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• Summary 1

• Introduction: lattice matrix elements, LaMET and short distance factorization
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Nucleon Matrix Elements from Lattice QCD 

unpolarized,  helicity,  transversity,  gT 
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LaMET and  PDF 
1) Quasi-PDF approach (x-space matching):

Light cone PDF

calculable in perturbation theory, 
known to NNLO

2) Short distance factorization: 
Wilson coefficients

1) And 2) are equivalent in the infinite momentum limit

Renormalization: RI-MOM, ratio scheme, hybrid scheme
linear self-energy (1/a) divergence in the Wilson line
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Lattice QCD setup 
HISQ quark sea + HYP smeared tadpole improved  clover Wilson action
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Helicity PDF : renormalization via ratio scheme  

Ratio scheme:
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Short distance factorization: moments of helicity PDF

The first two moments are larger than the one obtained from the global analysis
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Short distance factorization: moments of transversiy PDF
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FIG. 2: The same as Fig. 1, but for the isoscalar matrix elements.

be extracted from a linear fit to the sum as

Sf
ω (Pz, tsep, z; nexc) = B0 + tseph

f
ω (z, Pz). (11)

In Figs. 1 and 2, we show comparisons of the two-state
and summation fit results for the isovector and isoscalar
combinations, respectively, as a function of the Wilson
line length for both nexc = 2 and 3. We see generally
good agreement across these di!erent fits, and, with the
better data quality as compared to the unpolarized case,
we choose our preferred fit as the two-state fit to the ratio
Eq. (6) with nexc = 2.

Several representative fits, all using our preferred fit
strategy, are shown in App. B. There we include the fits
to the zero-momentum local matrix elements, relevant
for the tensor charge, in Fig. 18 for the isovector and
isoscalar combinations. We also include various fits to
the non-local matrix elements, relevant for information
on the PDFs, in Figs. 19 and 20 for the isovector combi-
nation and in Figs. 21 and 22 for the isoscalar combina-
tion.

B. Tensor charge gT

Although the focus of this work is based on the non-
local matrix elements, we first turn our attention to the
local ones which give us access to the nucleon tensor
charge gT . The bare matrix elements must be renormal-
ized in a standard scheme (like MS) in order to make com-
parisons with phenomenological results and other lattice
determinations. The matrix elements are multiplicatively
renormalizable, and we first determine the ratio of renor-
malization constants ZT /ZV in the RI-MOM scheme

gu→d
T guT gdT

This work 1.01(3) 0.81(2) -0.20(1)
NME [80] 0.95(5)(2)

RBC/UKQCD [81] 1.04(5)
Mainz [82, 83] 0.965(38)(1341) 0.77(4)(6) -0.19(4)(6)
LHPC [84] 0.972(41)
JLQCD [85] 1.08(3)(3)(9) 0.85(3)(2)(7) -0.24(2)(0)(2)
LHPC [86] 1.038(11)(12)

RBC/UKQCD [87] 0.9(2)

TABLE II: Comparison of our extracted tensor charges with
those in the FLAG review 2021 [79] with Nf = 2 + 1. The
results are ordered by year.

which is then converted to MS at four-loop accuracy [77]
and subsequently evolved to the scale µ = 2 GeV using
the two loop evolution function [78] (see App. A for de-
tails). Then, using the ratio of bare charges gbareT /gbareV
along with the expectation of ZV gbareV = 1, the renor-
malized tensor charge gT = ZT gbareT can be determined.
Using our estimate for ZT /ZV , we find

gu→d
T = 1.01(3), MS(µ = 2 GeV),

gu+d
T = 0.61(2), MS(µ = 2 GeV).

(12)

In Tab. II, we show a comparison of our results to the
other Nf = 2 + 1 results given in the FLAG review
2021 [79].
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FIG. 3: Results for the lowest four Mellin moments of the
(upper) isovector and (lower) isoscalar PDF as a function of
z from fits of the reduced pseudo-ITD at fixed z with nz →
[1, 4, 6] to the leading-twist OPE using LO, fixed-order NLO,
and NLO+RGR Wilson coe!cients evaluated at µ = 2 GeV,
all of which include TMCs. Only the first two moments are
extracted for z ↑ 4a. The horizontal dashed lines and bands
correspond to the central values and errors, respectively, of
the moments extracted from the global analysis of JAM3D-
22 [28] defined at the scale Q = 2 GeV.

in the OPE for both the real and imaginary parts is nec-
essary for z > 4a → 0.304 fm, and that a third n ↑= 0 mo-
ment becomes necessary for z > 8a → 0.608 fm. However,
using only one value of z2 allows for up to two moments
to be fit to both the real and imaginary data, as the num-
ber of non-zero Pz considered is three. Therefore, for the
fixed-z2 analysis, the largest value of z used is z = 8a
and we use two moments in the fits when z > 4a.

Our results for the fixed-z2 analysis for both the isovec-
tor and isoscalar combinations are shown in Fig. 3. All
results shown always include TMCs. Initially, we only
considered the LO and fixed-order NLO Wilson coe!-
cients in the analysis. However, the fixed-order NLO re-
sults show significant z dependence for ↓x↔ at small values
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FIG. 4: Results for the lowest four Mellin moments of the (up-
per) isovector and (lower) isoscalar PDF from uncorrelated
fits of the reduced pseudo-ITD to the leading-twist OPE as a
function of zmax, with z → [zmin, zmax] and nz → [1, 4, 6]. The
results use the fixed-order NLO Wilson coe!cients evaluated
at µ = 2 GeV and include TMCs. Only the first two moments
are considered for zmax ↑ 4a. The next two moments, ↓x3↔
and ↓x4↔ are included for 4a < zmax ↑ 8a. And, two more
moments, ↓x5↔ and ↓x6↔ are included for zmax > 8a. The hor-
izontal dashed lines are the same as in Fig. 3.

of z. This is not completely unexpected, as discretization
errors [98] and large logs can be significant for small val-
ues of z, see Appendix B in Ref. [64]. Note, however, in
that work, the analysis was done for the pion PDF, where
the large logs become important at somewhat smaller z
compared to the range of z where we see strong depen-
dence here. To better understand the e”ects of large logs
for the transversity PDF of the proton, we also use the
NLO Wilson coe!cients combined with renormalization
group resummation (RGR) at next-to-leading logarithm

JAM3D-22
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Moments of twist-3 transversity 

WW relation

Problem:

related averaged Lorentz force of the nucleus action
on the struck quark, M. Burkardt, PRD 88 (2013) 114502
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Determination of d2 on the lattice  

V. Braun, Y. Ji, A. Vladimirov, JHEP 05 (2021) 086



10

Determination of helicity PDF in LaMET   

Hybrid renormalization scheme

m0 determined by matching condition:

Use fits to physically motivated at large Ioffe time  
little effect on
qPDF from fit forms
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Determination of helicity PDF in LaMET   

Y. Su, J. Holligan, X. Ji, F. Yao, J.H. Zhang,
R. Zhang, NPB 991 (2023) 1162901
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Determination of transversity PDF in LaMET   
16
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FIG. 15: The (upper) isovector and (lower) isoscalar (left) quark and (right) antiquark transversity PDFs at NLO+LRR and
NLO+LRR+RGR using the LaMET framework with the largest momentum Pz = 6 2ω

L . We also include comparisons with the
DNN method of the previous section and with the global analysis from JAM3D-22 [28] and Radici, Bacchetta [23] which are
both performed at LO. The darker bands for the NLO+LRR+RGR results are the statistical errors when setting k = 1 and the
lighter bands are the additional systematic errors associated with scale variations by additionally using k = 1/

→
2 and k =

→
2.

based on LaMET, to calculate the x-dependence PDF
from hybrid-scheme renormalized matrix elements. For
this we found reasonably good agreement with JAM3D-
22 in the moderate region of x, but there is significant
tension with the results from Radici, Bacchetta.

A number of systematics are being ignored here and
are left for future work. These include the use of a sin-
gle lattice spacing, NNLO corrections in ωs, power cor-
rections from the use of finite momentum, and isoscalar
disconnected diagrams. We can address the expected sig-
nificance of these systematics, and we have good reason
to expect their e!ects to be rather small. Regarding the
NNLO corrections, we saw in Fig. 15 the NLO corrections
were relatively mild in the middle x regions, suggesting
that NNLO corrections will be quite small as seen for the
unpolarized proton distribution in our previous work [62].
And, for the disconnected diagrams, we discussed earlier
the expectation that the e!ects of these diagrams for lo-

cal operator matrix elements would be smaller than the
statistical error based on the study done in Refs. [68, 76].
Further, in our study of the unpolarized proton distri-
bution [62], we saw no evidence of convergence in the
momentum used. However, as seen in Fig. 14, the con-
vergence in momentum is much more convincing for the
transversity distribution.
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Good agreement with JAM3D-22 but the results from Radic, Bacchetta 2018 are
significantly lower.
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Nucleon PDF from LaMET in Coulomb Gauge   

Matching is known up to NLO: 
Hybrid scheme:
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Helicity and Transversity PDF  in Coulomb Gauge   
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Summary 

• Nucleon PDF can be studied on the lattice using LaMET approach down
to physical light quark masses 

• The first two moment of helicity PDF are larger than the global analysis and
and helicity PDF is larger than global analysis result for x>0.4 when momentum 
boost of 1.5 GeV; For transversity PDF there is an overall agreement with JAM3D-22

• The moment of genuine twist-3 contribution to gT has been determined to be very
small on the lattice through short distance factorization

• The use of quasi-PDF operators in Coulomb gauge allows to go to much larger
momentum boost leading to  better agreement with the global analysis:

=> while not all systematic uncertainties in the LaMET calculations  are under control
the smallness of momentum boost could be the most important sources 
of systematic errors.


