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Probing into the hadron spectrum

Hadl.ronl.c respon.ses to externa_l probes _ Z CHGZ-(QZ)
provide information about their quark- 7
gluon internal configuration. P % ¢
0.2 0.4 0.6 0.8 10 Q%/GeV’
- Gu(Q?)
Eg. From Lattice QCD: 2or]
1.5} ‘
my ~ 700 MeV, m, ~1 GeV & 10p5@) A
(stable) S 05! ) oo )
0
<T2>1/2 : ) <0 s : & .
~ = 1.2(2) 05 é §
<7,,2>1/2 - Go(Q7) | | |
" 0 0.01 0.02 0.03 0.04 005 a; Q°

[Phys. Rev. D 91, 114501]
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Physics in a Finite Volume

LQCD Path Integral: +Finite Lattice spacing
a +Finite Volume
A L +Wick rotated: Euclidean spacetime
\i\
\\\\\\ +(Almost) any quark masses
i\ eg. SU(3) point: m, = mq = m
N\
N
e e = (0u(n)- Ou(m))
NN Di FV S - {O0;(H)0T(0)) = A AT
e Discrete pectrum: i(t)0;(0)) = Z iz
n=0
e Local matrix elements: <O7;(At)g7“(t)0;f(0)> = Z (n|TH(0)|m) Z" Z[* e Fr(Bt=1) = Emt

n,m=0
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Matrix elements in a finite volume

(T, L\ﬁ|7r, L) =m,; + O(e_mﬁL)

p—(

L

Strong interaction for r > 1 ~ e ="
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State-of-the-art lattice calculations

Nuclear FFs in the continuum
3 lattice spacing @ physical m_

1.0 F ' ' I | =
\ (ré}p=0.747(67) fm?
> 08l "\ |
> \
S o6 e, :
I
(8'3) 0.4 = .
e Y L
© - T3
0.0l | | ' |
0.0 | 0.4 0.6 0.8 1.0
Q* [GeV?]
O:7 O:8 0.9
m| pog Vd® Ifm]  [Phys. Rev. D 113, 114524]
Mainz'23

Mainz'23 z-exp
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Nucleon Gravitational FFs

a ~ 0.091 fm, close to physical m_

(MS, y=2GeV)
1.5 s
g ;otal 03 _@O%OQE% .
Q
S u+d+s 0.2 o %oﬁ%c}o b d

0.0 -

2.0

[Phys. Rev. Lett. 132, 251904]
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{ ) Structure of tetraquarks in LQCD

.
"/

 FE

Tbb

kgl =~ 7.5 > 1

[Phys. Rev. Lett. 136, 161901]
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| T
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[Phys. Rev. D 111, 034511}
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Ecn (MeV)

]Ec

Also found to be bound

[Phys. Rev. Lett. 132, 151902]
[Phys. Rev. Lett. 132, 201902]




Matrix elements in a finite volume

(7, L|H|m, L) = my + O(e” 1) (n, L|H|n, L) = E,(L) > 2m.,

-

d 4

_

p—(

L

Strong interaction for r > 1 ~ e ="

Is the FV related to scattering amplitudes?
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Two-hadron transitions 2+ J — 2

2 2
P — sp, P — sp

i fR-R

tischer QC

finite-volume
spectrum

finite-volume £t P
two-to-two ¢ P
matrix elements @ SR W 9!
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[(FO et.al.) Phys. Rev. D 114, 054505]

Bound state form factor . e Bt toy-model coupling

0.25 1

0.001__, , , , , . . . Q_ -

finite-volume
two-to-two

matrix elements { 9
f5(Q?) fB(Q7) vs. (Ef,L|J|E;, L)

e Matrix elements of two-body o o0

ground state g | "
e The finite and infinite volume " fE"O (2|7+(2), 0

form factors match best for - e, ) \

'I(;.t.t.
deepest bound state
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Finite volume correction of W :24+ 7 — 2

1. Extract matrix elements from 3-point functions

(Orn(ADT (H)OL(0)) ~ N (BT (Q?)| B, e EnAt=(Em=En)t

n,m

2. Correct for / add infinite volume ISI/FSI

(BT (Q)|Em)|; = tr(77 Wi(Pay Po) 2 WL (P, Pa))

3. Correct for FV effects

R O

Phys. Rev. D 94, 013008}
(FO et.al.) Phys. Rev. D 100, 034511]
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Constraints on the infinite volume transition
e Example: Analytic decomposition pion vector FF

K (p2)
f (5) P2 > 4m? () P? > dmj, 2
a
timelike

spacelike +(P) .
m(p1) K(p1)

v(P) ? P? <0 5

m(p1) m(p2)
0 -4m727 -4m%{ S = P2

CONNYNINANINANIN AN
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[(FO et.al.) Phys.Rev.D 110 (2024)

. " 1
(P) 9 P2 <0 Pion vector form factor (1l TO)[0) = 75 £(s) Ry - f(s)
@ my = 284 MeV, myx = 519 MeV
m(p1) m(p2) | |
£ ()]
1.0 4 U(8) F(8) e, &
2 [ : . } (P2

. (r2) = 0.616(7) fm . é§ 10 - | {

—10.0 =75 —0.0 —2.9 0.0

2
mZ

s [, 0T (¢ N
((s) = exp (; [l ds s’(s’(— i)) Fal(s) =Q + Z Cn(2c(8)™ — 2.(0)™)
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[(FO et.al.) Phys. Rev. D 103, 114512]

Constraints on the infinite volume transition

R SRS
S-S e 88588 ¢

e Branch cuts at production thresholds e Triangle singularities

e Analytic decomposition

branch cuts

3-8 ).( ){%( )i( -ﬂ- 1 (
P X \/5 — Sth
Smooth kernels Triangle
singularities

Whi (P, P) = M(s)" (A*(P, P) + G" (P, P))
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Constraints on the infinite volume transition

e Forward limit [Phys. Rev. D 100, 114505

2 / q= Py — P
Ward-Takashi Identity for conserved currents G, X i — O

Low's Soft photon theorem i ~ — K X -|— Pf: i)

9,
0s

Total charge Lorentz decomposition

Wh(P, P) = 2Qp PH— M(s) = 2P*Ws(s)
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Matrix elements from FV formalism

. 1
Temporal component is just charge p*cotd = —
o
254 WT
- 0.30
2.()————(5-———1 — -0 - ) - - - g - BEne-any 4l --‘_—(ﬁlé -~ o or ng(P’ P)
1.5 - 0.20 Sk
y ' o2 015 T FV formalism
' 001]
o 011 0.10 _
0.5 \V/ :11:_: <Pn‘j’u(07 q — O)|Pn>
- 0.05
& 002
0.0 i . . . a
2.0 9.5 3.0 3.5 4.0 ~ 2P Fp(P)
(Pu] TH(0,4=0)|Pn) = ———
E*/mﬁ n
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Matrix elements from FV formalism

Spatial component is current: non-trivial

=i B _1 Rp; | Rpo :
PANTOa=0P )= S (TP TP

Wr1 W2
ReLG(P)
p1+p2=P
0.3 Equal energy/momentum
0.25 - 2P
] - FE
0.20 So
0.15 T One vanishing momentum
Wyl My 2P
o 0.10 T 2 i3
v 1
- 0.05
<O (002
NP 2.5 3.0 3.5 10 2PH Fi(P)
. . . . . ~ L
(Pl (0.0 = 0)|Py) = 2272
E*/my n
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| attice details

M L/ias mi;L as/a a4
396 MeV 24  5.71 3.444 1.7x10"* MeV ™
o+
000][\ \[001] 002

N
e

[/ 77

\j§

‘E*

20 24

20 24

20 24

20 24

[Phys. Rev. Lett. 126, 012001]
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200 24

GEVP with 27 ops

o Spectrum E
e Optimized ops (2,

Single pion ops with distillation
and multi-derivative
construction a la hadspec.




[(FO et.al.) arXiv:2609.04142]

LQCD vs Ward-Takahashi

' F.(P,)) PiGI(P, L
Walon) = Mlsn)? |30 = T
Fi, (P) - e n -
2.00 1 & B V¥ é Og Og \
. O &
1.75 - & & . 4y 01
1.50 - T © 4
125 - ] - OO — f};att
] -1 I I I I
1004 © [l10] = FWTI hood
v 11 — Fgee 20 1
075 N 0 200 E‘ g _ L i X
| | | | | g O y ) — -Q—I—T__F.E!'._-:v
2.0 2.5 3.0 3.5 4.0 % = !
v/ —20 - 1
X2 _ (Fiatt o XVTI) . Covl_agt . (.F}Jatt o .FXVTI) — 44 6 | | | L
_ _ 2.0 2.9 3.0 3.9 4.0
20 matrix elements (no fit) Vs/m
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Conclusion

LCD single hadron FFs at physical pion mass, in the continuum, are here.

Significant FV effects prevent direct extension to bound states, e.g. deuteron.

Lower signal to noise, in principle, only requires more statistics.

We have tested the FV formalism to extract form factors of bound states in a
lattice EFT.

This FV formalism allowed us to extract the first radiative two-hadron
amplitude from QCD in the isotensor two-pion channel.

Future application to resonant channels, e.g. to extract p FFs.

Thanks for your attention! Questions?
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Back up slides
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p cot(b9)/Epp-

/; \
i )} Bound states and left hand cuts
et
O c \(\0\5 Analytic decomposition
O ) .
TCC \\@‘—\}\ 1.7 < il < 2.3 \,‘(\,&\@ arXiv:2607.24648
< T
(). 2+ 0.20:-
0.15]
0.1 5 | — +
_ ~ 0.10f
0.0 P | = 005
' / —o— N;=32 = :
—e— Ny=24 | = 000f
~2:5.008 —0.004 0.000 0.004 0.008 0.012 _0.05}
(p/Epp*)? -~0.005 0000 0005 0010
(r/EppD )2
[Phys. Rev. Lett. 129, 032002} [Phys. Rev. Lett. 131, 131903]

See also recent reanalysis of hadspec T results arXiv:2607.19009
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Matrix element extraction

Average 3pt over:

e Momentum direction P P — [10()]
e Current irrep row 0= 0
e Source-sink reversal 1 vossdo
0.0130 -
Capt(At, 1) = (Qn(AL) T () QL(0)) 00125 -
— Z 6_(Em_E”)tZt(1n)Zém)*e_E”Atmn,m . ! X2 /naor = 10.2/(14 — 3) = 0.93
g oons | C5 Sbiar

A = —0.00227(8)
0.0110

0.00050 -~~~ ""TmTmmTmmmmmmmmmmmmmm oo

0.00048 -

I = 1

0.00046 -

X2 /Ndof = 5.1/(9 — 3) = 0.85
C =5.01(9) x 1074

AFE = 0.208(25)
A=—-78(9) x107°

0.00044 -

0.00042

0 2 4 6 3 10 12

14

Two-step fitting scheme: gt oz 1 6 5 10 12 1
1. Fit data with fixed At ) . )At/atn: 3
Capi (At 1) = C(At) + A(e ™ AET 4 e72BAITY ) . gézdj;ﬁ(%(g_l) S 2 g?{zd_if;gé/)@—l) —
2. Use spectrum to remove 215 - 2.30-
lead source-sink separation 210 - 225 -
dependence )05 - 2.20-

26 28
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E*/m,

Spectrum and Lellouch-Luscher factor

000] Alp 1100] Al 1110] Al 111] Al 200] A1
I— 0.301(6) e - === | - __- |
| Bl - 0-435(9) e 0266 (5)
=== 0.09641(12) T TTTF
e TZ&%TG)_'_'—_—'—_—'-__0'1('13319@'_'_':'_:'_T'—_'O'ﬂ%(ﬂ')' .......................
ey 0-330(6) ==———— === mm 0-1473(21)
__________ s 0-0778(9) o 0237(6)
| s 0-1997(27) _—=mT
o 0.225(5) . TTTTT —
— === =m 0.0833(6) ) T
i e 0-242(5) -
""" m— 20 o o m 0.1559(33) _ HOL-1T
_ . 0-224(6) 1 data
_____ 0.1084(23 Luscher
e m—0.1328(35) e i  0-1084(23)
_____ o 0.0942(17)
_____ s 0.1157(29)
e e 008340 ) o e e e e e o o o I L QOO (LT
S-wave
E — E* 1/2 b
51/2 _ [ _orrx 71 — n —1 _ * _
R = (2m; iy o T ) M~YE)+ FP(E,L) = 0 p*cotd = -
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Smooth function decomposition

Wit (P, P) = M(s)” (A*(P, P) + G*(P, P))

0.02 4 1 2/naor = 38.4/(20 = 1) = 2.02
N Ag = (4.6 +3.2) x 10~*
0.01 - o — AN
= e Aglt
; 3
NEK 0.00 _.g}. ................. T YITTTT T l ......... TEEEaz wal ) XXEEET) TETTTITENT #_:
| s g 9
[ |
—0.01 - |
0.02 - - | | :
2.0 2.5 3.0 3.5 4.0

E*/m,
Similar to the K-matrix in scattering, the A function is suitable to parametrize and fit to lattice data.
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2

m

G-function The only difference in the current
zero and spatial components is
" ’ the additive Lorentz non-
fG~ > 58 C ) ) C covariant triangle loop sum

Sum Scheme dependent

Triangle loop integral

S0 2P0 t h
4 S°N2P°) e SMOO |ECE
¥ S3/(2P3)
1.0 - —0.0005 - m = B
< TS e Bt A 4 I9/(2P) mn W
~ —0.0010- . ¥ 13(2P) . *
}: —0.0015 A o = —0.0006 4 100 A1l *
0.8 - 2 u e 110 Al »
- =0.0020 e 1111
& _0.0025 - e 200 Al ®
11 . 3
~0.0030 g _| -0.0008 {
0.6 - o x | & &
o 2.0 2.5 3.0 3.5 4.0 = "
= 0.025 1 —
. % : @ IR/(2P°) | _0.0010 -
0.4 - T =~ 0.020 - JT % IE\’/(ZP?’)
= S 00151 | 100 Al
g X = :‘ e 110_Al
0.2 o E 00104 \ o 111 A1 |70:00121
® - ~E e 200 A1
o » £ 0.005 - .
® X 5 2 Ry
= 0.000 ommmmmmmmeee R o e B B 2.0 2.5 3.0 3.5 4.0
0. e | | . . s —— : . . . . .
, | | | | 2.0 2.5 3.0 3.5 4.0 Feu/mn
2.0 2.5 3.0 3.5 4.0 Ecm/mp
Ecm/mp
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