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Observed dihadron pair

Cross section with two hadrons
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Hard partonic 
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Dihadron fragmentation 
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Di-hadron Fragmentation functions
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DIE HADRON
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Hard partonic 
cross section

Dihadron fragmentation 
function

For subtleties with kinematics
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Di-hadron Fragmentation functions
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DIE HADRON

Same collinear factorization as FFs
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Hard partonic 
cross section

Dihadron fragmentation 
function
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Dihadron Fragmentation functions (DiFFs)
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DIE HADRON

The following analysis applies 
equally to multi-hadron 
fragmentation functions

MULTI HADRON

For subtleties with kinematics

Same collinear factorization as FFs



Kazuki Makino (ODU)

DiFFs regions (All collinear DiFFs)

Larger 

𝑀ℎ

Larger 

𝑀ℎ
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𝜎 = ො𝜎 ⊗ ො𝜎′⊗ (𝑑1⊗𝑑2)𝜎 ∼ ො𝜎 ⊗ 𝑑𝐷𝑖𝐹𝐹 𝜎 ∼ ො𝜎 ⊗ 𝑑1⊗𝑑2
𝑑𝐷𝑖𝐹𝐹

DiFFs No DiFFs
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𝑀ℎ
2 ≈ 𝜇2

Refactorization

DiFFs at large 𝑀ℎ
2

At large 𝑀ℎ
2, DiFFs is perturbatively describable with single FFs
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• Goal is to obtain nonperturbative 
structure at small 𝑀ℎ

 Need to separate two scale 
dependences 𝑀ℎ & μ

Two scales 𝑀ℎ & μ

de Florian, Vanni
Phys.Lett.B 578 (2004) 139-149

• DiFFs has been defined to absorb collinear singularity
(“What are the consequence of independent factorization and renormalization scales?”)

Rogers, Whitehill arxiv.2608.01489

 But the goal is to obtain nonperturbative structure at small 𝑀ℎ .
• Careful treatment is especially needed for fully NP definition of DiFFs
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Before renormalization 
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initial quark state

final hadronic state

Ultraviolet Divergent

Divergence in DiFFs

UV div associated to quark fields is independent of the hadrons
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After renormalization 
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RG invariance

DGLAP equation

Renormalization for DiFFs

UV div associated to quark fields is independent of the hadrons
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UV Div!

Divergence in DiFFs

UV divergence in 𝑀ℎ
2 must be regulated by cutoff

→ complicates probability interpretations 
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• 𝑀ℎ
2 and μ dependence are independent:

→ &                                follows DGLAP equation
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No 𝑀ℎ
2 dependence

No 𝑀ℎ
2 dependence

𝑀ℎ
2 - dependence of DiFF (Mellin space)
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𝑀ℎ
2 - dependence of DiFF

• Equation in 𝑀ℎ
2
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• 𝑀ℎ
2 and μ dependence are independent:

No 𝑀ℎ
2 dependence
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No 𝜇2 dependence

No 𝑀ℎ
2 dependence

Depends on hadron identity,
(can be nonperturbative)

Separate the different scale dependences

UV divergence associated to 
quark fields
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Dihadron fragmentation 
functions 

Single-hadron fragmentation 
functions

Pheno strategy 
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Physics Letters B 650 (2007) 81–89
Bacchetta, Radici

×𝜃(𝑀ℎ − 𝜇0)×𝜃 𝜇0 −𝑀ℎ +

Sharp cutoff

𝜇0
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Nonperturbative
Single-hadron fragmentation 
functions

Nonperturbative 𝑀ℎ
2

Single-hadron fragmentation functions

1. Start by describing an input scale DiFF for 𝜇 = 𝑄0

Pheno strategy 
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arXiv:2509.11855
MAP

e.g.

For HSO approach see for example
Phys.Rev.D 110 (2024) 7, 074016
Aslan, Boglione, Gonzalez-Hernandez, Rainaldi, Rogers, 
Simonelli
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Nonperturbative Modified large 𝑀ℎ
2

with K coefficients

Nonperturbative 𝑀ℎ
2

Single-hadron fragmentation functions

2.    Use 𝑀ℎ
2 - evolution to transition to a good description for all 𝑀ℎ

2 ≫ 𝑄0
2
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3.     DGLAP 𝜇2-evolution (with 𝜇 → 𝑄) to 𝑄 ≫ 𝑄0

4. Result is good for all 𝑄0
2 ≪ 𝑀ℎ

2 ≪ 𝑄2

Pheno strategy 
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Calculate
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1. Calculate K from 𝑑𝑝𝑒𝑟𝑡:Perturbatively calculable DiFFs(n)

Perturbative tail at𝑀ℎ
2 ≫ 𝑄0

2
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Calculate

Boundary condition

Solve
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2. Use K to solve for 𝑑𝑒𝑣𝑜𝑙 :𝑀ℎ
2 -evolved DiFFs(n)

1. Calculate K from 𝑑𝑝𝑒𝑟𝑡:Perturbatively calculable DiFFs(n)

Modified large 𝑀ℎ
2

with K coefficients

Perturbative tail at𝑀ℎ
2 ≫ 𝑄0

2



Kazuki Makino (ODU)

Nonperturbative Modified large 𝑀ℎ
2

with K coefficients

Modified 𝑀ℎ
2 ≫ 𝑄0

2

𝑄0
Overall error

Merging 𝑀ℎ
2 ≲ 𝑄0

2 with 𝑀ℎ
2 ≫ 𝑄0

2
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Matched asymptotes
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After DGLAP evolution to 
large Q2

𝑄0
2 → 𝑄2

DGLAP evolution
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Example in Yukawa theory
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Initial scale dihadron fragmentation function

Input scale Fermion DiFFs
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𝜈 = 10, 20, 30, 40, 50

Intrinsic mass scales
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(DiFFs) in Yukawa theory

Evolution in 𝑀ℎ
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DGLAP evolved DiFF

Initial scale dihadron fragmentation function 
(y; log scale)

Modified 𝑀ℎ
2 ≫ 𝑄0

2

DGLAP 
evolution

25

• K kernel
• P kernel

Dihadron-from-
(anti)quark

Dihadron-from-
scalar

Dihadron-from-
(anti)quark
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UV Div!

linear UV Div!

Probability density interpretation 

• UV divergence complicates probability density interpretation 

26
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Probability density interpretation 

• Probability density depends on the choice of 𝑀𝑚𝑎𝑥 cut-off

• Constant 𝑀𝑚𝑎𝑥 vs 𝑀𝑚𝑎𝑥 that grow as 𝑄

After DGLAP evolution to 
large Q2

After DGLAP evolution to 
large Q2
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Probability density interpretation (Constant 𝑀𝑚𝑎𝑥)

Ceccopieri, Radici, and  Bacchetta

Physics Letters B 650 (2007) 81–89
de Florian, Vanni
Phys.Lett.B 578 (2004) 139-149

DGLAP evolution of normalized DiFFs
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1

𝑄2
ℋ⊗𝑑1⊗𝑑2

DGLAP evolution
Inhomogeneous 
correction
de Florian, Vanni
Phys.Lett.B 578 (2004) 139-149

Probability density interpretation (𝑀𝑚𝑎𝑥 = 𝑀𝑚𝑎𝑥(𝑄))

Fig. from
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Fig.13 in arXiv:2308.14857
JAM

Probability density interpretation 

• The mean depends on the choice of 𝑀𝑚𝑎𝑥 cut-off

• The choice of 𝑀𝑚𝑎𝑥 = 𝑀𝑚𝑎𝑥 𝑄 vs 𝑀𝑚𝑎𝑥 = 2GeV

The first data-driven extractions of flavored DiFFs! 
30
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Summary

31

Modified 𝑀ℎ
2 ≫ 𝑄0

2Hadron Structure Oriented approach

Separate dependence on 𝑸𝟐 and 𝑴𝒉
𝟐

Next steps: merge with phenomenology

Phys.Rev.D 106 (2022) 3, 034002

Phys.Rev.D 107 (2023) 9, 094029
Phys.Rev.D 110 (2024) 7, 074016

arXiv:2610.20448v1
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“Extended” DiFF
Ceccopieri, Radici, Bacchetta, Phys.Lett.B 650 (2007) 81-89 

Basic DiFF

Normalized with respect to all variables except 𝜉

DiFFs in different variables
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Probability density interpretation 

33

Inhomogeneous correction

• The choice of 𝑀𝑚𝑎𝑥 = 𝑀𝑚𝑎𝑥 𝑄 vs 𝑀𝑚𝑎𝑥 = 2GeV
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