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¥ Stresses in quantum systems quantified by D(A?) and ¢(A?) form factors
c(A?) quantifies forces on open subsystems
D(A?) quantifies balancing stresses

¥ I consider systems that:

Are non-relativistic

Consist of two bodies

Are bound by abelian force fields
Have no angular momentum

* My main finding:
D(0) < 0 if force carrier is spin-even
D(0) > 0 if force carrier is spin-odd
The sign has nothing to do with mechanical stability

Talk based on 2609.33151


https://inspirehep.net/literature/3208575




¥ The energy-momentum tensor (EMT) describes density and flow of energy & momentum.

¥ Also known as the stress-energy tensor.

Energy density

Momentum densities
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Energy fluxes

Stress tensor
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¥ Conserved current from Jocal spacetime translations (Noether’s second theorem):

X—x—¢(x)

Noether’s theorems: symmetries imply conservation laws
Local translation: move spacetime differently everywhere

W The EMT is the associated conserved quantity
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Felsager, Geometry, Particles, and Fields

Montesinos & Flores, Rev Mex Fis 52 (2006) 29

AF, Phys Rev D 113 (2026) 016011


https://link.springer.com/book/10.1007/978-1-4612-0631-6
https://inspirehep.net/literature/710900
https://inspirehep.net/literature/2929752
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The-stréss tensor

¥ 3 x 3 sub-matrix of the energy-momentum tensor.

TOO(x) TOl(x) T02(x) T03(x)

TIO(x) Tll(x) TIZ(x) T13(x)

T20(x) MR I o iR

T30(x) T3(x) TSZT(x) )

Stress tensor
¥ Work needed to deform a system:

strcss tensor strain

x—x—§(x)

torsion

Wx—x—&x)] = fdsxT(')’LD ( (05 (x) +0;&1(x) +

Stress: internal forces resisting spatial deformation
Deformations are a virtual pressure gauge

Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121
AF, Phys Rev D 113 (2026) 016011

( LQ](X) jSi(x)))


https://inspirehep.net/literature/1927693
https://inspirehep.net/literature/2929752

Stigss & momentum flfixdensity .

¥ Continuity equation (integral form):

d a y 1
et [f ExT%, 0| ==¢ dsa 1" (x,1
dt Ly 3 oV

Momentu:; in region Flux out of region

¥ Stresses are momentum flux densities

Include particle fluxes & forces

Particle flux
¥ Kinetic pressure is pressure
It’s the microscopic origin of gas & fluid pressure

Photon flux is the origin of radiation pressure

Sisyphus image: Miikka Holkeri (website)

T (x) =

T02 (x)
T12 (%)
T22 (x)
T32 (%)



https://holkeri.fi/2021/04/23/the-myth-of-sisyphus.html

EMT form facgors: spih-zero ” 3
W Stress tensor parametrized using EMT form factors (EMT-FFs)

ipj AT AT — 517 A2 %
Al(A%) + 4—Da(A2) —MéY ¢, (A%

P 0)p)y =

Non-relativistic ket normalization
Also known as gravitational form factors
EMT is source of gravitation, but we’re not doing gravitational physics

% From Galilei covariance (non-relativistic)

% EMT-FFsencode composite system structure

%W+p)
=p' -p

Kobzarev & Okun, Sov Phys JETP 16 (1963) 1343
H. Pagels, Phys Rev 144 (1966) 1250
X. Ji, PRL78 (1997) 610


https://inspirehep.net/literature/42872
https://inspirehep.net/literature/50537
https://inspirehep.net/literature/416559

EMT form facrors: spih-zero, ¥

* Energy-momentum tensor parametrized using EMT form factors

barycentric motion & dispersion

e Lwas T Sk i
i P'pJ APAT —6Y A .
(P11, 0)Ipy = TAa(AZ) + TDQ(AZ) — M8 ¢, (A%

internal pressure & forces
% Form from Galilei covariance (non-relativistic)
¥ EMT-FFs encode composite system structure

But in a momentum space form
Spatial picture via Fourier transforms

= %(p+p)
A=p'-p

Kobzarev & Okun, Sov Phys JETP 16 (1963) 1343
H. Pagels, Phys Rev 144 (1966) 1250
X.Ji, PRL78 (1997) 610


https://inspirehep.net/literature/42872
https://inspirehep.net/literature/50537
https://inspirehep.net/literature/416559
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Rauyli stress tensor

¥ Pauli stress tensor:

i 1
)= G
n

P [P 60— g,

A

Weyl-quantized form of operator
Classically just particle motion
Ensures pointlike particle has D(A%) =0

* McCoy’s formula gives:

1A _PZZP£ 11 <(3) £
(p'IT, (x)|P>—m—(P 16 (x — Gn)|p)
n

W. Pauli, Quantentheorie (1933) Chapter 2
N. McCoy, Trans Amer Math Soc 31 (1929) 793



https://link.springer.com/chapter/10.1007/978-3-642-52619-0_2
https://pubs.ams.org/TRAN/1929-031-04/S0002-9947-1929-1501512-1

Internal state

W |p) in (p'| T2 (0)|p) implicitly contains internal state:

p)=Ip;n,l,my)
p is the barycentric momentum. -
* Every |n, [, m;) state has different form factors!
In effect are different particles—analogy to proton, N*, etc.

¥ [ will focusonanl=0 ground state:

u(r)

vArr

Form factor calculations involve expectation values with this wave function.

(rin=1,1=0,m;=0)=y(r) =



W Direct matrix element gives:

internal stresses
Barycentric motion & dispersion (related to D(A?) and C‘(Az))
———

(related to A, (A%))

i Y% Sl a9 2
Hn (piV i+ Vipi)-——"|y(r) e/MTatr
2 e Y
Orbital fluxes
(zero for spin-zero)

aii 1 4 ’_/lh
P17 0)p) = A—/Ifd3r1// (r)()(nP pi_

W Several auxiliary quantities:

Xn=% K — L= r=q.—q
Mass fraction Complement =11q1+129>

@ Actually make formulas more compact...

Image: dynamic pressure from wind

AF, 2609.33151
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Ratgicle'form factors £ *

¥ DParticle form factor results:

[ fo dr 12(r) jo (¥, A7)

0o ) !
A izf dr (Zurz(r) - u(r)ru Dy wru o - (u’(r))z)jz(%nﬂr)
n 0
= ) il 1 = ! " n . (—
én(A%) = Wfo dr(u (Nu”(r) —uru (r))]l(XnAr)

W (,(A?) can be rewritten:

6n(42) = ﬁ f dr 20 (= V!()) j1(T,,47)
0

Can be inverted to find the force law using ¢(A?)!

d o0
PR e i f dA A%, (A% (Ab)]
(r) )_(lell(r)lz a | Cn Jo |b:f,,r

AF, Phys Rev D 111 (2025) 034047
AF, 2609.33151


https://inspirehep.net/literature/2859392
https://inspirehep.net/literature/3208575

Qapch" *momentum eduation™".

Fup

F down =

= +3Mg Wﬂ open, static systemn:
L (x,0)>= V;T(x,1) =0

external

<fexternal(x D)=V (Tl](x 1))

—2Mg< % With probability density, can invert to get force law

Precise statement for two-body systems on previous slide

Schrédinger, Ann. Phys. 387 (1927) 265 (original quantum stress paper)

Nielsen & Martin, PRB 32 (1985) 3780 (highly influential quantum stress paper)
Polyakov & Son, JHEP 09 (2018) 156 (application of Cauchy equation to hadrons)
AF, Phys Rev D 111 (2025) 034047 (inversion of Cauchy equation to get force law)
Ji, Miller & Yang, Research 9 (2026) 1369 (application of inversion idea to proton)
Monkey image by Angie Freese (Instagram)


https://doi.org/10.1002/andp.19273870211
https://inspirehep.net/literature/224009
https://inspirehep.net/literature/1684634
https://inspirehep.net/literature/2859392
https://inspirehep.net/literature/3150807
https://www.instagram.com/wolical

Fyp=+3Mg . ¥ Internal stress tensor:

AL AT — 51T A2
aM

D,(A%) —-M6U¢, (A% |e iAP

ence provides access to net external force

4 -
Fiown = —2Mg % D(A?) quantifies balancing forces from all sides

Provides ambient pressures

Similar to deep sea pressure, stress in bridge, etc.
All moneys have the same ¢—differ only in D
This is physical and can be felt

Monkey image by Angie Freese (Instagram)
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Re?lé\for thé;ﬁéld SEI;éSS"' W «n :
¥ Assume static abelian fields

Static: time-independent
. S ? q>
Abelian: no self-interactions

¥ Field depends on:

X : c-number

) : operator
g : operator

¥ Field becomes c-number in q-representation
<p’IT(£j(x)Ip> =fd3r Iw(r)lzfdsR e’iA'RT(f)j(x— q,x—q)

¥ End result:

3 q1
Fourier transform of classical field configuration
P11, 0lp) = fd3 rly () |2f dbe P T (0:b - iK1 b-127,r)

AF, 2609.33151

Ensemble average over particle configurations


https://inspirehep.net/literature/3208575

Engrgy-momeéntum tefsor of vatious fields L,

¥ Spin-zero EMT (canonical):

v v ]‘ v
159 ﬂyww¢rgyuw¥—ﬁﬁ)

scalar

W Spin-one EMT (Belinfante):

1 1
T.UV :prva+u2AyAv+Zg,uVFZ_EguvyZAZ

vector

# EMT for static Newtonian gravitational field (spin-two):

T _L{ 15 v _l v 2}
Teravity = 75 109 0" ®) — 58" (09)

Embacher, Grubl & Patek Phys Rev D 33 (1986) 1162
Leader & Lorcé, Phys Rept 541 (2014) 163
AF, 2609.33151


https://inspirehep.net/literature/231491
https://inspirehep.net/literature/1254431
https://inspirehep.net/literature/3208575
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Stigss ténsor of various'fields,

8y 1522

W Spin-zero stress tensor (canonical):

scalar = (Vi ¢)(V]¢) __5” ((V(,b) tu ¢) )

¥ Spin-one stress tensor (Belinfante) :

T

vector

~(E'E/ +B'B/) + %5"1'(152 +B?)+ 2 AT AT + %5”’#2((/)2 - A%)

¥ Stress tensor for static Newtonian gravitational field (spin—two):

Embacher, Grubl & Patek Phys Rev D 33 (1986) 1162
Leader & Lorcé, Phys Rept 541 (2014) 163
AF, 2609.33151


https://inspirehep.net/literature/231491
https://inspirehep.net/literature/1254431
https://inspirehep.net/literature/3208575

Stgss tensor of variougifields, "

W Spin-zero stress tensor (canonical):

scalar = (Vi¢) (V](P) - _5” ((V(rb) +u d) )
¥ Spin-one stress tensor (Belinfante) ...electrostatic case, Coulomb gauge:
p
Toderor = = (Vi) (V) + 50" (V)? + °¢?)

¥ Stress tensor for static Newtonian gravitational field (spin—two):

Embacher, Grubl & Patek Phys Rev D 33 (1986) 1162
Leader & Lorcé, Phys Rept 541 (2014) 163
AF, 2609.33151


https://inspirehep.net/literature/231491
https://inspirehep.net/literature/1254431
https://inspirehep.net/literature/3208575

Stgss tensor of variougifields, "

W Spin-zero stress tensor (canonical):

Tocatar = (Vi®) (V) - —6 T((V)? +pP¢?)
¥ Spin-one stress tensor (Belinfante) ...electrostatic case, Coulomb gauge:
B

T\gctor =(Vip) (V) + 55”((V¢)2+u2¢2)
¥ Stress tensor for static Newtonian gravitational field (spin—two):
% Unified formula:

J PR A
Totntic = =1 {(Viﬁb)(vj‘/’) i 55” ((Vgp)? + ,ungz)}

1nto gravitational field

absorb

Embacher, Grubl & Patek Phys Rev D 33(1986) 1162
Leader & Lorcé, Phys Rept 541 (2014) 163
AF, 2609.33151


https://inspirehep.net/literature/231491
https://inspirehep.net/literature/1254431
https://inspirehep.net/literature/3208575

ngredients for field fofn factdts

¥ Field configuration (single particle configuration g):

g1 e_mx_qll 3 e_,uix_q2|

xq,q2)= ——— T
R oy lx—qil 4m |x— g
Need sign(g1) = sign(g») for spin-even, sign(g1) = —sign(g») for spin-odd

W Stress tensor (single particle configuration q):

3 T
T (x:q1,q2) = (—1)5{(v,-</>) (Vi) — 56" (V)* + u2</>2)}

* Recipe for form factors:

Fourier transtorm of classical field configuration
oo

—~

(p’IT(;j(O)Iw =fd3r|w(r)|2fd3b eiA'bT(,’;j(O;b—m%lr,b—nzizr)

Ensemble average over particle configurations
. ! ij : ij
W Easiest to break into self-field stresses (7.7 ) and interference/cross terms (T ) ...

AF, 2609.33151
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Selffield stresses -

(1) + o)) = P () + P53 () + 21 (X) b (%)
———

Self-fields
¥ Resultis divergent—get finite value through analytic continuation

lA] 5”A2
T 0 _
'l ()Ip) M
(_1)S+1g2M 4/,[2 A 2# (o] P
X—BnAn {(I—F)atan(£)+j}fo dr u?(r) jo(¥ ,Ar)
o )

Regularization implicitly introduces Poincaré stresses
Sign depends on spin of field
¥ No ¢(A%)
Particle + self-field is closed system
Stability of particle under self-interaction requires implicit Poincaré stresses

L. Euler, Novi Commentarii academiae scientiarum Petropolitanae 5, 205 (1760) (English translation)
Varma & Schweitzer, Phys Rev D 102 (2020) 014047

Mejia & Schweitzer, Phys Rev D 113 (2026) 054016

AF, 2609.33151


https://scholarlycommons.pacific.edu/euler-works/247/
https://arxiv.org/abs/1808.02841
https://inspirehep.net/literature/1800730
https://inspirehep.net/literature/3087417
https://inspirehep.net/literature/3208575

£ i

S M Ny :
Cress-term strgsses

(10 + 2(x))* = P2() + P2 (x) + 241 (X) b (%)
——

% Complicated result for Dy (A?): B
S e M e RN L) A (A
Dx(A)—T dr u“(r) 2 d ?»w;XZ_Xl
6(1+ ur) . . . ERAA
[—A (n(raar) + 1 (24r)) = (Jo(raar) + jo(xear)) | —
Shorthand notation:
a)—% D, w,0) = f d ﬂ (( +5)()
= A2 ) y m]() y
sign((-1)°*1 g1 g») = —1 is fixed for attractive force
Sign of D(A?) will be determined by self-field stresses
* Simpler expression for Cx (A%):
2 s o Lalieves (1+ur)e i
Cx (A7) A f dr (Jl(XlAT)+J1(X24r))

AF, 2609.33151
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e T RO R Ny
Eorward limit,

% D(0) has attracted great interest— “last global unknown”
Sign of D(0) same as sign of long-distance stresses (positive=compressive, negative=tensile)
Commonly conjectured to be negative, but counterexamples exist

¥ Massive case:

( )HIM (g1+g2)2
47
Dominated by first term at small 0
D(0) < 0 for spin-even
D(0) > 0 for spin-odd
¥ Massless case:

RS 5.3 pr 15

f drri*(re ™

Y ] AUEDI =Tk ] }

(g1+8)° 8&(7+2-11)°)
164 607

D¢(A2;p:0):(—1)”‘M{ f drruz(r)}+@’(4\)
0

D(0) = —oo for spin-even
D(0) > 0 for spin-odd
D(0) finite iff g1 = —g» (requires spin-odd field)

Polyakov & Schweitzer, Int ] Mod Phys A (2018)
AF, 2609.33151


https://inspirehep.net/literature/1673717
https://inspirehep.net/literature/3208575

form facrors: mabsless fiélds

3 —— Total 4
---- Particle
9 Field 2
3 i = -
_Q =t
1 /
-2 /
) E——— muonium | -4 Ve muonium
% 10—31
O'ﬁ’ﬁ’_'_'_:_:_:_:_:_k 2
/
—1000 /l 1
< —2000{ [
& — / £
S i 3 0 s 1
S 3000 / R
i =l /
—40001 y
| keplerium | .7 keplerium
—5000 : o 5 v 5
Mo 07" 10° 10° TS 0 10° 10°
A% (MeV?) A% (MeV?)

AF, 2609.33151

% Muonium:
uhu state
D0)=3>0

W Keplerium:
gravitational onium
Same Bohr radius
as muonium
Same wave function
Kinda absurd mass

a m
my = 3/ QEGD M

~ 486.19 EeV
~ 866.72 pg
D(0) = —oco


https://inspirehep.net/literature/3208575

DA% massive fieldsf

0 —— 3 :._.__,:_____“.
2,
& —100- &
d d
(SEEe 0 e w =10 MeV Q
. =40 MeV 1
—2001 - -=== =70 MeV
Sf)in-zero —— p =100 MeV ol Spin-one —
e i 10! 103 0% s 10! 103
A? (GeV?) A? (GeV?)
¥ Massive exchange fields = Yukawa potential .
% Same potential can give different D(A?) e
D(0) = finite < 0 for massive spin-even fields my =mp =1GeV a=1
D(0) > 0 for massive spin-odd fields

AF, 2609.33151
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Main takeaway /s

¥ D(A?) underdetermined by potential
Potential only tells you é(A%)
Need microscopic details about how field carries stress

* Sign of D(A?) depends on spin of field for abelian forces
Spin-even = D(0) <0
Spin-odd = D(0) >0

¥ QCD breaks this rule—but why?
Of course, QCD is non-abelian
It’s not a stability condition
Something to learn here!

Thank you for your time!

Generative Al was not used in making these slides.
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