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Cross section with two hadrons
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Di-hadron Fragmentation functions
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Di-hadron Fragmentation functions
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Same collinear factorization as FFs Y
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For subtleties with kinematics § Phi, Pha Dihadron fragmentation
See ' : functio
QCD factorization with multihadron fragmentation functions

Comment on “QCD factorization with multihadron fragmentation functions” .

Reply to “Comment on ‘QCD factorization with multihadron fragmentation
functions’ ”
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Dihadron Fragmentation functions (DiFFs)
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DiFFs regions (All collinear DiFFs)
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DiFFs at large M7

At large Mﬁ, DiFFs is perturbatively describable with single FFs

dé, [d& 1
f § gib M’zci/e)a (€ar €6y & Miy; 1) dh, /7 (€as 1) dny pir (€3 1)

Refactorization
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Two scales M;, & n

 Goal is to obtain nonperturbative
structure at small M,

» Need to separate two scale : :
dependences M, & p R

* DiFFs has been defined to absorb collinear singularity

(“What are the consequence of independent factorization and renormalization scales?”)
Rogers, Whitehill arxiv.2608.01489

» But the goal is to obtain nonperturbative structure at small M.
* Careful treatment is especially needed for fully NP definition of DiFFs

Quantum Computing Hadron Fragmentation Functions
in Light-Front Chromodynamics

Juan José Gélvez-Viruet, Felipe J. Llanes-Estrada, and Nicolds Martinez de Arer
Depto. Fisica Tedrica & IPARCOS, Univ. Complutense de Madrid, 28040 Madrid, Spain

Marfa Gémez-Rocha
Depto. de Fisica Atémica, Molecular y Nuclear and Instituto Carlos I de Fisica Tedrica y Computacional,
Universidad de Granada, 18071 Granada, Spain

. . T. J. Hobbs 8
Kazu kl M akl no (OD U) High Energy Physics Division, Argonne National Laboratory, Lemont, IL 60439, USA

(Dated: October 22, 2025)




ooooooooooooooooooooooooooo

/dékT . Divergence in DiFFs
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Renormalization for DiFFs

After renormalization

d¢’ % ’
dh1h2/.? (Saphlaphzap' Z/ g, 0) hlhz/j" (6/6 5ph1aph2) = I:LJIJ & d(O),hlhg/j’] (Saphlaphz;ll')
d
A1 2 L0 haha /i (& Phas Phz) =0
RG invariance
d
» d1n ;1,2 dhlhz/j(gaphl y Pho s ﬂ/) = [PJIJ (09 dhlhg/j’] (g,phl s Phos M)
DGLAP equation 7
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Divergence in DiFFs

UV divergence in M,% must be regulated by cutoff
— complicates probability interpretations

UV Div!
oo M2
2 2- norm E
i?fgl/y (& u) = 2 dM;, dh1h2/j (53 th“) » hlhg/g (fa aXEM) = . dMi% Ahyhy /j (&Mg;#)
mz 4m=
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M: - dependence of DiFF (Mellin space)

. M,% and u dependence are independent:

0 0
lalnM,% Ao/ (N, M,%;,u)] = Lj/;(N) laln M?2 d(0),h1ha /' (N, M}%)]

No M} dependence

d 9,
y/ N M2 p— 0
dIn p? [é?lnMg d(0),h1ha /' (IV, h)]
: L N Mip)| = Pyy (V) | =0 (N, M2; )
dh’llj,z alnM’% h1h2/j( y Wps )| = L7575 alnM’% hiha/3’ , VL

No M} dependence

> gmazdnnei (N M) &dy,p,; (N, M2; 1) follows DGLAP equation
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M: - dependence of DiFF

M7 and p dependence are independent:

|

d
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Oln M}% dhth/j (N’ Mh’ /J')] - Lj’j (N) [6111 M’% d(0)5h1h2/j’(N: Mh)]

No M;; dependence

d In p?

|

d s,
U N M2 p—
dlnp,2 [alnM’%d(O)ahlhz/j( : h)] 0
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Separate the different scale dependences

(&7 M ) Py (6/€7, 1)

\No M? dependencq

Y

UV divergence associated to
quark fields

d
d M?: 1
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Y

Depends on hadron identity,
(can be nonperturbative)
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Pheno strategy

Sharp cutoff
d(My; Qo) -
>M./ M<XQ(M 0o~ Mp) + >A‘ : W< X80 (Mp, — o)

| Physics Letters B 650 (2007) 81-89
Bacchetta, Radici

\ \

Dihadron fragmentation o Single-hadron fragmentation
functions functions
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Pheno strategy

1. Start by describing an input scale DiFF for u = Q,

d( M2 Qo) ( non-perturbative parametrization (1-¢) M,f < Q(Q)
hy 0 '
[ d1HPUt:(_n) 67 M}%a QO - < ert,(n
hiha/j ( ) dzlhtg,(/g) (faM}%; QO) (]_ _ S)Mg 2 Q(Q)

\ :.' m2F2

arXiv:2509.11855

Nonperturbative M} VAP

Single-hadron fragmentation functions

ye el
: _n >N [2
g o My
- oY . ) ,
~N Single-hadron fragmentation For SO approach see for example
b . . Phys.Rev.D 110 (2024) 7, 074016
Nonpertur atlve functions Aslan, Boglione, Gonzalez-Hernandez, Rainaldi, Rogers,

Simonelli 16
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Pheno strategy
g"2. Use M,% - evolution to transition to a good description for all Mle >> Qg

éd(ﬁﬁ;%) 3. DGLAP p?*-evolution (with u = Q) to Q > Q,

4. Resultis good forall Q5 < Mi <« Q?

.............................................................................................................................................

Nonperturbative M7

Single-hadron fragmentation functions

. -
_ ~- oY B ,
Nonperturbative Modified large Mj,

with K coefficients
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Perturbative tail at MZ » Q2

1. Calculate K from dP¢"t:Perturbatively calculable DiFFs(™ Calculate

ooooooooooooooooo
. .
. .

l” — '1'|rll 8 ert,(n d&- ert,(n ert,(n
(T o Mzdﬁl;ff/} (&, MZ; 1) Z f ,dilfl;ﬁﬂ (€/s M ) KE720 (/€ M)
p—)Mh

p—Mp,
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Perturbative tail at M? > Q3

1. Calculate K from dP¢"t:Perturbatively calculable DiFFs(™ Calculate

ooooooooooooooooo

= My g

}
ST ' Tm i dp ) (&, ME; ) (Z / 6’ dzfﬁ;%) (€/s ME; ) K7™ (g€ Mg))
p—)Mh Ji— M,

2. Use K to solve for d¢¥°! :MZ -evolved DiFFs("

Solve “
T —.r ....... . 0 evol,(n) evol (n) ert,(n)
M Il:r'] 8111M2dh’1h’2/j (& Mi; ) (Z/ ra dy i (&5 My p) K377 (€€, M)

" ,u—>Q0 p—Qo

diron ) (¢, ME = Q33 Qo) = disio () (¢, ME; M)

oundary condition

Modified large M}
with K coefficients
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Merging My < Q& with M7 > Q§

Matched asymptotes

d<M2; Qo)

dnnays (6 M5 Qo) = dyiiii" (€ Mits Qo) + \(di‘if;(f? (& M Qo) — dpopil

(¢, M2, Qo)) = (M2, ¢)

Qo

Overall error

1 M2
NQS(QO)TH- an—g
Modified M7 > Q¢
AL
~
1 e T T T . . w w 2
\ N — / My
~ Y ,
Nonperturbative Modified large Mj,

Kazuki Makino (ODU) with K coefficients
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DGLAP evolution

ooy (6 MR Qo) = dnit™ (€, M2 Qo) + (dion?) (6, M7 Qo) — diohi ) (€, M2 Qo) ) & (M2, €)

d(Mﬁ;'Qo) 02 - (2

d de’ ’
dln g2 “hahe/i (& Mi; ) Z/ gdhlhz/a (/€' s M5 n)Pyr; (&)

After DGLAP evolution to
large Q?
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Example in Yukawa theory %

_ — 1 —
L =i, Phg+ iV,pU) + 5(39'5)2 — Mq¥P,Pq
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Input scale Fermion DiFFs

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Mildyg | v = 10, 20, 30, 40, 50 my, (Qo) = v % .004GeV
e— S e e cecees e et eec st s s s s s s s e e e e et e e ettt s st s e e eeee sttt e st st ssseseeee o000 e
4.0 - — v=10
v=20
3.5 - — v=30
— v=40 Ve
3.0 - - p=>50
25 - ¢ =0.62 Pia
2.0 - Q — Qo = 1.0 GeV
i k f” S Hh‘uh
L D2
1.0 -
0.5 A ~
0.0 -
0.2 0.4 0.6 0.8 1.0
Mh (GGV) 23
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(DiFFs) in Yukawa theory
Evolution in M,,

) If}._ -e:,.“ S < $-----

.-"z=-_ e
- . —— . -H—“:* -
k LT S| - 0

T~ ,,,.. i Oln M2 d(ljir;zh, (5 M QO) — dpert (6 Mj; QO @{Kgft f sz

K2t O (6, M2) = —ay (M) €
Krer 00 (6 02) = —6(1— )
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DGLAP evolved DiFF

Initial scale dihadron fragmentation function

(v; log scale)

-ﬂ-- -
Ajﬁ Lihﬂ/q|
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Probability density interpretation

UV divergence complicates probability density interpretation

UV Div! 2
dhihay; (€;u)=’4!2 dMZ dp, 1, /5 (€ ME; 1) » dihyi (& M ) =LnﬂinidM§dhlh2/j (&, M7; )
linear UV Div!
(M) () = oy . AME Micnas (6 M3 )
1ha/j \>) 4mz
: 1 Muax )
» (Mn)(Mpax; 1) = 42T (& M 1) Jam2 dMj; Mydn,nh, /i (€, Mi; 1)
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Probability density interpretation

* Probability density depends on the choice of M, ,, cut-off

M2

max

nori (& Mo ) = |~ dAMy, dpyy 5 (€ Mis 1)

2
4mz

* Constant M,,,,,, vs M,,,, that grow as Q

Kazuki Makino (ODU)

After DGLAP evolution to
large @Q°

27



Probability density interpretation (Constant M,,, ;)

ooooooooooooooooooooooooooooooooo

...' 2 . .... Mglax
ngaX = constant :  j.om (& Maasi i) = | - AMR s (6 M 1)

Ceccopieri, Radici, and Bacchetta
Physics Letters B 650 (2007) 81-89

DGLAP evolution of normalized DiFFs de Florian, Vanni
Phys.Lett.B 578 (2004) 139-149

d norm 2 dIn ”2 8 norm 2 2 dIn Mr?lax 2
dIn Q2 “Zhihs/j (g;Mmax;P’) = dln Q2 8111[1,2 Zhiha/j (ga Mmax;/l') + Mmax d1 Tha/j gaMmax;P’)

d norm 0  orm
dln Q2 “hih2/i (& M2, =4 GeV? Q) = Bln Q2 Hhiha/i (&; M2 =4 GeV? Q)

fixed Mmax
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Probability density interpretation (M,,,,,, =

oooooooooooooooooooooooooooo

ooooooooooooooooooooooooooo

dInQ? Q2 Tiha/s

d IlOI'I'Il

danZ —h1h2/3 (f Q2 Q)

Kazuki Makino (ODU)

Mo
dflzlfil?:lgnfj (fa M2 ax?l‘l’) a2 dMl% dhth/j (gaM}%vll’)

d lIl ll' 8 norm 2 2 d lIl Mr?lax
= dIn Q2 oln g2 Piha/s (& Mamai 1) + Mana =3 055 i 5 (6 Minasc 1)
...................................... R R
o2/ b’ o,
; VT
B fermeere + B Fk
Fig. from
8 norm /2 9
Oln Q2 “hihz2/j (f, aX§Q) +Q dhlhz/j (g,Q ;Q)
\ Mma.x:Q \ }
M @t ®d
DGLAP evolution 02 1 2
Inhomogeneous
correction
de Florian, Vanni v

Phvs.Lett.B 578 (2004) 139-149



Probability density interpretation

* The mean depends on the choice of M,,,, cut-off

1 Mg, o
- 1ha/j \S? P maxo mZ

* The choice of M,y = My, 05, (Q) vs M, 4., = 2GeV

i (o] JAMDIFF /=10
; i 3T -
1.4 i <Mh|z>z [GeV] QZ - 100 Gev2 1.24+ ﬂ:::=83{5)g Q T+ 10 GeV
| g, 2 < My, < 2 | O [y
: 1.0 1
0.9
0.8 |
b . Fixed M.«
0001 06 =z 08 "
Fig.13 in arXiv:2308.14857 0.5 . T . . . .
IAM 0.3 0.4 0.5 0.6 0.7 0.8 f

The first data-driven extractions of flavored DiFFs!
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J Summary

# ----- . .y
Separate dependence on Q* and I>,zl\
Hadron Structure Oriented approach - Modified My > Qf
........... ;},;;A;v'/;'io'e'('zl{z'z;;'53'450'2'”"""""""""""”"'"”""""';;X',;°2'6'1}{2},'4'4'8'V'1'”"”"”""

Phys.Rev.D 107 (2023) 9, 094029
Phys.Rev.D 110 (2024) 7, 074016

Next steps: merge with phenomenology

Kazuki Makino (ODU)
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DiFFs in different variables

dhyhysi (& ME,COR) = diny i (€ Phyy Phy)

Basic DiFF

norm > dM}% Cmax o 2
dphayi (§) = (47)3 d¢ dor dh,h,/; (&, Mj;, ¢, br)
4m?2 0

Cm ax

Normalized with respect to all variables except &

1 Cmax 27

sy (€M) = oy [ dC [ dbmdniny; (6 MF,C. o)
\ Y ) _Cmax 0

“Extended” DiFF

Ceccopieri, Radici, Bacchetta, Phys.Lett.B 650 (2007) 81-89

Kazuki Makino (ODU)
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Probability density interpretation

* The choice of M,,, 4,

Kazuki Makino (ODU)

(My) ratio

2.0

max(Q) VS My a0 = 2GeV

1.8 -

=
(9)]
1

=
N
1

1.2

1.0

—— Mmax=0.200Q
—— Mmax =0.50Q
—— Mnax=0.75Q
—— Mpmax = 2.00 GeV

Inhomageneous correction

--L-

10

Q(GeV)

50
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