG. 2: The ratios ��1
d F d

2 /F
d
1 , �

�1
u F u

2 /F
u
1 and ��1

p F p
2 /F

p
1 vs.

momentum transfer Q2. The data and curves are described
in the text.

The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.
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0.45 [18] 0.853(6) 0.377(12) 0.515(6) �0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) �0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) �0.713(7)
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0.67 [15] 0.628(6) 0.249(12) 0.342(6) �0.552(12)
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2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) �0.0707(35)
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Up to Q2 ⇥ 1 GeV2 there is a constant scaling fac-
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the proton form factors (multiplied by Q4). The data points
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d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ⇥D , given by the ex-
pression ⇥D (b) =

�
(QdQ/2�)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop o� of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
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d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d
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2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ⇥D , given by the ex-
pression ⇥D (b) =
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(QdQ/2�)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop o� of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu
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Flux-Tube (Renyi) EE on a Lattice

Set Lt ≳ 2 (1 / Tc) for "pure ground" state


Subtlety: gauge transforms must be  
Lt -periodic at "cusps" [Aoki et al 2016] 
gauge fixing or discretization issue?  
[some insight from (1+1)D below]

Note: 1-replica PL correlator

Approximate entropy by Renyi q-entropy


vacuum density-matrix


Static QQ̅ density-matrix


Partial trace over region A̅: 


Final trace: qLt -periodic BC (vacuum or QQ̅)


Renyi-2 entropies of vacuum , QQ̅ pair :

<latexit sha1_base64="Whpi+xPNK0hF0dPaQZHOeQVPfkw=">AAACQ3icbVDLSgNBEJyN7/iKehG8LAZBQcKuiHoUvXhUcFVIwjLb6SRDZmeXmV41LPFrvOpf+BF+gzfxKjiJOZjEgoaiqhuqK0qlMOR5705hanpmdm5+obi4tLyyWlpbvzFJpgEDSGSi7yJuUAqFAQmSeJdq5HEk8TbqnPf923vURiTqmrop1mPeUqIpgJOVwtJmTbeTsEb4SPk9h95uEPr7QejthaWyV/EGcCeJPyRlNsRluOZs1BoJZDEqAsmNqfpeSvWcaxIgsVesZQZTDh3ewqqlisdo6vnghZ67Y5WG20y0HUXuQP17kfPYmG4c2c2YU9uMe33xX8/YKG1s9EZFEacSHwR0RnXgClCORaXmST0XKs0IFfwmbWbSpcTtF+o2hEYg2bWEgxb2WRfaXHMgW3vR1uiPlzZJbg4q/lHl6OqwfHo2LHSebbFttst8dsxO2QW7ZAED9sSe2Qt7dd6cD+fT+fpdLTjDmw02Auf7B7PwsLc=</latexit>
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Partition Space to Cross-cut the Flux Tube

V

V̅
V̅

Study entanglement entropy while changing


L = flux tube length


w = width of V (blue "slab")


x = extent of (partial) cross-cut


x→(+∞) : no cut, all FT in V̅


x=0        : FT half-cut by V


x→(–∞) : FT cross-cut by V


y = longitudinal position of the slab


y = 0 : symmetric


y ≠ 0 : closer to Q (or Q̅)


